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PREFACE 


his is a textbook for the standard introductory differential equations course 

taken by science and engineering students. Its updated content reflects the 
wide availability of technical computing environments like Maple, Mathematica, 
and MATLAB that now are used extensively by practicing engineers and scientists. 
The traditional manual and symbolic methods are augmented with coverage also 
of qualitative and computer-based methods that employ numerical computation and 
graphical visualization to develop greater conceptual understanding. A bonus of 
this more comprehensive approach is accessibility to a wider range of more realistic 
applications of differential equations. 


Principal Features of This Revision 


This 5th edition is a comprehensive and wide-ranging revision. 

In addition to fine-tuning the exposition (both text and graphics) in numerous 
sections throughout the book, new applications have been inserted (including bio- 
logical), and we have exploited throughout the new interactive computer technology 
that is now available to students on devices ranging from desktop and laptop com- 
puters to smart phones and graphing calculators. It also utilizes computer algebra 
systems such as Mathematica, Maple, and MATLAB as well as online web sites 
such as Wolfram|Alpha. 

However, with a single exception of a new section inserted in Chapter 5 (noted 
below), the classtested table of contents of the book remains unchanged. Therefore, 
instructors’ notes and syllabi will not require revision to continue teaching with this 
new edition. 

A conspicuous feature of this edition is the insertion of about 80 new computer- 
generated figures, many of them illustrating how interactive computer applications 
with slider bars or touchpad controls can be used to change initial values or param- 
eters in a differential equation, allowing the user to immediately see in real time the 
resulting changes in the structure of its solutions. 

Some illustrations of the various types of revision and updating exhibited in 
this edition: 


New Interactive Technology and Graphics New figures inserted through- 
out illustrate the facility offered by modern computing technology platforms 
for the user to interactively vary initial conditions and other parameters in 
real time. Thus, using a mouse or touchpad, the initial point for an initial 
value problem can be dragged to a new location, and the corresponding solu- 
tion curve is automatically redrawn and dragged along with its initial point. 
For instance, see the Sections 1.3 (page 28) application module and 3.1 (page 
148). Using slider bars in an interactive graphic, the coefficients or other pa- 
rameters in a linear system can be varied, and the corresponding changes in its 
direction field and phase plane portrait are automatically shown; for instance, 
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Computing Features 


see the application module for Section 5.3 (page 319). The number of terms 
used from an infinite series solution of a differential equation can be varied, 
and the resulting graphical change in the corresponding approximate solution 
is shown immediately; see the Section 8.2 application module (page 516). 


New Exposition In a number of sections, new text and graphics have been 
inserted to enhance student understanding of the subject matter. For instance, 
see the treatments of separable equations in Section 1.4 (page 30), linear equa- 
tions in Section 1.5 (page 45), isolated critical points in Sections 6.1 (page 
372) and 6.2 (page 383), and the new example in Section 9.6 (page 618) 
showing a vibrating string with a momentary “flat spot.” Examples and ac- 
companying graphics have been updated in Sections 2.4—2.6, 4.2, and 4.3 to 
illustrate new graphing calculators. 


New Content The single entirely new section for this edition is Section 
5.3, which is devoted to the construction of a “gallery” of phase plane por- 
traits illustrating all the possible geometric behaviors of solutions of the 2- 
dimensional linear system x’ = Ax. In motivation and preparation for the 
detailed study of eigenvalue-eigenvector methods in subsequent sections of 
Chapter 5 (which then follow in the same order as in the previous edi- 
tion), Section 5.3 shows how the particular arrangements of eigenvalues and 
eigenvectors of the coefficient matrix A correspond to identifiable patterns— 
“fingerprints,” so to speak—in the phase plane portrait of the system x’ = Ax. 
The resulting gallery is shown in the two pages of phase plane portraits that 
comprise Figure 5.3.16 (pages 315-316) at the end of the section. The new 5.3 
application module (on dynamic phase plane portraits, page 319) shows how 
students can use interactive computer systems to “bring to life” this gallery, by 
allowing initial conditions, eigenvalues, and even eigenvectors to vary in real 
time. This dynamic approach is then illustrated with several new graphics in- 
serted in the remainder of Chapter 5. Finally, for a new biological application, 
see the application module for Section 6.4, which now includes a substan- 
tial investigation (page 423) of the nonlinear FitzHugh-Nagumo equations in 
neuroscience, which were introduced to model the behavior of neurons in the 
nervous system. 


The following features highlight the computing technology that distinguishes much 
of our exposition. 


e Over 750 computer-generated figures show students vivid pictures of direction 


fields, solution curves, and phase plane portraits that bring symbolic solutions 
of differential equations to life. 


e About 45 application modules follow key sections throughout the text. Most 


of these applications outline “technology neutral” investigations illustrating 
the use of technical computing systems and seek to actively engage students 
in the application of new technology. 


e A fresh numerical emphasis that is afforded by the early introduction of nu- 


merical solution techniques in Chapter 2 (on mathematical models and nu- 
merical methods). Here and in Chapter 4, where numerical techniques for 
systems are treated, a concrete and tangible flavor is achieved by the inclu- 
sion of numerical algorithms presented in parallel fashion for systems ranging 
from graphing calculators to MATLAB. 


Modeling Features 
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Mathematical modeling is a goal and constant motivation for the study of differen- 
tial equations. To sample the range of applications in this text, take a look at the 
following questions: 


Organization and Content 


What explains the commonly observed time lag between indoor and outdoor 
daily temperature oscillations? (Section 1.5) 


What makes the difference between doomsday and extinction in alligator pop- 
ulations? (Section 2.1) 


How do a unicycle and a twoaxle car react differently to road bumps? (Sec- 
tions 3.7 and 5.4) 


How can you predict the time of next perihelion passage of a newly observed 
comet? (Section 4.3) 


Why might an earthquake demolish one building and leave standing the one 
next door? (Section 5.4) 


What determines whether two species will live harmoniously together, or 
whether competition will result in the extinction of one of them and the sur- 
vival of the other? (Section 6.3) 


Why and when does non-linearity lead to chaos in biological and mechanical 
systems? (Section 6.5) 


If a mass on a spring is periodically struck with a hammer, how does the 
behavior of the mass depend on the frequency of the hammer blows? (Section 
7.6) 


Why are flagpoles hollow instead of solid? (Section 8.6) 


What explains the difference in the sounds of a guitar, a xylophone, and drum? 
(Sections 9.6, 10.2, and 10.4) 


We have reshaped the usual approach and sequence of topics to accommodate new 
technology and new perspectives. For instance: 


After a precis of first-order equations in Chapter 1 (though with the cover- 
age of certain traditional symbolic methods streamlined a bit), Chapter 2 of- 
fers an early introduction to mathematical modeling, stability and qualitative 
properties of differential equations, and numerical methods—a combination 
of topics that frequently are dispersed later in an introductory course. Chapter 
3 includes the standard methods of solution of linear differential equations of 
higher order, particularly those with constant coefficients, and provides an es- 
pecially wide range of applications involving simple mechanical systems and 
electrical circuits; the chapter ends with an elementary treatment of endpoint 
problems and eigenvalues. 


Chapters 4 and 5 provide a flexible treatment of linear systems. Motivated 
by current trends in science and engineering education and practice, Chap- 
ter 4 offers an early, intuitive introduction to first-order systems, models, and 
numerical approximation techniques. Chapter 5 begins with a self-contained 
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treatment of the linear algebra that is needed, and then presents the eigenvalue 
approach to linear systems. It includes a wide range of applications (ranging 
from railway cars to earthquakes) of all the various cases of the eigenvalue 
method. Section 5.5 includes a fairly extensive treatment of matrix exponen- 
tials, which are exploited in Section 5.6 on nonhomogeneous linear systems. 


e Chapter 6 on nonlinear systems and phenomena ranges from phase plane anal- 
ysis to ecological and mechanical systems to a concluding section on chaos 
and bifurcation in dynamical systems. Section 6.5 presents an elementary in- 
troduction to such contemporary topics as period-doubling in biological and 
mechanical systems, the pitchfork diagram, and the Lorenz strange attractor 
(all illustrated with vivid computer graphics). 


e Laplace transform methods (Chapter 7) and power series methods (Chapter 8) 
follow the material on linear and nonlinear systems, but can be covered at any 
earlier point (after Chapter 3) the instructor desires. 


e Chapters 9 and 10 treat the applications of Fourier series, separation of vari- 
ables, and Sturm-Liouville theory to partial differential equations and bound- 
ary value problems. After the introduction of Fourier series, the three clas- 
sical equations—the wave and heat equations and Laplace's equation—are 
discussed in the last three sections of Chapter 9. The eigenvalue methods of 
Chapter 10 are developed sufficiently to include some rather significant and 
realistic applications. 


This book includes enough material appropriately arranged for different courses 
varying in length from one quarter to two semesters. The briefer version Differen- 
tial Equations: Computing and Modeling (0-321-81625-0) ends with Chapter 7 on 
Laplace transform methods (and thus omits the material on power series methods, 
Fourier series, separation of variables and partial differential equations). 


Student and Instructor Resources 


The answer section has been expanded considerably to increase its value as a learn- 
ing aid. It now includes the answers to most odd-numbered problems plus a good 
many even-numbered ones. The Instructor's Solutions Manual (0-321-79701- 
9) available at www.pearsonhighered.com/irc provides worked-out solutions 
for most of the problems in the book, and the Student Solutions Manual (0-321- 
79700-0) contains solutions for most of the odd-numbered problems. These manu- 
als have been reworked extensively for this edition with improved explanations and 
more details inserted in the solutions of many problems. 

The approximately 45 application modules in the text contain additional prob- 
lem and project material designed largely to engage students in the exploration 
and application of computational technology. These investigations are expanded 
considerably in the Applications Manual (0-321-79704-3) that accompanies the 
text and supplements it with additional and sometimes more challenging investi- 
gations. Each section in this manual has parallel subsections Using Maple, Using 
Mathematica, and Using MATLAB that detail the applicable methods and tech- 
niques of each system, and will afford student users an opportunity to compare the 
merits and styles of different computational systems. These materials—as well as 
the text of the Applications Manual itself—are freely available at the web site 
www.pearsonhighered.com/mathstatsresources. 
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First-Order 
Differential Equations 


BE] Differential Equations and Mathematical Models 


Example 1 


he laws of the universe are written in the language of mathematics. Algebra 

is sufficient to solve many static problems, but the most interesting natural 
phenomena involve change and are described by equations that relate changing 
quantities. 

Because the derivative dx/dt = f'(t) of the function f is the rate at which 
the quantity x = f(t) is changing with respect to the independent variable f, it 
is natural that equations involving derivatives are frequently used to describe the 
changing universe. An equation relating an unknown function and one or more of 
its derivatives is called a differential equation. 


The differential equation 


involves both the unknown function x(t) and its first derivative x' (f) = dx/dt. The differential 
equation 


d?y dy 
3— Ty =0 
dx? = dx T 
involves the unknown function y of the independent variable x and the first two derivatives 
y! and y" of y. a 


The study of differential equations has three principal goals: 


1. To discover the differential equation that describes a specified physical 
situation. 


2. To find—either exactly or approximately—the appropriate solution of that 
equation. 


3. To interpret the solution that is found. 


In algebra, we typically seek the unknown numbers that satisfy an equation 
such as x? + 7x? — 11x + 41 = 0. By contrast, in solving a differential equation, we 
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Example 3 


Temperature A 


Temperature T 


FIGURE 1.1.1. Newton's law of 
cooling, Eq. (3), describes the cooling 
of a hot rock in water. 


Example 4 


are challenged to find the unknown functions y — y(x) for which an identity such 
as y'(x) = 2xy(x)—that is, the differential equation 


dy 
cu ei 
dx id 


—holds on some interval of real numbers. Ordinarily, we will want to find all 
solutions of the differential equation, if possible. 


If C is a constant and 
y(x) = Ce”, (1) 


then 
dy _ Ox x2\ 
ae C (2xe ) = (2x) (ce ) = 2xy. 
Thus every function y(x) of the form in Eq. (1) satisfies—and thus is a solution of—the 
differential equation 
dy 
— =2) 2 
d MN (2) 


for all x. In particular, Eq. (1) defines an infinite family of different solutions of this differen- 
tial equation, one for each choice of the arbitrary constant C. By the method of separation of 
variables (Section 1.4) it can be shown that every solution of the differential equation in (2) 
is of the form in Eq. (1). [| 


Differential Equations and Mathematical Models 


The following three examples illustrate the process of translating scientific laws and 
principles into differential equations. In each of these examples the independent 
variable is time ¢, but we will see numerous examples in which some quantity other 
than time is the independent variable. 


Newton's law of cooling may be stated in this way: The time rate of change (the rate of 
change with respect to time t) of the temperature T(t) of a body is proportional to the differ- 
ence between T and the temperature A of the surrounding medium (Fig. 1.1.1). That is, 


dT 
mm k(T — A), (3) 
where k is a positive constant. Observe that if T > A, then d T/dt < 0, so the temperature is 
a decreasing function of t and the body is cooling. But if T < A, then d T/dt > 0, so that T 
is increasing. 
Thus the physical law is translated into a differential equation. If we are given the 
values of k and A, we should be able to find an explicit formula for 7 (t), and then—with the 
aid of this formula—we can predict the future temperature of the body. a 


Torricelli’s law implies that the time rate of change of the volume V of water in a draining 
tank (Fig. 1.1.2) is proportional to the square root of the depth y of water in the tank: 


dV 
4:74» (4) 


where k is a constant. If the tank is a cylinder with vertical sides and cross-sectional area A, 
then V = Ay, so dV/dt = A - (dy/dt). In this case Eq. (4) takes the form 


dy _ 
a =h Vy, (5) 


where h = k/A is a constant. L| 


Example 5 


Volume V 


FIGURE 1.1.2. Newton's law of 
cooling, Eq. (3), describes the cooling 
of a hot rock in water. 


Example 6 


FIGURE 1.1.3. Graphs of 
P(t) = Ce*! with k = In2. 


1.1 Differential Equations and Mathematical Models 3 


The time rate of change of a population P(t) with constant birth and death rates is, in many 
simple cases, proportional to the size of the population. That is, 


dP _ 
dt /— 


where k is the constant of proportionality. E 


kP, (6) 


Let us discuss Example 5 further. Note first that each function of the form 
P(t) = Ce* (7) 
is a solution of the differential equation 


dP 
— —kP 
dt 
in (6). We verify this assertion as follows: 
P'(r) = Cke" =k (ae) = kP(t) 


for all real numbers t. Because substitution of each function of the form given in 
(7) into Eq. (6) produces an identity, all such functions are solutions of Eq. (6). 
Thus, even if the value of the constant k is known, the differential equation 
dP/dt = kP has infinitely many different solutions of the form P(t) = Ce*', one for 
each choice of the "arbitrary" constant C. This is typical of differential equations. 
It is also fortunate, because it may allow us to use additional information to select 
from among all these solutions a particular one that fits the situation under study. 


Suppose that P(r) = Ce*' is the population of a colony of bacteria at time 1, that the pop- 
ulation at time ¢ = 0 (hours, h) was 1000, and that the population doubled after 1 h. This 
additional information about P(t) yields the following equations: 


1000 = P(0) = Ce? = C, 
2000 = P(1) = CeF. 


It follows that C = 1000 and that e* = 2, so k = In2 ~ 0.693147. With this value of k the 
differential equation in (6) is 
a = (In2)P ~ (0.693147) P. 
Substitution of k — In2 and C — 1000 in Eq. (7) yields the particular solution 
P(t) = 1000e%"2)* = 1000(e!"2)' = 1000.2! ^ (because e”? = 2) 


that satisfies the given conditions. We can use this particular solution to predict future popu- 
lations of the bacteria colony. For instance, the predicted number of bacteria in the population 
after one and a half hours (when t = 1.5) is 


P(1.5) = 1000- 23/2 ~ 2828. a 


The condition P (0) = 1000 in Example 6 is called an initial condition because 
we frequently write differential equations for which ¢ = 0 is the “starting time.” 
Figure 1.1.3 shows several different graphs of the form P(t) = Ce*' with k = In2. 
The graphs of all the infinitely many solutions of dP/dt = kP in fact fill the entire 
two-dimensional plane, and no two intersect. Moreover, the selection of any one 
point Po on the P-axis amounts to a determination of P(0). Because exactly one 
solution passes through each such point, we see in this case that an initial condition 
P(0) = Po determines a unique solution agreeing with the given data. 
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Mathematical Models 


Our brief discussion of population growth in Examples 5 and 6 illustrates the crucial 
process of mathematical modeling (Fig. 1.1.4), which involves the following: 


1. The formulation of a real-world problem in mathematical terms; that is, the 
construction of a mathematical model. 


2. The analysis or solution of the resulting mathematical problem. 


3. The interpretation of the mathematical results in the context of the original 
real-world situation—for example, answering the question originally posed. 


Real-world 
situation 


Interpretation 


Mathematical 
model 


Mathematical 
results 


FIGURE 1.1.4. The process of mathematical modeling. 


In the population example, the real-world problem is that of determining the 
population at some future time. A mathematical model consists of a list of vari- 
ables (P and 1) that describe the given situation, together with one or more equations 
relating these variables (dP/dt — kP, P(0) — Po) that are known or are assumed to 
hold. The mathematical analysis consists of solving these equations (here, for P as 
a function of f). Finally, we apply these mathematical results to attempt to answer 
the original real-world question. 

As an example of this process, think of first formulating the mathematical 
model consisting of the equations dP/dt — kP, P(0) — 1000, describing the bac- 
teria population of Example 6. Then our mathematical analysis there consisted of 
solving for the solution function P(t) = 1000e0^2* = 1000.2! as our mathemat- 
ical result. For an interpretation in terms of our real-world situation—the actual 
bacteria population—we substituted ¢ = 1.5 to obtain the predicted population of 
P (1.5) ~ 2828 bacteria after 1.5 hours. If, for instance, the bacteria population is 
growing under ideal conditions of unlimited space and food supply, our prediction 
may be quite accurate, in which case we conclude that the mathematical model is 
adequate for studying this particular population. 

On the other hand, it may turn out that no solution of the selected differential 
equation accurately fits the actual population we're studying. For instance, for no 
choice of the constants C and k does the solution P(t) = Ce* in Eq. (7) accurately 
describe the actual growth of the human population of the world over the past few 
centuries. We must conclude that the differential equation dP/dt = kP is inadequate 
for modeling the world population—which in recent decades has "leveled off" as 
compared with the steeply climbing graphs in the upper half (P > 0) of Fig. 1.1.3. 
With sufficient insight, we might formulate a new mathematical model including 
a perhaps more complicated differential equation, one that takes into account such 
factors as a limited food supply and the effect of increased population on birth and 
death rates. With the formulation of this new mathematical model, we may attempt 
to traverse once again the diagram of Fig. 1.1.4 in a counterclockwise manner. If 
we can solve the new differential equation, we get new solution functions to com- 


Example 7 


Example 8 


Solution 


1.1 Differential Equations and Mathematical Models 5 


pare with the real-world population. Indeed, a successful population analysis may 
require refining the mathematical model still further as it is repeatedly measured 
against real-world experience. 

But in Example 6 we simply ignored any complicating factors that might af- 
fect our bacteria population. This made the mathematical analysis quite simple, 
perhaps unrealistically so. A satisfactory mathematical model is subject to two con- 
tradictory requirements: It must be sufficiently detailed to represent the real-world 
situation with relative accuracy, yet it must be sufficiently simple to make the math- 
ematical analysis practical. If the model is so detailed that it fully represents the 
physical situation, then the mathematical analysis may be too difficult to carry out. 
If the model is too simple, the results may be so inaccurate as to be useless. Thus 
there is an inevitable tradeoff between what is physically realistic and what is math- 
ematically possible. The construction of a model that adequately bridges this gap 
between realism and feasibility is therefore the most crucial and delicate step in 
the process. Ways must be found to simplify the model mathematically without 
sacrificing essential features of the real-world situation. 

Mathematical models are discussed throughout this book. The remainder of 
this introductory section is devoted to simple examples and to standard terminology 
used in discussing differential equations and their solutions. 


Examples and Terminology 


If C is a constant and y(x) = I/(C — x), then 


dy_ l1  .2 
dx C- ? 
if x Z C. Thus 
yx) = c—À (8) 
defines a solution of the differential equation 
dy 2 
Ec 9 
Je 7 (9) 


on any interval of real numbers not containing the point x = C. Actually, Eq. (8) defines a 
one-parameter family of solutions of dy/dx = y?, one for each value of the arbitrary constant 
or "parameter" C. With C — 1 we get the particular solution 


ya) = i27 


that satisfies the initial condition y(0) = 1. As indicated in Fig. 1.1.5, this solution is contin- 
uous on the interval (—oo, 1) but has a vertical asymptote at x = 1. u 


Verify that the function y(x) = 2x!/2 — xU? In x satisfies the differential equation 
4x2 y" +y 20 (10) 


for all x > 0. 
First we compute the derivatives 


y'(x)- -ixy V2 Inx and y"(x)- e m Inx — Ex 
Then substitution into Eq. (10) yields 
Ax? y" + y = 4x? (423? lnx — joan) + 2x1/2 _ xUV2]p yx 20 


if x is positive, so the differential equation is satisfied for all x > 0. a 
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FIGURE 1.1.5. The solution of 
y! = y? defined by y(x) = 1/(1 — x). 


Example 7 


Continued 


Example 9 


The fact that we can write a differential equation is not enough to guarantee 
that it has a solution. For example, it is clear that the differential equation 


QY +y 2-1 (11) 


has no (real-valued) solution, because the sum of nonnegative numbers cannot be 
negative. For a variation on this theme, note that the equation 


QY +y =0 (12) 


obviously has only the (real-valued) solution y(x) = 0. In our previous examples 
any differential equation having at least one solution indeed had infinitely many. 

The order of a differential equation is the order of the highest derivative that 
appears in it. The differential equation of Example 8 is of second order, those in 
Examples 2 through 7 are first-order equations, and 


y, + x2y0 + x?y — sinx 


is a fourth-order equation. The most general form of an nth-order differential 
equation with independent variable x and unknown function or dependent variable 
y — y(x)is 

Fla Fy) = 0, (13) 


where F is a specific real-valued function of n + 2 variables. 

Our use of the word solution has been until now somewhat informal. To be 
precise, we say that the continuous function u = u(x) is a solution of the differential 
equation in (13) on the interval J provided that the derivatives u’, u”, ..., u™ exist 
on J and 

F (xu, uu", sus, ye) =0 


for all x in J. For the sake of brevity, we may say that u = u(x) satisfies the 
differential equation in (13) on /. 


Remark Recall from elementary calculus that a differentiable function on an open interval 
is necessarily continuous there. This is why only a continuous function can qualify as a 
(differentiable) solution of a differential equation on an interval. a 


Figure 1.1.5 shows the two “connected” branches of the graph y = 1/(1 — x). The left-hand 
branch is the graph of a (continuous) solution of the differential equation y’ = y? that is 
defined on the interval (—oo, 1). The right-hand branch is the graph of a different solution of 
the differential equation that is defined (and continuous) on the different interval (1, 00). So 
the single formula y(x) = 1/(1 — x) actually defines two different solutions (with different 
domains of definition) of the same differential equation y’ = y?. El 


If A and B are constants and 
y(x) = Acos3x + B sin3x, (14) 
then two successive differentiations yield 


y'(x) = —3A sin 3x + 3B cos 3x, 
y" (x) = —9Acos3x — 9B sin3x = —9y(x) 


for all x. Consequently, Eq. (14) defines what it is natural to call a two-parameter family of 
solutions of the second-order differential equation 


y'--9y =0 (15) 


on the whole real number line. Figure 1.1.6 shows the graphs of several such solutions. — 


FIGURE 1.1.6. The three solutions 
y1 (x) = 3cos3x, y2 (x) = 2sin3x, 
and y3(x) = —3cos3x + 2sin 3x of 
the differential equation y" + 9y = 0. 
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Although the differential equations in (11) and (12) are exceptions to the gen- 
eral rule, we will see that an nth-order differential equation ordinarily has an n- 
parameter family of solutions—one involving n different arbitrary constants or pa- 
rameters. 

In both Eqs. (11) and (12), the appearance of y' as an implicitly defined func- 
tion causes complications. For this reason, we will ordinarily assume that any dif- 
ferential equation under study can be solved explicitly for the highest derivative that 
appears; that is, that the equation can be written in the so-called normal form 


y" = CD a nage), (16) 


where G is a real-valued function of n 4- 1 variables. In addition, we will always 
seek only real-valued solutions unless we warn the reader otherwise. 

AII the differential equations we have mentioned so far are ordinary differ- 
ential equations, meaning that the unknown function (dependent variable) depends 
on only a single independent variable. If the dependent variable is a function of 
two or more independent variables, then partial derivatives are likely to be involved; 
if they are, the equation is called a partial differential equation. For example, the 
temperature u = u(x,t) of a long thin uniform rod at the point x at time f satisfies 
(under appropriate simple conditions) the partial differential equation 


du 3u 


Ot 3x2’ 


where k is a constant (called the thermal diffusivity of the rod). In Chapters 1 
through 8 we will be concerned only with ordinary differential equations and will 
refer to them simply as differential equations. 

In this chapter we concentrate on first-order differential equations of the form 


o = f(x,y). (17) 
x 

We also will sample the wide range of applications of such equations. A typical 
mathematical model of an applied situation will be an initial value problem, con- 
sisting of a differential equation of the form in (17) together with an initial condi- 
tion y(xo) = yo. Note that we call y(xo) = yo an initial condition whether or not 
Xo = 0. To solve the initial value problem 


d 
> T = f(x,y), y(xo = yo (18) 
X 


means to find a differentiable function y = y(x) that satisfies both conditions in 
Eq. (18) on some interval containing xo. 


Given the solution y(x) = 1/(C — x) of the differential equation dy/dx = y? discussed in 
Example 7, solve the initial value problem 


We need only find a value of C so that the solution y(x) = I/(C — x) satisfies the initial 
condition y(1) = 2. Substitution of the values x = 1 and y = 2 in the given solution yields 


1 
2=y(I= CI’ 
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5 so 2C — 2 = 1, and hence C = 3. With this value of C we obtain the desired solution 
2 
y = 2/(3 - 2x) E zZ 
pU eme - cg 
2 
x= 3/2 Figure 1.1.7 shows the two branches of the graph y = 2/(3 — 2x). The left-hand branch is 


the graph on (—oo, 3) of the solution of the given initial value problem y’ = y?, y(1) = 2. 
(2, -2) The right-hand branch passes through the point (2, —2) and is therefore the graph on G, oo) 
í of the solution of the different initial value problem y’ = y?, y(2) = —2. H 

The central question of greatest immediate interest to us is this: If we are given 
a differential equation known to have a solution satisfying a given initial condition, 
how do we actually find or compute that solution? And, once found, what can we do 
with it? We will see that a relatively few simple techniques— separation of variables 
(Section 1.4), solution of linear equations (Section 1.5), elementary substitution 
methods (Section 1.6)—are enough to enable us to solve a variety of first-order 


5 


-5 0 S 
x 


FIGURE 1.1.7. The solutions of 
y’ = y? defined by 
y(x) = 2/(3 — 2x). 


equations having impressive applications. 


| 5 Problems 


In Problems 1 through 12, verify by substitution that each 
given function is a solution of the given differential equation. 
Throughout these problems, primes denote derivatives with re- 
spect to x. 


Lys3ixuyseax 
2. y -2y =0; y = 3e ?* 
3. y" +4y = 0; yı = cos2x, y2 = sin2x 
4. y" = 9y; y1 = e, yz =e 
5. y =y+2e7%; y = e” —e* 
6. y" + 4y! + 4y = 0; y1 = e ?*, yz = xe ?* 
7. y" — 2y! +2y = 0; yy = e* cos x, y2 = e* sin x 
8. y" -- y =3cos 2x, yı = cos x — cos2x, y2 = sin x— cos 2x 
$ 2 qeu 
9. y -2xy^ =0; y= 1x33 
10. x2y" + xy/- y = lnx; yı = x — lnx, y2 = : Inx 


1 Inx 
Q2 x2 


11. x2y" + 5xy! + 4y 20; yı 


12. x2y" — xy! +2y = 0; yı = xcos(In x), y2 = xsin(In x) 


In Problems 13 through 16, substitute y = e'* into the given 
differential equation to determine all values of the constant r 
for which y = e"* is a solution of the equation. 


13. 3y' 2 2y 14. 4y" — y 
15. y" - y' -2y 20 16. 3y" + 3y'- 4y 20 


In Problems 17 through 26, first verify that y(x) satisfies the 
given differential equation. Then determine a value of the con- 
stant C so that y(x) satisfies the given initial condition. Use a 
computer or graphing calculator (if desired) to sketch several 
typical solutions of the given differential equation, and high- 
light the one that satisfies the given initial condition. 


17. y’ - y = 0; y(x) = Ce, y(0) 22 
18. y = 2y; y(x) = Ce?*, y(0) 23 
19. y'= y + l; y(x) = Ce* — 1, y(0) =5 


20. ' = x — y; y(x) = Ce * + x — 1, y(0) = 10 
21. y +3x?y 2 0; y(x) = Ce-*, y(0) 27 
22. e y' = 1; y(x) = ln(x + C), y(00 20 
d 
23. x +3y = 2x9; y(x) = 4x5 + Cx73, yQ)=1 
24. xy! — 3y = x; y(x) = x?(C + lnx), y(1) = 17 
25. y = 3x?(y? + 1); y(x) = tan(x? + C), y(0 = 1 
26. y' + ytanx = cos x; y(x) = (x + C)cosx, y(x) = 0 


In Problems 27 through 31, a function y = g(x) is described 
by some geometric property of its graph. Write a differential 
equation of the form dy/dx = f(x, y) having the function g as 
its solution (or as one of its solutions). 


27. The slope of the graph of g at the point (x, y) is the sum 
of x and y. 

28. The line tangent to the graph of g at the point (x, y) inter- 
sects the x-axis at the point (x/2, 0). 

29. Every straight line normal to the graph of g passes through 
the point (0, 1). Can you guess what the graph of such a 
function g might look like? 

30. The graph of g is normal to every curve of the form 
y = x? +k (k is a constant) where they meet. 

31. The line tangent to the graph of g at (x, y) passes through 
the point (—y, x). 


In Problems 32 through 36, write—in the manner of Eqs. (3) 
through (6) of this section—a differential equation that is a 
mathematical model of the situation described. 


32. The time rate of change of a population P is proportional 
to the square root of P. 

33. The time rate of change of the velocity v of a coasting 
motorboat is proportional to the square of v. 

34. The acceleration dv/dt of a Lamborghini is proportional 
to the difference between 250 km/h and the velocity of the 
car. 
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35. In a city having a fixed population of P persons, the time 
rate of change of the number N of those persons who have 
heard a certain rumor is proportional to the number of 
those who have not yet heard the rumor. 

36. Inacity with a fixed population of P persons, the time rate 
of change of the number N of those persons infected with 
a certain contagious disease is proportional to the product 
of the number who have the disease and the number who 
do not. 


In Problems 37 through 42, determine by inspection at least 
one solution of the given differential equation. That is, use 
your knowledge of derivatives to make an intelligent guess. 
Then test your hypothesis. 


37. y" =0 38. y'= y 
39. xy! + y = 332 40. 5? +y? =1 
41. y - y 2 e* 42. y" cy 20 


Problems 43 through 46 concern the differential equation 


where k is a constant. 


43. (a) If k is a constant, show that a general (one-parameter) 
solution of the differential equation is given by x (t) = 
1/(C — kt), where C is an arbitrary constant. 
(b) Determine by inspection a solution of the initial value 
problem x’ = kx?, x(0) = 0. 
44. (a) Assume that k is positive, and then sketch graphs of 
solutions of x’ = kx? with several typical positive 
values of x(0). 
(b) How would these solutions differ if the constant k 
were negative? 
45. Suppose a population P of rodents satisfies the differen- 
tial equation dP/dt = kP?. Initially, there are P(0) = 2 


1 C20 Cz1Cz2 C=3 


C=2C 
3 


FIGURE 1.1.8. Graphs of solutions of the 
equation dy/dx — y?. 


46. 


47. 


48. 


rodents, and their number is increasing at the rate of 
dP/dt — 1 rodent per month when there are P — 10 ro- 
dents. Based on the result of Problem 43, how long will it 
take for this population to grow to a hundred rodents? To 
a thousand? What's happening here? 

Suppose the velocity v of a motorboat coasting in water 
satisfies the differential equation dv/dt = kv?. The ini- 
tial speed of the motorboat is v(0) — 10 meters per sec- 
ond (m/s), and v is decreasing at the rate of 1 m/s? when 
v — 5 m/s. Based on the result of Problem 43, long does 
it take for the velocity of the boat to decrease to 1 m/s? To 
pms? When does the boat come to a stop? 

In Example 7 we saw that y(x) = I/(C — x) defines a 
one-parameter family of solutions of the differential equa- 
tion dy/dx = y?. (a) Determine a value of C so that 
y(10) = 10. (b) Is there a value of C such that y (0) = 0? 
Can you nevertheless find by inspection a solution of 
dy/dx — y? such that y(0) — 0? (c) Figure 1.1.8 shows 
typical graphs of solutions of the form y(x) = 1/(C — x). 
Does it appear that these solution curves fill the entire xy- 
plane? Can you conclude that, given any point (a,b) in 
the plane, the differential equation dy/dx — y? has ex- 
actly one solution y (x) satisfying the condition y (a) = b? 
(a) Show that y(x) = C x^ defines a one-parameter fam- 
ily of differentiable solutions of the differential equation 
xy’ = 4y (Fig. 1.1.9). (b) Show that 


i5 —x* ifx <0, 
X = 
T x^ ifxz0 


defines a differentiable solution of x y^ — 4y for all x, but is 
not of the form y(x) = C x^. (c) Given any two real num- 
bers a and b, explain why—in contrast to the situation in 
part (c) of Problem 47—there exist infinitely many differ- 
entiable solutions of xy’ = 4y that all satisfy the condition 
y(a) =b. 


100 


caca i 01234 5 
x 


FIGURE 1.1.9. The graph y = Cx? for 
various values of C. 
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y= ix? + C for various values of C. 
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FIGURE 1.2.2. Graphs of 
y = sin x + C for various values of C. 


Example 1 


Solution 


The first-order equation dy/dx = f(x,y) takes an especially simple form if the 
right-hand-side function f does not actually involve the dependent variable y, so 


d 
> Z = f(x). (1) 
x 
In this special case we need only integrate both sides of Eq. (1) to obtain 
> yaa) = f fox « c. (2) 


This is a general solution of Eq. (1), meaning that it involves an arbitrary constant 
C, and for every choice of C it is a solution of the differential equation in (1). If 
G(x) is a particular antiderivative of f—that is, if G'(x) = f(x)—then 
y(x) = G(x) + C. (3) 
The graphs of any two such solutions y1(x) = G(x) + Cı and yo(x) = G(x) + 
C2 on the same interval 7 are "parallel" in the sense illustrated by Figs. 1.2.1 and 
1.2.2. There we see that the constant C is geometrically the vertical distance be- 
tween the two curves y(x) = G(x) and y(x) = G(x) 4 C. 
To satisfy an initial condition y(xo) — yo, we need only substitute x — xo and 
y = yo into Eq. (3) to obtain yo = G(xo) + C, so that C = yo — G(xo). With this 
choice of C, we obtain the particular solution of Eq. (1) satisfying the initial value 
problem 


> ay 


dx — f(x). 


We will see that this is the typical pattern for solutions of first-order differential 
equations. Ordinarily, we will first find a general solution involving an arbitrary 
constant C. We can then attempt to obtain, by appropriate choice of C, a particular 
solution satisfying a given initial condition y(xo) = yo. 


y (xo) = yo. 


Remark As the term is used in the previous paragraph, a general solution of a first-order 
differential equation is simply a one-parameter family of solutions. A natural question is 
whether a given general solution contains every particular solution of the differential equa- 
tion. When this is known to be true, we call it the general solution of the differential equation. 
For example, because any two antiderivatives of the same function f(x) can differ only by a 
constant, it follows that every solution of Eq. (1) is of the form in (2). Thus Eq. (2) serves to 
define the general solution of (1). B 


Solve the initial value problem 


dy 

— —2x- 3, 

dx di 
Integration of both sides of the differential equation as in Eq. (2) immediately yields the 


general solution 


y(1) 22. 


y(x)- Je +3)dx 2 x? + 3x + C. 


Figure 1.2.3 shows the graph y = x? + 3x + C for various values of C. The particular solution 
we seek corresponds to the curve that passes through the point (1, 2), thereby satisfying the 
initial condition 

yD = 0 +3- (1) 4 € 22. 
It follows that C — —2, so the desired particular solution is 


y(x) = x? + 3x - 2. 


FIGURE 1.2.3. Solution curves for 
the differential equation in Example 1. 


1.2 Integrals as General and Particular Solutions 11 


Second-order equations. The observation that the special first-order equation 
dy/dx = f(x) is readily solvable (provided that an antiderivative of f can be found) 
extends to second-order differential equations of the special form 


d? y 

EE = g(x), (4) 
in which the function g on the right-hand side involves neither the dependent vari- 
able y nor its derivative dy/dx. We simply integrate once to obtain 


d 
Z= [rends e f 4x2 60. 


where G is an antiderivative of g and C, is an arbitrary constant. Then another 
integration yields 


y(x) = fro dx = f [G(x) + Ci] dx = fow dx + C1x + Co, 


where C2 is a second arbitrary constant. In effect, the second-order differential 
equation in (4) is one that can be solved by solving successively the first-order 
equations 


dv dy 
x g(x) and qm v(x). 


Velocity and Acceleration 


Direct integration is sufficient to allow us to solve a number of important problems 
concerning the motion of a particle (or mass point) in terms of the forces acting 
on it. The motion of a particle along a straight line (the x-axis) is described by its 
position function 


x= f(t) (5) 
giving its x-coordinate at time t. The velocity of the particle is defined to be 
d 
> v(t) = f't); thatis, v= Z, (6) 
Its acceleration a(t) is a(t) = v'(t) = x” (t); in Leibniz notation, 
dv d?x 
“dt de 0) 


Equation (6) is sometimes applied either in the indefinite integral form x(t) = 
f v(t) dt or in the definite integral form 


t 


x(t) = x(to) +f v(s) ds, 


to 


which you should recognize as a statement of the fundamental theorem of calculus 
(precisely because dx/dt = v). 

Newton's second law of motion says that if a force F(t) acts on the particle 
and is directed along its line of motion, then 


ma(t)= F(t); thatis, F = ma, (8) 
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Example 2 


Solution 


af IE 


Lunar surface 


FIGURE 1.2.4. The lunar lander of 
Example 2. 


where m is the mass of the particle. If the force F is known, then the equation 
x"(t) = F(t)/m can be integrated twice to find the position function x(t) in terms 
of two constants of integration. These two arbitrary constants are frequently deter- 
mined by the initial position xo = x(0) and the initial velocity vo = v(0) of the 
particle. 


Constant acceleration. For instance, suppose that the force F, and therefore the 
acceleration a — F/m, are constant. Then we begin with the equation 


dv 


dp a (aisaconstant) (9) 


and integrate both sides to obtain 
v(t) — foa — at + C. 


We know that v = vg when t = 0, and substitution of this information into the 
preceding equation yields the fact that C1 = vo. So 


d 
v(t) — = = at + vo. (10) 


A second integration gives 
x(t) — [ro dt = fu + ug) dt = lat? + vot + Co, 
and the substitution t = 0, x = xo gives C5 = xo. Therefore, 


x(t) = Sat? + vot + xo. (11) 


Thus, with Eq. (10) we can find the velocity, and with Eq. (11) the position, of 
the particle at any time ¢ in terms of its constant acceleration a, its initial velocity 
Vo, and its initial position xo. 


A lunar lander is falling freely toward the surface of the moon at a speed of 450 meters per 
second (m/s). Its retrorockets, when fired, provide a constant deceleration of 2.5 meters per 
second per second (m/s?) (the gravitational acceleration produced by the moon is assumed 
to be included in the given deceleration). At what height above the lunar surface should the 
retrorockets be activated to ensure a "soft touchdown" (v = 0 at impact)? 
We denote by x(t) the height of the lunar lander above the surface, as indicated in Fig. 1.2.4. 
We let ; = 0 denote the time at which the retrorockets should be fired. Then vy = —450 
(m/s, negative because the height x(t) is decreasing), and a = +2.5, because an upward 
thrust increases the velocity v (although it decreases the speed |v|). Then Eqs. (10) and (11) 
become 
v(t) — 2.5t — 450 (12) 

and 

x(t) = 1.251? — 450t + xo. (13) 


where xg is the height of the lander above the lunar surface at the time ¢ = 0 when the 
retrorockets should be activated. 

From Eq. (12) we see that v = 0 (soft touchdown) occurs when ¢ = 450/2.5 = 180s 
(that is, 3 minutes); then substitution of t = 180, x = 0 into Eq. (13) yields 


xo = 0 — (1.25)(180)? + 450(180) = 40,500 


meters—that is, x9 = 40.5 km ~ 25i miles. Thus the retrorockets should be activated when 
the lunar lander is 40.5 kilometers above the surface of the moon, and it will touch down 
softly on the lunar surface after 3 minutes of decelerating descent. L| 
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Physical Units 


Numerical work requires units for the measurement of physical quantities such as 
distance and time. We sometimes use ad hoc units—such as distance in miles or 
kilometers and time in hours—in special situations (such as in a problem involving 
an auto trip). However, the foot-pound-second (fps) and meter-kilogram-second 
(mks) unit systems are used more generally in scientific and engineering problems. 
In fact, fps units are commonly used only in the United States (and a few other 
countries), while mks units constitute the standard international system of scientific 
units. 


fps units mks units 
Force pound (Ib) newton (N) 
Mass slug kilogram (kg) 
Distance foot (ft) meter (m) 
Time second (s) second (s) 
g 32 fus? 9.8 m/s? 


The last line of this table gives values for the gravitational acceleration g at 
the surface of the earth. Although these approximate values will suffice for most 
examples and problems, more precise values are 9.7805 m/s? and 32.088 ft/s? (at 
sea level at the equator). 

Both systems are compatible with Newton's second law F = ma. Thus 1 N is 
(by definition) the force required to impart an acceleration of 1 m/s? to a mass of 1 
kg. Similarly, 1 slug is (by definition) the mass that experiences an acceleration of 
1 ft/s? under a force of 1 Ib. (We will use mks units in all problems requiring mass 
units and thus will rarely need slugs to measure mass.) 

Inches and centimeters (as well as miles and kilometers) also are commonly 
used in describing distances. For conversions between fps and mks units it helps to 
remember that 


lin. = 2.54 cm (exactly) and 11b ~ 4.448 N. 


For instance, 
. cm 
1ft— I2in.x 2.34 = 30.48 cm, 


and it follows that 


1 mi = 5280 ft x 30.48 = 160934.4 cm ~ 1.609 km. 


Thus a posted U.S. speed limit of 50 mi/h means that—in international terms—the 
legal speed limit is about 50 x 1.609 ~ 80.45 km/h. 


Vertical Motion with Gravitational Acceleration 


The weight W of a body is the force exerted on the body by gravity. Substitution of 
a = g and F = W in Newton’s second law F = ma gives 


W = mg (14) 


14 Chapter 1 First-Order Differential Equations 


Example 3 


Un 


Us 


FIGURE 1.2.5. A swimmer's 
problem (Example 4). 


for the weight W of the mass m at the surface of the earth (where g ~ 32 ft/s? ~ 9.8 
m/s?). For instance, a mass of m = 20 kg has a weight of W = (20 kg)(9.8 m/s”) = 
196 N. Similarly, a mass m weighing 100 pounds has mks weight 


W = (100 Ib)(4.448 N/Ib) = 444.8 N, 


so its mass is 
W | 444.8 N 


g 9.8 m/s? 

To discuss vertical motion it is natural to choose the y-axis as the coordinate 

system for position, frequently with y = 0 corresponding to “ground level.” If we 

choose the upward direction as the positive direction, then the effect of gravity on a 

vertically moving body is to decrease its height and also to decrease its velocity v = 

dy/dt. Consequently, if we ignore air resistance, then the acceleration a = dv/dt of 
the body is given by 


~ 45.4 kg. 


dv 
» — —-—g. 15 
Ji g (15) 
This acceleration equation provides a starting point in many problems involving 
vertical motion. Successive integrations (as in Eqs. (10) and (11)) yield the velocity 


and height formulas 


v(t) = —gt + vo (16) 
and 


y(t) = —4gt? + vot + yo. (17) 


Here, yo denotes the initial (t = 0) height of the body and vo its initial velocity. 


(a) Suppose that a ball is thrown straight upward from the ground (yọ = 0) with initial 
velocity vo — 96 (ft/s, so we use g — 32 ft/s? in fps units). Then it reaches its maximum 
height when its velocity (Eq. (16)) is zero, 


v(t) = —32t + 96 = 0, 
and thus when t = 3 s. Hence the maximum height that the ball attains is 
y3)= -1.3.3.4 96.3 +0 = 144 (ft) 


(with the aid of Eq. (17)). 
(b) If an arrow is shot straight upward from the ground with initial velocity vo = 49 (m/s, 
so we use g — 9.8 m/s? in mks units), then it returns to the ground when 


y(t) = —À- (9.8)? + 49t = (4.9)t(—t + 10) = 0, 


and thus after 10 s in the air. Fil 


A Swimmer's Problem 


Figure 1.2.5 shows a northward-flowing river of width w = 2a. The lines x = +a 
represent the banks of the river and the y-axis its center. Suppose that the velocity 
vg at which the water flows increases as one approaches the center of the river, and 
indeed is given in terms of distance x from the center by 


2 
ie = NG (: m =] (18) 


You can use Eq. (18) to verify that the water does flow the fastest at the center, 
where vg = vo, and that vg = 0 at each riverbank. 


1.2 Integrals as General and Particular Solutions 15 


Suppose that a swimmer starts at the point (—a, 0) on the west bank and swims 
due east (relative to the water) with constant speed vs. As indicated in Fig. 1.2.5, his 
velocity vector (relative to the riverbed) has horizontal component vs and vertical 


component vg. Hence the swimmer's direction angle o is given by 


UR 
tano — —. 


Us 


Because tano — dy/dx, substitution using (18) gives the differential equation 


2 
dy _ vo (1-3) (19) 


for the swimmer’s trajectory y = y(x) as he crosses the river. 


Example 4 


Suppose that the river is 1 mile wide and that its midstream velocity is vo = 9 mi/h. If the 


swimmer's velocity is vs = 3 mi/h, then Eq. (19) takes the form 


Integration yields 


dy 2 
— = 3(1 — 4x*). 
a ( x^) 


y(x) = fe — 12x?) dx = 3x — Ax? + C 


for the swimmer's trajectory. The initial condition y (-1) — 0 yields C — 1, so 


Then 


y(x) = 3x — 4x? + 1. 


y (2) =3(4)-4(2) «122. 


so the swimmer drifts 2 miles downstream while he swims 1 mile across the river. B 


| 12 Problems 


In Problems 1 through 10, find a function y — f(x) satisfy- 
ing the given differential equation and the prescribed initial 
condition. 


i; Sees 
dx 
d 
2. F = (x 29; y) - 1 
dx 
d 
3. Z = x y(4) -0 
dx 
dy 1 
4. — = —;y(1) — 
a ua) 0) 
dy 1 
5. = ;yQ)2-1 
Tx mS »Q) 
6. o = x4 x2 + 9; y(—4) = 0 
X 
dy 10 dy 
7. = ; y(0) =0 . — =cos2x; y(0) = 1 
d eer” 8 Jy TS x; y(0) 
dy EE ie. LE TN 
9, : aao 0 10. 7 = xe ;y(0)21 


In Problems 11 through 16, find the position function x(t) of a 
moving particle with the given acceleration a(t), initial posi- 
tion xo = x(0), and initial velocity vo = v(0). 


11. a(t) = 50, vo = 10, x9 = 20 

12. a(t) = —20, vo = —15, xo = 5 

13. a(t) = 3t, v9 = 5, xo = 0 

14. a(t) = 2t + 1, vo = —7, xo = 4 

15. a(t) = 4(t -3?,v9 = —1, xo = 1 
1 


16. a(t) — ,UQ)—-1,xo-1 
a(t) Ur vo XQ 
1 
17. a(t) = , vo = 0, x9 = 0 
a(t) pps Xo 


18. a(t) = 50sin5t, vg = —10, x9 = 8 


In Problems 19 through 22, a particle starts at the origin and 
travels along the x-axis with the velocity function v(t) whose 
graph is shown in Figs. 1.2.6 through 1.2.9. Sketch the graph 
of the resulting position function x(t) for 0 € t € 10. 
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FIGURE 1.2.6. Graph of the 
velocity function v(t) of Problem 19. 


20. 10 


FIGURE 1.2.7. Graph of the 
velocity function v(t) of Problem 20. 
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FIGURE 1.2.8. Graph of the 

velocity function v(t) of Problem 21. 


22. 10 : r 
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FIGURE 1.2.9. Graph of the 
velocity function v(t) of Problem 22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


What is the maximum height attained by the arrow of part 
(b) of Example 3? 

A ball is dropped from the top of a building 400 ft high. 
How long does it take to reach the ground? With what 
speed does the ball strike the ground? 

The brakes of a car are applied when it is moving at 100 
km/h and provide a constant deceleration of 10 meters per 
second per second (m/s?). How far does the car travel be- 
fore coming to a stop? 

A projectile is fired straight upward with an initial veloc- 
ity of 100 m/s from the top of a building 20 m high and 
falls to the ground at the base of the building. Find (a) its 
maximum height above the ground; (b) when it passes the 
top of the building; (c) its total time in the air. 

A ball is thrown straight downward from the top of a tall 
building. The initial speed of the ball is 10 m/s. It strikes 
the ground with a speed of 60 m/s. How tall is the build- 
ing? 

A baseball is thrown straight downward with an initial 
speed of 40 ft/s from the top of the Washington Monu- 
ment (555 ft high). How long does it take to reach the 
ground, and with what speed does the baseball strike the 
ground? 

A diesel car gradually speeds up so that for the first 10 s 
its acceleration is given by 


» = (0.12)? + (0.6)t (ft/s?). 

If the car starts from rest (xo = 0, vo = 0), find the distance 
it has traveled at the end of the first 10 s and its velocity at 
that time. 

A car traveling at 60 mi/h (88 ft/s) skids 176 ft after its 
brakes are suddenly applied. Under the assumption that 
the braking system provides constant deceleration, what 
is that deceleration? For how long does the skid continue? 
The skid marks made by an automobile indicated that its 
brakes were fully applied for a distance of 75 m before 
it came to a stop. The car in question is known to have 
a constant deceleration of 20 m/s? under these condi- 
tions. How fast—in km/h—was the car traveling when 
the brakes were first applied? 

Suppose that a car skids 15 m if it is moving at 50 km/h 
when the brakes are applied. Assuming that the car has 
the same constant deceleration, how far will it skid if it is 
moving at 100 km/h when the brakes are applied? 

On the planet Gzyx, a ball dropped from a height of 20 ft 
hits the ground in 2 s. If a ball is dropped from the top of 
a 200-ft-tall building on Gzyx, how long will it take to hit 
the ground? With what speed will it hit? 

A person can throw a ball straight upward from the sur- 
face of the earth to a maximum height of 144 ft. How 
high could this person throw the ball on the planet Gzyx 
of Problem 33? 

A stone is dropped from rest at an initial height A above 
the surface of the earth. Show that the speed with which it 
strikes the ground is v = /2gh. 


36. 


37. 


38. 


39. 


40. 


Suppose a woman has enough "spring" in her legs to jump 
(on earth) from the ground to a height of 2.25 feet. If 
she jumps straight upward with the same initial velocity 
on the moon—where the surface gravitational acceleration 
is (approximately) 5.3 ft/s*—how high above the surface 
will she rise? 


At noon a car starts from rest at point A and proceeds at 
constant acceleration along a straight road toward point 
B. If the car reaches B at 12:50 P.M. with a velocity of 
60 mi/h, what is the distance from A to B? 


At noon a car starts from rest at point A and proceeds with 
constant acceleration along a straight road toward point C, 
35 miles away. If the constantly accelerated car arrives at 
C with a velocity of 60 mi/h, at what time does it arrive 
at C? 

If a — 0.5 mi and vo — 9 mi/h as in Example 4, what must 
the swimmer's speed vg be in order that he drifts only 1 
mile downstream as he crosses the river? 

Suppose that a = 0.5 mi, vo = 9 mi/h, and vs = 3 mi/h 
as in Example 4, but that the velocity of the river is given 
by the fourth-degree function 


ms 
g = v = 
R= vo E 


rather than the quadratic function in Eq. (18). Now find 
how far downstream the swimmer drifts as he crosses the 
river. 


41. 


42. 


43. 


44. 
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A bomb is dropped from a helicopter hovering at an alti- 
tude of 800 feet above the ground. From the ground di- 
rectly beneath the helicopter, a projectile is fired straight 
upward toward the bomb, exactly 2 seconds after the bomb 
is released. With what initial velocity should the projectile 
be fired in order to hit the bomb at an altitude of exactly 
400 feet? 

A spacecraft is in free fall toward the surface of the moon 
at a speed of 1000 mph (mi/h). Its retrorockets, when 
fired, provide a constant deceleration of 20,000 mi/h2. At 
what height above the lunar surface should the astronauts 
fire the retrorockets to insure a soft touchdown? (As in 
Example 2, ignore the moon's gravitational field.) 

Arthur Clarke's The Wind from the Sun (1963) describes 
Diana, a spacecraft propelled by the solar wind. Its alu- 
minized sail provides it with a constant acceleration of 
0.001g — 0.0098 m/s?. Suppose this spacecraft starts from 
rest at time f = 0 and simultaneously fires a projectile 
(straight ahead in the same direction) that travels at one- 
tenth of the speed c — 3 x 109 m/s of light. How long will 
it take the spacecraft to catch up with the projectile, and 
how far will it have traveled by then? 

A driver involved in an accident claims he was going only 
25 mph. When police tested his car, they found that when 
its brakes were applied at 25 mph, the car skidded only 
45 feet before coming to a stop. But the driver's skid 
marks at the accident scene measured 210 feet. Assum- 
ing the same (constant) deceleration, determine the speed 
he was actually traveling just prior to the accident. 


BEI Slope Fields and Solution Curves 


Consider a differential equation of the form 


d 
> A = fy) (1) 
Pd 


where the right-hand function f(x, y) involves both the independent variable x and 
the dependent variable y. We might think of integrating both sides in (1) with re- 
spect to x, and hence write y(x) = f f(x. y(x)) dx + C. However, this approach 
does not lead to a solution of the differential equation, because the indicated integral 
involves the unknown function y (x) itself, and therefore cannot be evaluated explic- 
itly. Actually, there exists no straightforward procedure by which a general differen- 
tial equation can be solved explicitly. Indeed, the solutions of such a simple-looking 
differential equation as y' = x? + y? cannot be expressed in terms of the ordinary 
elementary functions studied in calculus textbooks. Nevertheless, the graphical and 
numerical methods of this and later sections can be used to construct approximate 
solutions of differential equations that suffice for many practical purposes. 


Slope Fields and Graphical Solutions 


There is a simple geometric way to think about solutions of a given differential 
equation y' — f(x, y). At each point (x, y) of the xy-plane, the value of f(x, y) 
determines a slope m = f(x,y). A solution of the differential equation is simply 
a differentiable function whose graph y — y(x) has this "correct slope" at each 
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Example 1 


Example 2 


Solution 


point (x, y(x)) through which it passes—that is, y'(x) = f(x, y(x)). Thus a so- 
lution curve of the differential equation y' = f(x, y)—the graph of a solution of 
the equation—is simply a curve in the xy-plane whose tangent line at each point 
(x, y) has slope m = f(x,y). For instance, Fig. 1.3.1 shows a solution curve of 
the differential equation y' — x — y together with its tangent lines at three typical 
points. 


(x1, yj) 


(X5. Y2) 
(X3, Y3) 


FIGURE 1.3.1. A solution curve for the differential equation 
y! = x — y together with tangent lines having 

e slope mı = x1 — yı at the point (x1, y1); 

e slope m2 = x2 — y2 at the point (x2, y2); and 

e slope m3 = x3 — y3 at the point (x3, y3). 


This geometric viewpoint suggests a graphical method for constructing ap- 
proximate solutions of the differential equation y’ = f(x,y). Through each of a 
representative collection of points (x, y) in the plane we draw a short line segment 
having the proper slope m = f(x,y). All these line segments constitute a slope 
field (or a direction field) for the equation y' = f(x, y). 


Figures 1.3.2 (a)-(d) show slope fields and solution curves for the differential equation 


dy 

dx /— 
with the values k — 2, 0.5, —1, and —3 of the parameter k in Eq. (2). Note that each slope 
field yields important qualitative information about the set of all solutions of the differential 
equation. For instance, Figs. 1.3.2(a) and (b) suggest that each solution y (x) approaches +00 
as x — +00 if k > 0, whereas Figs. 1.3.2(c) and (d) suggest that y(x) — 0 as x > +00 
if k « 0. Moreover, although the sign of k determines the direction of increase or decrease 
of y(x), its absolute value |k| appears to determine the rate of change of y(x). All this is 
apparent from slope fields like those in Fig. 1.3.2, even without knowing that the general 
solution of Eq. (2) is given explicitly by y(x) = Ce**. a 


ky (2) 


A slope field suggests visually the general shapes of solution curves of the 
differential equation. Through each point a solution curve should proceed in such 
a direction that its tangent line is nearly parallel to the nearby line segments of the 
slope field. Starting at any initial point (a, b), we can attempt to sketch freehand an 
approximate solution curve that threads its way through the slope field, following 
the visible line segments as closely as possible. 


Construct a slope field for the differential equation y' — x — y and use it to sketch an approx- 
imate solution curve that passes through the point (—4, 4). 

Figure 1.3.3 shows a table of slopes for the given equation. The numerical slope m — x — y 
appears at the intersection of the horizontal x-row and the vertical y-column of the table. If 
you inspect the pattern of upper-left to lower-right diagonals in this table, you can see that it 
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FIGURE 1.3.2(c) Slope field and 
solution curves for y^ 


FIGURE 1.3.2(b) Slope field and 
= (0.5)y. 


solution curves for y^ 


FIGURE 1.3.2(a) Slope field and 


solution curves for y’ = 2y. 
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FIGURE 1.3.2(d) Slope field 


=x, y <4. 


x — y for —4 


Values of the slope y^ 


FIGURE 1.3.3. 


and solution curves for y’ = —3y. 


a more complicated function f(x, y) on the 


right-hand side of the differential equation would necessitate more complicated calculations.) 


, 


was easily and quickly constructed. (Of course 


and Fig. 1.3.5 shows an approximate so- 


lution curve sketched through the point (—4, 4) so as to follow this slope field as closely as 


Figure 1.3.4 shows the corresponding slope field, 


possible. At each point it appears to proceed in the direction indicated by the nearby line 


segments of the slope field. 


Although a spreadsheet program (for instance) readily constructs a table of 
slopes as in Fig. 1.3.3, it can be quite tedious to plot by hand a sufficient number 
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FIGURE 1.3.5. The solution curve 


through (—4, 4). 


FIGURE 1.3.4. Slope field for y’ = x — y 


corresponding to the table of slopes in Fig. 1.3.3. 
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FIGURE 1.3.6. Slope field and 
typical solution curves for y’ = x — y. 
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FIGURE 1.3.7. Slope field and 
typical solution curves for 
v’ = 32 — 0.16v. 


of slope segments as in Fig. 1.3.4. However, most computer algebra systems in- 
clude commands for quick and ready construction of slope fields with as many line 
segments as desired; such commands are illustrated in the application material for 
this section. The more line segments are constructed, the more accurately solution 
curves can be visualized and sketched. Figure 1.3.6 shows a "finer" slope field for 
the differential equation y' — x — y of Example 2, together with typical solution 
curves treading through this slope field. 

If you look closely at Fig. 1.3.6, you may spot a solution curve that appears 
to be a straight line! Indeed, you can verify that the linear function y = x — 1 is 
a solution of the equation y' — x — y, and it appears likely that the other solution 
curves approach this straight line as an asymptote as x — --oo. This inference 
illustrates the fact that a slope field can suggest tangible information about solutions 
that is not at all evident from the differential equation itself. Can you, by tracing the 
appropriate solution curve in this figure, infer that y (3) ~ 2 for the solution y(x) of 
the initial value problem y' = x — y, y(—4) = 4? 


Applications of Slope Fields 


The next two examples illustrate the use of slope fields to glean useful information 
in physical situations that are modeled by differential equations. Example 3 is based 
on the fact that a baseball moving through the air at a moderate speed v (less than 
about 300 ft/s) encounters air resistance that is approximately proportional to v. If 
the baseball is thrown straight downward from the top of a tall building or from a 
hovering helicopter, then it experiences both the downward acceleration of gravity 
and an upward acceleration of air resistance. If the y-axis is directed downward, 
then the ball's velocity v = dy/dt and its gravitational acceleration g = 32 ft/s? are 
both positive, while its acceleration due to air resistance is negative. Hence its total 


acceleration is of the form F 
v 
— —g-—kv. 
g Sm (3) 


A typical value of the air resistance proportionality constant might be k — 0.16. 


Suppose you throw a baseball straight downward from a helicopter hovering at an altitude of 
3000 feet. You wonder whether someone standing on the ground below could conceivably 
catch it. In order to estimate the speed with which the ball will land, you can use your laptop's 
computer algebra system to construct a slope field for the differential equation 


dv 
gr = 32»-046v. (4) 
The result is shown in Fig. 1.3.7, together with a number of solution curves correspond- 
ing to different values of the initial velocity v(0) with which you might throw the baseball 
downward. Note that all these solution curves appear to approach the horizontal line v = 200 
as an asymptote. This implies that—however you throw it—the baseball should approach the 
limiting velocity v = 200 ft/s instead of accelerating indefinitely (as it would in the absence 
of any air resistance). The handy fact that 60 mi/h = 88 ft/s yields 


Perhaps a catcher accustomed to 100 mi/h fastballs would have some chance of fielding this 
speeding ball. a 


Comment If the ball’s initial velocity is v(0) = 200, then Eq. (4) gives v/(0) = 32 — 
(0.16)(200) = 0, so the ball experiences no initial acceleration. Its velocity therefore remains 
unchanged, and hence v(t) = 200 is a constant “equilibrium solution” of the differential 
equation. If the initial velocity is greater than 200, then the initial acceleration given by 
Eq. (4) is negative, so the ball slows down as it falls. But if the initial velocity is less than 
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FIGURE 1.3.8. Slope field and 
typical solution curves for 
P’ = 0.06P — 0.0004 P?. 
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200, then the initial acceleration given by (4) is positive, so the ball speeds up as it falls. It 
therefore seems quite reasonable that, because of air resistance, the baseball will approach a 
limiting velocity of 200 ft/s—whatever initial velocity it starts with. You might like to verify 
that—in the absence of air resistance—this ball would hit the ground at over 300 mi/h. E 


In Section 2.1 we will discuss in detail the logistic differential equation 


dP 
a kP(M — P) (5) 


that often is used to model a population P(t) that inhabits an environment with 
carrying capacity M. This means that M is the maximum population that this 
environment can sustain on a long-term basis (in terms of the maximum available 
food, for instance). 


If we take k — 0.0004 and M — 150, then the logistic equation in (5) takes the form 


dP " 
Pri 0.0004 P (150 — P) = 0.06P — 0.0004 P*. (6) 


The positive term 0.06P on the right in (6) corresponds to natural growth at a 6% annual rate 
(with time ¢ measured in years). The negative term —0.0004 P? represents the inhibition of 
growth due to limited resources in the environment. 

Figure 1.3.8 shows a slope field for Eq. (6), together with a number of solution curves 
corresponding to possible different values of the initial population P(0). Note that all these 
solution curves appear to approach the horizontal line P — 150 as an asymptote. This implies 
that—whatever the initial population—the population P(t) approaches the limiting popula- 
tion P = 150 as t — oo. a 


Comment [If the initial population is P(0) = 150, then Eq. (6) gives 
P'(0) = 0.0004(150)(150 — 150) = 0, 


so the population experiences no initial (instantaneous) change. It therefore remains un- 
changed, and hence P(t) = 150 is a constant “equilibrium solution” of the differential equa- 
tion. If the initial population is greater than 150, then the initial rate of change given by (6) 
is negative, so the population immediately begins to decrease. But if the initial population is 
less than 150, then the initial rate of change given by (6) is positive, so the population imme- 
diately begins to increase. It therefore seems quite reasonable to conclude that the population 
will approach a limiting value of 150—whatever the (positive) initial population. a 


Existence and Uniqueness of Solutions 


Before one spends much time attempting to solve a given differential equation, it 
is wise to know that solutions actually exist. We may also want to know whether 
there is only one solution of the equation satisfying a given initial condition—that 
is, whether its solutions are unique. 


(a) [Failure of existence] The initial value problem 
; 1 
ice y(0) 20 (7) 


has no solution, because no solution y(x) = f (1/x) dx = In|x|+ C of the differential equation 
is defined at x = 0. We see this graphically in Fig. 1.3.9, which shows a direction field and 
some typical solution curves for the equation y’ = 1/x. It is apparent that the indicated 
direction field “forces” all solution curves near the y-axis to plunge downward so that none 
can pass through the point (0, 0). 
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FIGURE 1.3.11. The rectangle R 
and x-interval J of Theorem 1, and the 
solution curve y = y(x) through the 
point (a, b). 
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FIGURE 1.3.9. Direction field and typical FIGURE 1.3.10. Direction field and two 
solution curves for the equation y’ = 1/x. different solution curves for the initial value 


problem y’ = 24/y, y(0) = 0. 


(b) [Failure of uniqueness] On the other hand, you can readily verify that the initial value 
problem 
y 224/y. yO) =0 (8) 
has the two different solutions yı (x) = x? and y2(x) = 0 (see Problem 27). Figure 1.3.10 
shows a direction field and these two different solution curves for the initial value problem in 
(8). We see that the curve y; (x) = x? threads its way through the indicated direction field, 
whereas the differential equation y’ = 2.,/¥ specifies slope y’ = 0 along the x-axis y2(x) = 0. 
| 


Example 5 illustrates the fact that, before we can speak of “the” solution of 
an initial value problem, we need to know that it has one and only one solution. 
Questions of existence and uniqueness of solutions also bear on the process of 
mathematical modeling. Suppose that we are studying a physical system whose be- 
havior is completely determined by certain initial conditions, but that our proposed 
mathematical model involves a differential equation not having a unique solution 
satisfying those conditions. This raises an immediate question as to whether the 
mathematical model adequately represents the physical system. 

The theorem stated below implies that the initial value problem y’ = f(x, y), 
y(a) = b has one and only one solution defined near the point x = a on the x-axis, 
provided that both the function f and its partial derivative df/dy are continuous 
near the point (a, b) in the xy-plane. Methods of proving existence and uniqueness 
theorems are discussed in the Appendix. 


THEOREM 1 Existence and Uniqueness of Solutions 


Suppose that both the function f(x, y) and its partial derivative D, f(x, y) are 
continuous on some rectangle R in the xy-plane that contains the point (a, b) 
in its interior. Then, for some open interval 7 containing the point a, the initial 
value problem 


d 
» — = f(x,y) ya=b (9) 
OS 


has one and only one solution that is defined on the interval 7. (As illustrated in 
Fig. 1.3.11, the solution interval / may not be as “wide” as the original rectangle 
R of continuity; see Remark 3 below.) 


Remark 1 In the case of the differential equation dy/dx = —y of Example 1 and 
Fig. 1.3.2(c), both the function f(x, y) = —y and the partial derivative 0f/dy = —1 are con- 
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FIGURE 1.3.12. The solution curve 
through the initial point (0, 1) leaves 
the rectangle R before it reaches the 
right side of R. 


Example 6 
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FIGURE 1.3.13. There are infinitely 
many solution curves through the point 
(0, 0), but no solution curves through 
the point (0, b) if b Æ 0. 
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tinuous everywhere, so Theorem | implies the existence of a unique solution for any initial 
data (a,b). Although the theorem ensures existence only on some open interval containing 
x = a, each solution y(x) = Ce * actually is defined for all x. 


Remark 2 In the case of the differential equation dy/dx = 2,/y of Example 5(b) and 
Eq. (8), the function f(x, y) = 2,/y is continuous wherever y > 0, but the partial derivative 
0f /dy = 1/,/y is discontinuous when y = 0, and hence at the point (0,0). This is why it is 
possible for there to exist two different solutions y1(x) = x? and y2(x) = 0, each of which 
satisfies the initial condition y(0) = 0. 


Remark 3 In Example 7 of Section 1.1 we examined the especially simple differential 
equation dy/dx = y?. Here we have f(x,y) = y? and df/dy = 2y. Both of these functions 
are continuous everywhere in the xy-plane, and in particular on the rectangle —2 < x < 2, 
0 « y « 2. Because the point (0, 1) lies in the interior of this rectangle, Theorem 1 guarantees 
a unique solution—necessarily a continuous function—of the initial value problem 


d 
> Taje yOu! 


dx (10) 


on some open x-interval containing a = 0. Indeed this is the solution 


yeu 


that we discussed in Example 7. But y(x) = I/(1 — x) is discontinuous at x = 1, so our unique 
continuous solution does not exist on the entire interval —2 « x « 2. Thus the solution interval 
I of Theorem 1 may not be as wide as the rectangle R where f and df/dy are continuous. 
Geometrically, the reason is that the solution curve provided by the theorem may leave the 
rectangle—wherein solutions of the differential equation are guaranteed to exist—before it 
reaches the one or both ends of the interval (see Fig. 1.3.12). a 


The following example shows that, if the function f(x, y) and/or its partial 
derivative df/dy fail to satisfy the continuity hypothesis of Theorem 1, then the 
initial value problem in (9) may have either no solution or many—even infinitely 
many—solutions. 


Consider the first-order differential equation 
dy 
x— —2y. 
“ax ° 


Applying Theorem 1 with f(x,y) = 2y/x and df/dy = 2/x, we conclude that Eq. (11) 
must have a unique solution near any point in the xy-plane where x Z 0. Indeed, we see 
immediately by substitution in (11) that 


(11) 


y(x) = Cx? (12) 


satisfies Eq. (11) for any value of the constant C and for all values of the variable x. In 
particular, the initial value problem 


(13) 


has infinitely many different solutions, whose solution curves are the parabolas y = Cx? 
illustrated in Fig. 1.3.13. (In case C = 0 the "parabola" is actually the x-axis y = 0.) 
Observe that all these parabolas pass through the origin (0, 0), but none of them passes 
through any other point on the y-axis. It follows that the initial value problem in (13) has 
infinitely many solutions, but the initial value problem 
dy 


X—— = 2y, 


Ax (14) 


y(0)— b 


has no solution if b Æ 0. 
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Finally, note that through any point off the y-axis there passes only one of the parabolas 
y = Cx?. Hence, if a Z 0, then the initial value problem 


x—- =2y, y(a)-b (15) 


has a unique solution on any interval that contains the point x = a but not the origin x = 0. 
In summary, the initial value problem in (15) has 


e aunique solution near (a, b) if a Z 0; 
e no solution if a = 0 but b Z 0; 
e infinitely many solutions if a = b = 0. m 


Still more can be said about the initial value problem in (15). Consider a 
typical initial point off the y-axis—for instance the point (—1, 1) indicated in Fig. 
1.3.14. Then for any value of the constant C the function defined by 


x?  ifxx0 
x)= ae 16 
n Cx? ifx>0 2. 
is continuous and satisfies the initial value problem 
d 
x2 =2y, ycn)-i (17) 
FIGURE 1.3.14. There are infinitely dx 
many solution curves through the point 
(1, —1). For a particular value of C, the solution curve defined by (16) consists of the left 


half of the parabola y — x? and the right half of the parabola y — Cx?. Thus the 
unique solution curve near (—1, 1) branches at the origin into the infinitely many 
solution curves illustrated in Fig. 1.3.14. 

We therefore see that Theorem 1 (if its hypotheses are satisfied) guarantees 
uniqueness of the solution near the initial point (a, b), but a solution curve through 
(a, b) may eventually branch elsewhere so that uniqueness is lost. Thus a solution 
may exist on a larger interval than one on which the solution is unique. For instance, 
the solution y (x) = x? of the initial value problem in (17) exists on the whole x-axis, 
but this solution is unique only on the negative x-axis —oo < x < 0. 


LE Problems 


In Problems 1 through 10, we have provided the slope field of 
the indicated differential equation, together with one or more 
solution curves. Sketch likely solution curves through the ad- 
ditional points marked in each slope field. 


dy d 
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FIGURE 1.3.24. 


A more detailed version of Theorem 1 says that, if the function 
f (x, y) is continuous near the point (a, b), then at least one so- 
lution of the differential equation y' = f(x, y) exists on some 
open interval I containing the point x — a and, moreover, that 
if in addition the partial derivative ðf /ðy is continuous near 
(a, b), then this solution is unique on some (perhaps smaller) 
interval J. In Problems 11 through 20, determine whether ex- 
istence of at least one solution of the given initial value prob- 
lem is thereby guaranteed and, if so, whether uniqueness of 
that solution is guaranteed. 


11. D up ya) 2-1 
dx 

12. zn —xlnny; y(l)2l 
dx 
dy 
DA Ld = 

13. du sy, »(0-21 
dy 
—— = Sy: = 

14. > = yy; yO) =0 
dy 

15. rm Jx—-y; y2)=2 
x 
d 

16. LAR x—y; y2)=1 
dx 


d 
1T 5 415 yO 
dx 
d 
18. y =x-1; y(1) 20 
dx 
d 
19. Z —1.(014 525. y(0) =0 
dx 
d 
20. uc 2x22 y(0) 21 
dx 


In Problems 21 and 22, first use the method of Example 2 
to construct a slope field for the given differential equation. 
Then sketch the solution curve corresponding to the given ini- 
tial condition. Finally, use this solution curve to estimate the 
desired value of the solution y (x). 


21. yy 2x *y, y(0)=0; y(-4) =? 
22. y 2y-x, y(4)=0; y(-42? 


Problems 23 and 24 are like Problems 21 and 22, but now 
use a computer algebra system to plot and print out a slope 
field for the given differential equation. If you wish (and know 
how), you can check your manually sketched solution curve by 
plotting it with the computer. 


23. / 2x2 4 y? —1, y(020; y(2)=? 
1 
24. y= x+ 597, y(-2)=0; y=? 
25. You bail out of the helicopter of Example 3 and pull the 


ripcord of your parachute. Now k = 1.6 in Eq. (3), so 
your downward velocity satisfies the initial value problem 
dv 


— = 32— 1.6v, 
dt Y 


In order to investigate your chances of survival, construct 
a slope field for this differential equation and sketch the 
appropriate solution curve. What will your limiting veloc- 
ity be? Will a strategically located haystack do any good? 
How long will it take you to reach 95% of your limiting 
velocity? 

26. Suppose the deer population P (t) in a small forest satisfies 
the logistic equation 


v(0) = 0. 


dP " 
ae 0.0225 P — 0.0003 P<. 


Construct a slope field and appropriate solution curve to 
answer the following questions: If there are 25 deer at 
time ¢ = 0 and t is measured in months, how long will 
it take the number of deer to double? What will be the 
limiting deer population? 


The next seven problems illustrate the fact that, if the hypothe- 
ses of Theorem 1 are not satisfied, then the initial value prob- 
lem y! = f(x,y), y(a) = b may have either no solutions, 
finitely many solutions, or infinitely many solutions. 


27. (a) Verify that if c is a constant, then the function defined 
piecewise by 


for x € c, 


y) = (x—c) forx>c 


28. 


29. 


30. 


31. 


satisfies the differential equation y’ = 2,/y for all x (in- 
cluding the point x — c). Construct a figure illustrating the 
fact that the initial value problem y’ = 2,/y, y(0) = 0 has 
infinitely many different solutions. (b) For what values of 
b does the initial value problem y’ = 24/y, y(0) = b have 
(i) no solution, (ii) a unique solution that is defined for all 
X? 

Verify that if k is a constant, then the function y(x) = kx 
satisfies the differential equation xy’ = y for all x. Con- 
struct a slope field and several of these straight line so- 
lution curves. Then determine (in terms of a and b) how 
many different solutions the initial value problem xy’ = y, 
y(a) = b has—one, none, or infinitely many. 

Verify that if c is a constant, then the function defined 
piecewise by 


for x € c, 
yx) = 


0 
(x—c)? forx>c 

satisfies the differential equation y’ = 3y2/ 3 for all x. Can 
you also use the “left half" of the cubic y = (x — c)? in 
piecing together a solution curve of the differential equa- 
tion? (See Fig. 1.3.25.) Sketch a variety of such solution 
curves. Is there a point (a,b) of the xy-plane such that 
the initial value problem y’ = 3y2/3, y(q) = b has either 
no solution or a unique solution that is defined for all x? 
Reconcile your answer with Theorem 1. 


y 


ys(x-oy 


FIGURE 1.3.25. A suggestion for Problem 29. 


Verify that if c is a constant, then the function defined 
piecewise by 


+1 ifx Sc, 
y(x) = 4cos(x —c) ife<x<c4+nz, 
-1 ifxzcocosm 
satisfies the differential equation y’ = — y1 — y? for all x. 


(Perhaps a preliminary sketch with c — 0 will be helpful.) 
Sketch a variety of such solution curves. Then determine 
(in terms of a and 5) how many different solutions the ini- 
tial value problem y’ = — /1— y2, y(a) = b has. 

Carry out an investigation similar to that in Problem 30, 
except with the differential equation y’ = +/1—y?. 
Does it suffice simply to replace cos(x — c) with sin(x — c) 
in piecing together a solution that is defined for all x? 


32. 


33. 


34. 


35. 
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Verify that if c > 0, then the function defined piecewise by 


0 if x? € c, 


y(x) = (x2 _ cy 


if x2 c 


satisfies the differential equation y’ = 4x /y for all x. 
Sketch a variety of such solution curves for different val- 
ues of c. Then determine (in terms of a and b) how many 
different solutions the initial value problem y’ = Ax Jy, 
y(a) = b has. 

If c # 0, verify that the function defined by y(x) = 
x/(cx — 1) (with the graph illustrated in Fig. 1.3.26) sat- 
isfies the differential equation x? y/ + y? = 0 if x A 1/c. 
Sketch a variety of such solution curves for different val- 
ues of c. Also, note the constant-valued function y(x) = 0 
that does not result from any choice of the constant c. 
Finally, determine (in terms of a and 5) how many dif- 
ferent solutions the initial value problem x?’ + y? = 0, 
y(a) = b has. 


x 


FIGURE 1.3.26. Slope field for x2 y! + y? = 0 and 
graph of a solution y(x) — x/(cx — 1). 

(a) Use the direction field of Problem 5 to estimate the 
values at x — 1 of the two solutions of the differ- 
ential equation y’ = y — x + 1 with initial values 
y(—1) = —12 and y(—1) = —0.8. 


(b) Use a computer algebra system to estimate the val- 
ues at x — 3 of the two solutions of this differen- 
tial equation with initial values y(—3) — —3.01 and 
y(—3) = -2.99. 


The lesson of this problem is that small changes in initial 
conditions can make big differences in results. 


(a) Use the direction field of Problem 6 to estimate the 
values at x = 2 of the two solutions of the differ- 
ential equation y’ = x — y + 1 with initial values 
y(—3) = —0.2 and y(—3) = +0.2. 


(b) Use a computer algebra system to estimate the val- 
ues at x = 2 of the two solutions of this differen- 
tial equation with initial values y(—3) = —0.5 and 
y(—3) = 40.5. 

The lesson of this problem is that big changes in initial 

conditions may make only small differences in results. 
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FIGURE 1.3.27. TI-84 Plus™ 
graphing calculator and TI-Nspire™ 
CX CAS handheld. Screenshot from 
Texas Instruments Incorporated. 
Courtesy of Texas Instruments 
Incorporated. 
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FIGURE 1.3.29. Computer- 
generated slope field and solution 
curves for the differential equation 
y! = sin(x — y). 


IU Yelle Computer-Generated Slope Fields and Solution Curves 


Widely available computer algebra systems and technical computing environments 
include facilities to automate the construction of slope fields and solution curves, as 
do some graphing calculators (see Figs. 1.3.27—29). 

The applications manual accompanying this textbook includes discussion of 
Maple™, Mathematica! ^, and MATLAB™ resources for the investigation of dif- 
ferential equations. For instance, the Maple command 


with (DEtools) : 
DEplot (diff (y (x) ,x)=sin(x-y(x)), y(x), x=-5..5, y=-5..5); 


and the Mathematica command 
VectorPlot[{1, SinI[x-yl), íx, -5, 5), fy, -5, 511] 


produce slope fields similar to the one shown in Fig. 1.3.29. Figure 1.3.29 it- 
self was generated with the MATLAB program dfield [John Polking and David 
Arnold, Ordinary Differential Equations Using MATLAB, 3rd edition, Upper Sad- 
dle River, NJ: Prentice Hall, 2003] that is freely available for educational use 
(math.rice.edu/~dfield). This web site also provides a stand-alone Java ver- 
sion of d£ield that can be used in a web browser. When a differential equation is 
entered in the d£ield setup menu (Fig. 1.3.30), you can (with mouse button clicks) 
plot both a slope field and the solution curve (or curves) through any desired point 
(or points). Another freely available and user-friendly MATLAB-based ODE pack- 
age with impressive graphical capabilities is Iode (www.math.uiuc.edu/iode). 


FIGURE 1.3.28. Slope field and solution curves for the differential 
equation 

d 

E = sin(x — y) 


with initial points (0, b), b = —2.5, —1, 1, 3.5 and window —5 < x,y <5 
on a TI-Nspire™ CX CAS handheld. 


Modern technology platforms offer even further interactivity by allowing the 
user to vary initial conditions and other parameters “in real time.’ Mathematica’s 
Manipulate command was used to generate Fig. 1.3.31, which shows three par- 
ticular solutions of the differential equation dy/dx = sin(x — y). The solid curve 
corresponds to the initial condition y(1) = 0. As the “locator point” initially at 
(1, 0) is dragged—by mouse or touchpad—to the point (0, 3) or (2, —2), the solution 
curve immediately follows, resulting in the dashed curves shown. The TI-Nspire™ 
CX CAS has similar capability; indeed, as Fig. 1.3.28 appears on the Nspire dis- 
play, each of the initial points (0, b) can be dragged to different locations using the 
Nspire’s touchpad, with the corresponding solution curves being instantly redrawn. 


FIGURE 1.3.31. Interactive 
Mathematica solution of the 


differential equation y’ = sin(x — y). 


The “locator point" corresponding to 
the initial condition y(1) — 0 can be 
dragged to any other point in the 
display, causing the solution curve to 
be automatically redrawn. 
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4 DFIELD Setup Ful xi 


File Edi "window 


The differential equation. 


| ye [sints -9] 
The independent variable is| x 
Parameters: | s | | = | 


The display window. 


The minimum value of x = | 5 The minimum value of y =| 5 
The maximum value of x = | 5 The maximum value of y =| 5 


Quit Revert Proceed 


FIGURE 1.3.30. MATLAB dfield setup to construct slope field and solution curves for 
y! = sin(x — y). 


Use a graphing calculator or computer system in the following investigations. 
You might warm up by generating the slope fields and some solution curves for 
Problems 1 through 10 in this section. 


INVESTIGATION A:  Plota slope field and typical solution curves for the differen- 
tial equation dy/dx — sin(x — y), but with a larger window than that of Fig. 1.3.29. 
With —10 < x € 10, —10 < y < 10, for instance, a number of apparent straight line 
solution curves should be visible, especially if your display allows you to drag the 
initial point interactively from upper left to lower right. 


(a) Substitute y — ax 4- b in the differential equation to determine what the coeffi- 
cients a and b must be in order to get a solution. Are the results consistent with 
what you see on the display? 


(b) A computer algebra system gives the general solution 


x—2-C 
c) 2x-2tan ! | — —- |. 
ou B ( x-C ) 


Plot this solution with selected values of the constant C to compare the resulting 
solution curves with those indicated in Fig. 1.3.28. Can you see that no value of 
C yields the linear solution y = x — 2/2 corresponding to the initial condition 
y (1/2) = 0? Are there any values of C for which the corresponding solution 
curves lie close to this straight line solution curve? 


INVESTIGATION B: For your own personal investigation, let n be the smallest 
digit in your student ID number that is greater than 1, and consider the differential 
equation 


d 1 
S a cos(x — ny). 
dx n 
(a) First investigate (as in part (a) of Investigation A) the possibility of straight line 
solutions. 


(b) Then generate a slope field for this differential equation, with the viewing win- 
dow chosen so that you can picture some of these straight lines, plus a sufficient 
number of nonlinear solution curves that you can formulate a conjecture about 
what happens to y(x) as x — 4-oo. State your inference as plainly as you can. 
Given the initial value y(0) — yo, try to predict (perhaps in terms of yo) how 
y (x) behaves as x > +00. 
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(c) A computer algebra system gives the general solution 


(x) = i xe 217 (— 
yoy = + |x an (=) 


Can you make a connection between this symbolic solution and your graphi- 
cally generated solution curves (straight lines or otherwise)? 


Separable Equations and Applications 


In the preceding sections we saw that if the function f(x, y) does not involve the 
variable y, then solving the first-order differential equation 


dy _ 
a f(x,y) (1) 


is a matter of simply finding an antiderivative. For example, the general solution of 


dy 
— = —6 2 
dx E (2) 


is given by 
y(x) = E dx = —3x? + C. 


If instead f(x, y) does involve the dependent variable y, then we can no longer 
solve the equation merely by integrating both sides: The differential equation 


dy 

29 6xy (3a) 
differs from Eq. (2) only in the factor y appearing on the right-hand side, but this 
is enough to prevent us from using the same approach to solve Eq. (3a) that was 
successful with Eq. (2). 

And yet, as we will see throughout the remainder of this chapter, differential 
equations like (3a) often can, in fact, be solved by methods which are based on the 
idea of "integrating both sides" The idea behind these techniques is to rewrite the 
given equation in a form that, while equivalent to the given equation, allows both 
sides to be integrated directly, thus leading to the solution of the original differential 
equation. 

The most basic of these methods, separation of variables, can be applied to 
Eq. (3a). First, we note that the right-hand function f(x, y) = —6xy can be viewed 
as the product of two expressions, one involving only the independent variable x, 
and the other involving only the dependent variable y: 


d 
Z = (6x) -y. (3b) 
x 
Next, we informally break up the derivative dy/dx into the “free-floating” differen- 
tials dx and dy—a notational convenience that leads to correct results, as we will 
see below—and then multiply by dx and divide by y in Eq. (3b), leading to 


dy = —6x dx. (3c) 
y 


FIGURE 1.4.1. Slope field and 
solution curves for y’ = —6xy. 
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Equation (3c) is an equivalent version of the original differential equation in (3a), 
but with the variables x and y separated (that is, by the equal sign), and this is what 
allows us to integrate both sides. The left-hand side is integrated with respect to y 
(with no "interference" from the variable x), and vice versa for the right-hand side. 


This leads to 
[2 = f -sx dx, 
y 


In|y| = —3x? + C. (4) 


Or 


This gives the general solution of Eq. (3a) implicitly, and a family of solution curves 
is shown in Fig. 1.4.1. 
In this particular case we can go on to solve for y to give the explicit general 
solution 
TOR d eer Luo rU — Ae ?*^. (5) 


where A represents the constant +e©, which can take on any nonzero value. If we 
impose an initial condition on Eq. (3a), say y(0) = 7, then in Eq. (5) we find that 
A — 7, yielding the particular solution 


y(x) = 7e, 


which is the upper emphasized solution curve shown in Fig. 1.4.1. In the same way, 
the initial condition y(0) = —4 leads to the particular solution 


y(x) = —4e73*", 


which is the lower emphasized solution curve shown in Fig. 1.4.1. 

To complete this example, we note that whereas the constant A in Eq. (5) is 
nonzero, taking A = 0 in (5) leads to y(x) = 0, and this is, in fact, a solution of the 
given differential equation (3a). Thus Eq. (5) actually provides a solution of (3a) 
for all values of the constant A, including A = 0. Why did the method of separation 
of variables fail to capture all solutions of Eq. (3a)? The reason is that in the step 
in which we actually separated the variables, that is, in passing from Eq. (3b) to 
(3c), we divided by y, thus (tacitly) assuming that y # 0. As a result, our general 
solution (5), with its restriction that A Æ 0, “missed” the particular solution y(x) = 0 
corresponding to A = 0. Such solutions are known as singular solutions, and we 
say more about them—together with implicit and general solutions—below. 

In general, the first-order differential equation (1) is called separable provided 
that f(x, y) can be written as the product of a function of x and a function of y: 


dy _ _ . 8) 
m S(x,y) = g(x)k(y) = hG)' 


where (y) = 1/k(y). In this case the variables x and y can be separated—isolated 
on opposite sides of an equation—by writing informally the equation 


h(y) dy = g(x) dx, 


which we understand to be concise notation for the differential equation 


d 
h(y) 5 = g(x). (6) 
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Example 1 


Solution 


FIGURE 1.4.2. Slope field and 
solution curves for 

y! = (4 - 2x)/(3y? — 5) in 
Example 1. 


1 
(In the preceding example, h(y) = — and g(x) = —6x.) As illustrated above, we can 


solve this type of differential equation simply by integrating both sides with respect 
to x: 


d 
[row m dx — IEEE +G; 
equivalently, 
[row = [eo dx + C. (7) 


All that is required is that the antiderivatives 


H()- y h()dy and G= f pd 


can be found. To see that Eqs. (6) and (7) are equivalent, note the following conse- 
quence of the chain rule: 


d 
DHO] = H'O O = hOVS- = B(x) = DLG), 
which in turn is equivalent to 
H(y(x)) = G(x) + C, (8) 


because two functions have the same derivative on an interval if and only if they 
differ by a constant on that interval. 


Solve the differential equation 


cs —. (9) 


Because 


1 
3y2—5 X): 3y2—5 = g(x)k(y) 


is the product of a function that depends only on x, and one that depends only on y, Eq. (9) 


is separable, and thus we can proceed in much the same way as in Eq. (3a). Before doing 
so, however, we note an important feature of Eq. (9) not shared by Eq. (3a): The function 


1 
k(y) = 3235 is not defined for all values of y. Indeed, setting 3y? — 5 equal to zero shows 
y 


d 
that k(y), and thus = itself, becomes infinite as y approaches either of ME Because 
an infinite slope corresponds to a vertical line segment, we would therefore expect the line 
segments in the slope field for this differential equation to be "standing straight up" along 
the two horizontal lines y = + YES a~ +1.29; as Fig. 1.4.2 shows (where these two lines are 


dashed), this is indeed what we find. 
What this means for the differential equation (9) is that no solution curve of this equa- 


. ; i : . ] y 
tion can cross either of the horizontal lines y = + 3 , Simply because along these lines — 


x 
is undefined. Effectively, then, these lines divide the plane into three regions—defined by the 
conditions y > "E : "e <y< "Ei ,and y < -/3—with all solution curves of Eq. (9) 
remaining confined to one of these regions. 


With this in mind, the general solution of the differential equation in Eq. (9) is easy to 
find, at least in implicit form. Separating variables and integrating both sides leads to 


[ 9-5 = [5-2 
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and thus 
y? — 5y = 4x — x? + C. (10) 


Note that unlike Eq. (4), the general solution in Eq. (10) cannot readily be solved for y; thus 
we cannot directly plot the solution curves of Eq. (9) in the form y = y(x), as we would 
like. However, what we can do is rearrange Eq. (10) so that the constant C is isolated on the 
right-hand side: 

y? — 5y — (4x - x2) = C. (11) 


This shows that the solution curves of the differential equation in Eq. (9) are contained in the 
level curves (also known as contours) of the function 


F(x, y) = y? - 5y - (4x - x°). (12) 


Because no particular solution curve of Eq. (9) can cross either of the lines y — +,/3— 
despite the fact that the level curves of F(x, y) freely do so—the particular solution curves 
of Eq. (9) are those portions of the level curves of F(x, y) which avoid the lines y = + "EI j 
For example, suppose that we wish to solve the initial value problem 
dy 4—2x 


pm = 3y2 — 5° y(1) = 3. (13) 


Substituting x — 1 and y — 3 into our general solution (10) gives C — 9. Therefore our 
desired solution curve lies on the level curve 


y? — 5y — (4x — x?) 29 (14) 


of F(x, y); Fig. 1.4.2 shows this and other level curves of F(x, y). However, because the 
solution curve of the initial value problem (13) must pass through the point (1, 3), which lies 


above the line y = ,/ 3 in the xy-plane, our desired solution curve is restricted to that portion 


of the level curve (14) which satisfies y > se . (In Fig. 1.4.2 the solution curve of the initial 
value problem (13) is drawn more heavily than the remainder of the level curve (14).) In the 
same way, Figure 1.4.2 also shows the particular solutions of Eq. (9) subject to the initial 
conditions y(1) = 0 and y(1) = —2. In each of these cases, the curve corresponding to the 
desired particular solution is only a piece of a larger level curve of the function F(x, y). (Note 
that in fact, some of the level curves of F themselves consist of two pieces.) 


20 Finally, despite the difficulty of solving Eq. (14) for y by algebraic means, we can 
15L | nonetheless “solve” for y in the sense that, when a specific value of x is substituted in (14), 
ls | we can attempt to solve numerically for y. For instance, taking x = 4 yields the equation 
F g fO) =y? -5y -9 = 0; 
S. 
x FE | Fig. 1.4.3 shows the graph of f. Using technology we can solve for the single real root 
y ~ 2.8552, thus yielding the value y (4) ~ 2.8552 for the solution of the initial value problem 
-10 f q (13) By repeating this process for other values of x, we can create a table (like the one 
-15 f} - shown below) of corresponding x- and y-values for the solution of (13); such a table serves 
20} 4 i ^ ; | : effectively as a "numerical solution" of this initial value problem. 
N = - 4 


M 


FIGURE 1.4.3. Graph of 
f(y) -y?-5y-9. 


x -1 0 1 2 3 4 5 6 
y | 2.5616 | 2.8552 3 3.0446 3 2.8552 | 2.5616 | 1.8342 


Implicit, General, and Singular Solutions 


The equation K(x, y) = 0 is commonly called an implicit solution of a differential 
equation if it is satisfied (on some interval) by some solution y = y(x) of the differ- 
ential equation. But note that a particular solution y = y(x) of K(x, y) = 0 may or 
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FIGURE 1.4.4. Slope field and 


solution curves for y’ = —x/y. 
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FIGURE 1.4.5. The general solution 
curves y — (x — C)? and the singular 
solution curve y — 0 of the differential 


equation (y)? = 4y. 


may not satisfy a given initial condition. For example, differentiation of x? + y? = 4 
yields 


d 
x+y =0, 


so x? + y? = 4 is an implicit solution of the differential equation x + yy’ = 0. But 
only the first of the two explicit solutions 


y(x) = +V4—x? and y(x) = —V/4— x2 


satisfies the initial condition y(0) = 2 (Fig. 1.4.4). 


Remark 1 You should not assume that every possible algebraic solution y = y(x) of 
an implicit solution satisfies the same differential equation. For instance, if we multiply the 
implicit solution x? -- y? — 4 — 0 by the factor (y — 2x), then we get the new implicit solution 


(y — 2x)(x? + y?-4) 20 


that yields (or “contains”) not only the previously noted explicit solutions y = +V4— x? 


and y = —V4 — x? of the differential equation x + yy’ = 0, but also the additional function 
y = 2x that does not satisfy this differential equation. 


Remark 2 Similarly, solutions of a given differential equation can be either gained or lost 
when it is multiplied or divided by an algebraic factor. For instance, consider the differential 
equation 


d 
(2) F = -x( - 2x) (15) 


having the obvious solution y — 2x. But if we divide both sides by the common factor 
(y — 2x), then we get the previously discussed differential equation 
dy _ dy 


— ——x, or x+y 
inm y 


r= (16) 


of which y = 2x is not a solution. Thus we “lose” the solution y = 2x of Eq. (15) upon its 
division by the factor (y — 2x); alternatively, we “gain” this new solution when we multiply 
Eq. (16) by (y — 2x). Such elementary algebraic operations to simplify a given differential 
equation before attempting to solve it are common in practice, but the possibility of loss or 
gain of such "extraneous solutions" should be kept in mind. El 


A solution of a differential equation that contains an "arbitrary constant" (like 
the constant C appearing in Eqs. (4) and (10)) is commonly called a general so- 
lution of the differential equation; any particular choice of a specific value for C 
yields a single particular solution of the equation. 

The argument preceding Example 1 actually suffices to show that every partic- 
ular solution of the differential equation h(y)y’ = g(x) in (6) satisfies the equation 
H(y(x)) = G(x) + C in (8). Consequently, it is appropriate to call (8) not merely a 
general solution of (6), but the general solution of (6). 

In Section 1.5 we shall see that every particular solution of a linear first-order 
differential equation is contained in its general solution. By contrast, it is com- 
mon for a nonlinear first-order differential equation to have both a general solu- 
tion involving an arbitrary constant C and one or several particular solutions that 
cannot be obtained by selecting a value for C. These exceptional solutions are 
frequently called singular solutions. In Problem 30 we ask you to show that the 
general solution of the differential equation (y’)? = 4y yields the family of parabo- 
las y = (x — C)? illustrated in Fig. 1.4.5, and to observe that the constant-valued 
function y(x) = 0 is a singular solution that cannot be obtained from the general 
solution by any choice of the arbitrary constant C. 


Example 2 


Solution 


FIGURE 1.4.6. General and singular 
solution curves for 
y’ = 6x(y — 1?^. 
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Find all solutions of the differential equation 


dy 2/3 
— = 6x(y —1 z 
T x(y — 1) 


Separation of variables gives 


1 
| cnt - [m 


(y-0!? =x? +C; 


Il 


ya =14+ G2 4 cy. 


Positive values of the arbitrary constant C give the solution curves in Fig. 1.4.6 that lie above 
the line y — 1, whereas negative values yield those that dip below it. The value C — 0 gives 
the solution y(x) = 1 + x$, but no value of C gives the singular solution y(x) = 1 that 
was lost when the variables were separated. Note that the two different solutions y(x) = 1 
and y(x) = 1 + (x? — 1)? both satisfy the initial condition y(1) = 1. Indeed, the whole 
singular solution curve y = 1 consists of points where the solution is not unique and where 
the function f(x, y) 2 6x(y — 1)2/? is not differentiable. E 


Natural Growth and Decay 


The differential equation 


d 

» E — kx (k aconstant) (17) 
serves as a mathematical model for a remarkably wide range of natural 
phenomena—any involving a quantity whose time rate of change is proportional 
to its current size. Here are some examples. 

POPULATION GROWTH: Suppose that P(t) is the number of individuals in a 
population (of humans, or insects, or bacteria) having constant birth and death rates 
P and 6 (in births or deaths per individual per unit of time). Then, during a short 
time interval At, approximately BP (t) At births and 5P(t) At deaths occur, so the 
change in P(t) is given approximately by 


AP x (B — 8) P(t) At, 


and therefore 

dP D 

— = lim — = KP, 18 

dt Aro At vm 
where k = f — ô. 
COMPOUND INTEREST: Let A(t) be the number of dollars in a savings account 
at time f£ (in years), and suppose that the interest is compounded continuously at 
an annual interest rate r. (Note that 10% annual interest means that r = 0.10.) 
Continuous compounding means that during a short time interval Ar, the amount of 
interest added to the account is approximately AA = rA(t) At, so that 


dA in Ad 


wo i A E a) 
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RADIOACTIVE DECAY: Consider a sample of material that contains N(t) atoms 
of a certain radioactive isotope at time t. It has been observed that a constant fraction 
of those radioactive atoms will spontaneously decay (into atoms of another element 
or into another isotope of the same element) during each unit of time. Consequently, 
the sample behaves exactly like a population with a constant death rate and no births. 
To write a model for N(t), we use Eq. (18) with N in place of P, with k > 0 in place 
of 6, and with 6 = 0. We thus get the differential equation 


dN 
—— — —kN. 2 
di (20) 


The value of k depends on the particular radioactive isotope. 

The key to the method of radiocarbon dating is that a constant proportion 
of the carbon atoms in any living creature is made up of the radioactive isotope 
14C of carbon. This proportion remains constant because the fraction of !^C in the 
atmosphere remains almost constant, and living matter is continuously taking up 
carbon from the air or is consuming other living matter containing the same constant 
ratio of !^C atoms to ordinary !*C atoms. This same ratio permeates all life, because 
organic processes seem to make no distinction between the two isotopes. 

The ratio of !^C to normal carbon remains constant in the atmosphere be- 
cause, although !^C is radioactive and slowly decays, the amount is continuously 
replenished through the conversion of !^N (ordinary nitrogen) to !^C by cosmic 
rays bombarding the upper atmosphere. Over the long history of the planet, this 
decay and replenishment process has come into nearly steady state. 

Of course, when a living organism dies, it ceases its metabolism of carbon 
and the process of radioactive decay begins to deplete its !^C content. There is 
no replenishment of this !^C, and consequently the ratio of !^C to normal carbon 
begins to drop. By measuring this ratio, the amount of time elapsed since the death 
of the organism can be estimated. For such purposes it is necessary to measure the 
decay constant k. For !^C, it is known that k ~ 0.0001216 if is measured in years. 

(Matters are not as simple as we have made them appear. In applying the tech- 
nique of radiocarbon dating, extreme care must be taken to avoid contaminating the 
sample with organic matter or even with ordinary fresh air. In addition, the cosmic 
ray levels apparently have not been constant, so the ratio of !^C in the atmosphere 
has varied over the past centuries. By using independent methods of dating sam- 
ples, researchers in this area have compiled tables of correction factors to enhance 
the accuracy of this process.) 


DRUG ELIMINATION: In many cases the amount A(t) of a certain drug in the 
bloodstream, measured by the excess over the natural level of the drug, will decline 
at a rate proportional to the current excess amount. That is, 
dA _ 
r 
where A > 0. The parameter À is called the elimination constant of the drug. 


—4A, (21) 


The Natural Growth Equation 


The prototype differential equation dx/dt = kx with x(t) > 0 and k a con- 
stant (either negative or positive) is readily solved by separating the variables and 


integrating: 
1 
I — dx = fras 
x 


lnx = kt +C. 


Example 3 


Solution 
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Then we solve for x: 


elnx = e tC. 


; x = x(t) = eC e* = Ae, 


Because C is a constant, so is A = eC. It is also clear that A = x(0) = xo, so the 
particular solution of Eq. (17) with the initial condition x(0) = xo is simply 


> x(t) = xot". (22) 


Because of the presence of the natural exponential function in its solution, the 


differential equation 
dx 
» — =k 2 
dt " 2) 
is often called the exponential or natural growth equation. Figure 1.4.7 shows a 
typical graph of x(t) in the case k > 0; the case k < 0 is illustrated in Fig. 1.4.8. 


x x 
X= xg et 
(k» 0) Xo 
x2xg e 
A (k<0) 
t t 
FIGURE 1.4.7. Natural growth. FIGURE 1.4.8. Natural decay. 


According to data listed at www. census . gov, the world's total population reached 6 bil- 
lion persons in mid-1999, and was then increasing at the rate of about 212 thousand persons 
each day. Assuming that natural population growth at this rate continues, we want to answer 
these questions: 

(a) What is the annual growth rate k? 

(b) What will be the world population at the middle of the 21st century? 

(c) How long will it take the world population to increase tenfold—thereby reaching the 60 
billion that some demographers believe to be the maximum for which the planet can provide 
adequate food supplies? 

(a) We measure the world population P(t) in billions and measure time in years. We take 
t = 0 to correspond to (mid) 1999, so Po = 6. The fact that P is increasing by 212,000, or 
0.000212 billion, persons per day at time ¢ = 0 means that 


P'(0) = (0.000212)(365.25) ~ 0.07743 
billion per year. From the natural growth equation P’ = kP with t = 0 we now obtain 


B P'(0) _ 0.07743 


x ~ 0.0129. 
P(0) 6 


Thus the world population was growing at the rate of about 1.29% annually in 1999. This 
value of k gives the world population function 


P(t) = 6e? 01294, 
(b) With ¢ = 51 we obtain the prediction 
P(51) = 6e (9.0129)GD x 11 58 (billion) 


for the world population in mid-2050 (so the population will almost have doubled in the just 
over a half-century since 1999). 
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Example 4 


Solution 


(c) The world population should reach 60 billion when 


In 10 


60 = 6e9-9!29%. that is, when t = 
0.0129 


z 178; 


and thus in the year 2177. [| 
Note Actually, the rate of growth of the world population is expected to slow somewhat 
during the next half-century, and the best current prediction for the 2050 population is “only” 
9.1 billion. A simple mathematical model cannot be expected to mirror precisely the com- 
plexity of the real world. 


The decay constant of a radioactive isotope is often specified in terms of an- 
other empirical constant, the half-life of the isotope, because this parameter is more 
convenient. The half-life t of a radioactive isotope is the time required for half of 
it to decay. To find the relationship between k and t, we sett = t and N = 1 No in 
the equation N(t) = Noe", so that 1 No = Noe **. When we solve for t, we find 
that 

In2 
zx 
For example, the half-life of !^C is t ~ (In2)/(0.0001216), approximately 5700 
years. 


T (24) 


A specimen of charcoal found at Stonehenge turns out to contain 6396 as much !*C as a 
sample of present-day charcoal of equal mass. What is the age of the sample? 

We take t = 0 as the time of the death of the tree from which the Stonehenge charcoal was 
made and No as the number of !^C atoms that the Stonehenge sample contained then. We are 
given that N = (0.63) No now, so we solve the equation (0.63) No = Noe~*t with the value 
k — 0.0001216. Thus we find that 


In(0.63) 


= TUTTI = 3800 (years). 


Thus the sample is about 3800 years old. If it has any connection with the builders of Stone- 
henge, our computations suggest that this observatory, monument, or temple—whichever it 
may be—dates from 1800 B.C. or earlier. L| 


Cooling and Heating 


According to Newton's law of cooling (Eq. (3) of Section 1.1), the time rate of 
change of the temperature T(t) of a body immersed in a medium of constant tem- 
perature A is proportional to the difference A — T. That is, 


dT 
qp KA-T), (25) 


where k is a positive constant. This is an instance of the linear first-order differential 
equation with constant coefficients: 


> » — ax +b. (26) 


It includes the exponential equation as a special case (b — 0) and is also easy to 
solve by separation of variables. 


A 4-lb roast, initially at 50°F, is placed in a 375? F oven at 5:00 P.M. After 75 minutes it is 
found that the temperature T (t) of the roast is 125? F. When will the roast be 150° F (medium 
rare)? 


Solution 
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We take time t in minutes, with t = 0 corresponding to 5:00 P.M. We also assume (somewhat 
unrealistically) that at any instant the temperature T(t) of the roast is uniform throughout. 
We have T (t) < A = 375, T(0) = 50, and T(75) = 125. Hence 


dT 
— —k(375- Ty; 
di ( ) 


[pat fran 
373-—T 


—1n(375—T) 2 kt C; 
375—T = Bet, 


Now T (0) = 50 implies that B = 325, so T(t) = 375— 325e-*!, We also know that T = 125 
when t = 75. Substitution of these values in the preceding equation yields 


1 250 
k = -4 In (338) ~ 0.0035. 
Hence we finally solve the equation 
150 = 375 — 32547 00035) 


for ¢ = —[In(225/325)]/(0.0035) ~ 105 (min), the total cooking time required. Because the 
roast was placed in the oven at 5:00 P.M., it should be removed at about 6:45 P.M. [| 


Torricelli's Law 


Suppose that a water tank has a hole with area a at its bottom, from which water 
is leaking. Denote by y(t) the depth of water in the tank at time t, and by V(t) the 
volume of water in the tank then. It is plausible—and true, under ideal conditions— 
that the velocity of water exiting through the hole is 


v= y2gy, (27) 


which is the velocity a drop of water would acquire in falling freely from the surface 
of the water to the hole (see Problem 35 of Section 1.2). One can derive this formula 
beginning with the assumption that the sum of the kinetic and potential energy of the 
system remains constant. Under real conditions, taking into account the constriction 
of a water jet from an orifice, v = c /2gy, where c is an empirical constant between 
O and 1 (usually about 0.6 for a small continuous stream of water). For simplicity 
we take c — 1 in the following discussion. 
As a consequence of Eq. (27), we have 


dV 
> m —av = —a y 2gy; (28a) 
equivalently, 
d 
> Y =-k./y where k =ay2g. (28b) 


This is a statement of Torricelli’s law for a draining tank. Let A(y) denote the hori- 
zontal cross-sectional area of the tank at height y. Then, applied to a thin horizontal 
slice of water at height y with area A(y) and thickness dy, the integral calculus 
method of cross sections gives 


X 
Vy) = l AG) dy. 
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Example 6 


Solution 


Positive y-values 


FIGURE 1.4.9. Draining a 
hemispherical tank. 


| 1.4] Problems 


Find general solutions (implicit if necessary, explicit if conve- 
nient) of the differential equations in Problems 1 through 16. 
Primes denote derivatives with respect to x. 


1. 
3. 
5. 


7. 


13. = (y^ + 1)cosx 


(x — ly? 


15. 2 = 
x2(2y3 — y) 
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The fundamental theorem of calculus therefore implies that dV/dy = A(y) and 
hence that dv dV d 
ay — 
= = <a 2 
dt dy | dt Aly p. Q9) 
From Eqs. (28) and (29) we finally obtain 
dy 
AU, Oe egy = Ry, (30) 


an alternative form of Torricelli's law. 


A hemispherical bowl has top radius 4 ft and at time ¢ = 0 is full of water. At that moment 
a circular hole with diameter 1 in. is opened in the bottom of the tank. How long will it take 
for all the water to drain from the tank? 


From the right triangle in Fig. 1.4.9, we see that 


A(y) = nr =r [16 (4 | = z(8y y?). 


With g — 32 ft/s?, Eq. (30) becomes 


d 
x(8y - y?) = 


1/2 3/2 d ays 
fo" -ydy =- [ das 
16 „3/2 25/2 — ae ee 
Now y(0) = 4, so 
16 43/2. 2 45/2 _ 448 
C = da $5 — m5 


The tank is empty when y — 0, thus when 


= 448 
t=72- 15 


zæ 2150 (s); 


that is, about 35 min 50 s. So it takes slightly less than 36 min for the tank to drain. 


17. y =14+x+y+xy (Suggestion: Factor the right-hand 


side.) 
18. x2y/' = 1— x? + y? - x25? 
d 
+ 2xy? =0 Find explicit particular solutions of the initial value probl 
dx plicit particular solutions of the initial value problems 
dy in Problems 19 through 28. 
(1+ x)— = 4y 
dx d 
dy ! 19. 7 = ye*, y(0) =2e 
— =3./xy 
dx d 
di 20. = =3x202+1) y(0)=1 
a 2x sec y i 1 
y x 
d 21. 2y— = ————, y(5)=2 
. (x? 7. - 0 ? Tx 4x2—16 ` m 
d 
. yy! 2 x(y? +1) 22. a =4x3y-y, y(1)= -3 
dy 04 X à 
D s d 
m Lee 23. Z +1=2y, y0)21 
d 
- (x? + D(tany)y/ = x 24. rs = ycotx, y (47) = in 


25. 


26. 


27. 


28. 
29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


d 
Pid —y=2x7y, y(1)21 
dx 
d 
LE 2xy2 43x22, y(1) 2-1 
dx 
d 
D L Ge? y(0)20 
dx 


d 
24x F = cos? y, y(4)=7/4 
x 


(a) Find a general solution of the differential equation 
dy/dx — y?. (b) Find a singular solution that is not in- 
cluded in the general solution. (c) Inspect a sketch of typi- 
cal solution curves to determine the points (a, b) for which 
the initial value problem y’ = y?, y(a) = b has a unique 
solution. 

Solve the differential equation (dy/dx)? — 4y to verify the 
general solution curves and singular solution curve that 
are illustrated in Fig. 1.4.5. Then determine the points 
(a,b) in the plane for which the initial value problem 
(y)? = 4y, y(a) = b has (a) no solution, (b) infinitely 
many solutions that are defined for all x, (c) on some 
neighborhood of the point x — a, only finitely many solu- 
tions. 

Discuss the difference between the differential equations 
(dy/dx)? — 4y and dy/dx — 2,./y. Do they have the 
same solution curves? Why or why not? Determine the 
points (a, b) in the plane for which the initial value prob- 
lem y' = 24/y, y(a) = b has (a) no solution, (b) a unique 
solution, (c) infinitely many solutions. 

Find a general solution and any singular solutions of the 
differential equation dy/dx = y y y? — 1. Determine the 
points (a, b) in the plane for which the initial value prob- 
lem y’ = y y? — 1, y(a) = b has (a) no solution, (b) a 
unique solution, (c) infinitely many solutions. 
(Population growth) A certain city had a population of 
25,000 in 1960 and a population of 30,000 in 1970. As- 
sume that its population will continue to grow exponen- 
tially at a constant rate. What population can its city plan- 
ners expect in the year 2000? 

(Population growth) In a certain culture of bacteria, the 
number of bacteria increased sixfold in 10 h. How long 
did it take for the population to double? 

(Radiocarbon dating) Carbon extracted from an ancient 
skull contained only one-sixth as much !4C as carbon ex- 
tracted from present-day bone. How old is the skull? 
(Radiocarbon dating) Carbon taken from a purported relic 
of the time of Christ contained 4.6 x 101? atoms of 14C 
per gram. Carbon extracted from a present-day specimen 
of the same substance contained 5.0 x 10! atoms of 14C 
per gram. Compute the approximate age of the relic. What 
is your opinion as to its authenticity? 

(Continuously compounded interest) Upon the birth of 
their first child, a couple deposited $5000 in an account 
that pays 8% interest compounded continuously. The in- 
terest payments are allowed to accumulate. How much 
will the account contain on the child's eighteenth birth- 
day? 
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(Continuously compounded interest) Suppose that you 
discover in your attic an overdue library book on which 
your grandfather owed a fine of 30 cents 100 years ago. If 
an overdue fine grows exponentially at a 596 annual rate 
compounded continuously, how much would you have to 
pay if you returned the book today? 


(Drug elimination) Suppose that sodium pentobarbital is 
used to anesthetize a dog. The dog is anesthetized when 
its bloodstream contains at least 45 milligrams (mg) of 
sodium pentobarbitol per kilogram of the dog's body 
weight. Suppose also that sodium pentobarbitol is elim- 
inated exponentially from the dog's bloodstream, with a 
half-life of 5 h. What single dose should be administered 
in order to anesthetize a 50-kg dog for 1 h? 


The half-life of radioactive cobalt is 5.27 years. Suppose 
that a nuclear accident has left the level of cobalt radia- 
tion in a certain region at 100 times the level acceptable 
for human habitation. How long will it be until the region 
is again habitable? (Ignore the probable presence of other 
radioactive isotopes.) 


Suppose that a mineral body formed in an ancient 
cataclysm—perhaps the formation of the earth itself — 
originally contained the uranium isotope 2?9U (which has 
a half-life of 4.51 x 10? years) but no lead, the end prod- 
uct of the radioactive decay of 738U. If today the ratio of 
238U atoms to lead atoms in the mineral body is 0.9, when 
did the cataclysm occur? 


A certain moon rock was found to contain equal numbers 
of potassium and argon atoms. Assume that all the argon 
is the result of radioactive decay of potassium (its half-life 
is about 1.28 x 10? years) and that one of every nine potas- 
sium atom disintegrations yields an argon atom. What is 
the age of the rock, measured from the time it contained 
only potassium? 


A pitcher of buttermilk initially at 25?C is to be cooled 
by setting it on the front porch, where the temperature is 
0°C. Suppose that the temperature of the buttermilk has 
dropped to 15? C after 20 min. When will it be at 5°C? 


When sugar is dissolved in water, the amount A that re- 
mains undissolved after ¢ minutes satisfies the differential 
equation d A/dt = —kA (k > 0). If 25% of the sugar dis- 
solves after 1 min, how long does it take for half of the 
sugar to dissolve? 


The intensity 7 of light at a depth of x meters below 
the surface of a lake satisfies the differential equation 
dI/dx = (—1.4)I. (a) At what depth is the intensity half 
the intensity Jọ at the surface (where x = 0)? (b) What 
is the intensity at a depth of 10 m (as a fraction of Jo)? 
(c) At what depth will the intensity be 196 of that at the 
surface? 


The barometric pressure p (in inches of mercury) at an 
altitude x miles above sea level satisfies the initial value 
problem dp/dx — (—0.2)p, p(0) — 29.92. (a) Calculate 
the barometric pressure at 10,000 ft and again at 30,000 
ft. (b) Without prior conditioning, few people can sur- 
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vive when the pressure drops to less than 15 in. of mer- 
cury. How high is that? 

A certain piece of dubious information about phenylethy- 
lamine in the drinking water began to spread one day in a 
city with a population of 100,000. Within a week, 10,000 
people had heard this rumor. Assume that the rate of in- 
crease of the number who have heard the rumor is propor- 
tional to the number who have not yet heard it. How long 
will it be until half the population of the city has heard the 
rumor? 

According to one cosmological theory, there were equal 
amounts of the two uranium isotopes ?3°U and 738U at 
the creation of the universe in the “big bang.” At present 
there are 137.7 atoms of 238U for each atom of 295 U. Us- 
ing the half-lives 4.51 x 10? years for 2?8U and 7.10 x 108 
years for ?35U, calculate the age of the universe. 

A cake is removed from an oven at 210°F and left to cool 
at room temperature, which is 70°F. After 30 min the 
temperature of the cake is 140? F. When will it be 100? F? 
The amount A(t) of atmospheric pollutants in a certain 
mountain valley grows naturally and is tripling every 7.5 
years. 


(a) If the initial amount is 10 pu (pollutant units), write 
a formula for A(t) giving the amount (in pu) present 
after ¢ years. 

(b) What will be the amount (in pu) of pollutants present 
in the valley atmosphere after 5 years? 

(c) If it will be dangerous to stay in the valley when the 
amount of pollutants reaches 100 pu, how long will 
this take? 


An accident at a nuclear power plant has left the surround- 
ing area polluted with radioactive material that decays nat- 
urally. The initial amount of radioactive material present 
is 15 su (safe units), and 5 months later it is still 10 su. 


(a) Write a formula giving the amount A(t) of radioactive 
material (in su) remaining after ¢ months. 

(b) What amount of radioactive material will remain after 
8 months? 

(c) How long—total number of months or fraction 
thereof—will it be until A — 1 su, so it is safe for 
people to return to the area? 


There are now about 3300 different human "language fam- 
ilies" in the whole world. Assume that all these are de- 
rived from a single original language and that a language 
family develops into 1.5 language families every 6 thou- 
sand years. About how long ago was the single original 
human language spoken? 

Thousands of years ago ancestors of the Native Americans 
crossed the Bering Strait from Asia and entered the west- 
ern hemisphere. Since then, they have fanned out across 
North and South America. The single language that the 
original Native Americans spoke has since split into many 
Indian "language families" Assume (as in Problem 52) 
that the number of these language families has been mul- 
tiplied by 1.5 every 6000 years. There are now 150 Native 
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American language families in the western hemisphere. 
About when did the ancestors of today's Native Ameri- 
cans arrive? 


A tank is shaped like a vertical cylinder; it initially con- 
tains water to a depth of 9 ft, and a bottom plug is removed 
at time t = 0 (hours). After 1 h the depth of the water has 
dropped to 4 ft. How long does it take for all the water to 
drain from the tank? 


Suppose that the tank of Problem 54 has a radius of 3 ft 
and that its bottom hole is circular with radius 1 in. How 
long will ittake the water (initially 9 ft deep) to drain com- 
pletely? 

At time t = 0 the bottom plug (at the vertex) of a full con- 
ical water tank 16 ft high is removed. After 1 h the water 
in the tank is 9 ft deep. When will the tank be empty? 


Suppose that a cylindrical tank initially containing Vo gal- 
lons of water drains (through a bottom hole) in T minutes. 
Use Torricelli’s law to show that the volume of water in 
the tank after? € T minutes is V = Vo [1 — (t/T)]^. 

A water tank has the shape obtained by revolving the curve 
y = x*/? around the y-axis. A plug at the bottom is re- 
moved at 12 noon, when the depth of water in the tank is 
12 ft. At 1 P.M. the depth of the water is 6 ft. When will 
the tank be empty? 


A water tank has the shape obtained by revolving the 
parabola x? — by around the y-axis. The water depth is 
4 ft at 12 noon, when a circular plug in the bottom of the 
tank is removed. At 1 P.M. the depth of the water is 1 ft. 
(a) Find the depth y(t) of water remaining after t hours. 
(b) When will the tank be empty? (c) If the initial radius 
of the top surface of the water is 2 ft, what is the radius of 
the circular hole in the bottom? 


A cylindrical tank with length 5 ft and radius 3 ft is sit- 
uated with its axis horizontal. If a circular bottom hole 
with a radius of 1 in. is opened and the tank is initially 
half full of water, how long will it take for the liquid to 
drain completely? 


A spherical tank of radius 4 ft is full of water when a cir- 
cular bottom hole with radius 1 in. is opened. How long 
will be required for all the water to drain from the tank? 


Suppose that an initially full hemispherical water tank of 
radius 1 m has its flat side as its bottom. It has a bottom 
hole of radius 1 cm. If this bottom hole is opened at 1 P.M., 
when will the tank be empty? 


Consider the initially full hemispherical water tank of Ex- 
ample 8, except that the radius r of its circular bottom hole 
is now unknown. At | P.M. the bottom hole is opened and 
at 1:30 P.M. the depth of water in the tank is 2 ft. (a) Use 
Torricelli's law in the form dV/dt = —(0.6)mr? /2gy 
(taking constriction into account) to determine when the 
tank will be empty. (b) What is the radius of the bottom 
hole? 


(The clepsydra, or water clock) A 12 h water clock is to 
be designed with the dimensions shown in Fig. 1.4.10, 
shaped like the surface obtained by revolving the curve 
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y — f(x) around the y-axis. What should this curve be, 
and what should the radius of the circular bottom hole be, 
in order that the water level will fall at the constant rate of 
4 inches per hour (in./h)? 


F1 ft 


y=fo 


or 
x= g(y) 


| Water flow 


FIGURE 1.4.10. The clepsydra. 


Just before midday the body of an apparent homicide vic- 
tim is found in a room that is kept at a constant tempera- 
ture of 70°F. At 12 noon the temperature of the body is 
80°F and at | P.M. it is 75°F. Assume that the temperature 
of the body at the time of death was 98.6° F and that it has 
cooled in accord with Newton’s law. What was the time 
of death? 


Early one morning it began to snow at a constant rate. At 
7 A.M. a snowplow set off to clear a road. By 8 A.M. it 
had traveled 2 miles, but it took two more hours (until 
10 A.M.) for the snowplow to go an additional 2 miles. 
(a) Let t = 0 when it began to snow, and let x denote the 
distance traveled by the snowplow at time ¢. Assuming 
that the snowplow clears snow from the road at a constant 
rate (in cubic feet per hour, say), show that 


r£ 1 


dt t 
where k is a constant. (b) What time did it start snowing? 
(Answer: 6 A.M.) 

A snowplow sets off at 7 A.M. as in Problem 66. Sup- 
pose now that by 8 A.M. it had traveled 4 miles and that by 
9 A.M. it had moved an additional 3 miles. What time did 
it start snowing? This is a more difficult snowplow prob- 
lem because now a transcendental equation must be solved 
numerically to find the value of k. (Answer: 4:27 A.M.) 

Figure 1.4.11 shows a bead sliding down a frictionless 
wire from point P to point Q. The brachistochrone prob- 
lem asks what shape the wire should be in order to min- 
imize the bead's time of descent from P to Q. In June 
of 1696, John Bernoulli proposed this problem as a pub- 
lic challenge, with a 6-month deadline (later extended to 
Easter 1697 at George Leibniz’s request). Isaac Newton, 
then retired from academic life and serving as Warden 
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of the Mint in London, received Bernoulli’s challenge on 
January 29, 1697. The very next day he communicated 
his own solution—the curve of minimal descent time is an 
arc of an inverted cycloid—to the Royal Society of Lon- 
don. For a modern derivation of this result, suppose the 
bead starts from rest at the origin P and let y = y(x) be 
the equation of the desired curve in a coordinate system 
with the y-axis pointing downward. Then a mechanical 
analogue of Snell’s law in optics implies that 

— — constant, (i) 
where a denotes the angle of deflection (from the verti- 
cal) of the tangent line to the curve—so cota = y'(x) 
(why?)—and v = ./2gy is the bead's velocity when it has 
descended a distance y vertically (from KE — imo? = 
mgy = —PE). 


P 


N 


Q 


FIGURE 1.4.11. A bead sliding down a 
wire—the brachistochrone problem. 


(a) First derive from Eq. (1) the differential equation 


dy 2a — y z 
de a (ii) 


where a is an appropriate positive constant. 
(b) Substitute y = 2a sin? t, dy = 4a sint cost dt in (ii) 
to derive the solution 


x =a(2t—sin2t), y =a(1—cos2r) (iii) 


for which t = y = 0 when x = 0. Finally, the sub- 
stitution of 0 = 2t in (iii) yields the standard para- 
metric equations x = a(0 — sin 0), y = a(1 —cos@) 
of the cycloid that is generated by a point on the rim 
of a circular wheel of radius a as it rolls along the x- 
axis. [See Example 5 in Section 9.4 of Edwards and 
Penney, Calculus: Early Transcendentals, 7th edition 
(Upper Saddle River, NJ: Prentice Hall, 2008).] 


69. Suppose a uniform flexible cable is suspended between 


two points (+L, H) at equal heights located symmetri- 
cally on either side of the x-axis (Fig. 1.4.12). Principles 
of physics can be used to show that the shape y = y(x) of 
the hanging cable satisfies the differential equation 


d?y dy V 
RE (Z) ` 


where the constant a = T/p is the ratio of the cable's ten- 
sion T at its lowest point x = 0 (where y'(0) = 0 ) and 
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its (constant) linear density p. If we substitute v — dy/dx, 
dv/dx = d? y/dx? in this second-order differential equa- 
tion, we get the first-order equation 


Solve this differential equation for y'(x) — v(x) — 
sinh(x/a). Then integrate to get the shape function 


y(x) = acosh (=) +C 


FIGURE 1.4.12. The catenary. 


of the hanging cable. This curve is called a catenary, from 
the Latin word for chain. 


IFs The Logistic Equation 


As in Eq. (7) of this section, the solution of a separable differential equation reduces 
to the evaluation of two indefinite integrals. It is tempting to use a symbolic algebra 
system for this purpose. We illustrate this approach using the logistic differential 


equation 


d 
= = ax — bx? (1) 


that models a population x(t) with births (per unit time) proportional to x and deaths 
proportional to x?. Here we concentrate on the solution of Eq. (1) and defer discus- 
sion of population applications to Section 2.1. 

If a = 0.01 and b = 0.0001, for instance, Eq. (1) is 


dx x 
— = (0.01)x — (0.0001)x? = —— (100 — x). 2 
de (0.01)x — (0.0001)x 10000' 0 — x) (2) 


Separation of variables leads to 


1 1 t 
I ACIE / 10000 “’ = 10000 ^ € GB) 


ikl We can evaluate the integral on the left by using the Maple command 


dx -inf be-100] 
\ x 


J zio | 


int (1/ (xx (100 - x)), x); 
the Mathematica command 


Integrate[ 1/(x*(100 - x)), x ] 


| 1/89] 


or the MATLAB command 


FIGURE 1.4.13. TI-Nspire'M CX 

CAS screen showing the integral in syms x; int(1/(x*(100 - x))) 
Eq. (3). i . 
209 Alternatively, we could use the freely available Wolfram|Alpha system 


(www .wolframalpha.com); the query 
integrate 1/(x«(100 - x)) 


Ics dx= 
d (dog(x) - 1b g(100 - x) produces the output shown in Fig. 1.4.14. 


Any computer algebra system gives a result of the form 


FIGURE 1.4.14. Wolfram|Alpha 1 1 t 
display showing the integral in Eq. (3). — Inx — — ln(x — 100) = —— + C (4) 
Screenshot of Wolfram|Alpha output. 100 100 10000 


Used by permission of WolframAlpha . . . : 
LLC. equivalent to the graphing calculator result shown in 30Fig. 1.4.13. 
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FIGURE 1.4.15. Slope field and 
solution curves for 
x’ = (0.01)x — (0.0001)x2. 
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You can now apply the initial condition x(0) = xo, combine logarithms, and 
finally exponentiate to solve Eq. (4) for the particular solution 


100xpe%/19° 


Xu) 
(e) 100 — xo + xoe!/100 


(5) 


of Eq. (2). The slope field and solution curves shown in Fig. 1.4.15 suggest that, 
whatever is the initial value xo, the solution x(t) approaches 100 as t > +00. Can 
you use Eq. (5) to verify this conjecture? 


INVESTIGATION: For your own personal logistic equation, take a = m/n and 
b = 1/n in Eq. (1), with m and n being the largest two distinct digits (in either 
order) in your student ID number. 


(a) First generate a slope field for your differential equation and include a sufficient 
number of solution curves that you can see what happens to the population as 
t — +0. State your inference plainly. 


(b) Next use a computer algebra system to solve the differential equation symboli- 
cally; then use the symbolic solution to find the limit of x(t) as t > +00. Was 
your graphically-based inference correct? 


(c) Finally, state and solve a numerical problem using the symbolic solution. For 
instance, how long does it take x to grow from a selected initial value xo to a 
given target value xı? 


MER Linear First-Order Equations 


We turn now to another important method for solving first-order differential equa- 
tions that rests upon the idea of "integrating both sides". In Section 1.4 we saw that 
the first step in solving a separable differential equation is to multiply and/or divide 
both sides of the equation by whatever is required in order to separate the variables. 
For instance, to solve the equation 


=~ =2xy (y>0), (1) 


we divide both sides by y (and, so to speak, multiply by the differential dx) to get 


d 
e = 2x dx. 
y 


Integrating both sides then gives the general solution In y = x? + C. 

There is another way to approach the differential equation in (1), however, 
which—while leading to the same general solution—opens the door not only to the 
solution method discussed in this section, but to other methods of solving differen- 
tial equations as well. What is common to all these methods is the idea that if a 
given equation is difficult to solve, then perhaps multiplying both sides of the equa- 
tion by a suitably chosen function of x and/or y may result in an equivalent equation 
that can be solved more easily. Thus, in Eq. (1), rather than divide both sides by y, 
we could instead multiply both sides by the factor 1/y. (Of course algebraically 
these two are the same, but we are highlighting the fact that often the crucial first 
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step in solving a differential equation is to multiply both of its sides by the “right” 
function.) Applying this to Eq. (1) (while leaving dx in place) gives 


1 dy 
—.— =2x, 2 
T 9 (2) 
The significance of Eq. (2) is that, unlike Eq. (1), both sides are recognizable as a 
derivative. By the chain rule, the left-hand side of Eq. (2) can be written as 

1 d 

—. = D,(Iny), 

y dx 


and of course the right hand side of Eq. (2) is D, (x?). Thus each side of Eq. (2) can 
be viewed as a derivative with respect to x: 


Dy (In y) = Dx(x?). 


Integrating both sides with respect to x gives the same general solution In y = x? + 
C that we found before. 

We were able to solve the differential equation in Eq. (1), then, by first multi- 
plying both of its sides by a factor—known as an integrating factor—chosen so that 
both sides of the resulting equation could be recognized as a derivative. Solving the 
equation then becomes simply a matter of integrating both sides. More generally, 
an integrating factor for a differential equation is a function p(x, y) such that mul- 
tiplication of each side of the differential equation by p(x, y) yields an equation in 
which each side is recognizable as a derivative. In some cases integrating factors 
involve both of the variables x and y; however, our second solution of Eq. (1) was 
based on the integrating factor p(y) = 1/y, which depends only on y. Our goal 
in this section is to show how integrating factors can be used to solve a broad and 
important category of first-order differential equations. 

A linear first-order equation is a differential equation of the form 


d 
> + P(x)y = Q(x). (3) 
x 


We assume that the coefficient functions P(x) and Q(x) are continuous on some in- 
terval on the x-axis. (Can you see that the differential equation in Eq. (1), in addition 
to being separable, is also linear? Is every separable equation also linear?) Assum- 
ing that the necessary antiderivatives can be found, the general linear equation in (3) 
can always be solved by multiplying by the integrating factor 


> pers? (4) 
The result is 


d 
al Poe + P (x)el PO d*y z Qael Pax, (5) 


Dx | P(x) dx! = P(x); 


the left-hand side is the derivative of the product y (x) - e/ P® 4*, so Eq. (5) is equiv- 
alent to 


Because 


D, [veo e/ Pde] _ O(x)el Pax, 


Example 1 
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Integration of both sides of this equation gives 
y(x)ef Pax — f Coi dx 4 C. 


Finally, solving for y, we obtain the general solution of the linear first-order equa- 
tion in (3): 


y(x) = e Í Pix) dx p (2e! iid dx + c| . (6) 


This formula should not be memorized. In a specific problem it generally is 
simpler to use the method by which we developed the formula. That is, in order 
to solve an equation that can be written in the form in Eq. (3) with the coefficient 
functions P(x) and Q(x) displayed explicitly, you should attempt to carry out the 
following steps. 


METHOD: SOLUTION OF LINEAR FIRST-ORDER EQUATIONS 


1. Begin by calculating the integrating factor p(x) = ef Pon dx. 

2. Then multiply both sides of the differential equation by p(x). 

3. Next, recognize the left-hand side of the resulting equation as the derivative 
of a product: 


Dx [p(x)y (x)] = p(x) Q(x). 


4. Finally, integrate this equation, 


oxy) = | Oare, 


then solve for y to obtain the general solution of the original differential equa- 
tion. 


Remark 1 Given an initial condition y(xọ) = yo, you can (as usual) substitute x = xo and 
y = yo into the general solution and solve for the value of C yielding the particular solution 
that satisfies this initial condition. 


Remark 2 You need not supply explicitly a constant of integration when you find the 
integrating factor p(x). For if we replace 


[ Pwa with [ 7d 


in Eq. (4), the result is 


p(x) = eK | PG) dx _ eK ef PO) dx. 

But the constant factor eX does not affect materially the result of multiplying both sides of 
the differential equation in (3) by p(x), so we might as well take K = 0. You may there- 
fore choose for f P(x) dx any convenient antiderivative of P (x), without bothering to add a 


constant of integration. " 
Solve the initial value problem 


dy 


11,—x/3 
TE x/3 y(0)——I. 
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FIGURE 1.5.1. 


y'=y+ ite 


—x/3 


Slope field and 
solution curves for 


Example 2 


Solution 


First-Order Differential Equations 


Here we have P(x) = —1 and Q(x) = 1167/3, so the integrating factor is 
p(x) = elC dx € e *. 


Multiplication of both sides of the given equation by e~~* yields 


-x dy — 11,—4x/3 
TE “y= ye x/ , (7) 
which we recognize as 
d | — 11,—4x/3 
zx 2y) = 8, 


Hence integration with respect to x gives 
py f 1 9-42/3 dx = 33974805 4 C, 


and multiplication by e* gives the general solution 


y(x) = Ce* — ae "3 (8) 
Substitution of x = 0 and y = —1 now gives C = ays so the desired particular solution is 
y(x) = Le” 2397/3 E ay (e 3327/9), E 


Remark Figure 1.5.1 shows a slope field and typical solution curves for Eq. (7), including 
the one passing through the point (0,—1). Note that some solutions grow rapidly in the 
positive direction as x increases, while others grow rapidly in the negative direction. The 
behavior of a given solution curve is determined by its initial condition y(0) = yọ. The two 


types of behavior are separated by the particular solution y(x) = -3e /? for which C = 0 
in Eq. (8), so yo = -3 for the solution curve that is dashed in Fig. 1.5.1. If yọ > -3, 


then C > 0 in Eq. (8), so the term e* eventually dominates the behavior of y(x), and hence 
y(x) > +œ as x > +00. But if yg < -3, then C < 0, so both terms in y(x) are negative 
and therefore y(x) — —oo as x — +00. Thus the initial condition yọ = -3 is critical 
in the sense that solutions that start above -3 on the y-axis grow in the positive direction, 
while solutions that start lower than -3 grow in the negative direction as x — +00. The 
interpretation of a mathematical model often hinges on finding such a critical condition that 


separates one kind of behavior of a solution from a different kind of behavior. " 


Find a general solution of 
d 
(x? + iy + 3xy = 6x. (9) 
dx 
After division of both sides of the equation by x? + 1, we recognize the result 


Y 3x _ 6x 
dx x241> x41 


as a first-order linear equation with P(x) = 3x/(x? + 1) and Q(x) = 6x/(x? + 1). Multipli- 
cation by 


33 
p(x) = exp (/ z - 1 ax) = exp (3 In(x? F D) = (x? + 1)3/2 
yields 

(x? + 1372 er 43x (x? + 1)!/2y = ex(x? + 1)U2, 


and thus 
D [@? 4 n3] = 6x(x? + 11/2, 
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FIGURE 1.5.2. Slope field and 
solution curves for the differential 
equation in Eq. (9). 
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Integration then yields 


(x? + 13/2, = IS + 1)!2 dx = 2(2 + 3/2 + C. 


Multiplication of both sides by (x? + 1)~3/2 gives the general solution 


y(x) 5 24- C? +1777. (10) 
a 


Remark Figure 1.5.2 shows a slope field and typical solution curves for Eq. (9). Note 
that, as x — +00, all other solution curves approach the constant solution curve y(x) = 
2 that corresponds to C = 0 in Eq. (10). This constant solution can be described as an 
equilibrium solution of the differential equation, because y(0) = 2 implies that y(x) = 2 for 
all x (and thus the value of the solution remains forever where it starts). More generally, the 
word “equilibrium” connotes “unchanging,” so by an equilibrium solution of a differential 
equation is meant a constant solution y(x) = c, for which it follows that y’(x) = 0. Note that 
substitution of y’ = 0 in the differential equation (9) yields 3xy = 6x, so it follows that y = 2 
if x Z 0. Hence we see that y(x) = 2 is the only equilibrium solution of this differential 
equation, as seems visually obvious in Fig. 1.5.2. a 


A Closer Look at the Method 


The preceding derivation of the solution in Eq. (6) of the linear first-order equation 
y! + Py = Q bears closer examination. Suppose that the coefficient functions P(x) 
and Q(x) are continuous on the (possibly unbounded) open interval 7. Then the 


antiderivatives 
[Pea and J (00era) dx 


exist on /. Our derivation of Eq. (6) shows that if y = y(x) is a solution of Eq. (3) 
on 7, then y(x) is given by the formula in Eq. (6) for some choice of the constant 
C. Conversely, you may verify by direct substitution (Problem 31) that the function 
y (x) given in Eq. (6) satisfies Eq. (3). Finally, given a point xo of J and any num- 
ber yo, there is—as previously noted—a unique value of C such that y(xo) = yo. 
Consequently, we have proved the following existence-uniqueness theorem. 


THEOREM 1 The Linear First-Order Equation 


If the functions P(x) and Q(x) are continuous on the open interval 7 containing 
the point xo, then the initial value problem 


d 
> — + P(x)y = Q(x), y(xo)- yo (1) 


has a unique solution y(x) on 7, given by the formula in Eq. (6) with an appro- 
priate value of C. 


Remark 1 Theorem 1 gives a solution on the entire interval 7 for a linear differential 
equation, in contrast with Theorem 1 of Section 1.3, which guarantees only a solution on a 
possibly smaller interval. 


Remark 2 Theorem 1 tells us that every solution of Eq. (3) is included in the general solu- 
tion given in Eq. (6). Thus a linear first-order differential equation has no singular solutions. 
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Example 3 


Solution 


FIGURE 1.5.3. Typical solution 
curves defined by Eq. (15). 


Remark 3 The appropriate value of the constant C in Eq. (6)—as needed to solve the 
initial value problem in Eq. (11)—can be selected “automatically” by writing 


p(x) = exp (f Paar) ; 
Xo 


1 x 
y(x)- 20] E + f. pt) Q(t) ar}. 


(12) 


The indicated limits xo and x effect a choice of indefinite integrals in Eq. (6) that guarantees 
in advance that p(xo) = 1 and that y(xo) = yo (as you can verify directly by substituting 
x = xg in Eq. (12)). [| 


Solve the initial value problem 


d 
x22 4 xy =sinx, y(1) = yo: gm 
dx 


Division by x? gives the linear first-order equation 


with P(x) = 1/x and Q(x) = (sin x)/x?. With xo = 1 the integrating factor in (12) is 


p(x) = exp (f Lat) = exp(In x) = x, 
1 


so the desired particular solution is given by 


y(x) = Es + [ "an. (14) 
X 1 t 


In accord with Theorem 1, this solution is defined on the whole positive x-axis. [| 


Comment In general, an integral such as the one in Eq. (14) would (for given x) need to 
be approximated numerically—using Simpson’s rule, for instance—to find the value y(x) of 
the solution at x. In this case, however, we have the sine integral function 


- 
sic) = | Sni ihe 
0 


t 


which appears with sufficient frequency in applications that its values have been tabulated. A 
good set of tables of special functions is Abramowitz and Stegun, Handbook of Mathematical 
Functions (New York: Dover, 1965). Then the particular solution in Eq. (14) reduces to 


Xs l 
gas |» «f B di f = a] = L yo+ SSD. (15) 
X 0 t 0 t X 


The sine integral function is available in most scientific computing systems and can be used 
to plot typical solution curves defined by Eq. (15). Figure 1.5.3 shows a selection of solution 


curves with initial values y(1) — yo ranging from yg — —3 to yo — 3. It appears that on 
each solution curve, y(x) — 0 as x — --co, and this is in fact true because the sine integral 
function is bounded. [| 


In the sequel we will see that it is the exception—rather than the rule—when a 
solution of a differential equation can be expressed in terms of elementary functions. 
We will study various devices for obtaining good approximations to the values of 
the nonelementary functions we encounter. In Chapter 2 we will discuss numerical 
integration of differential equations in some detail. 
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Mixture Problems 


As a first application of linear first-order equations, we consider a tank containing 
a solution—a mixture of solute and solvent—such as salt dissolved in water. There 
is both inflow and outflow, and we want to compute the amount x(t) of solute in 
the tank at time f, given the amount x(0) = xo at time t = 0. Suppose that solution 
with a concentration of c; grams of solute per liter of solution flows into the tank 
at the constant rate of r; liters per second, and that the solution in the tank—kept 
thoroughly mixed by stirring—flows out at the constant rate of ro liters per second. 
To set up a differential equation for x(t), we estimate the change Ax in x 
during the brief time interval [t,t + At]. The amount of solute that flows into the 
m Input: r; L/s, c;g/L tank during At seconds is ric; At grams. To check this, note how the cancellation 
of dimensions checks our computations: 


| m 3 Amount AG) liters rams 
gp Volume V(t) (r ) (ci £ ) (At seconds) 


Concentration c, (1) - 5; second liter 
71) Output: yields a quantity measured in grams. 
| : o 2 The amount of solute that flows out of the tank during the same time interval 
eB depends on the concentration c, (t) of solute in the solution at time t. But as noted 
FIGURE 1.5.4. The single-tank in Fig. 1.5.4, co (t) = x (t)/V(t), where V(t) denotes the volume (not constant unless 
mixture problem. rj = ro) of solution in the tank at time t. Then 


Ax = {grams input} — {grams output} ~ rici At — roco At. 


We now divide by At: 
Ax 


At 
Finally, we take the limit as At — 0; if all the functions involved are continuous and 
x(t) is differentiable, then the error in this approximation also approaches zero, and 
we obtain the differential equation 


7X liCj — FoCo. 


» — = rjCj — oCo, (16) 


in which rj, ci, and rg are constants, but co denotes the variable concentration 


aes uu (17) 


of solute in the tank at time ¢. Thus the amount x(t) of solute in the tank satisfies 


the differential equation 

dx r 

ug. epe ye (18) 
If Vo = V(0), then V(t) = Vo + (ri —ro)t, so Eq. (18) is a linear first-order differential 
equation for the amount x (t) of solute in the tank at time t. 


Important Equation (18) need not be committed to memory. It is the process we used to 
obtain that equation—examination of the behavior of the system over a short time interval 
[t.t + At]—that you should strive to understand, because it is a very useful tool for obtaining 
all sorts of differential equations. 


Remark It was convenient for us to use g/L mass/volume units in deriving Eq. (18). But 
any other consistent system of units can be used to measure amounts of solute and volumes 
of solution. In the following example we measure both in cubic kilometers. a 
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Example 4 


Solution 


Solution 


Assume that Lake Erie has a volume of 480 km? and that its rate of inflow (from Lake Huron) 
and outflow (to Lake Ontario) are both 350 km? per year. Suppose that at the time t = 0 
(years), the pollutant concentration of Lake Erie—caused by past industrial pollution that 
has now been ordered to cease—is five times that of Lake Huron. If the outflow henceforth 
is perfectly mixed lake water, how long will it take to reduce the pollution concentration in 
Lake Erie to twice that of Lake Huron? 

Here we have 


V = 480 (km?), 

rj = ro = r = 350 (km? /yr), 

cj — c (the pollutant concentration of Lake Huron), and 
xo = x(0) = 5cV, 


and the question is this: When is x(t) = 2cV? With this notation, Eq. (18) is the separable 
equation 


d " 
"E —rc— y* (19) 
which we rewrite in the linear first-order form 
dx 
oin x= 20 
g | (20) 


with constant coefficients p = r/V, q = rc, and integrating factor p = e?’. You can either 
solve this equation directly or apply the formula in (12). The latter gives 


t 
x(t) =e?! E +f qe?! ar] Lg |» red (e?! — y 
0 P 


— prt/V TC (rV _ P 
=e [sev 77 (e )]: 


x(t) 2 cV 4 4cVe TV (21) 
To find when x(t) = 2cV, we therefore need only solve the equation 
V 480 
cV 4 4cVe "!" —22cy for t2 —1n4- 35b In 4 ~ 1.901 (years). | 
r 


A 120-gallon (gal) tank initially contains 90 lb of salt dissolved in 90 gal of water. Brine 
containing 2 lb/gal of salt flows into the tank at the rate of 4 gal/min, and the well-stirred 
mixture flows out of the tank at the rate of 3 gal/min. How much salt does the tank contain 
when it is full? 

The interesting feature of this example is that, due to the differing rates of inflow and outflow, 
the volume of brine in the tank increases steadily with V(t) = 90 + t gallons. The change Ax 
in the amount x of salt in the tank from time ¢ to time ¢ + At (minutes) is given by 


x 
Ax x (4)(2) At —3 (x 7 ;) At, 


so our differential equation is 
dx 3 


ur Fi” 


An integrating factor is 


3 
p(x) — exp (J cs at) — 23in0+r) _ (90 + 1)3, 


which gives 
D, [00 + ps] = 8(90 + 05; 
(90 + t)?x = 2(90+1)4 + C. 
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Substitution of x(0) = 90 gives C = —(90)*, so the amount of salt in the tank at time £ is 


04 


x(t) = 2(90 + t) — (904 03 


The tank is full after 30 min, and when t = 30, we have 


of salt in the tank. 


| 15) Problems 


Find general solutions of the differential equations in Prob- 
lems 1 through 25. If an initial condition is given, find the 
corresponding particular solution. Throughout, primes denote 
derivatives with respect to x. 


1. y - y 22, y(0 20 
3. y! + 3y = 2xe O* 

5. xy! -2y 23x, y(1) — 5 
6. xy + 5y = 732, y(2) — 5 
7 
9 
1 


2. y'-2y = 3e?*, y(0) =0 
4. y -2xy =e 


.2xy! + y = 10 /x 
.xy'-y-oxy(1)27 

. xy! + y = 3xy, y(1) 20 
12. xy’ -3y = 2x5, y(2) 21 
13. y +y 2 e*, y(0 21 
14. xy’ — 3y = x3, y(1) = 10 
15. y' + 2xy = x, y(0) = —2 
16. y' = (1— y)cosx, y(x) 22 

17. (1 + x)y'- y = cosx, y(0) = 1 
18. xy’ = 2y + x? cos x 

19. y' + ycotx = cosx 

20. y =1+x+y+xy, y(0 20 
21. xy! = 3y + x4 cos x, y2x) = 0 
22. y! = 2xy + 3x2 exp(x?), y(0) = 5 
23. xy! + (2x — 3)y = 4x4 

24. (x? + 4)y’ -3xy = x, y(00 = 1 


d 
25. (x2? + p> + 3x3y = 6x exp (-3x?), y(0) = 1 


8. 3xy! + y = 12x 
10. 2xy’ —3y = 9x3 


Solve the differential equations in Problems 26 through 28 by 
regarding y as the independent variable rather than x. 


26. (1 <i = y3 
dx 


d 
28. (1 + 2xy) > =1+y? 


29. Express the general solution of dy/dx = 1 + 2xy in terms 
ofthe error function 


x 
erf(x) — 5f e^? dt. 
0 


30. Express the solution of the initial value problem 


d 
27. (x + yen) =1 


dy 
2x — =y+2xcosx, 
dx 


as an integral as in Example 3 of this section. 


y(1) 20 


x(30) = 2(90 + 30) - 29 — 


4 


igi ^ 202 b) 


Problems 31 and 32 illustrate—for the special case of first- 
order linear equations—techniques that will be important 
when we study higher-order linear equations in Chapter 3. 


31. (a) Show that 
yc(x) = Ce- | PQ) dx 


is a general solution of dy/dx + P(x)y = 0. | (b) Show 


that 
yp) = e7 POS | I (Gjet Pad) dx 


is a particular solution of dy/dx + P(x)y = Q(x). 
(c) Suppose that yc (x) is any general solution of dy/dx + 
P(x)y = 0 and that yj (x) is any particular solution of 
dy/dx + P(x)y = Q(x). Show that y(x) = ye(x) + yp(x) 
is a general solution of dy/dx + P(x)y = Q(x). 


32. (a) Find constants A and B such that yp(x) = Asinx + 
B cos x isa solution of dy/dx + y = 2sinx. (b) Use the 
result of part (a) and the method of Problem 31 to find the 
general solution of dy/dx + y = 2sinx. (c) Solve the 
initial value problem dy/dx + y = 2sinx, y(0) = I. 


33. A tank contains 1000 liters (L) of a solution consisting of 
100 kg of salt dissolved in water. Pure water is pumped 
into the tank at the rate of 5 L/s, and the mixture—kept 
uniform by stirring— is pumped out at the same rate. How 
long will it be until only 10 kg of salt remains in the tank? 


34. Consider a reservoir with a volume of 8 billion cubic 
feet (ft?) and an initial pollutant concentration of 0.25%. 
There is a daily inflow of 500 million ft? of water with a 
pollutant concentration of 0.05% and an equal daily out- 
flow of the well-mixed water in the reservoir. How long 
will it take to reduce the pollutant concentration in the 
reservoir to 0.1096? 


35. Rework Example 4 for the case of Lake Ontario, which 
empties into the St. Lawrence River and receives inflow 
from Lake Erie (via the Niagara River). The only differ- 
ences are that this lake has a volume of 1640 km? and an 
inflow-outflow rate of 410 km? /year. 
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36. 


37. 


38. 


39. 


40. 
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A tank initially contains 60 gal of pure water. Brine 
containing 1 lb of salt per gallon enters the tank at 
2 gal/min, and the (perfectly mixed) solution leaves the 
tank at 3 gal/min; thus the tank is empty after exactly 1 h. 
(a) Find the amount of salt in the tank after ¢ minutes. 
(b) What is the maximum amount of salt ever in the tank? 


A 400-gal tank initially contains 100 gal of brine contain- 
ing 50 Ib of salt. Brine containing 1 Ib of salt per gallon 
enters the tank at the rate of 5 gal/s, and the well-mixed 
brine in the tank flows out at the rate of 3 gal/s. How 
much salt will the tank contain when it is full of brine? 


Consider the cascade of two tanks shown in Fig. 1.5.5, 
with V1 = 100 (gal) and V2 = 200 (gal) the volumes of 
brine in the two tanks. Each tank also initially contains 
50 lb of salt. The three flow rates indicated in the fig- 
ure are each 5 gal/min, with pure water flowing into tank 
1. (a) Find the amount x(t) of salt in tank 1 at time f. 
(b) Suppose that y(t) is the amount of salt in tank 2 at 
time t. Show first that 
dy 5x 5y 


dt | 100 200° 


and then solve for y(t), using the function x(¢) found in 
part (a). (c) Finally, find the maximum amount of salt 
ever in tank 2. 


Tank 2 
BE Volume V, 


| Amount y 


| 


FIGURE 1.5.5. A cascade of two tanks. 


Suppose that in the cascade shown in Fig. 1.5.5, tank 1 
initially contains 100 gal of pure ethanol and tank 2 ini- 
tially contains 100 gal of pure water. Pure water flows 
into tank | at 10 gal/min, and the other two flow rates 
are also 10 gal/min. (a) Find the amounts x(t) and y(t) 
of ethanol in the two tanks at time t 2 0. (b) Find the 
maximum amount of ethanol ever in tank 2. 


A multiple cascade is shown in Fig. 1.5.6. At time ¢ = 0, 
tank 0 contains 1 gal of ethanol and 1 gal of water; all the 
remaining tanks contain 2 gal of pure water each. Pure 
water is pumped into tank O at 1 gal/min, and the vary- 
ing mixture in each tank is pumped into the one below it 
at the same rate. Assume, as usual, that the mixtures are 
kept perfectly uniform by stirring. Let x, (f) denote the 
amount of ethanol in tank n at time t. 


41. 


42. 


43. 


FIGURE 1.5.6. A multiple cascade. 


(a) Show that xo(t) = e* /2. (b) Show by induction on 
n that 
tet /2 
Xn(t) = TAA 
(c) Show that the maximum value of x,(t) for n > 0 is 
Mn = Xn n) = n" e "/n!. (d) Conclude from Stirling's 
approximation n! ~ n" e7" 2; that Mn ~ (2xn)-V/2, 
A 30-year-old woman accepts an engineering position 
with a starting salary of $30,000 per year. Her salary 
S(t) increases exponentially, with S(t) = 30e!/?9 thou- 
sand dollars after ¢ years. Meanwhile, 12% of her salary 
is deposited continuously in a retirement account, which 
accumulates interest at a continuous annual rate of 6%. 
(a) Estimate AA in terms of At to derive the differential 
equation satisfied by the amount A(t) in her retirement ac- 
count after ¢ years. (b) Compute A(40), the amount avail- 
able for her retirement at age 70. 
Suppose that a falling hailstone with density 6 = 1 starts 
from rest with negligible radius r — 0. Thereafter its ra- 
dius is r = kt (k is a constant) as it grows by accretion 
during its fall. Use Newton's second law—according to 
which the net force F acting on a possibly variable mass 
m equals the time rate of change dp/dt of its momentum 
p = mv—to set up and solve the initial value problem 


forn > 0. 


d 

g v) = mg, 
where m is the variable mass of the hailstone, v = dy/dt 
is its velocity, and the positive y-axis points downward. 
Then show that dv/dt = g/4. Thus the hailstone falls as 
though it were under one-fourth the influence of gravity. 
Figure 1.5.7 shows a slope field and typical solution 
curves for the equation y' = x — y. (a) Show that ev- 
ery solution curve approaches the straight line y = x — 1 


v(0) = 0, 


1.5 Linear First-Order Equations 55 


as x — +00. (b) For each of the five values y, = 3.998, Problems 45 and 46 deal with a shallow reservoir that has 
3.999, 4.000, 4.001, and 4.002, determine the initial value a one-square-kilometer water surface and an average water 
yo (accurate to four decimal places) such that y(5) = yı depth of 2 meters. Initially it is filled with fresh water, but at 
for the solution satisfying the initial condition y(—5) — yo. time t — 0 water contaminated with a liquid pollutant begins 


flowing into the reservoir at the rate of 200 thousand cubic 
meters per month. The well-mixed water in the reservoir flows 
out at the same rate. Your first task is to find the amount x(t) of 
pollutant (in millions of liters) in the reservoir after t months. 


45. The incoming water has a pollutant concentration of 
c(t) — 10 liters per cubic meter (L/m?). Verify that 
the graph of x(t) resembles the steadily rising curve in 
Fig. 1.5.9, which approaches asymptotically the graph of 
the equilibrium solution x(t) = 20 that corresponds to the 
reservoir's long-term pollutant content. How long does it 
take the pollutant concentration in the reservoir to reach 
10 L/m?? 


FIGURE 1.5.7. Slope field and solution curves ] : : 
for y/ 2 x — y. 46. The incoming water has pollutant concentration c(t) = 


10(1 + cost) L/m? that varies between 0 and 20, with an 
average concentration of 10 L/m? and a period of oscilla- 
tion of slightly over ei months. Does it seem predictable 
that the lake's pollutant content should ultimately oscillate 
periodically about an average level of 20 million liters? 
Verify that the graph of x(t) does, indeed, resemble the 
oscillatory curve shown in Fig. 1.5.9. How long does it 
take the pollutant concentration in the reservoir to reach 


44. Figure 1.5.8 shows a slope field and typical solution 
curves for the equation y’ = x + y. (a) Show that ev- 
ery solution curve approaches the straight line y 2 —x— I 
as x — —oo. (b) For each of the five values y; — —10, 
—5, 0, 5, and 10, determine the initial value yo (accurate to 
five decimal places) such that y(5) = yı for the solution 
satisfying the initial condition y(—5) = yo. 


10 L/m?? 
25rx 
2L X720 __ 
15} 
10+ "Re Problem 46 
5r Problem 45 


t 
10 20 30 40 50 60 


FIGURE 1.5.8. Slope field and solution curves FIGURE 1.5.9. Graphs of solutions in 
for y' 2 x 4 y. Problems 45 and 46. 


LEEA] Indoor Temperature Oscillations 


For an interesting applied problem that involves the solution of a linear differen- 
tial equation, consider indoor temperature oscillations that are driven by outdoor 
temperature oscillations of the form 


A(t) = ag + a1 cos øt + b, sin øt. (1) 


If œ = 7/12, then these oscillations have a period of 24 hours (so that the cycle of 
outdoor temperatures repeats itself daily) and Eq. (1) provides a realistic model for 
the temperature outside a house on a day when no change in the overall day-to-day 
weather pattern is occurring. For instance, for a typical July day in Athens, GA with 
a minimum temperature of 70°F when t = 4 (4 A.M.) and a maximum of 90°F when 
t = 16 (4 P.M.), we would take 


A(t) = 80 — 10 cos w(t — 4) = 80 — 5cosot — 573 sin wt. (2) 
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We derived Eq. (2) by using the identity cos(a — p) = cosa cos f + sina sin f to 
get ao = 80, a, = —5, and b, = —54/3 in Eq. (1). 

If we write Newton's law of cooling (Eq. (3) of Section 1.1) for the corre- 
sponding indoor temperature u(t) at time t, but with the outside temperature A(t) 
given by Eq. (1) instead of a constant ambient temperature A, we get the linear 
first-order differential equation 


du 
that is, 
du ; 
Tr + ku = k(ag + a, cos øt + b, sinct) (3) 


with coefficient functions P(t) = k and Q(t) = kA(t). Typical values of the propor- 
tionality constant k range from 0.2 to 0.5 (although k might be greater than 0.5 for 
a poorly insulated building with open windows, or less than 0.2 for a well-insulated 
building with tightly sealed windows). 


SCENARIO: Suppose that our air conditioner fails at time tọ = 0 one midnight, 
and we cannot afford to have it repaired until payday at the end of the month. We 
therefore want to investigate the resulting indoor temperatures that we must endure 
for the next several days. 

Begin your investigation by solving Eq. (3) with the initial condition u(0) = 
uo (the indoor temperature at the time of the failure of the air conditioner). You 
may want to use the integral formulas in 49 and 50 of the endpapers, or possibly a 
computer algebra system. You should get the solution 


u(t) = ag + coe *! + ci cos ot + d, sinot, (4) 
where 
kay — kobi 
Co = ug — dg — —————— 
0 0 0 IR 
kay = kab, kway, + k?bı 
cy = ——————, = n a 
: k2 + o? : k? + o? 
with o = 7/12. 


With ag = 80, a; = —5, b, = —54/3 (as in Eq. (2)), œ = z/12, and k = 0.2 
(for instance), this solution reduces (approximately) to 


t t 
u(t) = 80 + e™/5 (ug — 82.3351) + (2.3351) cos = — (5.6036) sin TY (5) 


Observe first that the “damped” exponential term in Eq. (5) approaches zero 
as t + +00, leaving the long-term “steady periodic" solution 


t t 
Usp(t) = 80 + (2.3351) cos = — (5.6036) sin =. (6) 


Consequently, the long-term indoor temperatures oscillate every 24 hours around 
the same average temperature 80°F as the average outdoor temperature. 
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Figure 1.5.10 shows a number of solution curves corresponding to possible 
initial temperatures uo ranging from 65°F to 95°F. Observe that—whatever the 
initial temperature—the indoor temperature “settles down” within about 18 hours 
to a periodic daily oscillation. But the amplitude of temperature variation is less 
indoors than outdoors. Indeed, using the trigonometric identity mentioned earlier, 
Eq. (6) can be rewritten (verify this!) as 


t 
u(t) = 80 — (6.0707) cos (5 = 1.9656) 


= 80 — (6.0707) cos 50 — 7.5082). (7) 


Do you see that this implies that the indoor temperature varies between a minimum 
of about 74°F and a maximum of about 86? F? 


100 TT T T— 100 T T T T 
Outdoor 
95 - 7 
95 4PM.) temperature 
90 29 < a 
^ T:30 PM. 
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és t=12 |t=24 (£236 | e t=12 224 1:236 | 
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FIGURE 1.5.10. Solution curves given by FIGURE 1.5.11. Comparison of indoor 
Eq. (5) with uo — 65,68,71,...,92,95. and outdoor temperature oscillations. 


Finally, comparison of Eqs. (2) and (7) indicates that the indoor temperature 
lags behind the outdoor temperature by about 7.5082 — 4 ~ 3.5 hours, as illustrated 
in Fig. 1.5.11. Thus the temperature inside the house continues to rise until about 
7:30 P.M. each evening, so the hottest part of the day inside is early evening rather 
than late afternoon (as outside). 

For a personal problem to investigate, carry out a similar analysis using av- 
erage July daily maximum/minimum figures for your own locale and a value of k 
appropriate to your own home. You might also consider a winter day instead of 
a summer day. (What is the winter-summer difference for the indoor temperature 
problem?) You may wish to explore the use of available technology both to solve 
the differential equation and to graph its solution for the indoor temperature in com- 
parison with the outdoor temperature. 


WE Substitution Methods and Exact Equations 


The first-order differential equations we have solved in the previous sections have 
all been either separable or linear. But many applications involve differential equa- 
tions that are neither separable nor linear. In this section we illustrate (mainly with 
examples) substitution methods that sometimes can be used to transform a given 
differential equation into one that we already know how to solve. 

For instance, the differential equation 


dy _ 
m fx. y) (1) 
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Solution 


with dependent variable y and independent variable x, may contain a conspicuous 
combination 


v — a(x, y) (2) 


of x and y that suggests itself as a new independent variable v. Thus the differential 
equation 
dy 
27 
practically demands the substitution v = x + y + 3 of the form in Eq. (2). 
If the substitution relation in Eq. (2) can be solved for 


(x + y +3)? 


y = p(x, v), (3) 


then application of the chain rule—regarding v as an (unknown) function of x— 
yields 

dy  O0Bdx  OBdv _ dv 

ds cadat ux ORE 4) 


where the partial derivatives 06/dx = Bx(x,v) and 06/dv = v(x, v) are known 
functions of x and v. If we substitute the right-hand side in (4) for dy/dx in Eq. (1) 
and then solve for dv/dx, the result is a new differential equation of the form 


T. = 865v) (5) 


with new dependent variable v. If this new equation is either separable or linear, 
then we can apply the methods of preceding sections to solve it. 

If v = v(x) is a solution of Eq. (5), then y = B(x, v(x)) will be a solution of 
the original Eq. (1). The trick is to select a substitution such that the transformed 
Eq. (5) is one we can solve. Even when possible, this is not always easy; it may 
require a fair amount of ingenuity or trial and error. 


Solve the differential equation 
dy 
dx 
As indicated earlier, let's try the substitution 


- (x+y +3). 


v=x+y+3; thatis, y=v—x-—-3. 


Then 
dy dw y 
dx dx i 
so the transformed equation is 
ge =1+ v2. 
dx 
This is a separable equation, and we have no difficulty in obtaining its solution 
dv m 
sf vC. 


So v = tan(x — C). Because v = x + y + 3, the general solution of the original equation 
dy/dx = (x + y +3)? is x + y + 3 = tan(x — C); that is, 


y(x) = tan(x — C) — x — 3. L| 


10 P r Ear ddr dr rper rndror rd gr d 
TE TSETERE) TEE SEn is 
8 Ea dara ar ape rrr dr rs 
adoro rd raaprrao qdrarrdrt 
6 piii rripmrar dard rn] 
Er ar gap ra frr rg gg Fg 
4h reciever dire dar 
eee eee eee rrr [rng 
---ee/friiiftrigririgaa 
20r zsirt 
PA Vive---77 EEE rrr EE 
2 Hfr a ejziif ir ran] 
fiiriif ee-e iriri 
—A ET ee 
Piigiri et iee---7 4711 
—6RP FFP lil pies yra n 
prardbrarappiroife2---- 
—8 Pr rr gp rrr ipe rfr rep —— 
poor por orarp rr rfr rr farce 
—10 FI 1r rr dor rad or pe rrr d 111 (1 
-5 0 5 
X 


FIGURE 1.6.1. Slope field and 


solution curves for 
y 2(x-yct3Y. 
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Remark Figure 1.6.1 shows a slope field and typical solution curves for the differential 
equation of Example 1. We see that, although the function f(x, y) = (x + y + 3)? is contin- 
uously differentiable for all x and y, each solution is continuous only on a bounded interval. 
In particular, because the tangent function is continuous on the open interval (—7/2, 7/2), 
the particular solution with arbitrary constant value C is continuous on the interval where 
—r/2 < x — C < 2/2; that is, C — 2/2 < x < C + 1/2. This situation is fairly typical of non- 
linear differential equations, in contrast with linear differential equations, whose solutions 
are continuous wherever the coefficient functions in the equation are continuous. a 


Example | illustrates the fact that any differential equation of the form 


d 
Y L F(ax + by +c) (6) 
dx 


can be transformed into a separable equation by use of the substitution v = ax + 
by + c (see Problem 55). The paragraphs that follow deal with other classes of 
first-order equations for which there are standard substitutions that are known to 
succeed. 


Homogeneous Equations 


A homogeneous first-order differential equation is one that can be written in the 
form 


dy y 
> TF (=) (7) 
If we make the substitutions 
M ae UP a gt 
io y = Vx, ae EU, (8) 


then Eq. (7) is transformed into the separable equation 


dv 
Xx = F(v)- v. 


Thus every homogeneous first-order differential equation can be reduced to an inte- 
gration problem by means of the substitutions in (8). 


Remark A dictionary definition of “homogeneous” is “of a similar kind or nature.” Con- 
sider a differential equation of the form 


d 
Ax™ yn T = Bx? y + Cx" y5, (*) 


whose polynomial coefficient functions are “homogeneous” in the sense that each of their 
terms has the same total degree, m + n = p +q =r +s = K. If we divide each side of (*) 
by x*, then the result — because x” y" /x"*? = (y/x)", and so forth—is the equation 


yy dy j[(YM "AVI 
A(x) 720) +¢G)- 
which evidently can be written (by another division) in the form of Eq. (7). More generally, 
a differential equation of the form P(x, y)y’ = Q(x, y) with polynomial coefficients P and 


Q is homogeneous if the terms in these polynomials all have the same total degree K. The 
differential equation in the following example is of this form with K — 2. 


Solve the differential equation 
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Solution This equation is neither separable nor linear, but we recognize it as a homogeneous equation 
by writing it in the form 


dy 4x? 4 3y? 3 
ju Ut coelo eh. 
dx 2xy y 


The substitutions in (8) then take the form 


dy dv y 1 x 
= = J ; =-, d -=-. 
y = Vx, Ae Ue v z an = 
These yield 
" dv 2 " 
v+x— =- +v, 
dx v 

and hence 


v 
2 1 

| e= f a 
v2 +4 x 


In(v? + 4) 2 In |x| + InC. 


We apply the exponential function to both sides of the last equation to obtain 


v? -4 2 C|x|; 
2 
7 +4= C]xl; 
x 


y? + 4x? = kx}, 


Note that the left-hand side of this equation is necessarily nonnegative. It follows that k > 0 
in the case of solutions that are defined for x > 0, while k < 0 for solutions where x < 0. 


FIGURE 1.6.2. Slope field and Indeed, the family of solution curves illustrated in Fig. 1.62 exhibits symmetry about both 
solution curves for coordinate axes. Actually, there are positive-valued and negative-valued solutions of the 
2xyy' = 4x? + 3y?. forms y(x) = +Vkx3 — 4x2 that are defined for x > 4/k if the constant k is positive, and for 
x < 4/k if k is negative. E 

SCIE Solve the initial value problem 

d 

x = y+ yx2-y?, y(zo)=0, 
dx 


where xg > 0. 
Solution We divide both sides by x and find that 


dx x 


so we make the substitutions in (8); we get 


dv 
v+x— =v+vVvl-v?,; 
dx 


1 1 
dv =| dx; 
lor x 


sin! v 2 Inx + C. 


We need not write In |x| because x > 0 near x = xo > 0. Now note that v(xo) = y(xo)/xo = 0, 
so C —sin 1 0 — Inxo = —1n xg. Hence 


v= Zu sin (In x — In xo) — sin (in 2 ) ; 
x XQ 


50 T T T T 
Fy = x sin(InQ/20))_ ¥ =* 


0 10 20 30 40 50 


FIGURE 1.6.3. Solution curves for 


xy’ = y + yx? — y?. 
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and therefore 
y(x) = xsin (in =) 
XQ 


is the desired particular solution. Figure 1.6.3 shows some typical solution curves. Because 
of the radical in the differential equation, these solution curves are confined to the indicated 


triangular region x Z |y|. You can check that the boundary lines y = x and y = —x (for 
x > 0) are singular solution curves that consist of points of tangency with the solution curves 
found earlier. a 


Bernoulli Equations 


A first-order differential equation of the form 


dy 


> 
dx 


+ P(x)y = O(x)y” (9) 


is called a Bernoulli equation. If either n = 0 or n = 1, then Eq. (9) is linear. 
Otherwise, as we ask you to show in Problem 56, the substitution 


» v= yb (10) 


transforms Eq. (9) into the linear equation 

d 

oY + (1 n)PQOv = (1—)Q(). 
dx 


Rather than memorizing the form of this transformed equation, it is more efficient 
to make the substitution in Eq. (10) explicitly, as in the following examples. 


If we rewrite the homogeneous equation 2xyy’ = 4x? + 3y of Example 2 in the form 


dy 3 2x 
dx 2x y 
we see that it is also a Bernoulli equation with P(x) = —3/(2x), Q(x) = 2x, n = —1, and 
1 —n = 2. Hence we substitute 
dy dy dv 1 _ dv 
ET sul aude 9 = 1/2 
ee ae dini E dx dv dx 3 dx 


This gives 
1 d 3 
y V2 v VU2 


-1/2 
2 dx - 2x ` 


= 2xv 


Then multiplication by 2v!/2 produces the linear equation 
dv 3 4 
— — —vy-4x 
dx x 


with integrating factor p — ef C3/3) dx = x-3. So we obtain 


= 4 
Dx(x 3v) = E 
4 
x y = —- +C; 
E 4 
xy —— +C; 
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Example 5 


The equation 


d 
rod +6y = 3xy4/3 
dx i 
is neither separable nor linear nor homogeneous, but it is a Bernoulli equation with n = 4, 
l-n= —}. The substitutions 
d dy dv dv 
— y—1/3 = 3 d y ay m =å 
dd > 07905 € dx du dx dx 
transform it into F 
urged 46v? = 3xv^ ^. 
x 
Division by —3xv~* yields the linear equation 
dv 2 1 
CECI: 
dx x 
with integrating factor p — ef C2/x) dx — y-2. This gives 
1 1 
Dy(x ?v) =-=; x?vy2 +0; v=x+Cx?; 
x? x 
and finally, 
1 
YS me El 
y(x) E Cee 
Example 6 The equation 
d 
2xe  — 3x4 4 gy (11) 


is neither separable, nor linear, nor homogeneous, nor is it a Bernoulli equation. But we 
observe that y appears only in the combinations e?" and Dy (e?”) = 2e? y’. This prompts 


the substitution 


ve», LL 2e? dy 
dx x 
that transforms Eq. (11) into the linear equation xv/(x) = 3x4 + v(x); that is, 
dv 1 
= Spa E 
dx x j i 


After multiplying by the integrating factor p = 1/x, we find that 


1 
v= 
x 


and hence 


Flight Trajectories 


y=f@ 


| w 


directly toward the origin. 


ground. They are 


(a, 0) * 


dx 
FIGURE 1.6.4. The airplane headed dt = 
for the origin. 

dy 

pn = 


[5946-5 +c, so e? =v = x*4 Cx, 


y(x) = In |x* + cx| . 


Suppose that an airplane departs from the point (a, 0) located due east of its intended 
destination—an airport located at the origin (0,0). The plane travels with constant 
speed vo relative to the wind, which is blowing due north with constant speed w. 
As indicated in Fig. 1.6.4, 


we assume that the plane’s pilot maintains its heading 


Figure 1.6.5 helps us derive the plane’s velocity components relative to the 


Vox 
—vo cos 0 = ——————2, 
/ x? + y? 
: U 
—vo sin 0 + w = — u +w. 


VE y 


w 
(x, y) 
Vx? + y? 2 Uo 
E 
" 


FIGURE 1.6.5. The components of 
the velocity vector of the airplane. 


FIGURE 1.6.6. The three cases 


w < vo (plane velocity exceeds wind 
velocity), w — vo (equal velocities), 
and w > vo (wind is greater). 


Example 7 


1.6 Substitution Methods and Exact Equations 63 
Hence the trajectory y = f(x) of the plane satisfies the differential equation 


dy _ dy/dt 1 


= — (voy - wx? +97). (12) 


dx — dx/dt vox 


If we set 
k= —, (13) 
Uo 
the ratio of the windspeed to the plane's airspeed, then Eq. (12) takes the homoge- 
neous form 
dy y ya^? 
setup r 


The substitution y = xv, y' = v + xv’ then leads routinely to 


dv k 
|a e m 


By trigonometric substitution, or by consulting a table for the integral on the left, 
we find that 


In (v + I v?) = —k Inx +C, (16) 


and the initial condition v(a) — y(a)/a — 0 yields 
C —klna. (17) 


As we ask you to show in Problem 68, the result of substituting (17) in Eq. (16) and 


then solving for v is 
5 =) | a 


Because y = xv, we finally obtain 


wO- a 


for the equation of the plane's trajectory. 

Note that only in the case k < 1 (that is, w « vo) does the curve in Eq. (19) 
pass through the origin, so that the plane reaches its destination. If w = vy (so that 
k = 1), then Eq. (19) takes the form y(x) = $a(1 — x?/a?), so the plane's trajectory 
approaches the point (0, a/2) rather than (0, 0). The situation is even worse if w vo 
(so k > 1)—in this case it follows from Eq. (19) that y — +00 as x > 0. The three 
cases are illustrated in Fig. 1.6.6. 


If a = 200 mi, vg = 500 mi/h, and w = 100 mi/h, then k = w/vo = I, so the plane will 
succeed in reaching the airport at (0, 0). With these values, Eq. (19) yields 


y(x) = 100 (aa) (xx) | l 20) 


Now suppose that we want to find the maximum amount by which the plane is blown off 
course during its trip. That is, what is the maximum value of y(x) for 0 < x < 200? 
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Solution 


Differentiation of the function in Eq. (20) yields 
dy  l[4, x \-1/5 6, x S 
dx 2 E (255) = ow) |; 


and we readily solve the equation y'(x) = 0 to obtain (x/ 200)2/5 = A Hence 


22. (243 400 
Ymax — 100 3 3 = 7 ~ 14.81. 


Thus the plane is blown almost 15 mi north at one point during its westward journey. (The 
graph of the function in Eq. (20) is the one used to construct Fig. 1.6.4. The vertical scale 
there is exaggerated by a factor of 4.) E 


Exact Differential Equations 


We have seen that a general solution y(x) of a first-order differential equation is 
often defined implicitly by an equation of the form 


F(x, y(x)) = C, (21) 


where C is a constant. On the other hand, given the identity in (21), we can recover 
the original differential equation by differentiating each side with respect to x. Pro- 
vided that Eq. (21) implicitly defines y as a differentiable function of x, this gives 
the original differential equation in the form 


OF OF dy 
Ox dy dx 
that is, 
dy 
M(x,y) + Nœ, y) =0, (22) 


where M(x, y) = Fx(x, y) and N(x, y) = Fy(x, y). 
It is sometimes convenient to rewrite Eq. (22) in the more symmetric form 


» M(x, y) dx + N(x, y) dy = 0, (23) 
called its differential form. The general first-order differential equation y’ = 


f (x, y) can be written in this form with M = f(x, y) and N = —1. The preceding 
discussion shows that, if there exists a function F(x, y) such that 


F 
w =M and cd =N, 
Ox dy 
then the equation 
> F(x,y)2C 


implicitly defines a general solution of Eq. (23). In this case, Eq. (23) is called an 
exact differential equation—the differential 


dF = Fydx + Fy dy 


of F(x, y) is exactly M dx + N dy. 

Natural questions are these: How can we determine whether the differential 
equation in (23) is exact? And if it is exact, how can we find the function F such 
that F = M and F, = N? To answer the first question, let us recall that if the 
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mixed second-order partial derivatives Fy and Fy, are continuous on an open set 
in the xy-plane, then they are equal: Fy, = Fy. If Eq. (23) is exact and M and N 
have continuous partial derivatives, it then follows that 


0M oN 
— = Fy = Fyx = —. 
oy d T Ox 
Thus the equation 
0M ON 
> — = — 24 
oy Ox (24) 


is a necessary condition that the differential equation M dx + N dy = 0 be exact. 
That is, if My # Nx, then the differential equation in question is not exact, so we 


need not attempt to find a function F(x, y) such that F, = M and F, = N—there 
is no such function. 
The differential equation 

y? dx + 3xy? dy = 0 (25) 


is exact because we can immediately see that the function F(x, y) — xy? has the property 
that Fy = y? and Fy = 3xy?. Thus a general solution of Eq. (25) is 


xy? =C; 
if you prefer, y(x) = kx- 1/3, " 


But suppose that we divide each term of the differential equation in Example 
8 by y? to obtain 


y dx 4-3x dy =0. (26) 
This equation is not exact because, with M — y and N — 3x, we have 
oM aN 
— = 1 43 = _, 
dy P ax 


Hence the necessary condition in Eq. (24) is not satisfied. 

We are confronted with a curious situation here. The differential equations in 
(25) and (26) are essentially equivalent, and they have exactly the same solutions, 
yet one is exact and the other is not. In brief, whether a given differential equation 
is exact or not is related to the precise form M dx + N dy = 0 in which it is written. 

Theorem 1 tells us that (subject to differentiability conditions usually satisfied 
in practice) the necessary condition in (24) is also a sufficient condition for exact- 
ness. In other words, if M, = Nx, then the differential equation M dx + N dy = 0 
is exact. 


THEOREM 1 Criterion for Exactness 


Suppose that the functions M(x, y) and N(x, y) are continuous and have contin- 
uous first-order partial derivatives in the open rectangle R:a « x « b,c « y « d. 
Then the differential equation 


M(x,y) dx + N(x, y) dy 20 (23) 
is exact in R if and only if 
0M ON 
xiu PN, 24 
oy ax Een 


at each point of R. That is, there exists a function F(x, y) defined on R with 
0F/0x = M and oF /dy = N if and only if Eq. (24) holds on R. 
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Proof: We have seen already that it is necessary for Eq. (24) to hold if 
Eq. (23) is to be exact. To prove the converse, we must show that if Eq. (24) holds, 
then we can construct a function F(x, y) such that 0F/0x = M and 0F/dy = N 
Note first that, for any function g(y), the function 


F(x,y) = I M(x, y) dx + g() (27) 


satisfies the condition dF/dx = M. (In Eq. (27), the notation f M(x, y) dx denotes 
an antiderivative of M(x, y) with respect to x.) We plan to choose g(y) so that 


OF 0 
v=% = (s. [ o» dx) iG) 


as well; that is, so that 


0 
OSN- i / M(x, y) dx. Q8) 


To see that there is such a function of y, it suffices to show that the right-hand side in 
Eq. (28) is a function of y alone. We can then find g(y) by integrating with respect 
to y. Because the right-hand side in Eq. (28) is defined on a rectangle, and hence on 
an interval as a function of x, it suffices to show that its derivative with respect to x 
is identically zero. But 


ð aN 
pm (v- 5 fme dx) way | Me y)dx 


aN 

=L LL Md 
ax oul PU 
_ aN ðM 

EET y — 


by hypothesis. So we can, indeed, find the desired function g(y) by integrating 
Eq. (28). We substitute this result in Eq. (27) to obtain 


FG.) = f meds e f (ne - È f Mo nex)ay (29) 


as the desired function with Fy = M and F, = N. A 


Instead of memorizing Eq. (29), it is usually better to solve an exact equation 
M dx + N dy = 0 by carrying out the process indicated by Eqs. (27) and (28). First 
we integrate M(x, y) with respect to x and write 


F(x,y) = J Menin. 


thinking of the function g(y) as an “arbitrary constant of integration” as far as the 
variable x is concerned. Then we determine g(y) by imposing the condition that 
dF /dy = N(x, y). This yields a general solution in the implicit form F(x, y) = C 


Solve the differential equation 


(6xy — y?) dx + (4y + 3x? — 3xy?) dy = 0. (30) 


Solution 


FIGURE 1.6.7. Slope field and 
solution curves for the exact equation 
in Example 9. 
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Let M(x, y) = 6xy — y? and N(x, y) = 4y + 3x? — 3xy?. The given equation is exact because 
0M i 2 ƏN 


Integrating 0F/0x = M(x, y) with respect to x, we get 


F(x,y) = [ y?)dx = 3x?y — xy? + g(y). 


Then we differentiate with respect to y and set 9F/0y = N(x, y). This yields 
OF 


ria 3x? — 3xy? + ¢/(y) =4y + 3x? — 3xy?, 
y 


and it follows that g'(y) = 4y. Hence g(y) = 2y? + C1, and thus 
F(x, y) = 3x?y — xy? + 2y? + C4. 
Therefore, a general solution of the differential equation is defined implicitly by the equation 
3x?y — xy? + 2y? =C (31) 


(we have absorbed the constant C, into the constant C). | 
Remark Figure 1.6.7 shows a rather complicated structure of solution curves for the differ- 
ential equation of Example 9. The solution satisfying a given initial condition y(xo) = yo 
is defined implicitly by Eq. (31), with C determined by substituting x = xo and y = yo in 
the equation. For instance, the particular solution satisfying y(0) = 1 is defined implicitly 
by the equation 3x? y — xy? + 2y? = 2. The other two special points in the figure—at (0, 0) 
and near (0.75, 2.12)—are ones where both coefficient functions in Eq. (30) vanish, so the 
theorem of Section 1.3 does not guarantee a unique solution. a 


Reducible Second-Order Equations 


A second-order differential equation involves the second derivative of the unknown 
function y(x), and thus has the general form 


F(x, y, y, y^) =0. (32) 


If either the dependent variable y or the independent variable x is missing from a 
second-order equation, then it is easily reduced by a simple substitution to a first- 
order equation that may be solvable by the methods of this chapter. 


Dependent variable y missing. If y is missing, then Eq. (32) takes the form 


» F(x,y’, y") =0. (33) 
Then the substitution d , 
y P 
» =y=—, "lI 34 
P dx dx ea) 


results in the first-order differential equation 
F(x, p, p) = 0. 


If we can solve this equation for a general solution p(x, Cj) involving an arbitrary 
constant C;, then we need only write 


y(x) = fra = [ p. C)dr+ C 


to get a solution of Eq. (33) that involves two arbitrary constants C, and C; (as is to 
be expected in the case of a second-order differential equation). 


68 


Chapter 1 First-Order Differential Equations 


Example 10 


Solution 


2 
“5-4 


x 


FIGURE 1.6.8. Solution curves of 


the form y(x) = x2— ZL for 
x 
C, = 0, £3, +10, £20, +35, +60, 
+100. 
Solution 


Solve the equation xy” + 2y’ = 6x in which the dependent variable y is missing. 
The substitution defined in (34) gives the first-order equation 


d d 2 
x? 4 2p = 6x; that is, Z + =p = 6, 
dx dx x 


Observing that the equation on the right here is linear, we multiply by its integrating factor 
p = exp((2/x) dx) = e?'^* = x? and get 


x p= 2x3 + C1, 
dy Ci 
ZA 22x34 -. 
dx E x? 


A final integration with respect to x yields the general solution 
C 
yx) =x? - — + Cp 


of the second-order equation xy" + 2y’ = 6x. Solution curves with Cı = 0 but C5 0 are 
simply vertical translates of the parabola y = x? (for which C1 = C2 = 0). Figure 1.6.8 
shows this parabola and some typical solution curves with C2 = 0 but C, # 0. Solution 
curves with C, and C2 both nonzero are vertical translates of those (other than the parabola) 
shown in Fig. 1.6.8. a 
Independent variable x missing. If x is missing, then Eq. (32) takes the form 


> Fiy,y’,y") = 0. (35) 
Then the substitution 


,_ dy » dp dpdy dp 


mM Pe cuum 4 (36) 


» p=y 


results in the first-order differential equation 


dp 
Pnr) = 


for p as a function of y. If we can solve this equation for a general solution p(y, Ci) 
involving an arbitrary constant C4, then (assuming that y’ Z 0) we need only write 


dx 1 1 dy 
"E a= |g of Ente 
o) ie $ dyjdx ^^ p^ POC) | 


If the final integral P = f (1/p) dy can be evaluated, the result is an implicit solution 
x(y) = P(y, C1) + C5 of our second-order differential equation. 


Solve the equation y y" = (y^)? in which the independent variable x is missing. 


We assume temporarily that y and y’ are both nonnegative, and then point out at the end that 
this restriction is unnecessary. The substitution defined in (36) gives the first-order equation 


ype =p 
E dy x 


Then separation of variables gives 


[?- dy 
p y' 


Inp=Iny+C_ (because y > 0 and p = y’ > 0), 
p=Ciy 


where C, = ef. Hence 
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The resulting general solution of the second-order equation yy” = (y^)? is 


y(x) = exp(C1x — C2) = AeP*, 


where A = e~©2 and B = Cj. Despite our temporary assumptions, which imply that the 
constants A and B are both positive, we readily verify that y(x) = Ae®* satisfies yy" = (y^)? 


for all real values of A and B. With B = 0 and different values of A, we get all horizontal 


FIGURE 1.6.9. The solution curves 
y = AeP* with B = 0 and A = 0, 
+1 are the horizontal lines y = 0, +1. 
The exponential curves with B > 0 
and A = 1 are in color, those with 
B « 0 and A = +1 are black. 


EF Problems 


Find general solutions of the differential equations in Prob- 
lems 1 through 30. Primes denote derivatives with respect to 
x throughout. 


1. x -»y'-2x-y 2. 2xyy = x? 2? 
3. xy’ y c 2J/xy 4. (x-y)y’=x+y 
5. x(x E y)y' = yxy) 6. (x +2y)y’ = y 
7. xy? y! =x? +y 8. x2y! = xy + x2e?/* 
9, x?y! = xy + y? 10. xyy/ = x? + 3y? 

11. (x? — y?)y' = 2xy 

12. xyy! 2 y? + x / Ax? + y? 

13. xy’ = y + J| x2 + y? 

14. yy’ +x = Vx? + y? 

15. x(x + y)y!' + yBx+y)=0 

16. y  /x t yl 17. y'= (Ax + y)? 

18. (x+y) 21 19. x2y' + 2xy = 5y? 

20. y2y! + 2xy? = 6x 21. y 2 y - y? 

22. x?y! + 2xy = 5y* 23. xy! + 6y = 3xy4/3 


24. 2xy! + y3e72* = 2xy 

25. y?(xy' + y) +x) = x 

26. 3y2y! + y? 2 e7* 

27. 3xy2 y! = 3x4 + y? 

28. xe? y' = (e? + x3e?*) 

29. (2x sin y cos y)! = 4x? + sin? y 
30. (x c e?)y'2xe —1 


In Problems 31 through 42, verify that the given differential 
equation is exact; then solve it. 


31. (2x + 3y) dx + (3x + 2y) dy 20 

32. (Ax — y) dx + (6y —x)dy = 0 

33. (3x? + 22) dx + (4xy + 6j?) dy =0 
34. (2xy? + 3x?) dx + Qx? y + 4y3) dy = 0 


35. 
36. 


37. 


38. 


39. 
40. 


41. 


42. 


lines in the plane as solution curves. The upper half of Fig. 1.6.9 shows the solution curves 
obtained with A — 1 (for instance) and different positive values of B. With A — —1 these 
solution curves are reflected in the x-axis, and with negative values of B they are reflected in 
the y-axis. In particular, we see that we get solutions of yy" = (y^)?, allowing both positive 
and negative possibilities for both y and y’. E 


be + z) dx + (y? + lnx) dy 20 
x 
(1 + ye*?) dx + (2y + xe*?) dy 20 
(cos x + In y) dx + (= +e”) dy =0 
y 


x+y 
Ly? 


(x + tan7! y) dx + dy =0 


(3x2y3 + y^) dx + (8x3y? + y4 + 4xy3) dy 20 
(e* sin y + tan y) dx + (e* cos y + x sec? y) dy = 0 


2x5/2 _ 3y5/3 
2x5/2 y2/3 


3y5/3 — 2x5/2 
3x3/2 y5/3 


Find a general solution of each reducible second-order differ- 
ential equation in Problems 43—54. Assume x, y and/or y' 
positive where helpful (as in Example 11). 


43. 
45. 
47. 
49. 
51. 
53. 
55. 


56. 


xy" = y 44. yy" + (y? 20 

y" -4y 20 46. xy" + y' = 4x 

y^ = QF 48. x?y" +3xy'=2 

yy" + (y? = yy’ 50. y" = (x + y)? 

y" = 2y? 52. yy" —1 

y” = 2yy! 54. yy" = 30’)? 

Show that the substitution v = ax + by + c transforms 


the differential equation dy/dx = F(ax + by +c) into a 
separable equation. 

Suppose that n # 0 and n ¥ 1. Show that the sub- 
stitution v = y!~” transforms the Bernoulli equation 
dy/dx + P(x)y = Q(x)y" into the linear equation 


a + (1—n)P(x)v(x) = (1 n) Q(x). 
x 
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57. Show that the substitution v = In y transforms the differ- 
ential equation dy/dx + P(x)y = Q(x)(y ln y) into the 
linear equation dv/dx + P(x) = Q(x)v(x). 

58. Use the idea in Problem 57 to solve the equation 

dy 
pos 


di — 4x? y + 2yIn y — 0. 


59. Solve the differential equation 


dy x—y-l 
dx x+y+3 


by finding h and k so that the substitutions x = u +h, 
y = v + k transform it into the homogeneous equation 


dv u—v 


du  u-cv 


60. Use the method in Problem 59 to solve the differential 
equation 
dy | 2y-x+7 
dx | 4x —3y - 18 
61. Make an appropriate substitution to find a solution of the 
equation dy/dx — sin(x — y). Does this general solution 
contain the linear solution y(x) = x — 7/2 that is readily 
verified by substitution in the differential equation? 


62. Show that the solution curves of the differential equation 


dy | yQx33 -y5) 
dx x(2y? — x3) 


are of the form x? + y? = Cxy. 

63. The equation dy/dx = A(x)y? + B(x)y + C(x) is called 
a Riccati equation. Suppose that one particular solution 
y1(x) of this equation is known. Show that the substitu- 
tion 

1 
y= yt = 
v 
transforms the Riccati equation into the linear equation 


d 
Z? pd says 
dx 


Use the method of Problem 63 to solve the equations in Prob- 
lems 64 and 65, given that yı (x) = x is a solution of each. 


64. — +y? =1+x? 


65. &Y Laxy =1+x +y? 
66. An equation of the form 
y =xy' +80") (37) 


is called a Clairaut equation. Show that the one- 
parameter family of straight lines described by 


y(x) = Cx + (C) (38) 


is a general solution of Eq. (37). 


67. 


68. 
69. 


70. 


71. 


72. 


Consider the Clairaut equation 
y=xy - $0 
for which g(y’) = -10 in Eq. (37). Show that the line 
y=Cx- iC 2 


is tangent to the parabola y = x? at the point (4c. ic?). 


Explain why this implies that y — x? is a singular solu- 


tion of the given Clairaut equation. This singular solution 
and the one-parameter family of straight line solutions are 
illustrated in Fig. 1.6.10. 


ysCx-ic? 


FIGURE 1.6.10. Solutions of the Clairaut equation 
of Problem 67. The “typical” straight line with 
equation y = Cx — ic ? is tangent to the parabola at 


the point (ic, 1c?) 


Derive Eq. (18) in this section from Eqs. (16) and (17). 
In the situation of Example 7, suppose that a — 100 mi, 
vo = 400 mi/h, and w = 40 mi/h. Now how far north- 
ward does the wind blow the airplane? 

As in the text discussion, suppose that an airplane main- 
tains a heading toward an airport at the origin. If vo = 500 
mi/h and w — 50 mi/h (with the wind blowing due north), 
and the plane begins at the point (200, 150), show that its 
trajectory is described by 


y + y x2 + y? = 2(20039)1/10, 


A river 100 ft wide is flowing north at w feet per second. 
A dog starts at (100, 0) and swims at vo = 4 ft/s, always 
heading toward a tree at (0,0) on the west bank directly 
across from the dog’s starting point. (a) If w = 2 ft/s, 
show that the dog reaches the tree. (b) If w = 4 ft/s, 
show that the dog reaches instead the point on the west 
bank 50 ft north of the tree. (c) If w = 6 ft/s, show that 
the dog never reaches the west bank. 

In the calculus of plane curves, one learns that the curva- 
ture k of the curve y = y(x) at the point (x, y) is given 
by 

e- W| 
[1 + y'(x)2]9/2 

and that the curvature of a circle of radius r is k = I/r. 
[See Example 3 in Section 11.6 of Edwards and Penney, 
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Calculus: Early Transcendentals, 7th edition (Upper Sad- (with r constant) in the form 
dle River, NJ: Prentice Hall, 2008).] Conversely, substi- 
tute p — y' to derive a general solution of the second-order (x —a)* -(y- by =r’. 


differential equation 
Thus a circle of radius r (or a part thereof) is the only plane 
ry” 2 [1 + (72 curve with constant curvature 1/r. 


IREA eeu Computer Algebra Solutions 


Computer algebra systems typically include commands for the “automatic” solution 
of differential equations. But two different such systems often give different results 
whose equivalence is not clear, and a single system may give the solution in an 
overly complicated form. Consequently, computer algebra solutions of differential 
equations often require considerable "processing" or simplification by a human user 
in order to yield concrete and applicable information. Here we illustrate these issues 
using the interesting differential equation 


dy EN 
F = Sine - y) (1) 


that appeared in the Section 1.3 Application. The Maple command 
dsolve( D(y) (x) = sin(x - y(x)), y(x)); 
yields the simple and attractive result 


(2) 


x—CIl 


y(x) =x —2tan7! (=) 


that was cited there. But the supposedly equivalent Mathematica command 
DSolve[ y'[x] == Sin[x - y[x]], y[x], x] 
and the Wolfram|Alpha query 
y’ = sin(x - y) 
both yield considerably more complicated results from which—with a fair amount 
of effort in simplification—one can extract the quite different looking solution 
2cos + (x -—c) (cos + sin =) 


2/ |. (3) 
/2 4 2(x —c 4-1)? 


1 


y(x)-2cos- 


This apparent disparity is not unusual; different symbolic algebra systems, or 
even different versions of the same system, often yield different forms of a solution 
of the same differential equation. As an alternative to attempted reconciliation of 
such seemingly disparate results as in Eqs. (2) and (3), a common tactic is sim- 
plification of the differential equation before submitting it to a computer algebra 
system. 


EXERCISE 1: Show that the plausible substitution v = x — y in Eq. (1) yields the 
separable equation 


— = | —sinv. (4) 
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deSolvely=sinlx—y}.x,y} -cosix—y} 


; ct 
sinix-y-1 


| TA 


FIGURE 1.6.11. Implicit solution of 
y’ = sin(x — y) generated by a 
TI-Nspire CX CAS. 


Now the Maple command int (1/ (1-sin(v)),v) yields 


dv 2 
] =-= á G) 
1] — tan — 
2 


(omitting the constant of integration, as symbolic computer algebra systems often 
do). 


EXERCISE 2: Use simple algebra to deduce from Eq. (5) the integral formula 


U 
1+ tan = 
dv 2 

f M diu (6) 
1—sinv 1-t U 
— tan 5 


EXERCISE 3: Deduce from (6) that Eq. (4) has the general solution 


vo) = 2m (ZEE) 


x+1+C 


and hence that Eq. (1) has the general solution 


(7) 


x-14+C 
= x-2tar! | —_~*"— }. 
gea (5) 


EXERCISE 4: Finally, reconcile the forms in Eq. (2) and Eq. (7). What is the 
relation between the constants C and C1? 


EXERCISE 5: Show that the integral in Eq. (5) yields immediately the graphing 
calculator implicit solution shown in Fig. 1.6.11. 


INVESTIGATION: For your own personal differential equation, let p and q be 
two distinct nonzero digits in your student ID number, and consider the differential 
equation 
dy 1 
rm — cos(x — qy). (8) 
x p 
(a) Find a symbolic general solution using a computer algebra system and/or some 
combination of the techniques listed in this project. 
(b) Determine the symbolic particular solution corresponding to several typical ini- 
tial conditions of the form y(xo) — yo. 
(c) Determine the possible values of a and b such that the straight line y = ax +b 
is a solution curve of Eq. (8). 
(d) Plot a direction field and some typical solution curves. Can you make a con- 
nection between the symbolic solution and your (linear and nonlinear) solution 
curves? 
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leti Summary 


In this chapter we have discussed applications of and solution methods for several 
important types of first-order differential equations, including those that are separa- 
ble (Section 1.4), linear (Section 1.5), or exact (Section 1.6). In Section 1.6 we also 
discussed substitution techniques that can sometimes be used to transform a given 
first-order differential equation into one that is either separable, linear, or exact. 
Lest it appear that these methods constitute a "grab bag" of special and unre- 
lated techniques, it is important to note that they are all versions of a single idea. 
Given a differential equation 
f Go y. y) = 0, (1) 


we attempt to write it in the form 


d 
3x 665 y) = 0. Q) 


Itis precisely to obtain the form in Eq. (2) that we multiply the terms in Eq. (1) by an 
appropriate integrating factor (even if all we are doing is separating the variables). 
But once we have found a function G(x, y) such that Eqs. (1) and (2) are equivalent, 
a general solution is defined implicitly by means of the equation 


G(x,y) 2 C (3) 


that one obtains by integrating Eq. (2). 
Given a specific first-order differential equation to be solved, we can attack it 
by means of the following steps: 


e Is it separable? If so, separate the variables and integrate (Section 1.4). 
e Isit linear? That is, can it be written in the form 


2 + Pay = Q09? 
x 


If so, multiply by the integrating factor p = exp (f P dx) of Section 1.5. 

e Isit exact? That is, when the equation is written in the form M dx + N dy =0, 

is OM/dy = ON/ox (Section 1.6)? 

e If the equation as it stands is not separable, linear, or exact, is there a plausible 
substitution that will make it so? For instance, is it homogeneous (Section 

1.6)? 

Many first-order differential equations succumb to the line of attack outlined 
here. Nevertheless, many more do not. Because of the wide availability of com- 
puters, numerical techniques are commonly used to approximate the solutions of 
differential equations that cannot be solved readily or explicitly by the methods of 
this chapter. Indeed, most of the solution curves shown in figures in this chapter 
were plotted using numerical approximations rather than exact solutions. Several 
numerical methods for the appropriate solution of differential equations will be dis- 
cussed in Chapter 2. 
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elem Review Problems 


Find general solutions of the differential equations in Problems I through 30. Primes denote derivatives with respect 
to x. 


1. x 4+3y—xy’ =0 2. xy? 4+ 3y? — x?y' 20 24. 9x2y2 + x3/2 y! = y2 25. 2y +(x - 1)y! 23x -3 
3. xy + y? - xy! =0 26. 9x1/24/3..12x1/53/2 | (gx3/2,1/3.. 15x 6/Sy1/2)y/ 9 
4. 2xy? + e* + (3x2y? + sin y)y' =0 27. 3y + x3y4  3xy! 20 28. y 4 xy! = 262% 

5. 3y + x ^y! = 2xy 6. 2xy? + x2y' = y? 29. Qx - Dy/-y = (2x + 0? 30. y = Jx Fy 

7. 2x?y xy! 1 8. 2xy + x2y! = y? 

9. xy! 2y = 6x2 Jy 10. 2149 x24 y2 c x22 Each of the differential equations in Problems 31 through 36 
11. x2y/ = xy + 3y? is of two different types considered in this chapter—separable, 
12. 6xy? + 2y* + (9x22 + 8xy3)y' =0 linear, homogeneous, Bernoulli, exact, etc. Hence, derive gen- 
13.4392 + y' 5454 14. x3y = x2y— y? eral solutions for each of these equations in two different ways; 
15. y! + 3y = 3x2e~3* 16 y 233 iy y then reconcile your results. 

17. e” + ye*? + (e? + xe?*)y' 20 dy 2 dy _ 3 

a dies E 3 )) m 31. "x 3(y + 7)x 32. q. ee 
20. xy! + 3y = 3x 3/2 33 dy 3x? 4 2y? 34 dy _x+3y 
21. (x? - ly’ c (x - Dy -1 ` dx 4xy ' dx y—3x 
22. xy! = 6y + 12x4y2/3 dy 2xy 2x dy Sy-y 
23. e? + y cos x + (xe? + sinx)y’ 20 35. qa. AFI 36. Je AIX 


Mathematical 
Models and 
Numerical Methods 


WAT Population Models 


n Section 1.4 we introduced the exponential differential equation dP/dt = kP, 

with solution P(t) = Poe", as a mathematical model for natural population 
growth that occurs as a result of constant birth and death rates. Here we present 
a more general population model that accommodates birth and death rates that are 
not necessarily constant. As before, however, our population function P(t) will be 
a continuous approximation to the actual population, which of course changes only 
by integral increments—that is, by one birth or death at a time. 

Suppose that the population changes only by the occurrence of births and 
deaths—there is no immigration or emigration from outside the country or envi- 
ronment under consideration. It is customary to track the growth or decline of a 
population in terms of its birth rate and death rate functions defined as follows: 


e (t) is the number of births per unit of population per unit of time at time t; 
e Ó(t) is the number of deaths per unit of population per unit of time at time f. 


Then the numbers of births and deaths that occur during the time interval 
[t,t + At] is given (approximately) by 


births: | (t) - P(t) - At, deaths: 6(t)- P(t)- At. 


Hence the change AP in the population during the time interval [t,t + Ar] of 
length At is 


AP = {births} — {deaths} ~ B(t)- P(t) - At —ó(t) - P(t) - At, 


so A 
P 
Wr [B(t) — EO] P(t). 


75 


76 Chapter 2 Mathematical Models and Numerical Methods 


Example 1 


(0, 100) 


FIGURE 2.1.1. Slope field and 
solution curves for the equation 
dP/dt = (0.0005) P? in Example 1. 


The error in this approximation should approach zero as At — 0, so—taking 
the limit—we get the differential equation 
dP 
» — = (f — ô)P, 1 
a (B — ô) (1) 
in which we write B = A(t), 6 = ó(t), and P = P(t) for brevity. Equation (1) is the 
general population equation. If 6 and ô are constant, Eq. (1) reduces to the natural 
growth equation with k = 6 — ô. But it also includes the possibility that 6 and ô 
are variable functions of t. The birth and death rates need not be known in advance; 
they may well depend on the unknown function P(t). 


Suppose that an alligator population numbers 100 initially, and that its death rate is 6 = 0 (so 
none of the alligators is dying). If the birth rate is B = (0.0005) P—and thus increases as the 
population does—then Eq. (1) gives the initial value problem 


dP 
25 (0.0005)P?, P(0) = 100 


(with t in years). Then upon separating the variables we get 


1 
/ ry dP — [ 0.0005) dt; 
1 
—— = (0.0005 ; 
P ( ) - C 


Substitution of ¢ = 0, P = 100 gives C = —1/100, and then we readily solve for 


2000 
20-1. 

For instance, P(10) — 2000/10 — 200, so after 10 years the alligator population has 
doubled. But we see that P — --oo as t — 20, so a real “population explosion" occurs in 
20 years. Indeed, the direction field and solution curves shown in Fig. 2.1.1 indicate that 
a population explosion always occurs, whatever the size of the (positive) initial population 
P(0) = Po. In particular, it appears that the population always becomes unbounded in a finite 
period of time. El 


P(t) = 


Bounded Populations and the Logistic Equation 


In situations as diverse as the human population of a nation and a fruit fly population 
in a closed container, it is often observed that the birth rate decreases as the popu- 
lation itself increases. The reasons may range from increased scientific or cultural 
sophistication to a limited food supply. Suppose, for example, that the birth rate £ is 
a linear decreasing function of the population size P, so that B = Bo — pı P, where 
Bo and f, are positive constants. If the death rate 6 = 69 remains constant, then 
Eq. (1) takes the form 


“ = (Bo — Bi P — 50) P ; 


that is, 
dP 
> — —aP —bP?’, (2) 


dt 
where a = fo — ĉo and b = f. 

If the coefficients a and b are both positive, then Eq. (2) is called the logistic 
equation. For the purpose of relating the behavior of the population P(t) to the 
values of the parameters in the equation, it is useful to rewrite the logistic equation 
in the form p” 


> zy = KP(M — P). (3) 


where k = b and M = a/b are constants. 


Example 2 


FIGURE 2.1.2. Typical solution 
curves for the logistic equation 
P’ = 0.06P — 0.0004 P?. 
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In Example 4 of Section 1.3 we explored graphically a population that is modeled by the 
logistic equation 


dP 
gr ^ 9:0004P (150 — P) = 0.06P — 0.0004 P2. (4) 


To solve this differential equation symbolically, we separate the variables and integrate. We 


get 
dP 
sss - [0008 
P(150— P) 


1 1 1 
f + dP = f 0.0004 dt [partial fractions], 
150 P 150 — P 


In| P| —In|150 — P| = 0.06t + C, 


P 
— +eC 00.068 


150—P Be®-06t [where B= xeC ]. 


If we substitute t=0 and P = Po £150 into this last equation, we find that 
B = Po/(150 — Po). Hence 
P Poe®-06t 
150—P  150— Py 
Finally, this equation is easy to solve for the population 


150 Po 
Po + (150 — P9)e-0-06t 


P(t)= (5) 
at time ¢ in terms of the initial population Pp = P(0). Figure 2.1.2 shows a number of 
solution curves corresponding to different values of the initial population ranging from Pp = 
20 to Po = 300. Note that all these solution curves appear to approach the horizontal line 
P = 150 as an asymptote. Indeed, you should be able to see directly from Eq. (5) that 
limz—+o0 P(t) = 150, whatever the initial value Po > 0. [| 


Limiting Populations and Carrying Capacity 
The finite limiting population noted in Example 2 is characteristic of logistic pop- 


ulations. In Problem 32 we ask you to use the method of solution of Example 2 to 
show that the solution of the logistic initial value problem 


^ =kP(M—P), P(0)= Po (6) 
is 
P(t) = Zi 9 


Po + (M — Po)e-*Mt* 


Actual animal populations are positive valued. If Py = M, then (7) reduces 
to the unchanging (constant-valued) "equilibrium population" P(t) 2 M. Other- 
wise, the behavior of a logistic population depends on whether 0 « Po « M or 
Po > M.If 0 < Po < M, then we see from (6) and (7) that P’ > 0 and 


MP5 MP» MPo 
P(t) = = < = M. 
Po + (M — Po)e-*^M! — Pg + (pos. number} Po 
However, if Po > M, then we see from (6) and (7) that P’ < 0 and 
MP. MP MP. 
P(t) = : i °- M. 


= > 
Po + (M — Po)ek™@t Po + {neg. number} Po 
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FIGURE 2.1.3. Typical solution 
curves for the logistic equation 

P’ = kP(M — P). Each solution 
curve that starts below the line 

P = M/2 has an inflection point on 
this line. (See Problem 34.) 


Example 3 


Solution 


Example 4 


In either case, the "positive number" or "negative number" in the denominator has 
absolute value less than Po and— because of the exponential factor—approaches 0 
as t — +00. It follows that 


MP. 
lim P(t) = 2 
t>+00 Po +0 


= M. (8) 


Thus a population that satisfies the logistic equation does not grow without 
bound like a naturally growing population modeled by the exponential equation 
P' = kP. Instead, it approaches the finite limiting population M as t > +c. 
As illustrated by the typical logistic solution curves in Fig. 2.1.3, the population 
P(t) steadily increases and approaches M from below if 0 < Po < M, but steadily 
decreases and approaches M from above if Pp > M. Sometimes M is called the 
carrying capacity of the environment, considering it to be the maximum population 
that the environment can support on a long-term basis. 


Suppose that in 1885 the population of a certain country was 50 million and was growing 
at the rate of 750,000 people per year at that time. Suppose also that in 1940 its population 
was 100 million and was then growing at the rate of 1 million per year. Assume that this 
population satisfies the logistic equation. Determine both the limiting population M and the 
predicted population for the year 2000. 


We substitute the two given pairs of data in Eq. (3) and find that 
0.75 = 50k(M —50), 1.00 = 100k(M — 100). 


We solve simultaneously for M = 200 and k = 0.0001. Thus the limiting population of the 
country in question is 200 million. With these values of M and k, and with t = 0 correspond- 
ing to the year 1940 (in which Po = 100), we find that—according to Eq. (7)—the population 
in the year 2000 will be 


100 - 200 


PO = x50 -- (200 — 100)e (9-000) Q00) 80) 


about 153.7 million people. " 


Historical Note 


The logistic equation was introduced (around 1840) by the Belgian mathematician 
and demographer P. F. Verhulst as a possible model for human population growth. 
In the next two examples we compare natural growth and logistic model fits to the 
19th-century U.S. population census data, then compare projections for the 20th 
century. 


The U.S. population in 1800 was 5.308 million and in 1900 was 76.212 million. If we take 
Po = 5.308 (with t = 0 in 1800) in the natural growth model P(t) = Poe” and substitute 
t — 100, P — 76.212, we find that 


1 l 76.212 


76.212 = 5.308e 10%, so r= — In ——— 
100 5.308 


= 0.026643. 


Thus our natural growth model for the U.S. population during the 19th century is 


P(t) = (5.308)e (0-026645 n 


(with t in years and P in millions). Because e0-026643 ~ 1.02700, the average population 


growth between 1800 and 1900 was about 2.7% per year. E 


Example 5 
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The U.S. population in 1850 was 23.192 million. If we take Po = 5.308 and substitute the 
data pairs £ = 50, P = 23.192 (for 1850) and t = 100, P = 76.212 (for 1900) in the logistic 
model formula in Eq. (7), we get the two equations 


(5.308)M Ue qus 
5.308 + (M — 5.308)e -50kM EN 
(10) 
(5.308)M 
= 76.212 


5.308 + (M — 5.308)e—100kM 


in the two unknowns k and M. Nonlinear systems like this ordinarily are solved numerically 
using an appropriate computer system. But with the right algebraic trick (Problem 36 in this 
section) the equations in (10) can be solved manually for k = 0.000167716, M = 188.121. 
Substitution of these values in Eq. (7) yields the logistic model 


998.546 


~ 5.308 + (182.813)e- (0-031551) ` uy 


P(t) 


The table in Fig. 2.1.4 compares the actual 1800-1990 U.S. census population figures 
with those predicted by the exponential growth model in (9) and the logistic model in (11). 
Both agree well with the 19th-century figures. But the exponential model diverges appre- 
ciably from the census data in the early decades of the 20th century, whereas the logistic 
model remains accurate until 1940. By the end of the 20th century the exponential model 
vastly overestimates the actual U.S. population—predicting over a billion in the year 2000— 
whereas the logistic model somewhat underestimates it. 


Actual Exponential Exponential Logistic Logistic 
Year U.S. Pop. Model Error Model Error 
1800 5.308 5.308 0.000 5.308 0.000 
1810 7.240 6.929 0.311 7.202 0.038 
1820 9.638 9.044 0.594 9.735 —0.097 
1830 12.861 11.805 1.056 13.095 —0.234 
1840 17.064 15.409 1.655 17.501 —0.437 
1850 23.192 20.113 3.079 23.192 0.000 
1860 31.443 26.253 5.190 30.405 1.038 
1870 38.558 34.268 4.290 39.326 —0.768 
1880 50.189 44.730 5.459 50.034 0.155 
1890 62.980 58.387 4.593 62.435 0.545 
1900 76.212 76.212 0.000 76.213 —0.001 
1910 92.228 99.479 —7.251 90.834 1.394 
1920 106.022 129.849 —23.827 105.612 0.410 
1930 123.203 169.492 —46.289 119.834 3.369 
1940 132.165 221.237 —89.072 132.886 —0.721 
1950 151.326 288.780 —137.454 144.354 6.972 
1960 179.323 376.943 —197.620 154.052 25.271 
1970 203.302 492.023 —288.721 161.990 41.312 
1980 226.542 642.236 —415.694 168.316 58.226 
1990 248.710 838.308 —589.598 173.252 75.458 


2000 281.422 1094.240 —812.818 177.038 104.384 


FIGURE 2.1.4. Comparison of exponential growth and logistic models with U.S. census populations 
(in millions). 
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Logistic 


FIGURE 2.1.5. Percentage errors in 
the exponential and logistic population 
models for 1800-1950. 


Example 6 


The two models are compared in Fig. 2.1.5, where plots of their respective errors—as 
a percentage of the actual population—are shown for the 1800-1950 period. We see that the 
logistic model tracks the actual population reasonably well throughout this 150-year period. 
However, the exponential error is considerably larger during the 19th century and literally 
goes off the chart during the first half of the 20th century. 

In order to measure the extent to which a given model fits actual data, it is customary 
to define the average error (in the model) as the square root of the average of the squares 
of the individual errors (the latter appearing in the fourth and sixth columns of the table in 
Fig. 2.1.4). Using only the 1800-1900 data, this definition gives 3.162 for the average error 
in the exponential model, while the average error in the logistic model is only 0.452. Conse- 
quently, even in 1900 we might well have anticipated that the logistic model would predict the 
U.S. population growth during the 20th century more accurately than the exponential model. 

El 

The moral of Examples 4 and 5 is simply that one should not expect too much 
of models that are based on severely limited information (such as just a pair of data 
points). Much of the science of statistics is devoted to the analysis of large “data 
sets" to formulate useful (and perhaps reliable) mathematical models. 


More Applications of the Logistic Equation 


We next describe some situations that illustrate the varied circumstances in which 
the logistic equation is a satisfactory mathematical model. 


1. Limited environment situation. A certain environment can support a popula- 

tion of at most M individuals. It is then reasonable to expect the growth rate 
p — ô (the combined birth and death rates) to be proportional to M — P, be- 
cause we may think of M — P as the potential for further expansion. Then 
B —6 — k(M — P), so that 

dP 

— —(pB—6)P = kP(M — P). 

dt 
The classic example of a limited environment situation is a fruit fly population 
in a closed container. 


2. Competition situation. If the birth rate 6 is constant but the death rate ô is 

proportional to P, so that ô = wP, then 

dP 

a~ (B —aP)P = kP(M — P). 
This might be a reasonable working hypothesis in a study of a cannibalistic 
population, in which all deaths result from chance encounters between indi- 
viduals. Of course, competition between individuals is not usually so deadly, 
nor its effects so immediate and decisive. 


3. Joint proportion situation. Let P(t) denote the number of individuals in a 
constant-size susceptible population M who are infected with a certain con- 
tagious and incurable disease. The disease is spread by chance encounters. 
Then P’(t) should be proportional to the product of the number P of indi- 
viduals having the disease and the number M — P of those not having it, and 
therefore dP/dt = kP(M — P). Again we discover that the mathematical 
model is the logistic equation. The mathematical description of the spread of 
a rumor in a population of M individuals is identical. 


Suppose that at time t = 0, 10 thousand people in a city with population M = 100 thousand 
people have heard a certain rumor. After 1 week the number P (t) of those who have heard it 
has increased to P(1) = 20 thousand. Assuming that P (t) satisfies a logistic equation, when 
will 80% of the city's population have heard the rumor? 


Solution 


Example 7 


Solution 
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Substituting Pp = 10 and M = 100 (thousand) in Eq. (7), we get 
1000 


PO = To ge 100K” ea 
Then substitution of t = 1, P = 20 gives the equation 
7 1000 
~ 10 + 90e-100K 
that is readily solved for 
e 100k 4 so k= hy In 2 ~ 0.008109. 
With P(t) = 80, Eq. (12) takes the form 
7 1000 
10 + 90e-100kt " 
which we solve for e~!00*# — a: It follows that 80% of the population has heard the rumor 
when 
TE in36  1n36 _ 4.42 
~ 100k Ing” 
thus after about 4 weeks and 3 days. E 


Doomsday versus Extinction 


Consider a population P (t) of unsophisticated animals in which females rely solely 
on chance encounters to meet males for reproductive purposes. It is reasonable to 
expect such encounters to occur at a rate that is proportional to the product of the 
number P/2 of males and the number P/2 of females, hence at a rate proportional 
to P?. We therefore assume that births occur at the rate kP? (per unit time, with 
k constant). The birth rate (births/time/population) is then given by 6 = kP. If 
the death rate 5 is constant, then the general population equation in (1) yields the 


differential equation 
P 
» 2 = kP? — ôP = kP(P — M) (13) 
(where M = ó/k > 0) as a mathematical model of the population. 
Note that the right-hand side in Eq. (13) is the negative of the right-hand side 
in the logistic equation in (3). We will see that the constant M is now a threshold 
population, with the way the population behaves in the future depending critically 


on whether the initial population Po is less than or greater than M. 


Consider an animal population P(t) that is modeled by the equation 


dP 
d; = 09004 P(P — 150) = 0.0004 P? — 0.06 P. (14) 


We want to find P(r) if (a) P(0) = 200; (b) P(0) = 100. 
To solve the equation in (14), we separate the variables and integrate. We get 


dP 
] 33m = [9.0008 ar, 
P(P — 150) 


1 1 1 
f dP — f 0.0004dt [partial fractions], 
150 P P — 150 


In|P|—1n|P — 150| = —0.06t + C, 


P 
—— = xe€6 7996: — ge 70.06t [where B = ef]. (15) 
P —150 
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FIGURE 2.1.6. Typical solution 
curves for the explosion/extinction 
equation P’ = kP(P — M). 


eal Problems 


Separate variables and use partial fractions to solve the initial 
value problems in Problems 1—8. Use either the exact solution 
or a computer-generated slope field to sketch the graphs of sev- 
eral solutions of the given differential equation, and highlight 


the indicated particular solution. 


1. 


10. 


dx dx 

= — x2 = . — = — x2 E = 
d. x—x^,x(022 2 ET 10x — x^, x(0 = 1 
dx dx 

BS 4.38 i 8*9. ax? x0) = 
ET 1—x^,x(023 4 Ji 9 — 4x4, x(0) 2 0 
dx 

T = 3x(5 — x), x(0) = 8 

d 

T = 3x(x — 5), x(0) = 2 

85  dasti aps) cs dd 

— = 4x(7— x), x(0) = 

dt 

d 

= = 7x(x — 13), x(0) = 17 


(a) Substitution of : = 0 and P = 200 into (15) gives B = 4. With this value of B we solve 
Eq. (15) for 
600e- 9-06 


Tue 4e—0.06t _ |" 


(16) 


Note that, as t increases and approaches T = 1n(4)/0.06 ~ 23.105, the positive denominator 
on the right in (16) decreases and approaches 0. Consequently P(t) > +œ ast > T. This 
is a doomsday situation—a real population explosion. 

(b) Substitution of t = 0 and P = 100 into (15) gives B = —2. With this value of B we solve 
Eq. (15) for 

300e70:06t ^ ^ 300 
2e-9.06t +1 24 e0.06t ` 
Note that, as ¢ increases without bound, the positive denominator on the right in (16) ap- 
proaches 4-oo. Consequently, P(t) — 0 as t — --co. This is an (eventual) extinction situa- 
tion. a 

Thus the population in Example 7 either explodes or is an endangered species 
threatened with extinction, depending on whether or not its initial size exceeds the 
threshold population M = 150. An approximation to this phenomenon is sometimes 
observed with animal populations, such as the alligator population in certain areas 
of the southern United States. 

Figure 2.1.6 shows typical solution curves that illustrate the two possibilities 
for a population P(t) satisfying Eq. (13). If Po = M (exactly!), then the popula- 
tion remains constant. However, this equilibrium situation is very unstable. If Po 
exceeds M (even slightly), then P(t) rapidly increases without bound, whereas if 
the initial (positive) population is less than M (however slightly), then it decreases 
(more gradually) toward zero as t — +00. See Problem 33. 


P(t) (17) 


rate ô (deaths per week per fish) is thereafter proportional 
to 1//P. If there were initially 900 fish in the lake and 
441 were left after 6 weeks, how long did it take all the 
fish in the lake to die? 


Suppose that when a certain lake is stocked with fish, the 
birth and death rates 6 and ô are both inversely propor- 
tional to VP. (a) Show that 


P(A) = (fkt + VP), 


where k is a constant. (b) If Po = 100 and after 6 months 
there are 169 fish in the lake, how many will there be after 
1 year? 


11. 


12. The time rate of change of an alligator population P in 
a swamp is proportional to the square of P. The swamp 
contained a dozen alligators in 1988, two dozen in 1998. 
When will there be four dozen alligators in the swamp? 


What happens thereafter? 


13. Consider a prolific breed of rabbits whose birth and death 


. The time rate of change of a rabbit population P is pro- 


portional to the square root of P. At time ¢ = 0 (months) 
the population numbers 100 rabbits and is increasing at the 
rate of 20 rabbits per month. How many rabbits will there 
be one year later? 


Suppose that the fish population P (t) in a lake is attacked 
by a disease at time ¢ = 0, with the result that the fish cease 
to reproduce (so that the birth rate is 8 = 0) and the death 


rates, B and 6, are each proportional to the rabbit popula- 
tion P = P(t), with B > 6. (a) Show that 

Po 
1 — kPot 
Note that P(t) — +00 as t > 1/(k Po). This is doomsday. 
(b) Suppose that Po = 6 and that there are nine rabbits 
after ten months. When does doomsday occur? 


P(t) = k constant. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Repeat part (a) of Problem 13 in the case B < 6. What now 
happens to the rabbit population in the long run? 


Consider a population P(t) satisfying the logistic equa- 
tion dP/dt — aP — bP?, where B — aP is the time rate 
at which births occur and D — bP? is the rate at which 
deaths occur. If the initial population is P(0) — Po, and 
Bo births per month and Do deaths per month are occur- 
ring at time ¢ = 0, show that the limiting population is 
M = BoPo/Do. 


Consider a rabbit population P(t) satisfying the logistic 
equation as in Problem 15. If the initial population is 120 
rabbits and there are 8 births per month and 6 deaths per 
month occurring at time t = 0, how many months does it 
take for P(t) to reach 95% of the limiting population M? 


Consider a rabbit population P(t) satisfying the logistic 
equation as in Problem 15. If the initial population is 240 
rabbits and there are 9 births per month and 12 deaths per 
month occurring at time t = 0, how many months does it 
take for P(t) to reach 105% of the limiting population M? 


Consider a population P(t) satisfying the extinction- 
explosion equation dP/dt — aP? — bP, where B — aP? 
is the time rate at which births occur and D = bP is the 
rate at which deaths occur. If the initial population is 
P(0) = Po and Bo births per month and Do deaths per 
month are occurring at time t = 0, show that the threshold 
population is M = Do Po/Bo. 


Consider an alligator population P(t) satisfying the 
extinction-explosion equation as in Problem 18. If the ini- 
tial population is 100 alligators and there are 10 births per 
month and 9 deaths per month occurring at time t = 0, 
how many months does it take for P(t) to reach 10 times 
the threshold population M? 


Consider an alligator population P(t) satisfying the 
extinction-explosion equation as in Problem 18. If the ini- 
tial population is 110 alligators and there are 11 births per 
month and 12 deaths per month occurring at time ¢ = 0, 
how many months does it take for P(t) to reach 10% of 
the threshold population M? 


Suppose that the population P (t) of a country satisfies the 
differential equation dP/dt — kP(200 — P) with k con- 
stant. Its population in 1960 was 100 million and was 
then growing at the rate of 1 million per year. Predict this 
country's population for the year 2020. 


Suppose that at time ¢ = 0, half of a "logistic" population 
of 100,000 persons have heard a certain rumor, and that the 
number of those who have heard it is then increasing at the 
rate of 1000 persons per day. How long will it take for this 
rumor to spread to 80% of the population? (Suggestion: 
Find the value of k by substituting P(0) and P'(0) in the 
logistic equation, Eq. (3).) 


As the salt KNO3 dissolves in methanol, the number x(t) 
of grams of the salt in a solution after ¢ seconds satisfies 
the differential equation dx/dt = 0.8x — 0.004x?. 


24. 


25. 


26. 


27. 


28. 


2.1 Population Models 83 


(a) Whatis the maximum amount of the salt that will ever 
dissolve in the methanol? 

(b) If x = 50 when ¢ = 0, how long will it take for an 
additional 50 g of salt to dissolve? 


Suppose that a community contains 15,000 people who 
are susceptible to Michaud’s syndrome, a contagious dis- 
ease. At time t = 0 the number N (t) of people who have 
developed Michaud’s syndrome is 5000 and is increasing 
at the rate of 500 per day. Assume that N'(r) is propor- 
tional to the product of the numbers of those who have 
caught the disease and of those who have not. How long 
will it take for another 5000 people to develop Michaud's 
syndrome? 


The data in the table in Fig. 2.1.7 are given for a certain 
population P(t) that satisfies the logistic equation in (3). 
(a) Whatis the limiting population M? (Suggestion: Use 
the approximation 

PG h)- P(t —h) 

~ 2h 

with h = 1 to estimate the values of P’(t) when P = 25.00 
and when P = 47.54. Then substitute these values in the 
logistic equation and solve for k and M.) (b) Use the 
values of k and M found in part (a) to determine when 


P'(t) 


P — 75. (Suggestion: Take t = 0 to correspond to the 
year 1925.) 

Year P (millions) 

1924 24.63 

1925 25.00 

1926 25.38 

1974 47.04 

1975 47.54 

1976 48.04 


FIGURE 2.1.7. Population data for Problem 25. 


A population P(t) of small rodents has birth rate B = 
(0.001) P (births per month per rodent) and constant death 
rate ô. If P(0) = 100 and P'(0) = 8, how long (in months) 
will it take this population to double to 200 rodents? (Sug- 
gestion: First find the value of ô.) 


Consider an animal population P(t) with constant death 
rate 6 = 0.01 (deaths per animal per month) and with birth 
rate P proportional to P. Suppose that P(0) = 200 and 
P'(0) = 2. (a) When is P = 1000? (b) When does 
doomsday occur? 

Suppose that the number x (t) (with t in months) of alliga- 


tors in a swamp satisfies the differential equation dx/dt — 
0.0001x? — 0.01x. 


(a) If initially there are 25 alligators in the swamp, solve 
this differential equation to determine what happens 
to the alligator population in the long run. 
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29. 


30. 


31. 


32. 


33. 
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(b) Repeat part (a), except with 150 alligators initially. 


During the period from 1790 to 1930, the U.S. population 
P(t) (t in years) grew from 3.9 million to 123.2 million. 
Throughout this period, P(t) remained close to the solu- 
tion of the initial value problem 


dP 2 
m 0.03135P — 0.0001489P^, P(0) = 3.9. 

(a) What 1930 population does this logistic equation pre- 
dict? 


(b) What limiting population does it predict? 
(c) Has this logistic equation continued since 1930 to ac- 
curately model the U.S. population? 


[This problem is based on a computation by Verhulst, who 
in 1845 used the 1790-1840 U.S. population data to pre- 
dict accurately the U.S. population through the year 1930 
(long after his own death, of course).] 


A tumor may be regarded as a population of multiplying 
cells. It is found empirically that the "birth rate" of the 
cells in a tumor decreases exponentially with time, so that 
B(t) = Boe" *' (where o and fli are positive constants), 
and hence 

B - flo e 9t P, 


Solve this initial value problem for 


P(0) = Po. 


P(t) = Po exp (£u — ng 
a 
Observe that P(t) approaches the finite limiting popula- 
tion Po exp (fo/a) as t — +00. 


For the tumor of Problem 30, suppose that at time ¢ = 0 
there are Pp = 10° cells and that P(t) is then increasing 
at the rate of 3 x 10° cells per month. After 6 months the 
tumor has doubled (in size and in number of cells). Solve 
numerically for o, and then find the limiting population of 
the tumor. 


Derive the solution 
MPo 


P(t) = 
e Po + (M — Po)e ~M" 


of the logistic initial value problem P’ = kP(M — P), 
P(0) = Po. Make it clear how your derivation depends on 
whether 0 < Po < M or Po > M. 


(a) Derive the solution 


MPo 
Po + (M — Po)ekMt 


P(t) = 


of the extinction-explosion initial value problem P’ = 
kP(P —M), P(0) = Po. 

(b) How does the behavior of P(t) as t increases depend 
on whether 0 < Po < M or Po > M? 


34. 


35. 


36. 


37. 


38. 


39. 


If P(t) satisfies the logistic equation in (3), use the chain 
rule to show that 


P"(r) = 2k? P(P — 1M)(P — M). 


Conclude that P" > 0if0 « P < iM; P" -Q0ifP iM; 
pr <0if5M < P <M;and P" > 0if P > M. In partic- 
ular, it follows that any solution curve that crosses the line 
P= iM has an inflection point where it crosses that line, 
and therefore resembles one of the lower S-shaped curves 
in Fig. 2.1.3. 


Consider two population functions Pj(t) and P2(t), both 
of which satisfy the logistic equation with the same lim- 
iting population M but with different values kı and k2 of 
the constant k in Eq. (3). Assume that kı < ko. Which 
population approaches M the most rapidly? You can rea- 
son geometrically by examining slope fields (especially 
if appropriate software is available), symbolically by an- 
alyzing the solution given in Eq. (7), or numerically by 
substituting successive values of t. 


To solve the two equations in (10) for the values of k and 
M, begin by solving the first equation for the quantity 
x = e^59kM and the second equation for x? = e7 100kM 
Upon equating the two resulting expressions for x? in 
terms of M, you get an equation that is readily solved for 
M. With M now known, either of the original equations 
is readily solved for k. This technique can be used to “fit” 
the logistic equation to any three population values Po, 
Pı, and P2 corresponding to equally spaced times to = 0, 
t1, and t2 = 21. 


Use the method of Problem 36 to fit the logistic equation 
to the actual U.S. population data (Fig. 2.1.4) for the years 
1850, 1900, and 1950. Solve the resulting logistic equa- 
tion and compare the predicted and actual populations for 
the years 1990 and 2000. 


Fit the logistic equation to the actual U.S. population data 
(Fig. 2.1.4) for the years 1900, 1930, and 1960. Solve the 
resulting logistic equation, then compare the predicted and 
actual populations for the years 1980, 1990, and 2000. 


Birth and death rates of animal populations typically are 
not constant; instead, they vary periodically with the pas- 
sage of seasons. Find P(t) if the population P satisfies 
the differential equation 


Œ = (k + bcos2zt)P, 

where t is in years and k and b are positive constants. Thus 
the growth-rate function r(t) = k + b cos 27t varies peri- 
odically about its mean value k. Construct a graph that 
contrasts the growth of this population with one that has 
the same initial value Po but satisfies the natural growth 
equation P’ = kP (same constant k). How would the two 
populations compare after the passage of many years? 
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PAWN.. Logistic Modeling of Population Data 


These investigations deal with the problem of fitting a logistic model to given pop- 
ulation data. Thus we want to determine the numerical constants a and b so that the 
solution P(t) of the initial value problem 


dP 
a aP +bP?, P(0)= Po (1) 
approximates the given values Po, P1, ..., Pn of the population at the times to = 0, 
ti,..., fn. If we rewrite Eq. (1) (the logistic equation with kM = a and k = —b) in 
the form ip 
p em P 2 
uo a 4- bP, (2) 


then we see that the points 


(Pw. 7a) 2 §=0,1,2,...,0, 


should all lie on the straight line with y-intercept a and slope b (as determined by 
the function of P on the right-hand side in Eq. (2)). 

This observation provides a way to find a and b. If we can determine the ap- 
proximate values of the derivatives P1, P5... . corresponding to the given population 
data, then we can proceed with the following agenda: 


e First plot the points (P1, P{/P1), (P2, P5/P5), ... on a sheet of graph paper 
with horizontal P-axis. 

e Then use aruler to draw a straight line that appears to approximate these points 
well. 

e Finally, measure this straight line's y-intercept a and slope 5. 


But where are we to find the needed values of the derivative P’(t) of the (as 
yet) unknown function P? It is easiest to use the approximation 


Pi+ı — Pj- 
P| = (3) 
fi+1 — li-1 


suggested by Fig. 2.1.8. For instance, if we take i = 0 corresponding to the year 
1790, then the U.S. population data in Fig. 2.1.9 give 


P,— Po 7.240 — 3.929 
P = 7 = & 0.166 


t2 — to 20 


(p Pi) 


Slope: P'(t) 


bk t-axis 


Pjgq PD; 
FIGURE 2.1.8. The symmetric difference approximation rrr to 
i+1 — ti—1 


the derivative P'(t;). 
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Population Slope 
Year i ip IPs p 
1790 0 —10 3.929 
1800 1 0 5.308 0.166 
1810 2 10 7.240 0.217 
1820 3 20 9.638 0.281 
1830 4 30 12.861 0.371 o =F 
1840 5 40 17.064 0.517 B : : : : | 
1850 6 50 23.192 0.719 : 
1860 7 60 31.443 0.768 " 
1870 8 70 38.558 0.937 z 
1880 9 80 50.189 1.221 
1890 10 90 62.980 1.301 SOHN i 
1900 11 100 76.212 1.462 | : * 
| i | | 
1910 12 110 92.228 00 —20 40 , 60 80 100 
FIGURE 2.1.9. U.S. population data (in millions) and approximate FIGURE 2.1.10. Points and approximating 
slopes. straight line for U.S. population data from 1800 to 
1900. 
for the slope at (tı, P1) corresponding to the year 1800. 
1 INVESTIGATION A: Use Eq. (3) to verify the slope figures shown in the final col- 
Mor d umn of the table in Fig. 2.1.9, then plot the points (P1, P1/P1), ..., (P11, Pj, / Pi1) 
Population $e di pun : ; 
STE indicated by the dots in Fig. 2.1.10. If an appropriate graphing calculator, spread- 
Year (billions) A s ; ; ; 
sheet, or computer program is available, use it to find the straight line y = a + bP 
1960 3.049 as in (2) that best fits these points. If not, draw your own straight line approximat- 
1965 3.358 ing these points, and then measure its intercept a and slope b as accurately as you 
can. Next, solve the logistic equation in (1) with these numerical parameters, taking 
1970 3.721 . i : 
t = 0 corresponding to the year 1800. Finally, compare the predicted 20th-century 
1975 4.103 U.S. population figures with the actual data listed in Fig. 2.1.4. 
1980 4.473 
1985 4.882 INVESTIGATION B: Repeat Investigation A, but take t = 0 in 1900 and use only 
1990 5.249 20th-century population data. Do you get a better approximation for the U.S. popu- 
1995 5.679 lation during the final decades of the 20th century? 
2000 6.127 2. . . 
INVESTIGATION C: Model similarly the world population data shown in 
FIGURE 2.1.11. World population Fig. 2.1.11. The Population Division of the United Nations predicts a world popu- 
data. lation of 8.177 billion in the year 2025. What do you predict? 


IEF] Equilibrium Solutions and Stability 


In previous sections we have often used explicit solutions of differential equations 
to answer specific numerical questions. But even when a given differential equation 
is difficult or impossible to solve explicitly, it often is possible to extract qualitative 
information about general properties of its solutions. For example, we may be able 
to establish that every solution x (t) grows without bound as t — +00, or approaches 
a finite limit, or is a periodic function of f. In this section we introduce—mainly by 
consideration of simple differential equations that can be solved explicitly—some 


Example 1 


t 


FIGURE 2.2.1. Typical solution 
curves for the equation of Newton's 
law of cooling, d x/dt = —k(x — A). 


x'>0 x'«0 
x<A x=A x>A 


FIGURE 2.2.2. Phase diagram for 
the equation 


dx/dt = f(x) = k(A— x). 


2.2 Equilibrium Solutions and Stability 87 


of the more important qualitative questions that can sometimes be answered for 
equations that are difficult or impossible to solve. 


Let x(t) denote the temperature of a body with initial temperature x(0) = xo. At time t = 0 
this body is immersed in a medium with constant temperature A. Assuming Newton's law of 
cooling, 

dx 

Poi —k(x — A) (k 0 constant), (1) 


we readily solve (by separation of variables) for the explicit solution 
x(t) = A + (xo — Aye *t. 


It follows immediately that 
lim x(t) = A, (2) 
t—oo 


so the temperature of the body approaches that of the surrounding medium (as is evident to 
one’s intuition). Note that the constant function x(t) = A is a solution of Eq. (1); it corre- 
sponds to the temperature of the body when it is in thermal equilibrium with the surrounding 
medium. In Fig. 2.2.1 the limit in (2) means that every other solution curve approaches the 
equilibrium solution curve x = A asymptotically as £ > +00. a 


Remark The behavior of solutions of Eq. (1) is summarized briefly by the phase diagram 
in Fig. 2.2.2—which indicates the direction (or “phase”) of change in x as a function of x 
itself. The right-hand side f(x) = —k(x — A) = k(A — x) is positive if x < A, negative if 
x A. This observation corresponds to the fact that solutions starting above the line x — A 
and those starting below it both approach the limiting solution x(t) = A as t increases (as 
indicated by the arrows). [| 


In Section 2.1 we introduced the general population equation 


4, = ($ — ô)x, (3) 


where f and 6 are the birth and death rates, respectively, in births or deaths per 
individual per unit of time. The question of whether a population x (t) is bounded or 
unbounded as t + +00 is of evident interest. In many situations—like the logistic 
and explosion/extinction populations of Section 2.1—the birth and death rates are 
known functions of x. Then Eq. (3) takes the form 


c f(x). (4) 


dt 
This is an autonomous first-order differential equation—one in which the indepen- 
dent variable t does not appear explicitly (the terminology here stemming from the 
Greek word autonomos for “independent,” e.g., of the time f). As in Example 1, 
the solutions of the equation f(x) = 0 play an important role and are called critical 
points of the autonomous differential equation dx/dt — f(x). 

If x = c is a critical point of Eq. (4), then the differential equation has the 
constant solution x(t) = c. A constant solution of a differential equation is some- 
times called an equilibrium solution (one may think of a population that remains 
constant because it is in "equilibrium" with its environment). Thus the critical point 
x = c, a number, corresponds to the equilibrium solution x(t) = c, a constant-valued 
function. 

Example 2 illustrates the fact that the qualitative behavior (as ¢ increases) of 
the solutions of an autonomous first-order equation can be described in terms of its 
critical points. 
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FIGURE 2.2.3. Typical solution 
curves for the logistic equation 
dx/dt = kx(M — x). 


X 
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FIGURE 2.2.4. Solution curves, 
funnel, and spout for 
dx/dt = 4x — x2. 
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FIGURE 2.2.5. Phase diagram for 
the logistic equation 
dx/dt = f(x) — kx(M — x). 
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Example 2 


Consider the logistic differential equation 


i = kx(M — x) (5) 


(with k > 0 and M > 0). It has two critical points—the solutions x = 0 and x = M of the 
equation 
f(x) = kx(M — x) = 0. 


In Section 2.1 we discussed the logistic-equation solution 


M xo 
xo + (M — xo)e-*Mt 


x(t) = (6) 
satisfying the initial condition x(0) = xo. Note that the initial values x9 = 0 and xo = M 
yield the equilibrium solutions x(t) = 0 and x(t) = M of Eq. (5). 
We observed in Section 2.1 that if xo > 0, then x(t) — M as t — +00. But if xo < 0, 
then the denominator in Eq. (6) initially is positive, but vanishes when 
1 M — xo 


t=f= In > 0. 
: kM —XQ0 


Because the numerator in (6) is negative in this case, it follows that 


lim x(f) 2 —oo if 


xo « 0. 
ttu 


It follows that the solution curves of the logistic equation in (5) look as illustrated in 
Fig. 2.2.3. Here we see graphically that every solution either approaches the equilibrium 
solution x(t) = M as t increases, or (in a visually obvious sense) diverges away from the 
other equilibrium solution x(t) = 0. E 


Stability of Critical Points 


Figure 2.2.3 illustrates the concept of stability. A critical point x = c of an au- 
tonomous first-order equation is said to be stable provided that, if the initial value 
xo is sufficiently close to c, then x(t) remains close to c for all t > 0. More precisely, 
the critical point c is stable if, for each € > 0, there exists 6 > 0 such that 

|xo —c| <6  impliesthat |x(t)-—c| « € (7) 
for all t > 0. The critical point x = c is unstable if it is not stable. 

Figure 2.2.4 shows a “wider view" of the solution curves of a logistic equation 

with k — 1 and M — 4. Note that the strip 3.5 « x « 4.5 enclosing the stable 
equilibrium curve x — 4 acts like a funnel—solution curves (moving from left to 
right) enter this strip and thereafter remain within it. By contrast, the strip —0.5 < 
x « 0.5 enclosing the unstable solution curve x = 0 acts like a spout—solution 
curves leave this strip and thereafter remain outside it. Thus the critical point x = M 
is stable, whereas the critical point x — 0 is unstable. 
Remark 1 We can summarize the behavior of solutions of the logistic equation in (5)—in 
terms of their initial values—by means of the phase diagram shown in Fig. 2.2.5. It indicates 
that x(t) > M as t > +œ if either x9 > M or 0 < xo < M, whereas x(t) > —oo ast 
increases if xo « 0. The fact that M is a stable critical point would be important, for instance, 
if we wished to conduct an experiment with a population of M bacteria. It is impossible to 
count precisely M bacteria for M large, but any initially positive population will approach 
M as t increases. 


Remark 2 Related to the stability of the limiting solution M = a/b of the logistic equation 


uo ae bx? (8) 


Example 3 


t 


FIGURE 2.2.6. Typical solution 
curves for the explosion/extinction 
equation dx/dt = kx(x — M). 
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FIGURE 2.2.7. Phase diagram for 
the explosion/extinction equation 
dx/dt = f(x) = kx(x — M). 
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is the “predictability” of M for an actual population. The coefficients a and b are unlikely 
to be known precisely for an actual population. But if they are replaced with close approx- 
imations a* and b*—derived perhaps from empirical measurements—then the approximate 
limiting population M * = a*/b* will be close to the actual limiting population M = a/b. We 
may therefore say that the value M of the limiting population predicted by a logistic equation 
not only is a stable critical point of the differential equation, but this value also is “stable” 
with respect to small perturbations of the constant coefficients in the equation. (Note that one 
of these two statements involves changes in the initial value xo; the other involves changes in 
the coefficients a and b.) iai 
Consider now the explosion/extinction equation 

7 = kx(x— M) (9) 


of Eq. (10) in Section 2.1. Like the logistic equation, it has the two critical points x = 0 and 
x = M corresponding to the equilibrium solutions x(t) = 0 and x(t) = M. According to 
Problem 33 in Section 2.1, its solution with x(0) = xo is given by 


(10) 


(with only a single difference in sign from the logistic solution in (6)). If xo « M, then (be- 
cause the coefficient of the exponential in the denominator is positive) it follows immediately 
from Eq. (10) that x(t) — 0 as t > +00. But if xo > M, then the denominator in (10) initially 
is positive, but vanishes when 

Xo 


1 
t=t = In 0. 
kM | x9— M 


Because the numerator in (10) is positive in this case, it follows that 


lim x(f) 2 +œ if xo» M. 
tot 


Therefore, the solution curves of the explosion/extinction equation in (9) look as illustrated 
in Fig. 2.2.6. A narrow band along the equilibrium curve x = 0 (as in Fig. 2.2.4) would serve 
as a funnel, while a band along the solution curve x = M would serve as a spout for solutions. 
The behavior of the solutions of Eq. (9) is summarized by the phase diagram in Fig. 2.2.7, 
where we see that the critical point x = 0 is stable and the critical point x = M is unstable. 


E 
Harvesting a Logistic Population 
The autonomous differential equation 
d 
— =ax-bx?—h (11) 


(with a, b, and h all positive) may be considered to describe a logistic population 
with harvesting. For instance, we might think of the population of fish in a lake 
from which / fish per year are removed by fishing. 


Let us rewrite Eq. (11) in the form 


d e 

= = kx(M —x)—h, (12) 
which exhibits the limiting population M in the case h = 0 of no harvesting. Assuming 
hereafter that h > 0, we can solve the quadratic equation —kx? + kMx — h = 0 for the two 
critical points 


kM + J(kM)2—4hk 1 
H,N= 3i - (m= yan ank), (13) 


2 
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FIGURE 2.2.8. Typical solution 
curves for the logistic harvesting 
equation dx/dt = k(N — x)(x — H). 
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FIGURE 2.2.9. Phase diagram for 
the logistic harvesting equation 
dx/dt = f(x) — k(N — x)(x — H). 


Example 5 
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assuming that the harvesting rate h is sufficiently small that 4h < Kk M?, so both roots H and 
N are real with 0 < H < N < M. Then we can rewrite Eq. (12) in the form 


dx 
ae ^N x)(x — H). 


(14) 


For instance, the number of critical points of the equation may change abruptly as the value 

of a parameter is changed. In Problem 24 we ask you to solve this equation for the solution 

_ N(xo — H) - H(xo — N)e *(W-H 
(xo. — H) — (xo — N)e MN—BDI 


x(t) (15) 
in terms of the initial value x(0) — xo. 

Note that the exponent —k(N — H)t is negative for t > 0. If xo > N, then each of the 
coefficients within parentheses in Eq. (15) is positive; it follows that 


If x9» N then x(t) >N as t +o. (16) 

In Problem 25 we ask you to deduce also from Eq. (15) that 
If H «xg «N then x(t) —nB N as t— +œ, whereas (17) 
if x9 <A then x(tr) —^—oo as tt (18) 


for a positive value t1 that depends on xo. It follows that the solution curves of Eq. (12)—still 
assuming that 4h < kM*—look as illustrated in Fig. 2.2.8. (Can you visualize a funnel along 
the line x = N and a spout along the line x = H?) Thus the constant solution x(t) = N is an 
equilibrium limiting solution, whereas x(t) = H is a threshold solution that separates differ- 
ent behaviors—the population approaches N if xo > H, while it becomes extinct because of 
harvesting if xo < H. Finally, the stable critical point x = N and the unstable critical point 
x — H are illustrated in the phase diagram in Fig. 2.2.9. E 


For a concrete application of our stability conclusions in Example 4, suppose that k = 1 and 
M = 4 for a logistic population x(t) of fish in a lake, measured in hundreds after ¢ years. 
Without any fishing at all, the lake would eventually contain nearly 400 fish, whatever the 
initial population. Now suppose that h = 3, so that 300 fish are “harvested” annually (at 
a constant rate throughout the year). Equation (12) is then dx/dt = x(4 — x) — 3, and the 
quadratic equation 

—x? + 4x —3 = (3—x)(x—1)20 


has solutions H = 1 and N = 3. Thus the threshold population is 100 fish and the (new) 
limiting population is 300 fish. In short, if the lake is stocked initially with more than 100 
fish, then as ¢ increases, the fish population will approach a limiting value of 300 fish. But 
if the lake is stocked initially with fewer than 100 fish, then the lake will be “fished out” and 
the fish will disappear entirely within a finite period of time. a 


Bifurcation and Dependence on Parameters 


A biological or physical system that is modeled by a differential equation may de- 
pend crucially on the numerical values of certain coefficients or parameters that 
appear in the equation. For instance, the number of critical points of the equation 
may change abruptly as the value of a parameter is changed. 


The differential equation 

dx _ "P 

aE x(4—x)—-h 
(with x in hundreds) models the harvesting of a logistic population with k — 1 and limiting 
population M = 4 (hundred). In Example 5 we considered the case of harvesting level h = 3, 
and found that the new limiting population is N — 3 hundred and the threshold population is 
H = 1 hundred. Typical solution curves, including the equilibrium solutions x(t) = 3 and 
x(t) = 1, then look like those pictured in Fig. 2.2.8. 


(19) 


FIGURE 2.2.10. Solution curves of 
the equation x’ = x(4 — x) — h with 
critical harvesting h = 4. 


B 


FIGURE 2.2.11. Solution curves of 
the equation x’ = x(4 — x) — h with 
excessive harvesting h = 5. 
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Now let's investigate the dependence of this picture upon the harvesting level h. Ac- 
cording to Eq. (13) with k = 1 and M = 4, the limiting and threshold populations N and H 
are given by 

H, N = 5 (44 VI6—4h) =24 Vac. (20) 
If h < 4—we can consider negative values of h to describe stocking rather than harvesting 
the fish—then there are distinct equilibrium solutions x(t) = N and x(t) = H with N > H 
as in Fig. 2.2.8. 

But if h = 4, then Eq. (20) gives N = H = 2, so the differential equation has only the 
single equilibrium solution x(t) = 2. In this case the solution curves of the equation look like 
those illustrated in Fig. 2.2.10. If the initial number xo (in hundreds) of fish exceeds 2, then 
the population approaches a limiting population of 2 (hundred fish). However, any initial 
population xo < 2 (hundred) results in extinction with the fish dying out as a consequence 
of the harvesting of 4 hundred fish annually. The critical point x — 2 might therefore be 
described as "semistable"—it looks stable on the side x > 2 where solution curves approach 
the equilibrium solution x (t) = 2 as t increases, but unstable on the side x < 2 where solution 
curves instead diverge away from the equilibrium solution. 

If, finally, ^ > 4, then the quadratic equation corresponding to (20) has no real solu- 
tions and the differential equation in (19) has no equilibrium solutions. The solution curves 
then look like those illustrated in Fig. 2.2.11, and (whatever the initial number of fish) the 
population dies out as a result of the excessive harvesting. E 


If we imagine turning a dial to gradually increase the value of the parameter h 
in Eq. (19), then the picture of the solution curves changes from one like Fig. 2.2.8 
with h < 4, to Fig. 2.2.10 with h = 4, to one like Fig. 2.2.11 with h > 4. Thus the 
differential equation has 


e two critical points if h < 4 ; 

e one critical point if h = 4; 

e no critical point if h > 4. 
The value h = 4—for which the qualitative nature of the solutions changes as h 
increases—is called a bifurcation point for the differential equation containing the 
parameter h. A common way to visualize the corresponding “bifurcation” in the 


solutions is to plot the bifurcation diagram consisting of all points (h, c), where 
(c-2) 24-h c is a critical point of the equation x’ = x(4 — x) + h . For instance, if we rewrite 
Eq. (20) as 
1 h c= 2 + V 4 — h, 
2 (c - 2) — 4— h, 
VicUmdad d ioi where either c = N or c = H, then we get the equation of the parabola that is shown 
(e —2)2 cd uU in Fig. 2.2.12. This parabola is then the bifurcation diagram for our differential 
diagram for the differential equation equation that models a logistic fish population with harvesting at the level specified 
x'—x(4—x)-h. by the parameter h. 
BP) Problems 
In Problems 1 through 12 first solve the equation f(x) = 0 or a computer-generated slope field to sketch typical solution 
to find the critical points of the given autonomous differential curves for the given differential equation, and verify visually 
equation dx/dt = f(x). Then analyze the sign of f(x) to de- the stability of each critical point. 
termine whether each critical point is stable or unstable, and di ae 
construct the corresponding phase diagram for the differen- 1. T7 x—4 2. gre 3—x 
tial equation. Next, solve the differential equation explicitly f f 
for x(t) in terms of t. Finally, use either the exact solution 3. » —— sm 4. a —8ycg2 
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5. qo v4 6. qe 

7. LIED 8. Z =-G-x) 
9. O a xtsxta 10. Z = Ix -x?—10 
11. & = (x1) 12. * cos? 


In Problems 13 through 18, use a computer system or graphing 
calculator to plot a slope field and/or enough solution curves 
to indicate the stability or instability of each critical point of 
the given differential equation. (Some of these critical points 
may be semistable in the sense mentioned in Example 6.) 


dx _ 2 dx — 2 
13. di = (x + 2)(x = 2) 14. dt = x(x ES 4) 
dx E 2 2 dx - 2 3 
15. di = (x = 4) 16. dt ns (x m 4) 
Um. rne Dr. NL T T 
17. a x^(x* — 4) 18. di x"(x^ — 4) 


19. The differential equation d x/dt = ix(10 — x) — h models 
a logistic population with harvesting at rate h. Determine 
(as in Example 6) the dependence of the number of critical 
points on the parameter h, and then construct a bifurcation 
diagram like Fig. 2.2.12. 

20. The differential equation dx/dt — ix — 5) + s models 
a population with stocking at rate s. Determine the depen- 
dence of the number of critical points c on the parameter s, 
and then construct the corresponding bifurcation diagram 
in the sc-plane. 

21. Consider the differential equation dx/dt — kx — x?. 
(a) If k < 0, show that the only critical value c = 0 of 
x is stable. (b) If k > 0, show that the critical point c = 0 
is now unstable, but that the critical points c — +./k are 
stable. Thus the qualitative nature of the solutions changes 
at k = 0 as the parameter k increases, and sok = 0 is a 
bifurcation point for the differential equation with param- 
eter k. The plot of all points of the form (k, c) where c is a 
critical point of the equation x’ = kx — x? is the “pitchfork 
diagram" shown in Fig. 2.2.13. 


FIGURE 2.2.13. Bifurcation diagram for 
dx/dt = kx — x3. 


22. Consider the differential equation dx/dt = x + kx? con- 
taining the parameter k. Analyze (as in Problem 21) the 
dependence of the number and nature of the critical points 
on the value of k, and construct the corresponding bifur- 
cation diagram. 


23. 


24. 


25. 


Suppose that the logistic equation dx/dt — kx(M — x) 
models a population x(t) of fish in a lake after months 
during which no fishing occurs. Now suppose that, be- 
cause of fishing, fish are removed from the lake at the rate 
of hx fish per month (with h a positive constant). Thus 
fish are "harvested" at a rate proportional to the existing 
fish population, rather than at the constant rate of Exam- 
ple 4. (a) I£ 0 < h < kM, show that the population is 
still logistic. What is the new limiting population? (b) If 
h = kM, show that x(t) — 0 are t — --oo, so the lake is 
eventually fished out. 

Separate variables in the logistic harvesting equation 
dx/dt — k(N — x)(x — H) and then use partial fractions 
to derive the solution given in Eq. (15). 

Use the alternative forms 


N(xo — H) + H(N — xog)e *C -E)N 
(xo — H) + (N — xo)e UB 


x(t) = 


_ AWN - xo)e UN -H)t _ N(H — xg) 
(N — xo)e FUN - Ht — (H — xo) 


of the solution in (15) to establish the conclusions stated 
in (17) and (18). 


Example 4 dealt with the case 4h > kM? in the equation 
dx/dt = kx(M — x) — h that describes constant-rate harvest- 
ing of a logistic population. Problems 26 and 27 deal with the 
other cases. 


26. 


27. 


If 4h = kM?, show that typical solution curves look 
as illustrated in Fig. 2.2.14. Thus if xo 2 M/2, then 
x(t) > M/2ast — +00. But if xo < M/2, then x(t) = 0 
after a finite period of time, so the lake is fished out. The 
critical point x = M/2 might be called semistable, because 
it looks stable from one side, unstable from the other. 


FIGURE 2.2.14. Solution curves for 
harvesting a logistic population with 
4h — kM?. 


If 4h > kM?, show that x(t) = 0 after a finite period of 
time, so the lake is fished out (whatever the initial popula- 
tion). [Suggestion: Complete the square to rewrite the dif- 
ferential equation in the form dx/dt = —k[(x — a)? + b?]. 
Then solve explicitly by separation of variables.] The re- 
sults of this and the previous problem (together with Ex- 
ample 4) show that h = ikM ? is a critical harvesting rate 


28. 


for a logistic population. At any lesser harvesting rate the 
population approaches a limiting population N that is less 
than M (why?), whereas at any greater harvesting rate the 
population reaches extinction. 

This problem deals with the differential equation dx/dt = 
kx(x — M) — h that models the harvesting of an unso- 
phisticated population (such as alligators). Show that this 
equation can be rewritten in the form dx/dt — k(x — 
H)(x — K), where 


H=4 (u + y M? ean) » 0, 
K=4 (w - M2 + ank ) <0. 


Show that typical solution curves look as illustrated in 
Fig. 2.2.15. 


29. Consider the two differential equations 
Z = (cay B) - o) Qu 
and “ = (a — x)(b — x)(c — x), (22) 
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each having the critical points a, b, and c; suppose that 
a <b « c. For one of these equations, only the criti- 
cal point 5 is stable; for the other equation, 5 is the only 
unstable critical point. Construct phase diagrams for the 
two equations to determine which is which. Without at- 
tempting to solve either equation explicitly, make rough 
sketches of typical solution curves for each. You should 
see two funnels and a spout in one case, two spouts and a 
funnel in the other. 


FIGURE 2.2.15. Solution curves for harvesting 
a population of alligators. 


Example 1 


In Section 1.2 we discussed vertical motion of a mass m near the surface of the earth 
under the influence of constant gravitational acceleration. If we neglect any effects 
of air resistance, then Newton's second law (F — ma) implies that the velocity v of 
the mass m satisfies the equation 


dv 
— = Fg, 1 
s G (1) 
where Fg = —mg is the (downward-directed) force of gravity, where the gravita- 


tional acceleration is g ~ 9.8 m/s? (in mks units; g ~ 32 ft/s? in fps units). 
Suppose that a crossbow bolt is shot straight upward from the ground (yo = 0) with initial 
velocity vo = 49 (m/s). Then Eq. (1) with g = 9.8 gives 


9.8, so 
dt 077 
Hence the bolt’s height function y(t) is given by 


u(t) = —(9.8)t + vo = —(9.8)t + 49. 


y(t) = [rosy + 49] dt = —(4.9)? + 49t + yo = —(4.9)t? + 49t. 


The bolt reaches its maximum height when v = —(9.8)t + 49 = 0, hence when ¢ = 5 (s). 
Thus its maximum height is 


Ymax = y(5) = —(4.9)(57) + (49)(5) = 122.5 (m). 
The bolt returns to the ground when y = —(4.9)t(t — 10) = 0, and thus after 10 seconds 


aloft. [| 


Now we want to take account of air resistance in a problem like Example 1. 
The force Fg exerted by air resistance on the moving mass m must be added in 
Eq. (1), so now 


dv 
— = F, FR. 2 
nm G + Fg (2) 
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| y 


FR (Note: Fp acts upward when 
the body is falling.) 
m m 
Net force F = Fp + Fg 
Fg 
Ground level 
FIGURE 2.3.1. Vertical motion with 


air resistance. 


Newton showed in his Principia Mathematica that certain simple physical assump- 
tions imply that Fg is proportional to the square of the velocity: Fg — kv?. But 
empirical investigations indicate that the actual dependence of air resistance on ve- 
locity can be quite complicated. For many purposes it suffices to assume that 


Fg = kv”, 


where 1 < p < 2 and the value of k depends on the size and shape of the body, as 
well as the density and viscosity of the air. Generally speaking, p = 1 for relatively 
low speeds and p = 2 for high speeds, whereas 1 < p < 2 for intermediate speeds. 
But how slow “low speed” and how fast “high speed” are depend on the same factors 
that determine the value of the coefficient k. 

Thus air resistance is a complicated physical phenomenon. But the simplify- 
ing assumption that Fg is exactly of the form given here, with either p = 1 or p = 2, 
yields a tractable mathematical model that exhibits the most important qualitative 
features of motion with resistance. 


Resistance Proportional to Velocity 


Let us first consider the vertical motion of a body with mass m near the surface of 
the earth, subject to two forces: a downward gravitational force Fg and a force Fg 
of air resistance that is proportional to velocity (so that p — 1) and of course directed 
opposite the direction of motion of the body. If we set up a coordinate system with 


the positive y-direction upward and with y = 0 at ground level, then Fg = —mg 
and 
» Fg = —kv, (3) 


where k is a positive constant and v = dy/dt is the velocity of the body. Note that 
the minus sign in Eq. (3) makes Fg positive (an upward force) if the body is falling 
(v is negative) and makes Fg negative (a downward force) if the body is rising (v is 
positive). As indicated in Fig. 2.3.1, the net force acting on the body is then 


F = Fg + Fg = —kv — mg, 


and Newton’s law of motion F = m(dv/dt) yields the equation 


d 
m = —kv — mg. 
Thus 3 
v 
» — = —pv-—g. 4 
Zi pv—8 (4) 


where o = k/m > 0. You should verify for yourself that if the positive y-axis were 
directed downward, then Eq. (4) would take the form dv/dt — —pv 4- g. 
Equation (4) is a separable first-order differential equation, and its solution is 


v(t) = ( + £) e*t — E, (5) 
p p 


Here, vo — v(0) is the initial velocity of the body. Note that 


vedi etie S. (6) 
1—oo p 


Example 2 


Solution 
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Thus the speed of a body falling with air resistance does nof increase indefinitely; 
instead, it approaches a finite limiting speed, or terminal speed, 


|] = E = Z, (7) 
p 


This fact is what makes a parachute a practical invention; it even helps explain 
the occasional survival of people who fall without parachutes from high-flying air- 
planes. 

We now rewrite Eq. (5) in the form 


d 
= = (vo — v.)e^?! + vr. (8) 


Integration gives 


1 
y(t) = E — ve *! + wt 4 C. 


We substitute 0 for t and let yọ = y(0) denote the initial height of the body. Thus 
we find that C = yo + (vo — v;)/p, and so 


= Ses -w sii — e7?!), (9) 


Equations (8) and (9) give the velocity v and height y of a body moving ver- 
tically under the influence of gravity and air resistance. The formulas depend on 
the initial height yo of the body, its initial velocity vo, and the drag coefficient p, 
the constant such that the acceleration due to air resistance is ag = —pv. The two 
equations also involve the terminal velocity v, defined in Eq. (6). 

For a person descending with the aid of a parachute, a typical value of p is 1.5, 
which corresponds to a terminal speed of |v, | ~ 21.3 ft/s, or about 14.5 mi/h. With 
an unbuttoned overcoat flapping in the wind in place of a parachute, an unlucky 
skydiver might increase p to perhaps as much as 0.5, which gives a terminal speed 
of |v.] ~ 65 ft/s, about 44 mi/h. See Problems 10 and 11 for some parachute-jump 
computations. 


We again consider a bolt shot straight upward with initial velocity v9 = 49 m/s from a 
crossbow at ground level. But now we take air resistance into account, with p — 0.04 in 
Eq. (4). We ask how the resulting maximum height and time aloft compare with the values 
found in Example 1. 


We substitute yo = 0, vo = 49, and v, = —g/p = —245 in Eqs. (5) and (9), and obtain 
u(t) = 294e~#/25 _ 245, 
y(t) = 7350 — 245t — 7350e 1/25. 
To find the time required for the bolt to reach its maximum height (when v — 0), we solve 


the equation 
v(t) = 294e~*/25 _ 245 = 0 


for tm = 251n(294/245) ~ 4.558 (s). Its maximum height is then ymax = v(tm) & 108.280 
meters (as opposed to 122.5 meters without air resistance). To find when the bolt strikes the 
ground, we must solve the equation 


y(t) = 7350 — 245t — 7350e 1/25 = 0. 


Using Newton’s method, we can begin with the initial guess tg = 10 and carry out the iteration 
tn+1 = fn — y (tn)/Y' (tn) to generate successive approximations to the root. Or we can simply 
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use the Solve command on a calculator or computer. We find that the bolt is in the air for 
tf © 9.411 seconds (as opposed to 10 seconds without air resistance). It hits the ground with 
a reduced speed of |v(tg)| ~ 43.227 m/s (as opposed to its initial velocity of 49 m/s). 

Thus the effect of air resistance is to decrease the bolt's maximum height, the total 
time spent aloft, and its final impact speed. Note also that the bolt now spends more time in 
descent (tf — tm ~ 4.853 s) than in ascent (tm ~ 4.558 s). E 


Resistance Proportional to Square of Velocity 


Now we assume that the force of air resistance is proportional to the square of the 
velocity: 
» Fg = kv’, (10) 


with k > 0. The choice of signs here depends on the direction of motion, which 
the force of resistance always opposes. Taking the positive y-direction as upward, 
Fg < 0 for upward motion (when v > 0) while Fr > 0 for downward motion (when 
v « 0). Thus the sign of Fg is always opposite that of v, so we can rewrite Eq. (10) 
as 


Fg = —kv|v|. (10^) 
Then Newton's second law gives 
d 
m = Fg + Fr = —mg — kvj|v|; 
dt 
that is, 
d 
S = —g — pvļv], (11) 


where p = k/m > 0. We must discuss the cases of upward and downward motion 
separately. 


UPWARD MOTION: Suppose that a projectile is launched straight upward from 
the initial position yo with initial velocity vo > 0. Then Eq. (11) with v > 0 gives 
the differential equation 


d 
— ——— € (: + 23 (12) 
dt g 


In Problem 13 we ask you to make the substitution u = v y p/g and apply the familiar 
integral 


1 
fetus 


to derive the projectile’s velocity function 


v(t) = [Stan (ci —t./pg) with C; = tan! (w£) f (13) 


Because f tanu du = — In | cos u| + C, a second integration (see Problem 14) yields 
the position function 


cos (C1 — t /pg) 


i 14 
cos C1 (14) 


1 
y(t) = yo + -ln 
p 


Example 3 
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DOWNWARD MOTION: Suppose that a projectile is launched (or dropped) 
straight downward from the initial position yo with initial velocity vo < 0. Then 
Eq. (11) with v « 0 gives the differential equation 


d 
- = —g + pv? = -g (1- 5»). (15) 


In Problem 15 we ask you to make the substitution u = v y p/g and apply the integral 


i 
I du = tanh™! u + C 


1 — u2 


to derive the projectile’s velocity function 


v(t) = "I (C2—t4/pg) with C, = antt (vo f£) . (16) 
p g 


Because f tanhu du = In | cosh u| + C, another integration (Problem 16) yields the 
position function 


1 


cosh (C2 — t |/ 
yi) =y- zn (Ca — t /pE) 


cosh C5 


, (17) 


(Note the analogy between Eqs. (16) and (17) and Eqs. (13) and (14) for upward 
motion.) 


If vo = 0, then C; = 0, so v(t) = — y g/ptanh (t /pg). Because 


: 1 = 

: . Ssinhx zo gle" =e) 
lim tanhx = lim = lim "aou Em 
X—o00 x—oo cosh x x—oo 5(e* E e-*) 


it follows that in the case of downward motion the body approaches the terminal 
speed 
vel = É (18) 
p 


(as compared with |v.| = g/p in the case of downward motion with linear resistance 
described by Eq. (4)). 


We consider once more a bolt shot straight upward with initial velocity vo = 49 m/s from a 
crossbow at ground level, as in Example 2. But now we assume air resistance proportional to 
the square of the velocity, with p = 0.0011 in Eqs. (12) and (15). In Problems 17 and 18 we 
ask you to verify the entries in the last line of the following table. 


Air Maximum Time Ascent Descent Impact 
Resistance Height (ft) Aloft (s) Time (s) Time (s) Speed (ft/s) 


0.0 122.5 10 5 5 49 
(0.04)v 108.28 9.41 4.56 4.85 43.23 
(0.0011)v 108.47 9.41 4.61 4.80 43.49 
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40 
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Without 
resistance 


resistance 


FIGURE 2.3.2. The height functions 
in Example 1 (without air resistance), 
Example 2 (with linear air resistance), 
and Example 3 (with air resistance 
proportional to the square of the 
velocity) are all plotted. The graphs of 
the latter two are visually 
indistinguishable. 


Example 4 


Solution 


cc» Lander 


Lunar surface 


e Center of moon 


FIGURE 2.3.3. The lunar lander 
descending to the surface of the moon. 


Comparison of the last two lines of data here indicates little difference—for the motion of 
our crossbow bolt—between linear air resistance and air resistance proportional to the square 
of the velocity. And in Fig. 2.3.2, where the corresponding height functions are graphed, the 
difference is hardly visible. However, the difference between linear and nonlinear resistance 
can be significant in more complex situations—such as, for instance, the atmospheric reentry 
and descent of a space vehicle. E 


Variable Gravitational Acceleration 


Unless a projectile in vertical motion remains in the immediate vicinity of the earth's 
surface, the gravitational acceleration acting on it is not constant. According to 
Newton's law of gravitation, the gravitational force of attraction between two point 
masses M and m located at a distance r apart is given by 


u GMm 


> F=- 


l (19) 


where G is a certain empirical constant (G ~ 6.6726 x 107!! N-(m/kg)? in mks 
units). The formula is also valid if either or both of the two masses are homogeneous 
spheres; in this case, the distance r is measured between the centers of the spheres. 

The following example is similar to Example 2 in Section 1.2, but now we 
take account of lunar gravity. 


A lunar lander is free-falling toward the moon, and at an altitude of 53 kilometers above the 
lunar surface its downward velocity is measured at 1477 km/h. Its retrorockets, when fired 
in free space, provide a deceleration of T — 4 m/s?. At what height above the lunar surface 
should the retrorockets be activated to ensure a “soft touchdown" (v = 0 at impact)? 
Let r(t) denote the lander's distance from the center of the moon at time ¢ (Fig. 2.3.3). When 
we combine the (constant) thrust acceleration T and the (negative) lunar acceleration F/m = 
GM Jr? of Eq. (19), we get the (acceleration) differential equation 

d?r GM 

dt? 7 r2 2o) 
where M = 7.35 x 1022 (kg) is the mass of the moon, which has a radius of R = 1.74 x 106 
meters (or 1740 km, a little over a quarter of the earth’s radius). Noting that this second-order 
differential equation does not involve the independent variable t, we substitute 


dr d?r dv dv dr dv 
v= ; = = =v 


dt’ d? dt dr dt dr 


(as in Eq. (36) of Section 1.6) and obtain the first-order equation 


dv GM 
EPEN eee 
E r2 


with the new independent variable r. Integration with respect to r now yields the equation 
M 
7” =Tr + — +C (21) 


that we can apply both before ignition (T = 0 ) and after ignition (T = 4). 
Before ignition: Substitution of T = 0 in (21) gives the equation 


1 M 
PET. en (21a) 
2 r 


where the constant is given by C1 — Ur /2 — GM/ro with 


1477 km xc i006 m - lh 14770 m 
vo = — — = 
1 h km ^ 3600s 36 s 


r 


| Velocity v(t) 


|] 


FIGURE 2.3.4. A mass m at a great 
distance from the earth. 
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and ro = (1.74 x 10°) + 53,000 = 1.793 x 10° m (from the initial velocity-position measure- 
ment). 


After ignition: Substitution of T = 4 and v = 0, r = R (at touchdown) into (21) gives 


1 GM 

Lv? =4r + —— 4 Cy (21b) 
2 r 

where the constant C; = —4R — GM/R is obtained by substituting the values v = 0, r = R 
at touchdown. 


At the instant of ignition the lunar lander's position and velocity satisfy both (21a) 
and (21b). Therefore we can find its desired height // above the lunar surface at ignition by 
equating the right-hand sides in (21a) and (21b). This gives r — (c — C2) = 1.78187 x 
109 and finally h = r — R = 41,870 meters (that is, 41.87 kilometers—just over 26 miles). 


Moreover, substitution of this value of r in (21a) gives the velocity v — —450 m/s at the 
instant of ignition. a 
Escape Velocity 


In his novel From the Earth to the Moon (1865), Jules Verne raised the question 
of the initial velocity necessary for a projectile fired from the surface of the earth 
to reach the moon. Similarly, we can ask what initial velocity vo is necessary for 
the projectile to escape from the earth altogether. This will be so if its velocity 
v = dr/dt remains positive for all t > 0, so it continues forever to move away from 
the earth. With r (t) denoting the projectile's distance from the earth’s center at time 
t (Fig. 2.3.4), we have the equation 


27 me. Q2) 


similar to Eq. (20), but with T = 0 (no thrust) and with M = 5.975 x 10?^ (kg) 
denoting the mass of the earth, which has an equatorial radius of R = 6.378 x 10° 
(m). Substitution of the chain rule expression dv/dt — v(dv/dr) as in Example 4 
gives 

dv GM 


v— = ; 
dr r2 


Then integration of both sides with respect to r yields 


1 GM 
=u = — +C. 
2 
Now v = vo andr = R when ż = 0, so C = $05 — GM/R, and hence solution for 
v? gives 
1 1] 
? = v +2GM| --— ]. 23 

v? = vő + a (23) 
This implicit solution of Eq. (22) determines the projectile’s velocity v as a function 
of its distance r from the earth’s center. In particular, 


2GM 
v > vg = —_, 
R 


so v will remain positive provided that v? 2 2GM/R. Therefore, the escape velocity 


from the earth is given by 
2GM 


vo = Ex (24) 
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In Problem 27 we ask you to show that, if the projectile's initial velocity exceeds 
y 2GM/R, then r(t) — œ as t > œ, so it does, indeed, "escape" from the earth. 
With the given values of G and the earth's mass M and radius R, this gives vo ~ 
11,180 (m/s) (about 36,680 ft/s, about 6.95 mi/s, about 25,000 mi/h). 


Remark Equation (24) gives the escape velocity for any other (spherical) planetary body 
when we use its mass and radius. For instance, when we use the mass M and radius R for the 
moon given in Example 4, we find that escape velocity from the lunar surface is vg ~ 2375 
m/s. This is just over one-fifth of the escape velocity from the earth's surface, a fact that 
greatly facilitates the return trip (“From the Moon to the Earth"). a 


E253 Problems 


1. The acceleration of a Maserati is proportional to the dif- and that 


ference between 250 km/h and the velocity of this sports 
car. If this machine can accelerate from rest to 100 km/h 
in 10 s, how long will it take for the car to accelerate from 
rest to 200 km/h? 

. Suppose that a body moves through a resisting medium 
with resistance proportional to its velocity v, so that 


4vo 


ius (kt vo + 2)? 


2 2 
«0 7 x c/o (1 m 


Conclude that under a 3-power resistance a body coasts 
only a finite distance before coming to a stop. 


dv/dt = —kv. (a) Show that its velocity and position 7. Suppose that a car starts from rest, its engine providing an 
at time f are given by acceleration of 10 ft/s?, while air resistance provides 0.1 
ft/s? of deceleration for each foot per second of the car's 
u(t) = voe ** velocity. (a) Find the car’s maximum possible (limiting) 
velocity. (b) Find how long it takes the car to attain 90% 
and T of its limiting velocity, and how far it travels while doing 
x(t) = xo + (2) (l1—e*). so. 
(b) Conclude that the body travels only a finite distance, 8. Rework both parts of Problem 7, with the sole paren 
aud fnd thatdistance: that me deceleration due to air resistance now is (0.001)v 
. Suppose that a motorboat is moving at 40 ft/s when its fis when the bos Miseni Test per second. . 
motor suddenly quits, and that 10 s later the boat has 9. A motorboat weighs 32,000 Ib and its motor provides a 
slowed to 20 ft/s. Assume, as in Problem 2, that the re- thrust of 5000 Ib. Assume that the water resistance is 100 
sistance it encounters while coasting is proportional to its pounds for each foot per second of the speed v of the boat. 
velocity. How far will the boat coast in all? Then do 
. Consider a body that moves horizontally through a I = 5000 — 100v. 
medium whose resistance is proportional to the square of . . . 
the velocity v, so that dv/dt — deu. Showthàt If the boat starts from rest, what is the maximum velocity 
that it can attain? 
v(t) = vo 10. A woman bails out of an airplane at an altitude of 10,000 
1 + vokt ft, falls freely for 20 s, then opens her parachute. How long 
and that will it take her to reach the ground? Assume linear air re- 
1 sistance pv ft/s”, taking p = 0.15 without the parachute 
x(t) = xo + k In(1 + vokt). and p = 1.5 with the parachute. (Suggestion: First deter- 
Note that, in contrast with the result of Problem 2, x(t) > mine her height above the ground and velocity when the 
+00 as f — +00. Which offers less resistance when the parachute opens.) 
body is moving fairly slowly—the medium in this prob- 11. According to a newspaper account, a paratrooper survived 
lem or the one in Problem 2? Does your answer seem a training jump from 1200 ft when his parachute failed to 
consistent with the observed behaviors of x(t) as t — oo? open but provided some resistance by flapping unopened 
. Assuming resistance proportional to the square of the ve- in the wind. Allegedly he hit the ground at 100 mi/h after 
locity (as in Problem 4), how far does the motorboat of falling for 8 s. Test the accuracy of this account. (Sugges- 
Problem 3 coast in the first minute after its motor quits? tion: Find p in Eq. (4) by assuming a terminal velocity 
. Assume that a body moving with velocity v encounters of 100 mi/h. Then calculate the time required to fall 1200 
resistance of the form dv/dt = —kv3/2. Show that ft.) 
12. Itis proposed to dispose of nuclear wastes—in drums with 


weight W = 640 Ib and volume 8 ft?—by dropping them 
into the ocean (vo = 0). The force equation for a drum 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


falling through water is 


@ __WiBer 

mW L—— + + Ra 
where the buoyant force B is equal to the weight (at 62.5 
lb/ft?) of the volume of water displaced by the drum 
(Archimedes' principle) and Fp is the force of water resis- 
tance, found empirically to be 1 Ib for each foot per second 
of the velocity of a drum. If the drums are likely to burst 
upon an impact of more than 75 ft/s, what is the maximum 
depth to which they can be dropped in the ocean without 
likelihood of bursting? 
Separate variables in Eq. (12) and substitute u = v /p/g 
to obtain the upward-motion velocity function given in 
Eq. (13) with initial condition v(0) = vo. 
Integrate the velocity function in Eq. (13) to obtain the 
upward-motion position function given in Eq. (14) with 
initial condition y(0) — yo. 
Separate variables in Eq. (15) and substitute u = v./p/g 
to obtain the downward-motion velocity function given in 
Eq. (16) with initial condition v(0) = vg. 
Integrate the velocity function in Eq. (16) to obtain the 
downward-motion position function given in Eq. (17) with 
initial condition y(0) — yo. 
Consider the crossbow bolt of Example 3, shot straight 
upward from the ground (y — 0) at time t — 0 with initial 
velocity vg = 49 m/s. Take g = 9.8 m/s? and p = 0.0011 
in Eq. (12). Then use Eqs. (13) and (14) to show that 
the bolt reaches its maximum height of about 108.47 m in 
about 4.61 s. 
Continuing Problem 17, suppose that the bolt is now 
dropped (vo = 0) from a height of yo = 108.47 m. Then 
use Eqs. (16) and (17) to show that it hits the ground about 
4.80 s later with an impact speed of about 43.49 m/s. 
A motorboat starts from rest (initial velocity v(0) = vo = 
0). Its motor provides a constant acceleration of 4 ft/ s2, 
but water resistance causes a deceleration of v? /400 ft/s?. 
Find v when ¢ = 10 s, and also find the limiting velocity 
as t — +00 (that is, the maximum possible speed of the 
boat). 
An arrow is shot straight upward from the ground with 
an initial velocity of 160 ft/s. It experiences both the de- 
celeration of gravity and deceleration v2/800 due to air 
resistance. How high in the air does it go? 
If a ball is projected upward from the ground with initial 
velocity vo and resistance proportional to v?, deduce from 
Eq. (14) that the maximum height it attains is 


1 ve 
Ymax = — In j4 0 : 
2p g 


Suppose that p = 0.075 (in fps units, with g = 32 ft/s) 
in Eq. (15) for a paratrooper falling with parachute open. 
If he jumps from an altitude of 10,000 ft and opens his 
parachute immediately, what will be his terminal speed? 
How long will it take him to reach the ground? 


23. 


24. 


25. 


26. 


27. 


28. 
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Suppose that the paratrooper of Problem 22 falls freely for 
30 s with p = 0.00075 before opening his parachute. How 
long will it now take him to reach the ground? 

The mass of the sun is 329,320 times that of the earth and 
its radius is 109 times the radius of the earth. (a) To what 
radius (in meters) would the earth have to be compressed 
in order for it to become a black hole—the escape velocity 
from its surface equal to the velocity c = 3 x 108 m/s of 
light? (b) Repeat part (a) with the sun in place of the 
earth. 

(a) Show that if a projectile is launched straight upward 
from the surface of the earth with initial velocity vo less 
than escape velocity /2GM/R, then the maximum dis- 
tance from the center of the earth attained by the projectile 
s 2GMR 

2GM — Rvp’ 


where M and R are the mass and radius of the earth, re- 
spectively. (b) With what initial velocity vg must such a 
projectile be launched to yield a maximum altitude of 100 
kilometers above the surface of the earth? (c) Find the 
maximum distance from the center of the earth, expressed 
in terms of earth radii, attained by a projectile launched 
from the surface of the earth with 90% of escape velocity. 


Tmax = 


Suppose that you are stranded—your rocket engine has 
failed—on an asteroid of diameter 3 miles, with density 
equal to that of the earth with radius 3960 miles. If you 
have enough spring in your legs to jump 4 feet straight up 
on earth while wearing your space suit, can you blast off 
from this asteroid using leg power alone? 

(a) Suppose a projectile is launched vertically from the 
surface r = R of the earth with initial velocity vg = 
V2GM/R, so ve = k?/R where k? = 2GM. Solve the 
differential equation dr/dt = k/,/r (from Eq. (23) in 
this section) explicitly to deduce that r(t) — oo as 
t > oo. 


(b) If the projectile is launched vertically with initial ve- 
locity vo > ./2GM/R, deduce that 


dr k2 ane k 
= a $ 
dt r Mr 


Why does it again follow that r(t) — oo as t — oo? 
(a) Suppose that a body is dropped (vo — 0) from a dis- 
tance ro > R from the earth's center, so its acceleration 
is dv/dt = —GM/r?. Ignoring air resistance, show that it 
reaches the height r < ro at time 


ro 2 -1 j* 
i= rr á cos mE š 
dax ( d an DL =) 


(Suggestion: Substitute r = rgcos?@ to evaluate 
f. V r/(ro — r) dr.) (b) If a body is dropped from a height 
of 1000 km above the earth's surface and air resistance 
is neglected, how long does it take to fall and with what 
speed will it strike the earth's surface? 
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29. 


30. 


Suppose that a projectile is fired straight upward from the 
surface of the earth with initial velocity v9 < J/2GMJ/R. 
Then its height y(t) above the surface satisfies the initial 
value problem 

d?y GM 


a Game S9 


Substitute dv/dt — v(dv/dy) and then integrate to obtain 
2GMy 

R(R + y) 

for the velocity v of the projectile at height y. What maxi- 

mum altitude does it reach if its initial velocity is 1 km/s? 


In Jules Verne's original problem, the projectile launched 
from the surface of the earth is attracted by both the earth 


y'(0) = vo. 


22 
v = Ug — 
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and the moon, so its distance r(t) from the center of the 
earth satisfies the initial value problem 


GMm 


dee Tas! Vee Eee 


where Me and Mm denote the masses of the earth and 
the moon, respectively; R is the radius of the earth and 
S = 384,400 km is the distance between the centers of 
the earth and the moon. To reach the moon, the projectile 
must only just pass the point between the moon and earth 
where its net acceleration vanishes. Thereafter it is “under 
the control” of the moon, and falls from there to the lunar 
surface. Find the minimal launch velocity vo that suffices 
for the projectile to make it “From the Earth to the Moon.” 


PEN Ne) eiel Rocket Propulsion 


y I" 


FIGURE 2.3.5. An ascending rocket. 


Suppose that the rocket of Fig. 2.3.5 blasts off straight upward from the surface of 
the earth at time t = 0. We want to calculate its height y and velocity v = dy/dt at 
time t. The rocket is propelled by exhaust gases that exit (rearward) with constant 
speed c (relative to the rocket). Because of the combustion of its fuel, the mass 
m — m(t) of the rocket is variable. 

To derive the equation of motion of the rocket, we use Newton's second law 


in the form PT 
e. cce 1 
di (1) 


where P is momentum (the product of mass and velocity) and F denotes net external 
force (gravity, air resistance, etc.). If the mass m of the rocket is constant so m'(t) = 
0—when its rockets are turned off or burned out, for instance—then Eq. (1) gives 


d(mv) mo T eR dm dv 
= = v =m 


dt dt dt’ 


which (with dv/dt = a) is the more familiar form F = ma of Newton’s second law. 

But here m is not constant. Suppose m changes to m + Am and v to v + Av 
during the short time interval from t to t + At. Then the change in the momentum 
of the rocket itself 1s 


P x (m+ Am)(v + Av) — mv = m Av + v Am + Am Av. 


But the system also includes the exhaust gases expelled during this time interval, 
with mass — Am and approximate velocity v — c. Hence the total change in momen- 
tum during the time interval At is 


AP x (m Av + v Am + Am Av) + (—Am)(v — c) 
m Av + c Am + Am Av. 


Now we divide by At and take the limit as At > 0, so Am — 0, assuming continuity 
of m(t). The substitution of the resulting expression for dP/dt in (1) yields the 
rocket propulsion equation 


m— +c— =F. (2) 


2.3 Acceleration-Velocity Models 103 


If F = Fo + Fr, where Fg = —mg is a constant force of gravity and Fg = —kv is 
a force of air resistance proportional to velocity, then Eq. (2) finally gives 
d d 
mo Een = -mg — kv. (3) 


Constant Thrust 


Now suppose that the rocket fuel is consumed at the constant “burn rate" 6 during 
the time interval [0, tı], during which time the mass of the rocket decreases from m 
to m,. Thus 


m(0) — mo, m(t) =m, 
(4) 
m(t) = mo — Pt, am =-f fort <h, 


with burnout occurring at time ¢ = ti. 


PROBLEM 1 Substitute the expressions in (4) into Eq. (3) to obtain the differential 
equation 


dv 
(mo — Bt) + kv = Be — (mo — og. (5) 
Solve this linear equation for 
t c m 
v(t) = voM*/8 — Ae + (4 + sm) (1 — M*/®), (6) 


where vo = v(0) and 
m(t) | mo-— Bt 


mo mo 
denotes the rocket’s fractional mass at time t. 


No Resistance 


PROBLEM 2 For the case of no air resistance, set k = 0 in Eq. (5) and integrate 


to obtain 
mo 


; 7 
mo — Bt 0) 
Because mo — Bt; = mı, it follows that the velocity of the rocket at burnout (t = t1) 
is 


v(t) = vo — gt + cln 


m 
v4 = v(fj) = vo — gti + cln —. (8) 
mi 


PROBLEM 3 Start with Eq. (7) and integrate to obtain 


1 5 c mo 
—- —— — In ———. 
»(t) = (v + Ot = ze — t (no — Br) n — (9) 
It follows that the rocket's altitude at burnout is 
1 cm m 
yi = y(t) = (vo +O = 78 - tn. (10) 
Bom 


PROBLEM 4 The V-2 rocket that was used to attack London in World War II had 
an initial mass of 12,850 kg, of which 68.596 was fuel. This fuel burned uniformly 
for 70 seconds with an exhaust velocity of 2 km/s. Assume it encounters air resis- 
tance of 1.45 N per m/s of velocity. Then find the velocity and altitude of the V-2 at 
burnout under the assumption that it is launched vertically upward from rest on the 
ground. 
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PROBLEM 5 Actually, our basic differential equation in (3) applies without qual- 
ification only when the rocket is already in motion. However, when a rocket is 
sitting on its launch pad stand and its engines are turned on initially, it is observed 
that a certain time interval passes before the rocket actually "blasts off" and begins 
to ascend. The reason is that if v = 0 in (3), then the resulting initial acceleration 


of the rocket may be negative. But the rocket does not descend into the ground; 
it just "sits there" while (because m is decreasing) this calculated acceleration in- 
creases until it reaches 0 and (thereafter) positive values so the rocket can begin to 
ascend. With the notation introduced to describe the constant-thrust case, show that 
the rocket initially just “sits there" if the exhaust velocity c is less than mog/P, and 
that the time tg which then elapses before actual blastoff is given by 


mog — pc 
Be 


tB = 


Free Space 


Suppose finally that the rocket is accelerating in free space, where there is neither 
gravity nor resistance, so g = k = 0. With g = 0 in Eq. (8) we see that, as the mass 
of the rocket decreases from mo to m, its increase in velocity is 

mo 


Av = vı — vo = cln—. (11) 
mi 


Note that Av depends only on the exhaust gas speed c and the initial-to-final mass 
ratio mo/m,, but does not depend on the burn rate 6. For example, if the rocket 
blasts off from rest (vg = 0) and c = 5 km/s and mg/m, = 20, then its velocity at 
burnout is vı = 51n20 ~ 15 km/s. Thus if a rocket initially consists predominantly 
of fuel, then it can attain velocities significantly greater than the (relative) velocity 
of its exhaust gases. 
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It is the exception rather than the rule when a differential equation of the general 


form 


dy _ 
> ax 4099 


can be solved exactly and explicitly by elementary methods like those discussed in 
Chapter 1. For example, consider the simple equation 


dy _ 
dx —— 


2 


es (1) 


A solution of Eq. (1) is simply an antiderivative of e*^. But it is known that every 
antiderivative of f(x) — e isa nonelementary function—one that cannot be 
expressed as a finite combination of the familiar functions of elementary calculus. 
Hence no particular solution of Eq. (1) is finitely expressible in terms of elementary 
functions. Any attempt to use the symbolic techniques of Chapter 1 to find a simple 
explicit formula for a solution of (1) is therefore doomed to failure. 


(X5. Y2) 


Xo yo) Vp) " 


FIGURE 2.4.1. The first few steps in 
approximating a solution curve. 


Quas Yn) 


Slope 


f On, Yn) hf Gs. Yn) 


Xn, Yn) h o , Yn) 


FIGURE 2.4.2. The step from 
(Xn, Yn) to (Xn+1 > Yn41). 
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As a possible alternative, an old-fashioned computer plotter—one that uses an 
ink pen to draw curves mechanically—can be programmed to draw a solution curve 
that starts at the initial point (xo, yo) and attempts to thread its way through the slope 
field of a given differential equation y’ = f(x, y). The procedure the plotter carries 
out can be described as follows. 


e The plotter pen starts at the initial point (xo, yo) and moves a tiny distance 
along the slope segment though (xo, yo). This takes it to the point (x1, y1). 

e At (x1, y1) the pen changes direction, and now moves a tiny distance along 
the slope segment through this new starting point (x1, y1). This takes it to the 
next starting point (x2, y2). 

e At (x2, y2) the pen changes direction again, and now moves a tiny distance 
along the slope segment through (x2, y2). This takes it to the next starting 
point (xs, ys). 

Figure 2.4.1 illustrates the result of continuing in this fashion—by a sequence 
of discrete straight-line steps from one starting point to the next. In this figure we 
see a polygonal curve consisting of line segments that connect the successive points 
(xo, Yo), (x1, y1), (X2, Y2), (x3. y3), ... However, suppose that each “tiny distance" 
the pen travels along a slope segment— before the midcourse correction that sends 
it along a fresh new slope segment—is so very small that the naked eye cannot 
distinguish the individual line segments constituting the polygonal curve. Then the 
resulting polygonal curve looks like a smooth, continuously turning solution curve 
of the differential equation. Indeed, this is (in essence) how most of the solution 
curves shown in the figures of Chapter 1 were computer generated. 

Leonhard Euler—the great 18th-century mathematician for whom so many 
mathematical concepts, formulas, methods, and results are named—did not have a 
computer plotter, and his idea was to do all this numerically rather than graphically. 
In order to approximate the solution of the initial value problem 


» —— = f(x,y), y(o)- yo. (2) 


we first choose a fixed (horizontal) step size h to use in making each step from 
one point to the next. Suppose we've started at the initial point (xo, yo) and after 
n steps have reached the point (xn, yn). Then the step from (xn, yn) to the next 
point (Xn+1, Yn+1) is illustrated in Fig. 2.4.2. The slope of the direction segment 
through (xn, Yn) is m = f(Xn, Yn). Hence a horizontal change of h from x, to 
X441 corresponds to a vertical change of m -h = h- f (Xn, Yn) from yn to Yn+ı- 
Therefore the coordinates of the new point (Xn+1, Yn+1) are given in terms of the 
old coordinates by 


Xnt1 — Xn +h,  ynai = Yn +h: f (Xn; yn). 


Given the initial value problem in (2), Euler’s method with step size h con- 
sists of starting with the initial point (xo, yo) and applying the formulas 


xı = xo th yı = yo + h- f (xo, yo) 
x2 = xı +h y2 = yı +h: f(x, yy) 
x3 = X2 +h ys = ya + h- f (x2, y2) 
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Example 1 


Solution 


to calculate successive points (x1, y1), (X2, Y2), (x3, ya). ... on an approximate so- 
lution curve. 

However, we ordinarily do not sketch the corresponding polygonal approxi- 
mation. Instead, the numerical result of applying Euler's method is the sequence of 
approximations 

Y1, Y2; Y33 Yn 
to the true values 
yGa). Y2), y G3). . y Ga)... 


at the points x4, x2, X3, ..., Xs. ... Of the exact (though unknown) solution y(x) of 
the initial value problem. These results typically are presented in the form of a table 
of approximate values of the desired solution. 


ALGORITHM The Euler Method 


Given the initial value problem 


d 
2i a = f(x,y), y(xo) yo. (2) 
x 


Euler’s method with step size h consists of applying the iterative formula 


> Yn+1 = Yn +h- f(Xn, Yn) (n= 0) (3) 
to calculate successive approximations yi, y2, ya. ... to the [true] values y(x1), 
y (xa). y (xa). ... of the [exact] solution y = y(x) at the points x1, x2, x3,..., 
respectively. 


The iterative formula in (3) tells us how to make the typical step from y, to 
Yn4.1 and is the heart of Euler's method. Although the most important applications 
of Euler's method are to nonlinear equations, we first illustrate the method with a 
simple initial value problem whose exact solution is available, just for the purpose 
of comparison of approximate and actual solutions. 
Apply Euler's method to approximate the solution of the initial value problem 

D rel» »0)--3 (4) 

gx "op cpi 


(a) first with step size h = 1 on the interval [0, 5], 
(b) then with step size h = 0.2 on the interval [0, 1]. 


(a) With xg = 0, yo = —3, f(x, y) =x + ly, and h = 1 the iterative formula in (3) yields 
the approximate values 

yı = yo +h- [xo + yo] = (73) + (0 + 3(-3)] = -3.6, 

y2 = yi +h- pa  1yi] = 3.6)  (D[1 + 4(-3.6)] = —3.32, 

ys = y2 + h- [x2 + bya] = (73.32) + (D + 1(73.32)] = —1.984, 

y4 = ya +h-[x3 + 1ya] = (71.984) + (1)[3 + $(-1.984)] = 0.6192, and 

ys = ya + h- [xa + 1y4] = (0.6912) + (1)[4 + 1(0.6912)] ~ 4.7430 


at the points x1 1, x2 = 2, x3 3, x4 = 4, and x5 = 5. Note how the result of each 
calculation feeds into the next one. The resulting table of approximate values is 


x 0 1 2 3 4 5 
Approx. y 3 3.6 3.32 1.984 | 0.6912 | 4.7430 


Example 2 
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Figure 2.4.3 shows the graph of this approximation, together with the graphs of the 
Euler approximations obtained with step sizes h = 0.2 and 0.05, as well as the graph of the 
exact solution 

y(x) 2 22e*/5 — 5x —25 


that is readily found using the linear-equation technique of Section 1.5. We see that decreas- 
ing the step size increases the accuracy, but with any single approximation, the accuracy 
decreases with distance from the initial point. 


10 


Exact solution 


FIGURE 2.4.3. Graphs of Euler approximations with step sizes h = 1, 
h = 0.2, andh = 0.05. 


(b) Starting afresh with x9 = 0, yo = —3, f(x,y) = x + ly, and h = 0.2, we get the 
approximate values 

yı = yo +h- [xo + $yo] = (—3) + 0.2)[0 + £(-3)] = —3.12. 

y2 = y th: [x1 + gyi] = (73.12) + (0.2)[0.2 + 1(—3.12)]  —3.205, 

y3 = y2 + h: [x2 + 1y2] e (3.205) + (0.2)[0.4 + 1(—3.205)] ~ —3.253, 

y4 = y3 + h: [x3 + 1ys] ~ (73.253) + (0.2)[0.6 + 1(—3.253)] ~ —3.263, 

ys = ya + h: [xa + 1ya] e (73.263) + (0.2)[0.8 + 1(—3.263)] ~ —3.234 


at the points xı = 0.2, x2 = 0.4, x3 = 0.6, x4 = 0.8, and x5 = 1. The resulting table of 
approximate values is 


x 0 0.2 0.4 0.6 0.8 1 
Approx. y | —3 | —3.12 | —3.205 | —3.253 | —3.263 | —3.234 H 


High accuracy with Euler's method usually requires a very small step size and 
hence a larger number of steps than can reasonably be carried out by hand. The 
application material for this section contains calculator and computer programs for 
automating Euler's method. One of these programs was used to calculate the table 
entries shown in Fig. 2.4.4. We see that 500 Euler steps (with step size h = 0.002) 
from x = 0 to x = 1 yield values that are accurate to within 0.001. 


Suppose the baseball of Example 3 in Section 1.3 is simply dropped (instead of being thrown 
downward) from the helicopter. Then its velocity v(t) after t seconds satisfies the initial value 
problem 

dv 


g 7327016, v(0) = 0. (5) 
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Approx y Approx y Approx y Actual 
x with h = 0.2 with h = 0.02 with h = 0.002 value of y 
0 —3.000 —3.000 —3.000 —3.000 
0.2 —3.120 —3.104 —3.102 —3.102 
0.4 —3.205 —3.172 —3.168 —3.168 
0.6 —3.253 —3.201 —3.196 —3.195 
0.8 —3.263 —3.191 —3.184 —3.183 
1 —3.234 —3.140 —3.130 —3.129 


FIGURE 2.4.4. Euler approximations with step sizes h = 0.2, h = 0.02, and h = 0.002. 


We use Euler's method with h = 1 to track the ball’s increasing velocity at 1-second intervals 
for the first 10 seconds of fall. With tọ = 0, vo = 0, F(t, v) = 32 — 0.16v, and h = 1 the 
iterative formula in (3) yields the approximate values 


vı = vo +h- [32 — 0.1679] = (0) + (1)[32 — 0.16(0)] = 32, 
v2 = vi + h- [32 — 0.16] = (32) + (1)[32 — 0.16(32)] = 58.88, 

v3 = v2 + h - (32 — 0.16v5] = (58.88) + (1)[32 — 0.16(58.88)] ~ 81.46, 

v4 = v3 +h- [32 — 0.16v3] = (81.46) + (1)[32 — 0.16(81.46)] ~ 100.43, and 

vs = v4 + h - [32 — 0.16v4] = (100.43) + (1)[32 — 0.16(100.43)] ~ 116.36. 
Continuing in this fashion, we complete the h = 1 column of v-values shown in the table of 
Fig. 2.4.5—where we have rounded off velocity entries to the nearest foot per second. The 
values corresponding to h = 0.1 were calculated using a computer, and we see that they are 
accurate to within about 1 ft/s. Note also that after 10 seconds the falling ball has attained 


about 80% of its limiting velocity of 200 ft/s. a 
Approx v Approx v Actual 

t with h = 1 with h = 0.1 value of v 
1 32 30 30 

2 59 55 32 

3 81 TI 76 

4 100 95 95 

5 116 111 110 

6 130 124 123 

7 141 135 135 

8 150 145 144 

9 158 153 153 

10 165 160 160 


FIGURE 2.4.5. Euler approximations in Example 2 with step sizes 
h=1andh=0.1. 


Local and Cumulative Errors 


There are several sources of error in Euler’s method that may make the approxima- 
tion y, to y(x,) unreliable for large values of n, those for which x, is not sufficiently 
close to xo. The error in the linear approximation formula 


Y n1) © Yn +h- f(Xn, Yn) = Yn41 (6) 


FIGURE 2.4.6. The local error in 
Euler's method. 
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is the amount by which the tangent line at (xn, yn) departs from the solution curve 
through (xn, yn), as illustrated in Fig. 2.4.6. This error, introduced at each step in 
the process, is called the local error in Euler's method. 

The local error indicated in Fig. 2.4.6 would be the total error in yn+1ı if the 
starting point y, in (6) were an exact value, rather than merely an approximation 
to the actual value y(x,). But y; itself suffers from the accumulated effects of all 
the local errors introduced at the previous steps. Thus the tangent line in Fig. 2.4.6 
is tangent to the “wrong” solution curve—the one through (xn, yn) rather than the 
actual solution curve through the initial point (xo, yo). Figure 2.4.7 illustrates this 
cumulative error in Euler's method; it is the amount by which the polygonal step- 
wise path from (xo, yo) departs from the actual solution curve through (xo, yo). 


Cumulative error 


Exact values 
(X, , Yn) 


(Xo. Yo) 


EN Approximate 
values 


l 
l 
l 
l 
l 
I 
l 
l 
l 
l 
l 
! 
X 
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I 
l 
ji 

0 X Xj X3 Xn x 


FIGURE 2.4.7. The cumulative error in Euler's method. 


The usual way of attempting to reduce the cumulative error in Euler's method 
is to decrease the step size ^. The table in Fig. 2.4.8 shows the results obtained in 
approximating the exact solution y(x) — 2e* — x — 1 of the initial value problem 


d 
D x+y, y(0) 2 1, 
dx 


using the successively smaller step sizes h = 0.1, h = 0.02, h = 0.005, and h = 
0.001. We show computed values only at intervals of Ax = 0.1. For instance, with 
h = 0.001, the computation required 1000 Euler steps, but the value y, is shown 
only when n is a multiple of 100, so that x, is an integral multiple of 0.1. 

By scanning the columns in Fig. 2.4.8 we observe that, for each fixed step 
size h, the error Yactual — Yapprox increases as x gets farther from the starting point 
Xo = 0. But by scanning the rows of the table we see that for each fixed x, the 
error decreases as the step size / is reduced. The percentage errors at the final point 
x = 1 range from 7.25% with h = 0.1 down to only 0.08% with h = 0.001. Thus the 
smaller the step size, the more slowly does the error grow with increasing distance 
from the starting point. 
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y with y with y with y with Actual 
x h = 0.1 h = 0.02 h = 0.005 h = 0.001 y 
0.1 1.1000 1.1082 1.1098 1.1102 1.1103 
0.2 1.2200 1.2380 1.2416 1.2426 1.2428 
0.3 1.3620 1.3917 1.3977 1.3993 1.3997 
0.4 1.5282 1.5719 1.5807 1.5831 1.5836 
0.5 1.7210 1.7812 1.7933 1.7966 1.7974 
0.6 1.9431 2.0227 2.0388 2.0431 2.0442 
0.7 2.1974 2.2998 2.3205 2.3261 2.3275 
0.8 2.4872 2.6161 2.6422 2.6493 2.6511 
0.9 2.8159 2.9757 3.0082 3.0170 3.0192 
1.0 3.1875 3.3832 3.4230 3.4338 3.4366 


FIGURE 2.4.8. Approximating the solution of dy/dx = x + y, y(0) = 1 with successively 
smaller step sizes. 


The column of data for h = 0.1 in Fig. 2.4.8 requires only 10 steps, so Euler's 
method can be carried out with a hand-held calculator. But 50 steps are required to 
reach x = 1 with h = 0.02, 200 steps with h = 0.005, and 1000 steps with h = 0.001. 
A computer is almost always used to implement Euler's method when more than 10 
or 20 steps are required. Once an appropriate computer program has been written, 
one step size is—in principle—just as convenient as another; after all, the computer 
hardly cares how many steps it is asked to carry out. 

Why, then, do we not simply choose an exceedingly small step size (such as 
h = 10772), with the expectation that very great accuracy will result? There are two 
reasons for not doing so. The first is obvious: the time required for the computation. 
For example, the data in Fig. 2.4.8 were obtained using a hand-held calculator that 
carried out nine Euler steps per second. Thus it required slightly over one second 
to approximate y(1) with h = 0.1 and about | min 50 s with h = 0.001. But with 
h = 107? it would require over 3000 years! 

The second reason is more subtle. In addition to the local and cumulative 
errors discussed previously, the computer itself will contribute roundoff error at 
each stage because only finitely many significant digits can be used in each calcu- 
lation. An Euler’s method computation with h = 0.0001 will introduce roundoff 
errors 1000 times as often as one with h = 0.1. Hence with certain differential equa- 
tions, // = 0.1 might actually produce more accurate results than those obtained with 
h — 0.0001, because the cumulative effect of roundoff error in the latter case might 
exceed combined cumulative and roundoff error in the case h = 0.1. 

The "best" choice of / is difficult to determine in practice as well as in theory. 
It depends on the nature of the function f(x, y) in the initial value problem in (2), on 
the exact code in which the program is written, and on the specific computer used. 
With a step size that is too large, the approximations inherent in Euler's method 
may not be sufficiently accurate, whereas if h is too small, then roundoff errors may 
accumulate to an unacceptable degree or the program may require too much time to 
be practical. The subject of error propagation in numerical algorithms is treated in 
numerical analysis courses and textbooks. 

The computations in Fig. 2.4.8 illustrate the common strategy of applying a 
numerical algorithm, such as Euler's method, several times in succession, beginning 
with a selected number n of subintervals for the first application, then doubling n for 
each succeeding application of the method. Visual comparison of successive results 


Example 3 


Example 4 


Example 5 
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often can provide an "intuitive feel" for their accuracy. In the next two examples we 
present graphically the results of successive applications of Euler's method. 


The exact solution of the logistic initial value problem 


er =378-y), yO=! 

is y(x) = 8/(1 + 7e-8*/3). Figure 2.4.9 shows both the exact solution curve and approximate 
solution curves obtained by applying Euler’s method on the interval 0 € x € 5 with n = 5, n = 
10, and n = 20 subintervals. Each of these “curves” actually consists of line segments joining 
successive points (xn, Yn) and (Xn+1, Yn+1). The Euler approximation with 5 subintervals 
is poor, and the approximation with 10 subintervals also overshoots the limiting value y = 8 
of the solution before leveling off, but with 20 subintervals we obtain fairly good qualitative 


agreement with the actual behavior of the solution. a 
12 
10 
8 
an 6 
4 
2 
0 l l l l l l l 
0 1 2 3 4 5 0 5 10 15 
x 
FIGURE 2.4.9. Approximating a logistic FIGURE 2.4.10. Approximating the exact 
solution using Euler’s method with n = 5, solution y = e*?* using Euler's method with 
n — 10, and n — 20 subintervals. 50, 100, 200, and 400 subintervals. 


The exact solution of the initial value problem 


dy = ycosx, y(0)=1 

dx 
is the periodic function y(x) = eï" *, Figure 2.4.10 shows both the exact solution curve and 
approximate solution curves obtained by applying Euler's method on the interval 0 € x < 6x 
with n = 50, n = 100, n = 200, and n = 400 subintervals. Even with this many subintervals, 
Euler's method evidently has considerable difficulty keeping up with the oscillations in the 
actual solution. Consequently, the more accurate methods discussed in succeeding sections 
are needed for serious numerical investigations. a 


A Word of Caution 


The data shown in Fig. 2.4.8 indicate that Euler’s method works well in approximat- 
ing the solution of dy/dx = x + y, y(0) = 1 on the interval [0, 1]. That is, for each 
fixed x it appears that the approximate values approach the actual value of y(x) as 
the step size / is decreased. For instance, the approximate values in the rows corre- 
sponding to x = 0.3 and x = 0.5 suggest that y(0.3) ~ 1.40 and y (0.5) ~ 1.80, in 
accord with the actual values shown in the final column of the table. 

Example 5, in contrast, shows that some initial value problems are not so well 
behaved. 


Use Euler's method to approximate the solution of the initial value problem 


d 
ZY = x24 y?, y(o-1 (7) 
dx 


on the interval [0, 1]. 
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Solution 


Here f(x, y) = x? + y?, so the iterative formula of Euler's method is 
Yn1 = Yn  h (x2 + y2). (8) 
With step size h = 0.1 we obtain 
yy = 14+ (0.1) - [(0)? + (1)?] = 1.1, 
y2 = 1.1 + (0.1) - [(0.1)? + (1.1?] = 1.222, 
y3 = 1.222 + (0.1) - [(0.2)? + (1.222)?] ~ 1.3753, 


and so forth. Rounded to four decimal places, the first ten values obtained in this manner are 


yı = 1.1000 ye = 2.1995 
y2 = 1.2220 y7 = 2.7193 
y3 = 1.3753 yg = 3.5078 
y4 = 1.5735 yg = 4.8023 
ys = 1.8371 yo = 7.1895 


Il 


Il 


But instead of naively accepting these results as accurate approximations, we decided 
to use a computer to repeat the computations with smaller values of h. The table in Fig. 2.4.11 
shows the results obtained with step sizes h = 0.1, h = 0.02, and h = 0.005. Observe that 
now the “stability” of the procedure in Example 1 is missing. Indeed, it seems obvious that 
something is going wrong near x = 1. 

Figure 2.4.12 provides a graphical clue to the difficulty. It shows a slope field for 
dy/dx = x? + y?, together with a solution curve through (0, 1) plotted using one of the 
more accurate approximation methods of the following two sections. It appears that this 
solution curve may have a vertical asymptote near x = 0.97. Indeed, an exact solution using 
Bessel functions (see Problem 16 in Section 8.6) can be used to show that y(x) — +00 as 
x — 0.969811 (approximately). Although Euler’s method gives values (albeit spurious ones) 
at x = 1, the actual solution does not exist on the entire interval [0, 1]. Moreover, Euler’s 
method is unable to “keep up” with the rapid changes in y(x) that occur as x approaches the 


infinite discontinuity near 0.969811. E 
y with y with y with 
x h = 0.1 h = 0.02 h = 0.005 
0.1 1.1000 1.1088 1.1108 
0.2 1.2220 1.2458 1.2512 
0.3 1:3753 1.4243 1.4357 
0.4 1.5735 1.6658 1.6882 
0.5 1.8371 2.0074 2.0512 . 
0.6 2.1995 2.5201 2.6104 Ice E. E 
0.7 2.7193 3.3612 3.5706 m e rus 
0.8 3.5078 4.9601 5.5763 -2 
0.9 4.8023 9.0000 12.2061 sg nee? pep tur op 
1.0 7.1895 30.9167 1502.2090 20 -10 00 10 20 
Bo 
FIGURE 2.4.11. Attempting to approximate the solution of FIGURE 2.4.12. Solution of 
dy/dx = x? + y?, y(0) = 1. dy/dx =x?  y?, y(0) = 1. 


The moral of Example 5 is that there are pitfalls in the numerical solution of 
certain initial value problems. Certainly it's pointless to attempt to approximate a 
solution on an interval where it doesn't even exist (or where it is not unique, in which 
case there's no general way to predict which way the numerical approximations will 
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branch at a point of nonuniqueness). One should never accept as accurate the results 
of applying Euler's method with a single fixed step size h. A second "run" with 
smaller step size (A/2, say, or h/5, or h/10) may give seemingly consistent results, 
thereby suggesting their accuracy, or it may—as in Example 5—reveal the presence 
of some hidden difficulty in the problem. Many problems simply require the more 
accurate and powerful methods that are discussed in the final two sections of this 


chapter. 


Problems 


In Problems 1 through 10, an initial value problem and its ex- 
act solution y(x) are given. Apply Euler's method twice to 
approximate to this solution on the interval (0, 1], first with 
step size h — 0.25, then with step size h — 0.1. Compare the 
three-decimal-place values of the two approximations at x — 1 


with the value y) of the actual solution. 


1. y’ = —y, y(0) = 2; y(x) = 2e7* 

2. y! = 2y, y0) = 4; y(x) = $e?” 

3. y! = y + 1, y(0) = 1; y(x) 22e* — 1 

4. y! =x — y, y0) = 1; y(x) =2e *+x-1 

5. y! =y—x-—l, yO) = 1; y(x) =2+x-—e* 

6. y’ 2 —2xy, y(0) = 2; y(x) = 2e7*? 

7. y! 2 -3x?y, y(0 = 3; y(x) = 3e-* 

8. y =e, y(0) = 6; y(x) = In(x + 1) 

9. y' = (1 y2), y(0) = 1; y(x) = tan 1 (x + z) 
10. y’ = 2xy?, y(0 = 1; y(x) = 


1—x2 


Note: The application following this problem set lists illus- 
trative calculator/computer programs that can be used in the 
remaining problems. 


A programmable calculator or a computer will be useful for 
Problems 11 through 16. In each problem find the exact so- 
lution of the given initial value problem. Then apply Euler’s 
method twice to approximate (to four decimal places) this so- 
lution on the given interval, first with step size h = 0.01, then 
with step size h = 0.005. Make a table showing the approxi- 
mate values and the actual value, together with the percentage 
error in the more accurate approximation, for x an integral 
multiple of 0.2. Throughout, primes denote derivatives with 
respect to x. 


11. =y-2,y0)=10Sx1 
12. y! = 40-1}, yO) =2;0SxS1 
13. yy’ = 2x3, y( 2 31 <x <2 

14. xy 2 y2, (D =1;1 <x <2 

15. xy = 3x — 2y, y2 2 2€ x €3 
16. y?y’ = 2x, y(2) 2 32€ x €3 


yl 
y! 


A computer with a printer is required for Problems 17 through 
24. In these initial value problems, use Euler's method with 
step sizes h — 0.1, 0.02, 0.004, and 0.0008 to approximate to 
four decimal places the values of the solution at ten equally 
spaced points of the given interval. Print the results in tabular 
form with appropriate headings to make it easy to gauge the 
effect of varying the step size h. Throughout, primes denote 
derivatives with respect to x. 


17. y 2x?-3?,»(0 2 0;0z x1 
18. / 232— 2, (00 2 50€ x <2 
19. y =x + /y, v0) =108x 82 
20. / =x + 3/y, y0) =-1;05x 82 
21. y =Iny, y(1) 22;1E x €2 

22, y = x7/3 + y?/5, y(9) = 50S x € 
23. y = sinx + cosy, y(0 20;:0E x € 


24. y = — 3, yl) 2 l-1€x 81 


2 
1 


l+y 

25. You bail out of the helicopter of Example 2 and imme- 

diately pull the ripcord of your parachute. Now k = 1.6 

in Eq. (5), so your downward velocity satisfies the initial 
value problem 


dv 
— = 32-1.6v, 


ED v(0) 20 


(with ¢ in seconds and v in ft/sec). Use Euler's method 
with a programmable calculator or computer to approxi- 
mate the solution for 0 € ¢ € 2, first with step size h = 0.01 
and then with A = 0.005, rounding off approximate v- 
values to one decimal place. What percentage of the lim- 
iting velocity 20 ft/sec has been attained after 1 second? 
After 2 seconds? 


26. Suppose the deer population P (t) in a small forest initially 
numbers 25 and satisfies the logistic equation 


dP 2 
T = 0.0225P — 0.0003 P 


(with ¢ in months). Use Euler's method with a pro- 
grammable calculator or computer to approximate the so- 
lution for 10 years, first with step size h = 1 and then with 
h — 0.5, rounding off approximate P-values to integral 
numbers of deer. What percentage of the limiting popula- 
tion of 75 deer has been attained after 5 years? After 10 
years? 


Use Euler's method with a computer system to find the desired 
solution values in Problems 27 and 28. Start with step size 
h — 0.1, and then use successively smaller step sizes until suc- 
cessive approximate solution values at x — 2 agree rounded 
off to two decimal places. 


27. y = x? y? - 1, y0) = 0; y(2) =? 
28. 2x + 52, (2) 26; y =? 
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29. Consider the initial value problem 30. Apply Euler's method with successively smaller step sizes 
d on the interval [0, 2] to verify empirically that the solution 
7x z +y=0, y(-1)=1. of the initial value problem 
x 
H . d 
(a) Solve this problem for the exact solution = =x? +y, y(0)=0 
ya) =- 1/7 has a vertical asymptote near x = 2.003147. (Contrast this 
which has an infinite discontinuity at x = 0. (b) Ap- with Example 2, i which y(0) = D 
ply Euler’s method with step size h = 0.15 to approximate 31. The general solution of the equation 
this solution on the interval —1 € x < 0.5. Note that, 
from these data alone, you might not suspect any diffi- dy = (1 + y?) cosx 
culty near x = 0. The reason is that the numerical ap- dx 
r. ‘Jumps a the: San. j : pho is y(x) = tan(C + sin x). With the initial condition y(0) = 
solution of 7xy t y= 0 orx > 0. (c) Finally, apply 0 the solution y(x) = tan(sin x) is well behaved. But with 
Euler’s method with step sizes h = 0.03 and h = 0.006, but he solit È 1 . h 
still printing results only at the original points x — —1.00, y (0) = 1 the solution y(x) = tan (ix TUM x) SENS 
—0.85, —0.70, ..., 1.20, 1.35. and 1.50. Would you now tical asymptote at x — sin”! (z/4) z 0.90334. Use Euler's 
suspect a discontinuity in the exact solution? method to verify this fact empirically. 


PÆ WN eje] implementing Euler’s Method 


Construction of a calculator or computer program to implement a numerical algo- 
rithm can sharpen one's understanding of the algorithm. Figure 2.4.13 lists TI-84 
Plus and BASIC programs implementing Euler's method to approximate the solu- 
tion of the initial value problem 


considered in this section. The comments provided in the final column should make 
these programs intelligible even if you have little familiarity with the BASIC and 
TI calculator programming languages. Indeed, the BASIC language is no longer 
widely used for programming computers but is still useful (as in Fig. 2.4.13 and sub- 
sequent ones in this text) for brief description of mathematical algorithms in a trans- 


TI-84 Plus BASIC Comment 
PROGRAM: EULER Program EULER Program title 
:10—N N = 10 Number of steps 
:0—X xX = 0 Initial x 
:1Y Y-21 Initial y 
:1T X1 = 1 Final x 
: (T-X) /N—H H = (X1-X)/N Step size 
:For(I,1,N) FOR I-1 TO N Begin loop 
XY F F-X-Y Function value 
:YTH*F—Y Y = Y + H*F Euler iteration 
:X+H>X X-X-H New x 
:Disp X,Y PRINT X,Y Display results 
: End NEXT I End loop 


FIGURE 2.4.13.  TI-84 Plus and BASIC Euler's method programs. 
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parent form intermediate between English and higher programming languages. (Ap- 
propriately, the name BASIC is an acronym describing the Beginner's All-purpose 
Symbolic Instruction Code introduced in 1963, intially for instructional use at Dart- 
mouth College.) 

To increase the number of steps (and thereby decrease the step size) you need 
only change the value of N specified in the first line of the program. To apply Euler's 
method to a different equation dy/dx — f(x, y), you need change only the single 
line that calculates the function value F. 

Any other procedural programming language (such as FORTRAN or C++) 
would follow the pattern illustrated by the parallel lines of TI-84 Plus and BASIC 
code in Fig. 2.4.13. Some of the modern functional programming languages mirror 
standard mathematical notation even more closely. Figure 2.4.14 shows a MATLAB 
implementation of Euler's method. The euler function takes as input the initial 
value x, the initial value y, the final value x1 of x, and the desired number n of 
subintervals. For instance, the MATLAB command 


[X, Y] = euler(0, 1, 1, 10) 


then generates the x,- and y,-data shown in the first two columns of the table of 
Fig. 2.4.8. 

You should begin this project by implementing Euler's method with your own 
calculator or computer system. Test your program by first applying it to the initial 
value problem in Example 1, then to some of the problems for this section. 


function yp = f(x,y) 
yp = x+y; % yp = y' 


function [X,Y] = euler(x,y,x1,n) 
h = (x1 - x)/n; step size 


o? 


X X; % initial x 
Y= y; % initial y 
for i = 1:n % begin loop 
= y + h*f (x,y); % Euler iteration 
% new X 


i 
Y 
x = x + h; 
X 
Y 


- [X;xl; % update x-column 
= [Y;yl; % update y-column 
end % end loop 


FIGURE 2.4.14. MATLAB implementation of Euler’s method. 


Famous Numbers Investigation 


The following problems describe the numbers e ~ 2.71828, In2 ~ 0.69315, and 
7 7 3.14159 as specific values of solutions of certain initial value problems. In 
each case, apply Euler's method with n = 50, 100, 200, ... subintervals (doubling n 
each time). How many subintervals are needed to obtain—twice in succession—the 
correct value of the target number rounded to three decimal places? 


1. The number e = y(1), where y(x) is the solution of the initial value problem 
dy/dx = y, y(0) = 1. 

2. The number In2 = y (2), where y(x) is the solution of the initial value problem 
dy/dx = 1/x, y(1) = 0. 
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3. The number z — y(1), where y(x) is the solution of the initial value problem 
dy/dx = 4/(1 + x?), y(0) = 0. 


Also explain in each problem what the point is—why the indicated famous 
number is the expected numerical result. 


| 2.5, A Closer Look at the Euler Method 


The Euler method as presented in Section 2.4 is not often used in practice, mainly 
because more accurate methods are available. But Euler’s method has the advantage 
of simplicity, and a careful study of this method yields insights into the workings of 
more accurate methods, because many of the latter are extensions or refinements of 
the Euler method. 

To compare two different methods of numerical approximation, we need some 
way to measure the accuracy of each. Theorem | tells what degree of accuracy we 
can expect when we use Euler’s method. 


THEOREM 1 The Error in the Euler Method 


Suppose that the initial value problem 


= = f(x,y), yo) = Yo ad) 
a 

has a unique solution y(x) on the closed interval [a,b] with a = xo, and assume 
that y(x) has a continuous second derivative on [a, b]. (This would follow from 
the assumption that f, fy, and f, are all continuous for a € x X b and c € 
y S d, where c S y(x) S d for all x in [a,b].) Then there exists a constant 
C such that the following is true: If the approximations y1, y2, y3,..., Yk to the 
actual values y (x1), y (x2), y (xa). .... y (xx) at points of [a, b] are computed using 
Euler’s method with step size h > 0, then 


bn yO = Cr (2) 


(tore eereu yp e- 1.25.3... solea 


Remark The error 


Yactual — Yapprox = y(Xn) — Yn 


in (2) denotes the [cumulative] error in Euler’s method after n steps in the approximation, 
exclusive of roundoff error (as though we were using a perfect machine that made no roundoff 
errors). The theorem can be summarized by saying that the error in Euler's method is of order 
h; that is, the error is bounded by a [predetermined] constant C multiplied by the step size 
h. It follows, for instance, that (on a given closed interval) halving the step size cuts the 
maximum error in half; similarly, with step size 5/10 we get 10 times the accuracy (that is, 
1/10 the maximum error) as with step size h. Consequently, we can—in principle—get any 
degree of accuracy we want by choosing A sufficiently small. a 


We will omit the proof of this theorem, but one can be found in Chapter 7 of 
G. Birkhoff and G.-C. Rota, Ordinary Differential Equations, 4th ed. (New York: 
John Wiley, 1989). The constant C deserves some comment. Because C tends to 
increase as the maximum value of |y” (x)| on [a, b] increases, it follows that C must 
depend in a fairly complicated way on y, and actual computation of a value of C 


Example 1 


Solution 


(x+h,y(x+h)) 


LE 

| 

, : 

/ Predicted 
i y-value 


Solution 
y= yx) 


x x+h x 


FIGURE 2.5.2. True and predicted 
values in Euler’s method. 
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such that the inequality in (2) holds is usually impractical. In practice, the following 
type of procedure is commonly employed. 


1. Apply Euler's method to the initial value problem in (1) with a reasonable 
value of h. 

2. Repeat with 4/2, h/4, and so forth, at each stage halving the step size for the 
next application of Euler's method. 

3. Continue until the results obtained at one stage agree—to an appropriate num- 
ber of significant digits—with those obtained at the previous stage. Then the 
approximate values obtained at this stage are considered likely to be accurate 
to the indicated number of significant digits. 


Carry out this procedure with the initial value problem 


dy 2xy 

ds 7 Ta »(0) —1 (3) 
to approximate accurately the value y(1) of the solution at x — 1. 
Using an Euler method program, perhaps one of those listed in Figs. 2.4.13 and 2.4.14, we 
begin with a step size h = 0.04 requiring n = 25 steps to reach x = 1. The table in Fig. 2.5.1 
shows the approximate values of y(1) obtained with successively smaller values of h. The 
data suggest that the true value of y(1) is exactly 0.5. Indeed, the exact solution of the initial 


value problem in (3) is y(x) = l/(1 + x”), so the true value of y(1) is exactly i. [| 
h Approximate y (1) Actual y (1) |Error|/h 
0.04 0.50451 0.50000 0.11 
0.02 0.50220 0.50000 0.11 
0.01 0.50109 0.50000 0.11 
0.005 0.50054 0.50000 0.11 
0.0025 0.50027 0.50000 0.11 
0.00125 0.50013 0.50000 0.10 
0.000625 0.50007 0.50000 0.11 
0.0003125 0.50003 0.50000 0.10 


FIGURE 2.5.1. Table of values in Example 1. 


The final column of the table in Fig. 2.5.1 displays the ratio of the magnitude 
of the error to h; that is, |Yactual — Yapprox|/h. Observe how the data in this column 
substantiate Theorem 1—in this computation, the error bound in (2) appears to hold 
with a value of C slightly larger than 0.1. 


An Improvement in Euler's Method 


As Fig. 2.5.2 shows, Euler's method is rather unsymmetrical. It uses the predicted 
slope k = f(xn, yn) of the graph of the solution at the left-hand endpoint of the 
interval [x,, x, + h] as if it were the actual slope of the solution over that entire 
interval. We now turn our attention to a way in which increased accuracy can easily 
be obtained; it is known as the improved Euler method. 
Given the initial value problem 
2 = f(x,y), y(%o) = yo. (4) 
x 

suppose that after carrying out n steps with step size h we have computed the ap- 
proximation y; to the actual value y (x4) of the solution at x, = xo + nh. We can 


118 


Chapter 2 Mathematical Models and Numerical Methods 


use the Euler method to obtain a first estimate—which we now call un+1 rather than 
Yn4-1—0f the value of the solution at x,41; = x, + h. Thus 


» Unti = Yn + h- f(Xn; Yn) = yn +h- kj. 


Now that un+1 7 y(x441) has been computed, we can take 


» k2 = f(Xn41,Un41) 


as a second estimate of the slope of the solution curve y = y(x) at x = Xn41. 

Of course, the approximate slope kı = f (Xn, yn) at x = x, has already been 
calculated. Why not average these two slopes to obtain a more accurate estimate of 
the average slope of the solution curve over the entire subinterval [x,,x,+1]? This 
idea is the essence of the improved Euler method. Figure 2.5.3 shows the geometry 
behind this method. 


ALGORITHM The Improved Euler Method 
Given the initial value problem 
dy 


"E S(x,y), y(xo) = yo. 
2.8 


the improved Euler method with step size h consists in applying the iterative 
formulas 


ki = JS 
Unt+1 = Yn t h- Ki, (5) 
k2 = f(Xn41,Un41); 
Yn+1 = Yn +h- 4(kı + k2) 
to compute successive approximations yj. Y2, y3,... to the [true] values y(x1). 
y(X2), y(x3),... of the [exact] solution y = y(x) at the points x1,x2,xs..... 
respectively. 
Remark The final formula in (5) takes the “Euler form” 
Yat =Ynth-k 
if we write 
kı +k2 
ka 
2 
for the approximate average slope on the interval [xn, xn+1]. E] 


The improved Euler method is one of a class of numerical techniques known 
as predictor-corrector methods. First a predictor un+1 of the next y-value is com- 
puted; then it is used to correct itself. Thus the improved Euler method with step 
size h consists of using the predictor 


» Un+1 = Yn +h- f (Xn, yn) (6) 
and the corrector 
» Yn+1 = Yn h- 5 (fn Ya) + Sf n+1,Un+1)] (7) 


iteratively to compute successive approximations y1, Y2, y2,... to the values y(x1), 
y(x2), y (xa), ... of the actual solution of the initial value problem in (4). 


Example 2 
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Slope ky =fOn+1 Uns 


Euler point (x, 4). u, 41) 


Slope 2 (k; + ky) 


Improved Euler point 
(Xp +b Yn+ n) 


Slope ky =f, Yn) 


Il 
Xn Xn+1 Xn+2 x 


FIGURE 2.5.3. The improved Euler method: Average the slopes of the tangent lines at 
(Xn, Yn) and (Xn+1 > Un4-1)- 


Remark Each improved Euler step requires two evaluations of the function f(x, y), as com- 
pared with the single function evaluation required for an ordinary Euler step. We naturally 
wonder whether this doubled computational labor is worth the trouble. 


Answer Under the assumption that the exact solution y = y(x) of the initial value problem 
in (4) has a continuous third derivative, it can be proved—see Chapter 7 of Birkhoff and 
Rota—that the error in the improved Euler method is of order h?. This means that on a given 
bounded interval [a,b], each approximate value y; satisfies the inequality 


» lyQn)— ynl € Ch, (8) 


where the constant C does not depend on h. Because h? is much smaller than h if A itself is 
small, this means that the improved Euler method is more accurate than Euler's method itself. 
This advantage is offset by the fact that about twice as many computations are required. But 
the factor h? in (8) means that halving the step size results in 1/4 the maximum error, and 
with step size h/10 we get 100 times the accuracy (that is, 1/100 the maximum error) as with 
step size A. E 


Figure 2.4.8 shows results of applying Euler’s method to the initial value problem 


d 
Z=x+y »0)-1 (9) 
X 


with exact solution y(x) = 2e* — x — 1. With f(x, y) = x + y in Eqs. (6) and (7), the 
predictor-corrector formulas for the improved Euler method are 


Un+1 = Yn +h: (Xn + yn), 


Yn+1 — Yn the i [tn + Yn) Gaii + un+1)]. 
With step size h = 0.1 we calculate 


uj = 1 + (0.1)- (0 4- 1) 2 1.1, 

yy = 1 + (0.05) - [(0 + 1) + (0.1 + 1.1] = 1.11, 

u2 = 1.11 + (0.1) - (0.1 + 1.11) = 1.231, 

yo = 1.11 + (0.05) - [(0.1 + 1.11) + (0.2 + 1.231)] = 1.24205, 
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Improved 
Euler, 

Approximate Actual 
x y y. 
0.0 1.00000 1.00000 
0.1 1.11034 1.11034 
0.2 1.24280 1.24281 
0.3 1.39971 1.39972 
0.4 1.58364 1.58365 
0.5 1.79744 1.79744 
0.6 2.04423 2.04424 
0.7 2.32749 2.32751 
0.8 2.65107 2.65108 
0.9 3.01919 3.01921 
1.0 3.43654 3.43656 
FIGURE 2.5.5. Improved Euler 


approximation to the solution of Eq. 
(9) with step size h = 0.005. 


Example 3 


and so forth. The table in Fig. 2.5.4 compares the results obtained using the improved Euler 
method with those obtained previously using the “unimproved” Euler method. When the 
same step size h = 0.1 is used, the error in the Euler approximation to y(1) is 7.25%, but the 
error in the improved Euler approximation is only 0.24%. 


Euler Method, Euler Method, Improved Euler, 

h=0.1 h = 0.005 h=0.1 Actual 
x Values of y Values of y Values of y y 
0.1 1.1000 1.1098 1.1100 1.1103 
0.2 1.2200 1.2416 1.2421 1.2428 
0.3 1.3620 1.3977 1.3985 1.3997 
0.4 1.5282 1.5807 1.5818 1.5836 
0.5 1.7210 1.7933 1.7949 1.7974 
0.6 1.9431 2.0388 2.0409 2.0442 
0.7 2.1974 2.3205 2.3231 23215 
0.8 2.4872 2.6422 2.6456 2.6511 
0.9 2.8159 3.0082 3.0124 3.0192 
1.0 3.1875 3.4230 3.4282 3.4366 


FIGURE 2.5.4. Euler and improved Euler approximations to the solution of dy/dx = x + y, 
y(0)=1. 


Indeed, the improved Euler method with h = 0.1 is more accurate (in this example) than 
the original Euler method with h = 0.005. The latter requires 200 evaluations of the function 
f (x, y), but the former requires only 20 such evaluations, so in this case the improved Euler 
method yields greater accuracy with only about one-tenth the work. 

Figure 2.5.5 shows the results obtained when the improved Euler method is applied 
to the initial value problem in (9) using step size h = 0.005. Accuracy of five significant 
figures is apparent in the table. This suggests that, in contrast with the original Euler method, 
the improved Euler method is sufficiently accurate for certain practical applications—such as 
plotting solution curves. E 


An improved Euler program (similar to the ones listed in the project material 
for this section) was used to compute approximations to the exact value y(1) = 0.5 
of the solution y(x) = 1/(1 + x?) of the initial value problem 


dy | 2xy 
dx lx? 


y(0) =1 (3) 


of Example 1. The results obtained by successively halving the step size appear in 
the table in Fig. 2.5.6. Note that the final column of this table impressively cor- 
roborates the form of the error bound in (8), and that each halving of the step size 
reduces the error by a factor of almost exactly 4, as should happen if the error is 
proportional to h?. 

In the following two examples we exhibit graphical results obtained by em- 
ploying this strategy of successively halving the step size, and thus doubling the 
number of subintervals of a fixed interval on which we are approximating a solu- 
tion. 


In Example 3 of Section 2.4 we applied Euler’s method to the logistic initial value problem 


dy 1 
3 3»(8—») yO)=1. 


FIGURE 2.5.7. Approximating a 
logistic solution using the improved 
Euler method with n = 5, n = 10, 
n — 20, and n — 40 subintervals. 


Example 4 
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Improved Euler 


Approximation 
h to y(1) Error |Error|/h? 
0.04 0.500195903 —0.000195903 0.12 
0.02 0.500049494 —0.000049494 0.12 
0.01 0.500012437 —0.000012437 0.12 
0.005 0.500003117 —0.000003117 0.12 
0.0025 0.500000780 —0.000000780 0.12 
0.00125 0.500000195 —0.000000195 0.12 
0.000625 0.500000049 —0.000000049 0.12 
0.0003125 0.500000012 —0.000000012 0.12 


FIGURE 2.5.6. Improved Euler approximation to y(1) for dy/dx = —2xy/(1 + x), 
y(0) = 1. 


Figure 2.4.9 shows an obvious difference between the exact solution y(x) = 8/(1 + 7e- 8x5) 
and the Euler approximation on 0 < x < 5 using n = 20 subintervals. Figure 2.5.7 shows 
approximate solution curves plotted using the improved Euler's method. 

The approximation with five subintervals is still bad—perhaps worse! It appears to 
level off considerably short of the actual limiting population M — 8. You should carry out 
at least the first two improved Euler steps manually to see for yourself how it happens that, 
after increasing appropriately during the first step, the approximate solution decreases in the 
second step rather than continuing to increase (as it should). In the project for this section 
we ask you to show empirically that the improved Euler approximate solution with step size 
h = 1 levels off at y ~ 4.3542. 

In contrast, the approximate solution curve with n = 20 subintervals tracks the exact 
solution curve rather closely, and with n = 40 subintervals the exact and approximate solution 
curves are indistinguishable in Fig. 2.5.7. The table in Fig. 2.5.8 indicates that the improved 
Euler approximation with n = 200 subintervals is accurate rounded to three decimal places 
(that is, four significant digits) on the interval 0 € x < 5. Because discrepancies in the fourth 
significant digit are not visually apparent at the resolution of an ordinary computer screen, 
the improved Euler method (using several hundred subintervals) is considered adequate for 
many graphical purposes. a 


Improved Euler 


x Actual y(x) with n = 200 
0 1.0000 1.0000 
1 5.3822 5.3809 
2 7.7385 7.7379 
3 7.9813 7.9812 
4 7.9987 7.9987 
5 7.9999 7.9999 


FIGURE 2.5.8. Using the improved Euler method to 
approximate the actual solution of the initial value 
problem in Example 3. 


In Example 4 of Section 2.4 we applied Euler’s method to the initial value problem 


dy 
—— = ycosx, y(0)=1. 
dx 
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3 Exact 
| /-n=200 n= 100 


0 5 10 15 
x 


FIGURE 2.5.9. Approximating the 
exact solution y = e*'" X using the 
improved Euler method with n = 50, 
100, and 200 subintervals. 


| 2.5, Problems 


Figure 2.4.10 shows obvious visual differences between the periodic exact solution y(x) = 
eS and the Euler approximations on 0 € x < 6x with as many as n = 400 subintervals. 

Figure 2.5.9 shows the exact solution curve and approximate solution curves plotted 
using the improved Euler method with n = 50, n = 100, and n = 200 subintervals. The 
approximation obtained with n = 200 is indistinguishable from the exact solution curve, and 
the approximation with n = 100 is only barely distinguishable from it. a 

Although Figs. 2.5.7 and 2.5.9 indicate that the improved Euler method can 
provide accuracy that suffices for many graphical purposes, it does not provide the 
higher-precision numerical accuracy that sometimes is needed for more careful in- 
vestigations. For instance, consider again the initial value problem 


dy | 2xy 
dx 14x? 


»(0)—1 


of Example 1. The final column of the table in Fig. 2.5.6 suggests that, if the im- 
proved Euler method is used on the interval 0 € x < 1 with n subintervals and step 
size h = 1/n, then the resulting error E in the final approximation y; ~ y(1) is given 
by 
E = |y(D — yn| ~ (0.12? = 2a 

If so, then 12-place accuracy (for instance) in the value y(1) would require that 
(0.12)n~* < 5 x 107, which means that n = 489,898. Thus, roughly half a million 
steps of length h ~ 0.000002 would be required. Aside from the possible imprac- 
ticality of this many steps (using available computational resources), the roundoff 
error resulting from so many successive steps might well overwhelm the cumula- 
tive error predicted by theory (which assumes exact computations in each separate 
step). Consequently, still more accurate methods than the improved Euler method 
are needed for such high-precision computations. Such a method is presented in 
Section 2.6. 


A hand-held calculator will suffice for Problems 1 through 10, 
where an initial value problem and its exact solution are given. 
Apply the improved Euler method to approximate this solution 
on the interval [0, 0.5] with step size h — 0.1. Construct a table 
showing four-decimal-place values of the approximate solu- 
tion and actual solution at the points x = 0.1, 0.2, 0.3, 0.4, 
0.5. 


!'z-y,y(0) = 2; y(x) = 2e* 


= 
Sed 
Il 


2. y! 22y, yO) = $1yQ) = 3e” 

3. y = y + 1, yO) = 1; y(x) 22e*-1 

4. y! 2x-y,y(0)21;y(x)22e* 4x -1 

5. y 2y-x-1,y(02101;y(x)2 2+x—e% 

6. y' = —2xy, y(0) = 2; y(x) = 26 7 

7. y! = —3x?y, y(0) = 3; y(x) = 3e 

8. y =e”, y(0) = 0; y(x) = In(x + 1) 

9. y' = £(1 + y?), yO) = 1; y(x) = tan F(x + x) 


LÓ 
= 


y= 2xy?, y(0) = 1; yx) = eem 


Note: The application following this problem set lists illustra- 
tive calculator/computer programs that can be used in Prob- 
lems 11 through 24. 


A programmable calculator or a computer will be useful for 
Problems 11 through 16. In each problem find the exact so- 
lution of the given initial value problem. Then apply the im- 
proved Euler method twice to approximate (to five decimal 
places) this solution on the given interval, first with step size 
h — 0.01, then with step size h — 0.005. Make a table showing 
the approximate values and the actual value, together with the 
percentage error in the more accurate approximations, for x 
an integral multiple of 0.2. Throughout, primes denote deriva- 
tives with respect to x. 


1l. / 2y-2, (0 2 0E x £I 

12. y' = i(y-1,y(0 =2;0SxS1 
13. yy’ = 2x3, (D 2 31€ x €2 

14. xy’ =y?,yQ)=1;1<x<2 

15. xy’ = 3x -2y, y2 =3;2 5x33 
16. y?y’ = 2x5, (2) =3;2<x 53 


A computer with a printer is required for Problems 17 through 
24. In these initial value problems, use the improved Euler 
method with step sizes h = 0.1, 0.02, 0.004, and 0.0008 to ap- 
proximate to five decimal places the values of the solution at 


ten equally spaced points of the given interval. Print the results 
in tabular form with appropriate headings to make it easy to 
gauge the effect of varying the step size h. Throughout, primes 
denote derivatives with respect to x. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 
25. 


26. 


y =x? +y’, yO =0;05x €1 

y =x*—-y?, y(0) = 1,05 x $2 

y =x4+/y, v0) =1085x 52 

y =x + 3y, yO) =-1,08x52 
y =Iny, y(1)=2;1 Sx <2 


y! =x? + y? yO = 1;0 
y’ = sinx + cos y, y(0) = 0; 0 

E a x è i 

y faye" H=1,-1Sxs8 


As in Problem 25 of Section 2.4, you bail out of a he- 
licopter and immediately open your parachute, so your 
downward velocity satisfies the initial value problem 

dv 


— = 32— 1.6v, 
dt 3 


(with ¢ in seconds and v in ft/s). Use the improved Euler 
method with a programmable calculator or computer to 
approximate the solution for 0 € ¢ < 2, first with step size 
h = 0.01 and then with h = 0.005, rounding off approx- 
imate v-values to three decimal places. What percentage 
of the limiting velocity 20 ft/s has been attained after 1 
second? After 2 seconds? 

As in Problem 26 of Section 2.4, suppose the deer popu- 
lation P(t) in a small forest initially numbers 25 and sat- 
isfies the logistic equation 


v(0) = 0 


dP 2 
T = 0.0225P — 0.0003 P 


(with t in months). Use the improved Euler method with a 
programmable calculator or computer to approximate the 
solution for 10 years, first with step size h = 1 and then 
with h = 0.5, rounding off approximate P-values to three 
decimal places. What percentage of the limiting popula- 
tion of 75 deer has been attained after 5 years? After 10 
years? 


Use the improved Euler method with a computer system to find 
the desired solution values in Problems 27 and 28. Start with 
step size h — 0.1, and then use successively smaller step sizes 
until successive approximate solution values at x — 2 agree 
rounded off to four decimal places. 


30. 


: yl = x2 ES y? 
.y'2x-i3y2,y(-2 = 0; y(2) =? 
. Consider the crossbow bolt of Example 2 in Section 2.3, 
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1, (0 = 0; y(2) =? 


shot straight upward from the ground with an initial veloc- 
ity of 49 m/s. Because of linear air resistance, its velocity 
function v(t) satisfies the initial value problem 


dv 
— = —(0.04)v — 9.8, 
dt ( Jv 


v(0) = 49 

with exact solution v(t) = 294e—*/25 _ 245. Use a calcu- 
lator or computer implementation of the improved Euler 
method to approximate v(t) for 0 € t < 10 using both 
n — 50 and n — 100 subintervals. Display the results at 
intervals of 1 second. Do the two approximations—each 
rounded to two decimal places—agree both with each 
other and with the exact solution? If the exact solution 
were unavailable, explain how you could use the improved 
Euler method to approximate closely (a) the bolt's time 
of ascent to its apex (given in Section 2.3 as 4.56 s) and 
(b) its impact velocity after 9.41 s in the air. 


Consider now the crossbow bolt of Example 3 in Section 
2.3. It still is shot straight upward from the ground with 
an initial velocity of 49 m/s, but because of air resistance 
proportional to the square of its velocity, its velocity func- 
tion v(t) satisfies the initial value problem 


2? = —(0.0011)v|v| — 9.8, 


0) — 49. 
ES v(0) 


The symbolic solution discussed in Section 2.3 required 
separate investigations of the bolt's ascent and its descent, 
with v(t) given by a tangent function during ascent and 
by a hyperbolic tangent function during descent. But the 
improved Euler method requires no such distinction. Use 
a calculator or computer implementation of the improved 
Euler method to approximate v(t) for 0 < t € 10 using both 
n — 100 and n — 200 subintervals. Display the results at 
intervals of 1 second. Do the two approximations—each 
rounded to two decimal places—agree with each other? If 
an exact solution were unavailable, explain how you could 
use the improved Euler method to approximate closely (a) 
the bolt's time of ascent to its apex (given in Section 2.3 
as 4.61 s) and (b) its impact velocity after 9.41 s in the 
air. 


PÆN eeu Improved Euler Implementation 


Figure 2.5.10 lists TI-84 Plus and BASIC programs implementing the improved 
Euler method to approximate the solution of the initial value problem 


dy 


do T 


»(0)—1 


considered in Example 2 of this section. The comments provided in the final column 
should make these programs intelligible even if you have little familiarity with the 
BASIC and TI programming languages. 
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TI-84 Plus 


BASIC 


Comment 


PROGRAM: IMPEULER 


:10—N 
:0—X 

:1-Y 

:1oT 

: (T-X) /N—H 
:For(I,1,N) 


Program IMPEULER 


DEF FN F(X,Y) 


X 0 
Y-21 
X1 = 1 


H = (X1-X)/N 
FOR I=1 TO N 


Program title 
Define function f 
No. of steps 
Initial x 

Initial y 

Final x 

Step size 

Begin loop 


:Y>Z YO = Y Save previous y 
:XTYoK K1 - FNF(X,Y) First slope 
:ZTH*KY Y = YO + H*K1 Predictor 
:XTHX X-X-H New x 

:X+Y>L K2 = FNF (X,Y) Second slope 

: (K+L) /25K K = (K1 + K2)/2 Average slope 
:Z+H*K—>Y Y = Y0 + H*K Corrector 

:Disp X,Y PRINT X,Y Display results 
:End NEXT I End loop 


FIGURE 2.5.10. TI-84 Plus and BASIC improved Euler programs. 


To apply the improved Euler method to a differential equation dy/dx — 
f (x, y), one need only replace X+Y throughout with the desired expression. To 
increase the number of steps (and thereby decrease the step size) one need only 
change the value of N specified in the second line of the program. 

Figure 2.5.11 exhibits one MATLAB implementation of the improved Euler 
method. The impeuler function takes as input the initial value x, the initial value 
y. the final value x1 of x, and the desired number n of subintervals. As output it 
produces the resulting column vectors X and v of x- and y-values. For instance, the 
MATLAB command 


[X, Y] = impeuler(0, 1, 1, 10) 


then generates the first and fourth columns of data shown in Fig. 2.5.4. 

You should begin this project by implementing the improved Euler method 
with your own calculator or computer system. Test your program by applying it 
first to the initial value problem of Example 1, then to some of the problems for this 
section. 


Famous Numbers Revisited 


The following problems describe the numbers e ~ 2.7182818, In2 ~ 0.6931472, 
and x ~ 3.1415927 as specific values of certain initial value problems. In each case, 
apply the improved Euler method with n = 10, 20, 40, ... subintervals (doubling n 
each time). How many subintervals are needed to obtain—twice in succession—the 
correct value of the target number rounded to five decimal places? 


1. The number e = y(1), where y(x) is the solution of the initial value problem 
dy/dx = y, y(0) = I. 

2. The number In2 = y (2), where y(x) is the solution of the initial value problem 
dy/dx = 1/x, y(1) = 0. 


FIGURE 2.5.12. Solution curves of 
dy/dt = y(1— y) —sin2zt. 
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function yp = f(x,y) 


yp =x tyi % yp = y' 
function [X,Y] = impeuler(x,y,x1,n) 
h = (x1 - x)/n; % step size 
X = x; % initial x 
Y= y; % initial y 
for i = 1:n; % begin loop 
k1 = f(x,y); % first slope 
k2 = £(xth,yth*k1) ; % second slope 
k = (k1 + k2)/2;; % average slope 
x =x + h; % new x 
y = y + h*k; % new y 
X = [X;xl; % update x-column 
Y = [Y;yl; % update y-column 
end % end loop 
FIGURE 2.5.11. MATLAB implementation of improved Euler method. 


3. The number z — y(1), where y(x) is the solution of the initial value problem 
dy/dx = 4/(1 + x2), y(0) = 0. 


Logistic Population Investigation 


Apply your improved Euler program to the initial value problem dy/dx = 1 y(8— y). 
y(0) = 1 of Example 3. In particular, verify (as claimed) that the approximate 
solution with step size h = 1 levels off at y ~ 4.3542 rather than at the limiting 
value y — 8 of the exact solution. Perhaps a table of values for 0 € x € 100 will 
make this apparent. 

For your own logistic population to investigate, consider the initial value prob- 


lem 
dy |] 


zx c Meg. qm 


where m and n are (for instance) the largest and smallest nonzero digits in your 
student ID number. Does the improved Euler approximation with step size h = 1 
level off at the "correct" limiting value of the exact solution? If not, find a smaller 
value of h so that it does. 


Periodic Harvesting and Restocking 


The differential equation 


dy . (2n2t 
di = ky(M = y) —hsin (=) 


models a logistic population that is periodically harvested and restocked with period 
P and maximal harvesting/restocking rate h. A numerical approximation program 
was used to plot the typical solution curves for the case k = M = h = P = I that 
are shown in Fig. 2.5.12. This figure suggests—although it does not prove—the 
existence of a threshold initial population such that 


e Beginning with an initial population above this threshold, the population os- 
cillates (perhaps with period P?) around the (unharvested) stable limiting 
population y(t) = M, whereas 
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e The population dies out if it begins with an initial population below this thresh- 
old. 


Use an appropriate plotting utility to investigate your own logistic population with 
periodic harvesting and restocking (selecting typical values of the parameters k, M, 
h, and P). Do the observations indicated here appear to hold for your population? 


WRF The Runge-Kutta Method 


We now discuss a method for approximating the solution y — y(x) of the initial 
value problem 
dy 
dx LOY) YQ) = yo (1) 
x 
that is considerably more accurate than the improved Euler method and is more 
widely used in practice than any of the numerical methods discussed in Sections 2.4 
and 2.5. Itis called the Runge-Kutta method, after the German mathematicians who 
developed it, Carl Runge (1856-1927) and Wilhelm Kutta (1867-1944). 
With the usual notation, suppose that we have computed the approximations 
V1, Y2, Y3, ---, Yn to the actual values y(x1), y (x2), y (xa). ..., y (Xn) and now want 
to compute yn+1 7 y (X41). Then 


Xn h 


y'G)dx = | y'G) dx (2) 


n 


Xn+1 
y(n) = yn) = | 
Xn 


by the fundamental theorem of calculus. Next, Simpson’s rule for numerical inte- 
gration yields 


h h 
Y(Xn41) — Y Ga) X 5 [ew + 4y’ (» + 3 + n] ; (3) 


Hence we want to define y,+1 so that 


h 


2 


2 ) + ne] ; 0 


h p f h / 
Inti © Yn t c y (Xn) -2y' [xn +=) -2y' (Xn + 


we have split 4y' (x, + ih) into a sum of two terms because we intend to approx- 
imate the slope y' (x, + 4h) at the midpoint x, + 4h of the interval [x,, Xn+1] in 
two different ways. 

On the right-hand side in (4), we replace the [true] slope values y'(x;), 
y' (xn + 3h), y' (xa + 3h), and y'(xn+1), respectively, with the following esti- 
mates. 
» ky = f Ga. yn) (5a) 


e This is the Euler method slope at xy. 


> k2 = f (xs + 4h, yn + lala) (5b) 


e This is an estimate of the slope at the midpoint of the interval [x,, Xn+1] using 
the Euler method to predict the ordinate there. 


5 ks = f (tn + 3h, yn + Lhk;) (5c) 


e This is an improved Euler value for the slope at the midpoint. 


Example 1 
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» k4 = f(Xn41. Yn + hks) (Sd) 


e This is the Euler method slope at x,+41, using the improved slope k3 at the 
midpoint to step to X41. 


When these substitutions are made in (4), the result is the iterative formula 


l 
» Yn+1 = Yn + zki + 2k2 + 2k3 + k4). (6) 


The use of this formula to compute the approximations yi, y2, ya, ... successively 
constitutes the Runge-Kutta method. Note that Eq. (6) takes the “Euler form" 


Ynt+1 = Yn t h- Kk 


if we write i 
k= ge + 2k» + 2k3 + k4) (7) 


for the approximate average slope on the interval [x,, Xn4+1]- 

The Runge-Kutta method is a fourth-order method—it can be proved that the 
cumulative error on a bounded interval [a,b] with a = xo is of order A^. (Thus the 
iteration in (6) is sometimes called the fourth-order Runge-Kutta method because 
it is possible to develop Runge—Kutta methods of other orders.) That is, 


» ly(xn) — Yn| E Chf, (8) 


where the constant C depends on the function f(x, y) and the interval [a, b], but 
does not depend on the step size h. The following example illustrates this high 
accuracy in comparison with the lower-order accuracy of our previous numerical 
methods. 


We first apply the Runge-Kutta method to the illustrative initial value problem 


d 
Y x+y, yO=1 (9) 
dx 
that we considered in Fig. 2.4.8 of Section 2.4 and again in Example 2 of Section 2.5. The 
exact solution of this problem is y(x) = 2e* — x — 1. To make a point we use h = 0.5, a 
larger step size than in any previous example, so only two steps are required to go from x — 0 
to x — 1l. 
In the first step we use the formulas in (5) and (6) to calculate 


ki 2041-21, 

k2 = (0 + 0.25) + (1 + (0.25) - (D) = 1.5, 

k3 = (0 + 0.25) + (1 + (0.25) - (1.5)) = 1.625, 
ka = (0.5) + (1 + (0.5) - (1.625)) = 2.3125, 


and then Tm 
y-21-4 rx +2- (1.5) + 2- (1.625) + 2.3125] ~ 1.7969. 


Similarly, the second step yields y2 ~ 3.4347. 

Figure 2.6.1 presents these results together with the results (from Fig. 2.5.4) of apply- 
ing the improved Euler method with step size h = 0.1. We see that even with the larger step 
size, the Runge-Kutta method gives (for this problem) four to five times the accuracy (in 
terms of relative percentage errors) of the improved Euler method. a 
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Improved Euler Runge-Kutta 
x ywithh —0.1 Percent Error y with h = 0.5 Percent Error Actual y 
0.0 1.0000 0.0096 1.0000 0.0096 1.0000 
0.5 1.7949 0.14% 1.7969 0.03% 1.7974 
1.0 3.4282 0.24% 3.4347 0.05% 3.4366 


FIGURE 2.6.1. Runge-Kutta and improved Euler results for the initial value problem 
dy/dx = x + y, y(0)= 1. 


It is customary to measure the computational labor involved in solving 
dy/dx — f(x, y) numerically by counting the number of evaluations of the function 
f (x, y) that are required. In Example 1, the Runge-Kutta method required eight 
evaluations of f(x, y) = x + y (four at each step), whereas the improved Euler 
method required 20 such evaluations (two for each of 10 steps). Thus the Runge- 
Kutta method gave over four times the accuracy with only 4046 of the labor. 

Computer programs implementing the Runge-Kutta method are listed in the 
project material for this section. Figure 2.6.2 shows the results obtained by apply- 
ing the improved Euler and Runge-Kutta methods to the problem dy/dx = x + y, 
y(0) = 1 with the same step size h = 0.1. The relative error in the improved Euler 
value at x = 1 is about 0.24%, but for the Runge-Kutta value it is 0.00012%. In this 
comparison the Runge-Kutta method is about 2000 times as accurate, but requires 
only twice as many function evaluations, as the improved Euler method. 


X Improved Euler y Runge-Kutta y Actual y 
0.1 1.1100 1.110342 1.110342 
0.2 1.2421 1.242805 1.242806 
0.3 1.3985 1.399717 1.399718 
0.4 1.5818 1.583648 1.583649 
0.5 1.7949 1.797441 1.797443 
0.6 2.0409 2.044236 2.044238 
0.7 2.3231 2.327503 2.327505 
0.8 2.6456 2.651079 2.651082 
0.9 3.0124 3.019203 3.019206 
1.0 3.4282 3.436559 3.436564 


FIGURE 2.6.2. Runge-Kutta and improved Euler results for the initial value problem 
dy/dx = x + y, y(0) = 1, with the same step size h = 0.1. 


The error bound 


ly (Xn) — »»| £ Ch (8) 


for the Runge-Kutta method results in a rapid decrease in the magnitude of errors 
when the step size h is reduced (except for the possibility that very small step sizes 
may result in unacceptable roundoff errors). It follows from the inequality in (8) that 
(on a fixed bounded interval) halving the step size decreases the absolute error by 
a factor of (i = ic. Consequently, the common practice of successively halving 
the step size until the computed results “stabilize” is particularly effective with the 
Runge-Kutta method. 


Example 2 


-2.0 -10 0.0 1.0 2.0 


FIGURE 2.6.3. Solutions of 
dy/dx = x? + y?, y(0) = 1. 
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In Example 5 of Section 2.4 we saw that Euler's method is not adequate to approximate the 
solution y (x) of the initial value problem 


dy 2 
dx ^ 
as x approaches the infinite discontinuity near x = 0.969811 (see Fig. 2.6.3). Now we apply 
the Runge-Kutta method to this initial value problem. 
Figure 2.6.4 shows Runge-Kutta results on the interval [0.0, 0.9], computed with step 
sizes h = 0.1, h = 0.05, and h = 0.025. There is still some difficulty near x = 0.9, but it 
seems safe to conclude from these data that y (0.5) ~ 2.0670. 


+y, y()=1 (10) 


às y with h = 0.1 y with h = 0.05 y with h = 0.025 


0.1 1.1115 1.1115 1.1115 
0.3 1.4397 1.4397 1.4397 
0.5 2.0670 2.0670 2.0670 
0.7 3.6522 3.6529 3.6529 
0.9 14.0218 14.2712 14.3021 


FIGURE 2.6.4. Approximating the solution of the initial value problem in Eq. (10). 


We therefore begin anew and apply the Runge-Kutta method to the initial value prob- 
lem 4 
m =x? +y, (0.5) = 2.0670. (11) 
x 
Figure 2.6.5 shows results on the interval [0.5, 0.9], obtained with step sizes h = 0.01, h = 


0.005, and h = 0.0025. We now conclude that y (0.9) ~ 14.3049. 


x y with h = 0.01 y with h = 0.005 y with h = 0.0025 
0.5 2.0670 2.0670 2.0670 
0.6 2.6440 2.6440 2.6440 
0.7 3.6529 3.6529 3.6529 
0.8 5.8486 5.8486 5.8486 
0.9 14.3048 14.3049 14.3049 


FIGURE 2.6.5. Approximating the solution of the initial value problem in Eq. (11). 


Finally, Fig. 2.6.6 shows results on the interval [0.90, 0.95] for the initial value problem 


dy 


— = x? + y?, y(0.9) = 14.3049, (12) 
dx 
x y with h = 0.002 y with h = 0.001 y with h = 0.0005 

0.90 14.3049 14.3049 14.3049 

0.91 16.7024 16.7024 16.7024 

0.92 20.0617 20.0617 20.0617 

0.93 25.1073 25.1073 25.1073 

0.94 33.5363 33.5363 33.5363 

0.95 50.4722 50.4723 50.4723 


FIGURE 2.6.6. Approximating the solution of the initial value problem in Eq. (12). 
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Example 3 


Solution 


obtained using step sizes h = 0.002, h = 0.001, and h = 0.0005. Our final approximate result 
is y(0.95) ~ 50.4723. The actual value of the solution at x = 0.95 is y (0.95) ~ 50.471867. 
Our slight overestimate results mainly from the fact that the four-place initial value in (12) 
is (in effect) the result of rounding up the actual value y (0.9) ~ 14.304864; such errors are 
magnified considerably as we approach the vertical asymptote. E 


A skydiver with a mass of 60 kg jumps from a helicopter hovering at an initial altitude of 
5 kilometers. Assume that she falls vertically with initial velocity zero and experiences an 
upward force Fg of air resistance given in terms of her velocity v (in meters per second) by 


Fr = (0.0096)(100v + 10v? + v?) 


(in newtons, and with the coordinate axis directed downward so that v > 0 during her descent 
to the ground). If she does not open her parachute, what will be her terminal velocity? How 
fast will she be falling after 5 s have elapsed? After 10 s? After 20 s? 


Newton’s law F = ma gives 


dv | Fo: 
m; = mg — FR; 
that is, 
d 
607 = (60)(9.8) — (0.0096)(100v + 10v? + v3) (13) 
because m = 60 and g = 9.8. Thus the velocity function v(t) satisfies the initial value problem 
d 
E = f(v), w(0)- 0, (14) 
where 
f(v) = 9.8 — (0.00016) (100v + 10v? + v?). (15) 


The skydiver reaches her terminal velocity when the forces of gravity and air resistance 
balance, so f(v) — 0. We can therefore calculate her terminal velocity immediately by solving 
the equation 

f(v) = 9.8 — (0.00016) (100v + 10v? + v?) = 0. (16) 
Figure 2.6.7 shows the graph of the function f(v) and exhibits the single real solution v ~ 
35.5780 (found graphically or by using a calculator or computer Solve procedure). Thus the 
skydiver's terminal speed is approximately 35.578 m/s, about 128 km/h (almost 80 mi/h). 

Figure 2.6.8 shows the results of Runge-Kutta approximations to the solution of the 
initial value problem in (14); the step sizes h = 0.2 and h = 0.1 yield the same results (to 
three decimal places). Observe that the terminal velocity is effectively attained in only 15 s. 
But the skydiver's velocity is 91.85% of her terminal velocity after only 5 s, and 99.78% after 
10 s. i 


t (s) v (m/s) t (s) v (m/s) 


0 0 11 35.541 
1 9.636 12 35.560 
60 — —M 2 18.386 13 35.569 
| 3 25.299 14 35.574 
4 29.949 15 35.576 
| 5 32.678 16 35.577 
6 34.137 17 35.578 
| 7 34.875 18 35.578 
8 35.239 19 35.578 
| 9 35415 20 35.578 
~ 040-20 0 20 40 60 80100 10 35.500 
FIGURE 2.6.7. Graph of f(v) = FIGURE 2.6.8. The skydiver's 


9.8 — (0.00016)(100v + 10v? + v?). velocity data. 


Example 4 


FIGURE 2.6.10. Direction field and 
solution curves for 
dy/dx = 5y —6e *. 


E Problems 


A hand-held calculator will suffice for Problems 1 through 10, 
where an initial value problem and its exact solution are given. 
Apply the Runge—-Kutta method to approximate this solution on 
the interval [0, 0.5] with step size h = 0.25. Construct a table 
showing five-decimal-place values of the approximate solution 
and actual solution at the points x — 0.25 and 0.5. 


Runge-Kutta y 
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x with h = 0.2 with h = 0.1 with h = 0.05 Actual y 
0.4 0.66880 0.67020 0.67031 0.67032 
0.8 0.43713 0.44833 0.44926 0.44933 
1.2 0.21099 0.29376 0.30067 0.30119 
1.6 —0.46019 0.14697 0.19802 0.20190 
2.0 —4.72142 —0.27026 0.10668 0.13534 
2.4 —35.53415 —2.90419 —0.12102 0.09072 
2.8 —261.25023 —22.05352 —1.50367 0.06081 
3.2 —1,916.69395 —163.25077 —11.51868 0.04076 
3.6 —14059.35494 —1205.71249 —85.38156 0.02732 
4.0 —103,126.5270 —8903.12866 —631.03934 0.01832 


FIGURE 2.6.9. Runge-Kutta attempts to solve numerically the initial value problem in Eq. (17). 


The final example of this section contains a warning: For certain types of 
initial value problems, the numerical methods we have discussed are not nearly so 
successful as in the previous examples. 


Consider the seemingly innocuous initial value problem 
»(0) — 1 (7) 


whose exact solution is y(x) = e *. The table in Fig. 2.6.9 shows the results obtained by 
applying the Runge-Kutta method on the interval [0, 4] with step sizes h = 0.2, h = 0.1, and 
h = 0.05. Obviously these attempts are spectacularly unsuccessful. Although y(x) 2e * > 0 
as X — +00, it appears that our numerical approximations are headed toward —oo rather than 
zero. 

The explanation lies in the fact that the general solution of the equation dy/dx = 5y — 
6e~* is 

y(x) = e™ + Ce. (18) 

The particular solution of (17) satisfying the initial condition y (0) = 1 is obtained with C = 0. 
But any departure, however small, from the exact solution y(x) = e *—even if due only to 
roundoff error—introduces [in effect] a nonzero value of C in Eq. (18). And as indicated in 
Fig. 2.6.10, all solution curves of the form in (18) with C ¥ 0 diverge rapidly away from the 
one with C = 0, even if their initial values are close to 1. [| 

Difficulties of the sort illustrated by Example 4 sometimes are unavoidable, 
but one can at least hope to recognize such a problem when it appears. Approxi- 
mate values whose order of magnitude varies with changing step size are a common 
indicator of such instability. These difficulties are discussed in numerical analysis 
textbooks and are the subject of current research in the field. 


y! 2 —y, (0) = 2; y(x) 22e * 

y! = 2y, y0) = 4; y(x) = 4e% 

y =y+1, y0) = 1; y(x) 22e* -1 

y! =x-— y, y0) = 1; y(x) = 2e*% +x -1 
y 

y 


'=y-x-1,y(0)= l; yr) = 24x — e* 
"= —2xy, y(0) = 2; y(x) = 2e 


AwPYN 
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7. y! = -3x?y, yO) = 3; y(x) = 367 
8. y 2 e, y(0) = 0; y(x) = ln(x + 1) 
9. y! = 10 + y?) yO) = 1; y(x) = tan d(x + 7) 
ii. y 2135.35 11309 9 —— 
1-x2 


Note: The application following this problem set lists illus- 
trative calculator/computer programs that can be used in the 
remaining problems. 


A programmable calculator or a computer will be useful for 
Problems 11 through 16. In each problem find the exact solu- 
tion of the given initial value problem. Then apply the Runge— 
Kutta method twice to approximate (to five decimal places) this 
solution on the given interval, first with step size h — 0.2, then 
with step size h — 0.1. Make a table showing the approximate 
values and the actual value, together with the percentage error 
in the more accurate approximation, for x an integral multi- 
ple of 0.2. Throughout, primes denote derivatives with respect 
to x. 


11.  2y-2,y(0 2 0E x1 
12. y'= 1-12, xO 2220€ x 81 
13. yy’ = 2x3, (D 2 31€ x €2 

14. xy’ = y?, y(D 2 18x €2 

15. xy = 3x — 2y, y(2) 23 x 
16. y?y" 2235, y(2) 2 522 x €3 


A computer with a printer is required for Problems 17 through 
24. In these initial value problems, use the Runge-Kutta 
method with step sizes h — 0.2, 0.1, 0.05, and 0.025 to approx- 
imate to six decimal places the values of the solution at five 
equally spaced points of the given interval. Print the results 
in tabular form with appropriate headings to make it easy to 
gauge the effect of varying the step size h. Throughout, primes 
denote derivatives with respect to x. 


17. / =x? + y2,y(00) =0;05xS1 

18. y’ 232— 2, (00 2 50 E x $2 

19. y =x + Jy, y(0) =1,05x 82 

20. y =x + 3/7, yO) =-1,08x £2 

21. y'= lny, y(1)=2;1 Ex €2 

22. y! = x2/5 + y2/3, yO) = 1,05 x €2 

23. y = sinx + cosy, y(0)=0;05 x € I 

24. y'= py i-—iedEex 

25. As in Problem 25 of Section 2.5, you bail out of a he- 
licopter and immediately open your parachute, so your 
downward velocity satisfies the initial value problem 


dY 323216 
— -32-16v, 
dt 


v(0) = 0 


(with ¢ in seconds and v in ft/s). Use the Runge-Kutta 
method with a programmable calculator or computer to 
approximate the solution for 0 € ¢ < 2, first with step size 
h = 0.1 and then with h = 0.05, rounding off approximate 
v-values to three decimal places. What percentage of the 
limiting velocity 20 ft/s has been attained after 1 second? 
After 2 seconds? 


26. As in Problem 26 of Section 2.5, suppose the deer popu- 
lation P(t) in a small forest initially numbers 25 and sat- 
isfies the logistic equation 


dP 2 

— = 0.0225P — 0.0003P 

dt 
(with ¢ in months). Use the Runge-Kutta method with a 
programmable calculator or computer to approximate the 
solution for 10 years, first with step size h = 6 and then 
with h = 3, rounding off approximate P-values to four 
decimal places. What percentage of the limiting popula- 
tion of 75 deer has been attained after 5 years? After 10 
years? 


Use the Runge-Kutta method with a computer system to find 
the desired solution values in Problems 27 and 28. Start with 
step size h — 1, and then use successively smaller step sizes 
until successive approximate solution values at x — 2 agree 
rounded off to five decimal places. 


27. y =x? + y? — 1, y(0) = 0; y(2) =? 
28. y'= x + 4y?, y(—2) = 0; y(2) =? 


Velocity-Acceleration Problems 


In Problems 29 and 30, the linear acceleration a = dv/dt of a 
moving particle is given by a formula dv/dt = f(t, v), where 
the velocity v = dy/dt is the derivative of the function y = y(t) 
giving the position of the particle at time t. Suppose that the 
velocity v(t) is approximated using the Runge-Kutta method 
to solve numerically the initial value problem 


dv 


— = f(t,v), 


Fri v(0) = vo. (19) 


That is, starting with tg = 0 and vo, the formulas in Eqs. (5) 
and (6) are applied—with t and v in place of x and y—to 
calculate the successive approximate velocity values vi, v2, 
U3, ..., Um at the successive times ty, to, t3, ..., tm (with 
tn+1 = tg +h). Now suppose that we also want to approx- 
imate the distance y(t) traveled by the particle. We can do this 
by beginning with the initial position y(0) — yo and calculat- 
ing 

Yn41 = yn + Vnh + lanh? (20) 
(n = 1, 2, 3, ...), where an = f(tn, Vn) 7 v'(tn) is the par- 
ticle's approximate acceleration at time tn. The formula in 
(20) would give the correct increment (from yn to yn+1) if 
the acceleration an remained constant during the time interval 
[tn > tn+1]. 

Thus, once a table of approximate velocities has been 
calculated, Eq. (20) provides a simple way to calculate a table 
of corresponding successive positions. This process is illus- 
trated in the project for this section, by beginning with the ve- 
locity data in Fig. 2.6.8 (Example 3) and proceeding to follow 
the skydiver’s position during her descent to the ground. 


29. Consider again the crossbow bolt of Example 2 in Sec- 
tion 2.3, shot straight upward from the ground with an ini- 
tial velocity of 49 m/s. Because of linear air resistance, 


30. 


its velocity function v — dy/dt satisfies the initial value 
problem 


dv 


dt 


with exact solution v(t) = 294e7!/25 — 245. (a) Use a cal- 
culator or computer implementation of the Runge—Kutta 
method to approximate v(t) for 0 < ¢ € 10 using both 
n = 100 and n = 200 subintervals. Display the results at 
intervals of 1 second. Do the two approximations—each 
rounded to four decimal places—agree both with each 
other and with the exact solution? (b) Now use the veloc- 
ity data from part (a) to approximate y(t) for 0 € t € 10 
using n = 200 subintervals. Display the results at intervals 
of 1 second. Do these approximate position values—each 
rounded to two decimal places—agree with the exact so- 
lution 


= —(0.04)v — 9.8, v(0) = 49 


y(t) = 7350 (1 = g t5) — 24512 


(c) If the exact solution were unavailable, explain how 
you could use the Runge-Kutta method to approximate 
closely the bolt's times of ascent and descent and the max- 
imum height it attains. 

Now consider again the crossbow bolt of Example 3 in 
Section 2.3. It still is shot straight upward from the ground 
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with an initial velocity of 49 m/s, but because of air resis- 
tance proportional to the square of its velocity, its velocity 
function v(t) satisfies the initial value problem 


dv 

4; ^ -(9001))v|v| 9.8, v(0) = 49. 
Beginning with this initial value problem, repeat parts (a) 
through (c) of Problem 25 (except that you may need 
n — 200 subintervals to get four-place accuracy in part 
(a) and n — 400 subintervals for two-place accuracy in 
part (b)). According to the results of Problems 17 and 18 
in Section 2.3, the bolt's velocity and position functions 
during ascent and descent are given by the following for- 
mulas. 


Ascent: 
v(t) = (94.388) tan(0.478837 — [0.103827]t), 
y(t) — 108.465 
+ (909.091) In (cos(0.478837 — [0.103827]0)) ; 


Descent: 
v(t) = —(94.388) tanh(0.103827[t — 4.6119]), 
y(t) = 108.465 
— (909.091) In (cosh(0.103827[t — 4.6119])) . 


PRN. eiit Runge—Kutta Implementation 


Figure 2.6.11 lists TI-Nspire CX CAS and BASIC programs implementing the 
Runge-Kutta method to approximate the solution of the initial value problem 


d 
D'oxey y0-1 
dx 


considered in Example 1 of this section. The comments provided in the final column 
should make these programs intelligible even if you have little familiarity with the 
BASIC and TI programming languages. 

To apply the Runge-Kutta method to a different equation dy/dx = f(x,y), 
one need only change the initial line of the program, in which the function f is 
defined. To increase the number of steps (and thereby decrease the step size), one 
need only change the value of n specified in the second line of the program. 

Figure 2.6.12 exhibits à MATLAB implementation of the Runge-Kutta 
method. Suppose that the function f describing the differential equation y' — 
f (x, y) has been defined. Then the rk function takes as input the initial value x, 
the initial value y, the final value x1 of x, and the desired number n of subintervals. 
As output it produces the resulting column vectors X and Y of x- and y-values. For 
instance, the MATLAB command 


[X, Y] » rk(0, 1, 1, 10) 


then generates the first and third columns of data shown in the table in Fig. 2.6.2. 
You should begin this project by implementing the Runge-Kutta method with 

your own calculator or computer system. Test your program by applying it first to 

the initial value problem in Example 1, then to some of the problems for this section. 
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TI-Nspire CX CAS BASIC Comment 
Define rk()-Prgm Program RK Program title 
f (x,y) :=xty DEF FN F(X,Y) =X ^ Y Define function 
n:=10 N = 10 No. of steps 
x:=0.0 xX = 0 Initial x 
y:=1.0 Y=1 Initial y 
x1:=1.0 X171 Final x 
h:=(x1-x) /n H = (X1-X)/N Step size 
For i,1,n FOR I-1 TO N Begin loop 
x0:=x x0 =X Save previous X 
y0 :=y YO = Y Save previous y 
k1:=£ (x,y) K1 = FNF (X,Y) First slope 
x:=x0+h/2 X = X0 + H/2 Midpoint 
y:=y0+ (h*k1) /2 Y = YO + H*K1/2 Midpt predictor 
k2:=£ (x,y) K2 = FNF (X,Y) Second slope 
y:=y0+ (h*k2) /2 Y = YO + H*K2/2 Midpt predictor 
k3:=£ (x,y) K3 = FNF (X,Y) Third slope 
x:=x0th X = X0 +H New x 
y:=y0th*k3 Y = YO + H*K3 Endpt predictor 
k4:=f (x,y) K4 = FNF (X,Y) Fourth slope 
k:=(k1+2*k2+2*k3+k4) /6 K = (K1+2*K2+2*K3 Average slope 
+K4) /6 
y:=y0th*k Y = YO + H*K Corrector 
Disp x,y PRINT X,Y Display results 
EndFor NEXT I End loop 
EndPrgm 
FIGURE 2.6.11. TI-Nspire CX CAS and BASIC Runge-Kutta programs. 
function yp = f(x,y) 
yp =X tyi % yp = y’ 
function [X,Y] = rk(x,y,x1,n) 
h = (x1 - x)/n; % step size 
X = x; % initial x 
Y= y; % initial y 
for i = 1:n % begin loop 
k1 = f(x,y); % first slope 
k2 = f(x+h/2,y+h*k1/2); % second slope 
k3 = f(x+h/2,y+h*k2/2); % third slope 
k4 = f(x+h,y+h*k3); % fourth slope 
k = (k1+2*k2+2*k3+k4)/6; % average slope 
x =x +h; % new x 
y = y + h*k; % new y 
x = [X;x]; % update x-column 
Y = [¥;y]; % update y-column 
end % end loop 


FIGURE 2.6.12. MATLAB implementation of the Runge-Kutta method. 


t (s) v (m/s) y (m) 
0 0 0 
2 18.386 18.984 
4 29.949 68.825 
6 34.137 133.763 
8 35.239 203.392 
10 35.500 274.192 
12 35.560 345.266 
14 35.574 416.403 
16 35.577 487.555 
18 35.578 558.710 
20 35.578 629.866 


FIGURE 2.6.13. The skydiver's 


velocity and position data. 
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Famous Numbers Revisited, One Last Time 
The following problems describe the numbers 


e ~ 2.71828182846, In2 ~ 0.69314718056, and m ~ 3.14159265359 


as specific values of certain initial value problems. In each case, apply the Runge- 
Kutta method with n = 10, 20, 40, ... subintervals (doubling n each time). How 
many subintervals are needed to obtain—twice in succession—the correct value of 
the target number rounded to nine decimal places? 


1. The number e = y(1), where y(x) is the solution of the initial value problem 
dy/dx = y, y(0) = 1. 

2. The number In2 = y (2), where y(x) is the solution of the initial value problem 
dy/dx = 1/x, y(1) = 0. 

3. The number z — y(1), where y(x) is the solution of the initial value problem 
dy/dx = 4/(1 + x”), y(0) = 0. 


The Skydiver’s Descent 


The following MATLAB function describes the skydiver’s acceleration function in 
Example 3. 


function vp = £(t,v) 
vp = 9.8 - 0.00016*(100*v + 10*vA2 + v^3); 


Then the commands 


k = 200 200 subintervals 
[t,v] = rk(0, 0, 20, k); Runge-Kutta approximation 
[t(1:10:k+1); v(1:10:k+1)] % Display every 10th entry 


o? 


o? 


produce the table of approximate velocities shown in Fig. 2.6.8. Finally, the com- 
mands 


y = zeros(k+1,1): % initialize y 

h = 0.1; % step size 

for n = 1:k % for n = 1 tok 
a = £(t(n),v(n)): % acceleration 
y(n+1) = y(n) + v(n)*h + 0.5*axh^2; % Equation (20) 

end % end loop 


[t(1:20:k+1) ,v(1:20:k*1) , y (1:20:k*1)] % each 20th entry 


carry out the position function calculations described in Eq. (20) in the instruc- 
tions for Problems 29 and 30. The results of these calculations are shown in 
the table in Fig. 2.6.13. It appears that the skydiver falls 629.866 m during her 
first 20 s of descent, and then free falls the remaining 4370.134 meters to the 
ground at her terminal speed of 35.578 m/s. Hence her total time of descent is 
20 + (4370.134/35.578) ~ 142.833 s, or about 2 min 23 s. 

For an individual problem to solve after implementing these methods using 
an available computer system, analyze your own skydive (perhaps from a different 
height), using your own mass m and a plausible air-resistance force of the form 
Fg = av + bv? + cv?. 


Linear Equations 


of Higher Order 


BEN] Introduction: Second-Order Linear Equations 
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E Chapters 1 and 2 we investigated first-order differential equations. We now turn 
to equations of higher order n Z 2, beginning in this chapter with equations that 
are linear. The general theory of linear differential equations parallels the second- 
order case (n — 2), which we outline in this initial section. 

Recall that a second-order differential equation in the (unknown) function 
y (x) is one of the form 


G(x, y, y', y^) — 0. (1) 


This differential equation is said to be linear provided that G is linear in the depen- 
dent variable y and its derivatives y' and y". Thus a linear second-order equation 
takes (or can be written in) the form 


» A(x)y" + B(x)y' + C(x)y = F(x). (2) 
Unless otherwise noted, we will always assume that the (known) coefficient func- 
tions A(x), B(x), C(x), and F(x) are continuous on some open interval / (perhaps 


unbounded) on which we wish to solve this differential equation, but we do not 
require that they be linear functions of x. Thus the differential equation 


e* y" + (cosx)y’ +(1+ /x)y = tan! x 


is linear because the dependent variable y and its derivatives y' and y" appear lin- 
early. By contrast, the equations 


n 


y'-2 yy and y”+3(y’)?+4y? =0 


are not linear because products and powers of y or its derivatives appear. 


Spring Mass  Dashpot 


Pe 


x(t) 
x=0 x>0 
Equilibrium 
position 


FIGURE 3.1.1. A mass-spring- 
dashpot system. 


FIGURE 3.1.2. Directions of the 
forces acting on m. 
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If the function F(x) on the right-hand side of Eq. (2) vanishes identically on 
I, then we call Eq. (2) a homogeneous linear equation; otherwise, it is nonhomo- 
geneous. For example, the second-order equation 

x2 y" + 2xy! + 3y = cos x 
is nonhomogeneous; its associated homogeneous equation is 
x*y" + Ixy’ + 3y =0. 

In general, the homogeneous linear equation associated with Eq. (2) is 
> A(x)y" + B(x)y’ + C(x)y = 0. (3) 


In case the differential equation in (2) models a physical system, the nonhomoge- 
neous term F(x) frequently corresponds to some external influence on the system. 
Remark Note that the meaning of the term “homogeneous” for a second-order linear differ- 
ential equation is quite different from its meaning for a first-order differential equation (as in 
Section 1.6). Of course, it is not unusual—either in mathematics or in the English language 
more generally—for the same word to have different meanings in different contexts. 


A Typical Application 

Linear differential equations frequently appear as mathematical models of mechan- 
ical systems and electrical circuits. For example, suppose that a mass m is attached 
both to a spring that exerts on it a force Fs and to a dashpot (shock absorber) that 
exerts a force Fg on the mass (Fig. 3.1.1). Assume that the restoring force Fs of 
the spring is proportional to the displacement x of the mass from its equilibrium 
position and acts opposite to the direction of displacement. Then 


Fs — —kx (with k > 0) 


so Fs « 0 if x > 0 (spring stretched) while Fs > 0 if x < 0 (spring compressed). 
We assume that the dashpot force Fg is proportional to the velocity v = dx/dt of 
the mass and acts opposite to the direction of motion. Then 


FrR=-cv= e (with c > 0), 


so Fg < O0 if v > 0 (motion to the right) while Fg > 0 if v < 0 (motion to the left). 
If Fr and Fs are the only forces acting on the mass m and its resulting accel- 
eration is a — dv/dt, then Newton's law F — ma gives 


mx" = Fy + Fr: (4) 
that is, 
d?x dx 


Thus we have a differential equation satisfied by the position function x(t) of the 
mass m. This homogeneous second-order linear equation governs the free vibrations 
of the mass; we will return to this problem in detail in Section 3.4. 

If, in addition to Fs and Fg, the mass m is acted on by an external force 
F(t)—which must then be added to the right-hand side in Eq. (4)—the resulting 
equation is 


d 
» Mg Fe, tsm. (6) 


This nonhomogeneous linear differential equation governs the forced vibrations of 
the mass under the influence of the external force F(t). 
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Example 1 


Homogeneous Second-Order Linear Equations 


Consider the general second-order linear equation 
A(x)y" + Bx)y’ + C(x)y = F(x), (7) 


where the coefficient functions A, B, C, and F are continuous on the open interval 
I. Here we assume in addition that A(x) # 0 at each point of J, so we can divide 
each term in Eq. (7) by A(x) and write it in the form 


» y" + p(x)y' + qG)y = f(x). (8) 
We will discuss first the associated homogeneous equation 
> y" + p(x)y' + q(x)y = 0. (9) 


A particularly useful property of this homogeneous linear equation is the fact that the 
sum of any two solutions of Eq. (9) is again a solution, as is any constant multiple 
of a solution. This is the central idea of the following theorem. 


THEOREM 1 Principle of Superposition for Homogeneous 
Equations 


Let yı and y2 be two solutions of the homogeneous linear equation in (9) on the 
interval 7. If cı and c2 are constants, then the linear combination 


Y=Ciyi + C2y2 (10) 


is also a solution of Eq. (9) on 7. 


Proof: The conclusion follows almost immediately from the linearity of the 
operation of differentiation, which gives 


t 


y = cyi +c2y} and y” = cy, + c2y3. 
Then 


y” + py' + qy = (cy1 + e2y2)"  p(eiyi + c2y2) + q(c1y1  e2y2) 
(ciyy + c2y5) + pGiyi 235) + q(c1y1  e2y2) 
= a( + pyi qyi) + e203 + py, + q2) 

c1:0 09-020 


because y; and y2 are solutions. Thus y = c1y1 + c2ya is also a solution. A 


We can see by inspection that 
yi(x) =cosx and yo2(x) = sinx 


are two solutions of the equation 
y’+y=0. 


Theorem | tells us that any linear combination of these solutions, such as 


y(x) = 3y1(x) — 2y2(x) = 3cosx —2sinx, 
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is also a solution. We will see later that, conversely, every solution of y" + y = 0 isa 
linear combination of these two particular solutions yı and y2. Thus a general solution of 
y" + y = Ois given by 

y(x) = cı cos x + c2 Sin x. 
It is important to understand that this single formula for the general solution encompasses 
a “twofold infinity" of particular solutions, because the two coefficients cı and cz can be 
selected independently. Figures 3.1.3 through 3.1.5 illustrate some of the possibilities, with 


either cy or c2 set equal to zero, or with both nonzero. [| 
8 T 8 T 10 T T 
=5 4,25 y-26cosx-2sinx 
6 ae 5 6 Ps "| ; "EFL dE 
4 4 a 
4 I- 
2 2 - 2 
20 a 0 a 0 l 
=% 2 -2 
-4 4 4 i | 
WS E | ; = cos x — 2 sin x 
6 c2-5 7 6 c52-5 7 -8 Y= CS] 
l zi l l l 
-T 0 T 2n Bn 0 T 2n D 0 T 2n 3n 
x x x 
FIGURE 3.1.3. Solutions FIGURE 3.1.4. Solutions FIGURE 3.1.5. Solutions of 
y(x) = cı cosx of y” +y — 0. y(x) =cosinx of y" + y = 0. y" + y = 0 with cy and c2 both 


nonzero. 


Earlier in this section we gave the linear equation mx" + cx' 4- kx = F(t) as 
a mathematical model of the motion of the mass shown in Fig. 3.1.1. Physical con- 
siderations suggest that the motion of the mass should be determined by its initial 
position and initial velocity. Hence, given any preassigned values of x (0) and x'(0), 
Eq. (6) ought to have a unique solution satisfying these initial conditions. More 
generally, in order to be a “good” mathematical model of a deterministic physical 
situation, a differential equation must have unique solutions satisfying any appro- 
priate initial conditions. The following existence and uniqueness theorem (proved 
in the Appendix) gives us this assurance for the general second-order equation. 


THEOREM 2 Existence and Uniqueness for Linear Equations 


Suppose that the functions p, q, and f are continuous on the open interval 7 
containing the point a. Then, given any two numbers bo and b, the equation 


y" + p(x)y' +. qG)y = f(x) (8) 


has a unique (that is, one and only one) solution on the entire interval Z that 
satisfies the initial conditions 


y(a) —- bo, y'(a)- bı. (11) 


Remark 1 Equation (8) and the conditions in (11) constitute a second-order linear initial 
value problem. Theorem 2 tells us that any such initial value problem has a unique solution 
on the whole interval J where the coefficient functions in (8) are continuous. Recall from 
Section 1.3 that a nonlinear differential equation generally has a unique solution on only a 
smaller interval. 


Remark 2 Whereas a first-order differential equation dy/dx = F(x, y) generally admits 
only a single solution curve y — y(x) passing through a given initial point (a, b), Theorem 
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Example 1 


Continued 


2 implies that the second-order equation in (8) has infinitely many solution curves pass- 
ing through the point (a, b9)—namely, one for each (real number) value of the initial slope 
y'(a) = by. That is, instead of there being only one line through (a, bo) tangent to a solu- 
tion curve, every nonvertical straight line through (a, bo) is tangent to some solution curve of 
Eq. (8). Figure 3.1.6 shows a number of solution curves of the equation y" + 3y' + 2y = 0 
all having the same initial value y(0) — 1, while Fig. 3.1.7 shows a number of solution curves 
all having the same initial slope y'(0) = 1. The application at the end of this section suggests 
how to construct such families of solution curves for a given homogeneous second-order 
linear differential equation. " 


Ps 

FIGURE 3.1.6. Solutions of FIGURE 3.1.7. Solutions of 

y" + 3y' + 2y = 0 with the same y" + 3y’ + 2y = 0 with the same 
initial value y(0) = 1 but different initial slope y’(0) = 1 but different 
initial slopes. initial values. 


We saw in the first part of Example 1 that y(x) = 3 cos x — 2 sin x is a solution (on the entire 
real line) of y" + y = 0. It has the initial values y(0) = 3, y'(0) = —2. Theorem 2 tells us 
that this is the only solution with these initial values. More generally, the solution 


y(x) = bo cos x + b, sin x 
satisfies the arbitrary initial conditions y(0) = bo, y’(0) = b1; this illustrates the existence of 
such a solution, also as guaranteed by Theorem 2. E] 


Example 1 suggests how, given a homogeneous second-order linear equation, 
we might actually find the solution y(x) whose existence is assured by Theorem 2. 
First, we find two “essentially different" solutions yı and y2; second, we attempt to 
impose on the general solution 


y-—ouy + C2y2 (12) 


the initial conditions y(a) = bo, y'(a) = bı. That is, we attempt to solve the simul- 
taneous equations 


c1y1(a) + c2y2(a) = bo, 


13 
c1yj(a) + e2y5(a) = bı (13) 


for the coefficients cı and c2. 
Verify that the functions 

yi(x) 2e* and yoQ) = xe” 
are solutions of the differential equation 


y" - 2y! 4 y =0, 


and then find a solution satisfying the initial conditions y(0) = 3, y'(0) = 1. 


Solution 


105 -1 0 1 2 


FIGURE 3.1.8. Different solutions 
y(x) = 3e* + coxe* of 

y" — 2y' + y = 0 with the same 
initial value y (0) = 3. 


Example 3 
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The verification is routine; we omit it. We impose the given initial conditions on the general 
solution 
y(x) = c1e* + caxe*, 
for which 
»'(x) = (c1 + ca)e* + caxe?, 


to obtain the simultaneous equations 


y0) =c1 = 3, 

y'(0 —c 462 — 1. 
The resulting solution is c; = 3, c? = —2. Hence the solution of the original initial value 
problem is 


y(x) = 3e* — 2xe*. 


Figure 3.1.8 shows several additional solutions of y" — 2y' + y = 0, all having the same 
initial value y(0) = 3. [| 
In order for the procedure of Example 2 to succeed, the two solutions y; and 
y» must have the elusive property that the equations in (13) can always be solved for 
cı and c2, no matter what the initial conditions hg and bı might be. The following 
definition tells precisely how different the two functions y; and y2 must be. 


DEFINITION Linear Independence of Two Functions 


Two functions defined on an open interval / are said to be linearly independent 
on 7 provided that neither is a constant multiple of the other. 


Two functions are said to be linearly dependent on an open interval provided 
that they are not linearly independent there; that is, one of them is a constant multi- 
ple of the other. We can always determine whether two given functions f and g are 
linearly dependent on an interval 7 by noting at a glance whether either of the two 
quotients f/g or g/f is a constant-valued function on 7. 


Thus it is clear that the following pairs of functions are linearly independent on the entire real 
line: 
sinx and cosx; 


e* and e 
e* and xe*; 
x+1 and x^; 
x and |x|. 

That is, neither sin x/cosx = tan x nor cos x/sinx = cotx is a constant-valued function; 
neither e*/e-2* = e3* nor e~?*/e* is a constant-valued function; and so forth. But the 
identically zero function f(x) = 0 and any other function g are linearly dependent on every 

interval, because 0 - g(x) = 0 = f(x). Also, the functions 


f(x) =sin2x and = g(x) = sinx cosx 


are linearly dependent on any interval because f(x) = 2g(x) is the familiar trigonometric 
identity sin2x = 2 sin x cos x. a 


General Solutions 


But does the homogeneous equation y" + py’ + gy = 0 always have two linearly 
independent solutions? Theorem 2 says yes! We need only choose yı and y» so that 


yi(a) 2 1, y,@=0 and yo(a)=0, y5(a) =1. 
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It is then impossible that either y; = ky2 or y? = ky, because k - 0 Z 1 for any 
constant k. Theorem 2 tells us that two such linearly independent solutions exist; 
actually finding them is a crucial matter that we will discuss briefly at the end of 
this section, and in greater detail beginning in Section 3.3. 

We want to show, finally, that given any two linearly independent solutions y; 
and y» of the homogeneous equation 


y" (x) + p(x) E) + a()y (x) = 0, (9) 


every solution y of Eq. (9) can be expressed as a linear combination 


y=cyit+c2y2 (12) 


of y, and y2. This means that the function in (12) is a general solution of Eq. (9)—it 
provides all possible solutions of the differential equation. 

As suggested by the equations in (13), the determination of the constants cı 
and c2 in (12) depends on a certain 2 x 2 determinant of values of yı, y2, and 
their derivatives. Given two functions f and g, the Wronskian of f and g is the 
determinant 


f 8 
g^ e 
We write either W( f, g) or W(x), depending on whether we wish to emphasize the 
two functions or the point x at which the Wronskian is to be evaluated. For example, 


> r= = fg'— f'g. 


cosx sinx 


: = cos? x + sin? x = 1 
—sinx cosx 


W(cos x, sin x) = | 


and 
x xe* 


e 
W(e*,xe*) — 
( ) e* e* + xe* 


These are examples of linearly independent pairs of solutions of differential equa- 
tions (see Examples 1 and 2). Note that in both cases the Wronskian is everywhere 
nonzero. 

On the other hand, if the functions f and g are linearly dependent, with f = 
kg (for example), then 


wife) =| fe g 


beh ur kgg' —kg'g = 0. 


Thus the Wronskian of two linearly dependent functions is identically zero. In 
Section 3.2 we will prove that, if the two functions yı and y» are solutions of a 
homogeneous second-order linear equation, then the strong converse stated in part 
(b) of Theorem 3 holds. 


THEOREM 3 Wronskians of Solutions 
Suppose that y, and y2 are two solutions of the homogeneous second-order linear 
equation (Eq. (9)) 
y" + p(x)y’ * q(x)y =0 
on an open interval / on which p and q are continuous. 
(a) If y, and y» are linearly dependent, then W(y1, y2) = 0 on J. 
(b) If y, and y» are linearly independent, then W(y1, y2) 4 0 at each point of 7. 


Example 4 
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Thus, given two solutions of Eq. (9), there are just two possibilities: The 
Wronskian W is identically zero if the solutions are linearly dependent; the Wron- 
skian is never zero if the solutions are linearly independent. The latter fact is what 
we need to show that y = c1y1 + c2y2 is the general solution of Eq. (9) if y, and y2 
are linearly independent solutions. 


THEOREM 4 General Solutions of Homogeneous Equations 


Let y; and y? be two linearly independent solutions of the homogeneous equation 
(Eq. (9) 

y" + pG)y' * qG)y 20 
with p and q continuous on the open interval 7. If Y is any solution whatsoever 
of Eq. (9) on J, then there exist numbers c, and cz such that 


Y(x) = c1y1(x) + e2y2(x) 


for all x in 7. 


In essence, Theorem 4 tells us that when we have found two linearly inde- 
pendent solutions of the second-order homogeneous equation in (9), then we have 
found all of its solutions. We therefore call the linear combination Y = c; y; + c2y2 
a general solution of the differential equation. 


Proof of Theorem 4: Choose a point a of I, and consider the simultaneous 
equations 


c1y1(a) + c2y2(4) = Y(a), 


/ / / (14) 
c1y1(a) + c2y2(a) = Y (a). 


The determinant of the coefficients in this system of linear equations in the un- 
knowns c; and c2 is simply the Wronskian W(y1, y2) evaluated at x = a. By The- 
orem 3, this determinant is nonzero, so by elementary algebra it follows that the 
equations in (14) can be solved for c, and c2. With these values of cı and c2, we 
define the solution 


G(x) = e1y1(x) + ezy2(x) 

of Eq. (9); then 

G(a) = c1y1 (a) + c2y2(a) = Y(a) 
and 

G'(a) = eciy3(a) + e2y5(a) = Y'(a). 
Thus the two solutions Y and G have the same initial values at a; likewise, so do Y" 
and G’. By the uniqueness of a solution determined by such initial values (Theorem 
2), it follows that Y and G agree on 7. Thus we see that 

Y(x) = G(x) = eiy1(x) + e2y2(x). 


as desired. A 
If y1 (x) = e?* and y2(x) = e 2%, then 


yf = (Qe =4e* =4y, and yh = (—2)(-2)e ?* = 4e?* = Ayn. 
Therefore, yı and y2 are linearly independent solutions of 


y"! — 4y 2 0. (15) 
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But y3(x) = cosh 2x and y4(x) = sinh 2x are also solutions of Eq. (15), because 


d? d 
DZ (cosh 2x) = rm (2sinh 2x) = 4cosh2x 
X x 


and, similarly, (sinh 2x)" = 4 sinh 2x. It therefore follows from Theorem 4 that the functions 
cosh 2x and sinh 2x can be expressed as linear combinations of y1(x) = e?* and y2(x) = 
e ?*. Of course, this is no surprise, because 


cosh2x — lg 4 le ?* and  sinh2x = be?’ — 1e ?* 


by the definitions of the hyperbolic cosine and hyperbolic sine. m 


Remark Because e?*, e~?* and cosh x, sinh x are two different pairs of linearly indepen- 
dent solutions of the equation y" — 4y — 0 in (15), Theorem 4 implies that every particular 
solution Y (x) of this equation can be written both in the form 


Y(x) = c1e?* + coe ?* 
and in the form 
Y(x) = acosh2x + b sinh 2x. 

Thus these two different linear combinations (with arbitrary constant coefficients) provide 
two different descriptions of the set of all solutions of the same differential equation y" — 4y — 
0. Hence each of these two linear combinations is a general solution of the equation. Indeed, 
this is why it is accurate to refer to a specific such linear combination as “a general solution” 
rather than as "the general solution.” a 


Linear Second-Order Equations with Constant Coefficients 


As an illustration of the general theory introduced in this section, we discuss the 
homogeneous second-order linear differential equation 


> ay" +by'+cy =0 (16) 


with constant coefficients a, b, and c. We first look for a single solution of Eq. (16) 
and begin with the observation that 


(e^*y — re'* and [g^ = re”, (17) 


so any derivative of e"* is a constant multiple of e"*. Hence, if we substituted 
y = e"* in Eq. (16), then each term would be a constant multiple of e"*, with the 
constant coefficients dependent on r and the coefficients a, b, and c. This suggests 
that we try to find a value of r so that these multiples of e’* will have sum zero. If 
we succeed, then y = e'* will be a solution of Eq. (16). 

For example, if we substitute y — e"* in the equation 


y" — 5y' + by = 0, 
we obtain 
r?e!* —5re™ + Ge^* — Q. 


Thus 
(r—5r--6)* =0; (r—2)(r -3e'* — 0. 


Hence y = e’* will be a solution if either r = 2 or r = 3. So, in searching for a 
single solution, we actually have found two solutions: y, (x) = e?* and y5(x) = e?*. 


Example 5 


Solution 


Example 6 
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To carry out this procedure in the general case, we substitute y — e'* in 
Eq. (16). With the aid of the equations in (17), we find the result to be 


ar?e'* + bre™ + ce'* — Q. 


Because e’* is never zero, we conclude that y(x) = e"* will satisfy the differential 
equation in (16) precisely when r is a root of the algebraic equation 


» ar? - br c — 0. (18) 


This quadratic equation is called the characteristic equation of the homogeneous 
linear differential equation 


» ay" +by’+cy — 0. (16) 


If Eq. (18) has two distinct (unequal) roots rı and r2, then the corresponding solu- 
tions y1(x) = e"'* and y2(x) = e’2* of (16) are linearly independent. (Why?) This 
gives the following result. 


THEOREM 5 Distinct Real Roots 


If the roots rı and rz of the characteristic equation in (18) are real and distinct, 
then 


» y(x) = c1e"!* + c5e"?* (19) 


is a general solution of Eq. (16). 


Find the general solution of 
2y" — 71y! + 3y = 0. 
We can solve the characteristic equation 
2r? -7r 320 
by factoring: 
Qr —1)(r —3) = 0. 


The roots rı = 1 and r2 = 3 are real and distinct, so Theorem 5 yields the general solution 
y(x) = cje”? + cze”. m 


The differential equation y” + 2y’ = 0 has characteristic equation 
r? 2r 2 r(r +2) 20 


with distinct real roots rı = 0 and r2 = —2. Because e®* = 1, we get the general solution 


y(x) = c1 + coe 7*, 


Figure 3.1.9 shows several different solution curves with cı = 1, all appearing to approach 
the solution curve y(x) = 1 (with c2 = 0) as x > +00. L| 


Remark Note that Theorem 5 changes a problem involving a differential equation into one 
involving only the solution of an algebraic equation. a 
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FIGURE 3.1.9. Solutions 
y(x)21-4c2e?* of y" -2y/ 20 
with different values of c5. 


Example 7 


FIGURE 3.1.10. Solutions 
y(x)2cije * + 2xe™ of 

y" + 2y! + y = 0 with different 
values of c4. 


If the characteristic equation in (18) has equal roots rı = r2, we get (at first) 
only the single solution y; (x) = e'!* of Eq. (16). The problem in this case is to 
produce the “missing” second solution of the differential equation. 

A double root r = r; will occur precisely when the characteristic equation is 
a constant multiple of the equation 


(r-ny2r^-2nr4 "n =0. 
Any differential equation with this characteristic equation is equivalent to 
y" Any’ +r?y=0. (20) 


But it is easy to verify by direct substitution that y = xe'!* is a second solution of 
Eq. (20). It is clear (but you should verify) that 


yi(x) 2 e"* and yj;(x)-»xe"* 


are linearly independent functions, so the general solution of the differential equa- 
tion in (20) is 
y(x) = cie"! * + coxe™™, 


THEOREM 6 Repeated Roots 
If the characteristic equation in (18) has equal (necessarily real) roots rı = r2, 
then 


» y(x) = (cy + c2x)e"'* (21) 


is a general solution of Eq. (16). 


To solve the initial value problem 
y" +2y'+y =0; 
y(0)=5, y'(0) =-3, 
we note first that the characteristic equation 
r42r+1=(r+1)?=0 
has equal roots r1 = r2 = —1. Hence the general solution provided by Theorem 6 is 
y(x) =cye * + caxe ™. 


Differentiation yields 


y'(x) = —c1e * t c26 * — exe", 
so the initial conditions yield the equations 
yO) = c = 5, 


yO) = —c1 + c2 = —3, 
which imply that c; = 5 and c? = 2. Thus the desired particular solution of the initial value 
problem is 

y(x)-25e * -2xe *. 
This particular solution, together with several others of the form y(x) = c1e * + 2xe *', is 
illustrated in Fig. 3.1.10. a 

The characteristic equation in (18) may have either real or complex roots. The 

case of complex roots will be discussed in Section 3.3. 
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ES Problems 


In Problems 1 through 16, a homogeneous second-order lin- 
ear differential equation, two functions yı and y2, and a pair 
of initial conditions are given. First verify that yı and y» are 
solutions of the differential equation. Then find a particular 
solution of the form y = ciy1 + cayo that satisfies the given 
initial conditions. Primes denote derivatives with respect to x. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


l. y y 
7. y” +y = 0; yı = 1, y2 = e *; y(0) = —2, y'(0) = 8 
8. 

9. y" +2y'’ +y 2; yy = e^ 


"n 


0; yı = e*, y2 = e™™*; y(0) = 0, y(0 = 5 


y” —3y' = 0; yı = 1, y2 = e?*; y(0) = 4, y'(0) = —2 
*. y2 = xe *; y(0) = 2, 


y(0) =-1 

y" — 10y' + 25y = 0; yy = e?*, y2 = xe”; y(0) = 3, 
y'(0) = 13 

y" — 2y! +2y 20; yı — e* cos x, y2 = e* sin x; y(0) = 0, 
y'(9) — 5 


y" + 6y! + 13y = 0; yy = e7?* cos2x, y2 = e^?" sin2x; 
y0) = 2, y'(0) 2 0 

x2y" — Ixy! +2y = 0; yi x, y2 = x?; y(1) = 3, 
y(1) 21 

x2y" + Ixy! 2 6y = 0; yı = x?, y2 = x3; y(2) = 10, 
»y'Q) = 15 

x?y" = xy! + y = 0; yı x, y2 = xlnx; y(1) = 7, 
y (022 

x2y" + xy! p y = 0; yı = cos(Inx), yz = sin(Inx); 


y(1) 22, y'(1) 23 


The following three problems illustrate the fact that the super- 
position principle does not generally hold for nonlinear equa- 


tions. 

17. Show that y = 1/x is a solution of y’ + y? = 0, but that 
ifc Æ 0 and c Z 1, then y = c/x is not a solution. 

18. Show that y = x? is a solution of yy” = 6x4, but that if 
c? Æ 1, then y = cx? is not a solution. 

19. Show that y; = 1 and y2 = 4x are solutions of yy" + 


(y)? = 0, but that their sum y = y, + y2 is not a solution. 


Determine whether the pairs of functions in Problems 20 
through 26 are linearly independent or linearly dependent on 
the real line. 


20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 


f(x) = m, g(x) = cos? x + sin? x 

fœ) = x?, g(x) eas] 

f(x) = 1+ x, g(x) = 1-4 |x] 

f(x) = xe*, g(x) = |x|e* 

f(x) = sin? x, g(x) = 1 — cos 2x 

f(x) = e* sin x, g(x) = e* cos x 

f(x) = 2cos x + 3sinx, g(x) = 3 cos x — 2 sin x 

Let yp be a particular solution of the nonhomogeneous 
equation y” + py’ +qy = f(x) and let yc be a solu- 
tion of its associated homogeneous equation. Show that 
y = ye + yp İs a solution of the given nonhomogeneous 
equation. 

With yp = 1 and yc = cy cos x + c2 sin x in the notation 
of Problem 27, find a solution of y” + y = 1 satisfying the 
initial conditions y(0) = —1 = y’ (0). 


29. 


30. 


31. 


32. 


ey = 
. y" +4y 20; yı = cos 2x, y2 = sin 2x; y(0) = 3, y'(0) = 8 
. y" --25y = 0; yy = cos5x, y2 = sin5x; y(0) = 10, 
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e3*, yz =e ?*; y(0) = —1, y'(0) = 15 


0; yi 


y'(0) 2 —10 


. y" —3y! + 2y 20; yj — e*, yo = e?*; y(0) = 1, y'(0) 20 
. y! +y! -6y = 0; yı = e™%, yz 2e? y(0) = 7, 


y0) — —1 

Show that y; = x? and y2 = x? are two different solu- 
tions of x? y" — 4xy' + 6y = 0, both satisfying the initial 
conditions y(0) = 0 = y'(0). Explain why these facts do 
not contradict Theorem 2 (with respect to the guaranteed 
uniqueness). 

(a) Show that y; = x? and y2 = |>] are linearly inde- 
pendent solutions on the real line of the equation x? y" — 
3xy'--3y — 0. (b) Verify that W(y1, y2) is identically 
zero. Why do these facts not contradict Theorem 3? 
Show that yı = sinx? and y2 = cos x? are linearly in- 
dependent functions, but that their Wronskian vanishes at 
x = 0. Why does this imply that there is no differential 
equation of the form y" + p(x)y’ + q(x)y = 0, with both 
p and q continuous everywhere, having both y; and y» as 
solutions? 

Let yı and y2 be two solutions of A(x)y" + B(x)y’ + 
C(x)y = 0 on an open interval 7 where A, B, and C 
are continuous and A(x) is never zero. (a) Let W — 
W(y1, y2). Show that 


3 


dW n n 
A(x) = QD = ODA). 


Then substitute for Ay% and Ay? from the original differ- 
ential equation to show that 


dw 
A(x) —— = —B(x)W(x). 
dx 
(b) Solve this first-order equation to deduce Abel’s for- 
mula B(x) 
x 
W(x) = K — 
S ew( J AQ) dx) ' 
where K is a constant. (c) Why does Abel’s formula 


imply that the Wronskian W(y1, y2) is either zero every- 
where or nonzero everywhere (as stated in Theorem 3)? 


Apply Theorems 5 and 6 to find general solutions of the dif- 
ferential equations given in Problems 33 through 42. Primes 
denote derivatives with respect to x. 


33. 
35. 
37. 
39. 
41. 


y" —-3y' -2y 20 34. y" -2y'—15y 20 
y" + 5y’ =0 36. 2y" + 3y’ 20 

2y"'—y'—y 20 38. 4y” + 8y + 3y 20 
Ay" + Ay! cy 20 40. 9y" — 12y' - 4y 20 
6y” — 7y' - 20y 20 42. 35y" — y'— 12y 2 0 


Each of Problems 43 through 48 gives a general solution 
y(x) of a homogeneous second-order differential equation 
ay" + by! + cy = 0 with constant coefficients. Find such an 
equation. 
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43. y(x) = c1 + coe 19* 44. y(x) 2 c1el9* + cze! 
45. y(x) = c1e-19* + c5 xe- 10x 

46. y(x) — ciel? + c50100x 47. y(x) = c1 + coax 

48. y(x) = e* (ne? + coe?) 


Problems 49 and 50 deal with the solution curves of y" + 3y' + 
2y — 0 shown in Figs. 3.1.6 and 3.1.7. 


49. Find the highest point on the solution curve with y(0) — 1 
and y'(0) = 6 in Fig. 3.1.6. 

50. Figure 3.1.7 suggests that the solution curves shown all 
meet at a common point in the third quadrant. Assum- 
ing that this is indeed the case, find the coordinates of that 
point. 

51. A second-order Euler equation is one of the form 


ax? y" +bxy'+cy =0 (22) 


where a, b, c are constants. (a) Show that if x > 0, then the 
substitution v = In x transforms Eq. (22) into the constant- 
coefficient linear equation 


d?y 
a 
dv2 


d 
y Ley =0 (23) 
dv 


+ (b-a) 


with independent variable v. (b) If the roots rı and r2 of 
the characteristic equation of Eq. (23) are real and distinct, 
conclude that a general solution of the Euler equation in 
(22) is y(x) = cix"! + cox". 


Make the substitution v = ln x of Problem 51 to find general 
solutions (for x > 0) of the Euler equations in Problems 52—56. 


53. x?y" + 2xy' — 12y 20 
55. x2y" E xy 20 


52. xy" + xy'- y 20 
54. 4x2y" + 8xy/ — 3y 20 
56. x?y" — 3xy! c 4Ay 2 0 


KA. Yelelileeiile0] Plotting Second-Order Solution Families 


deSolvely3 *2:y-0,x, y] 


y-c2.e cte 2* differential equation 


is 


vi 
1/99 


FIGURE 3.1.11. TI-Nspire CX CAS 
screen showing the general solution of 
y" + 3y’+2y — 0. 


y'' + 3y’ + 2y 


This application deals with the plotting by computer of families of solutions such as 
^ those illustrated in Figs. 3.1.6 and 3.1.7. Show first that the general solution of the 


y" t 3y' c 2y «0 (1) 


yx)2coe* ce. (2) 


This is equivalent to the graphing calculator result shown in Figure 3.1.11, and to 
the Wolfram|Alpha output generated by the simple query 


= 0 


Next show that the particular solution of Eq. (1) satisfying y(0) = a, y'(0) = b 


corresponds to c, = 2a + b and cz = —a — b, that is 


y(x) = Qa + b)e^* — (a + bje”. (3) 


For Fig. 3.1.6, we fix a = 1, leading to the particular solution 


The MATLAB loop 


x=-1: 0. 


for b - -6 


y(x) = (b+ 2)e* — (b + Ne. (4) 
5 % x-vector from x = - 1to x= 5 
6 % for b = -6 to 6 with db = 2 do 


y = (b + 2)«exp(-x) - (b + 1)«exp(-2«x); 


plot (x, y) 


end 


was used to generate Fig. 3.1.6. 
For Fig. 3.1.7, we instead fix b = 1, leading to the particular solution 


The MATLAB loop 


y(x) = Qa + De^* - (a + De^?*. (5) 


FIGURE 3.1.12. MATLAB graph of 
Eq. (3) with a — 2 and b — 1. Using 
the sliders, a and b can be changed 
interactively. 


FIGURE 3.1.13. TI-Nspire CX CAS 
graph of Eq. (3) with a — 2 and 
b = 1. The arrows allow a and b to be 


changed interactively. 
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x= -2: 0.02: 4 % x-vector from x = -2 tox = 4 
fora= -3: 1: 3 % for a = -3 to 3 with da = 1 do 
y = (2*a + 1)*exp(-x) - (a + 1)*exp(-2«x) ; 
plot (x,y) 
end 


was used to generate Fig. 3.1.7. 

Computer systems, such as Maple and Mathematica, as well as graphing 
calculators, have commands to carry out for-loops such as the two shown here. 
Moreover, such systems often allow for interactive investigation, in which the so- 
lution curve is immediately redrawn in response to on-screen input. For example, 
Fig. 3.1.12 was generated using MATLAB's uicontrol command; moving the slid- 
ers allows the user to experiment with various combinations of the initial conditions 
y(0) = a and y'(0) = b. 

The Mathematica command 


Manipulate[ 
Plot [(2*atb) *Exp[-x]+(-b-a) *Exp[-2*x], 
{x,-1,5}, PlotRange -> {-5,5}], 
{a,-3,3}, {b,-6,6}] 


produces a similar display, as does the Maple command 


Explore (plot ((2*at+tb) *exp(-x)+(-b-a) *exp(-2*x), 
x = -1..5, y2-5..5)) 


(after first bringing up a dialog box in which the ranges of values for a and 5 are 
specified). Likewise some graphing calculators feature a touchpad or other screen 
navigation method allowing the user to vary specified parameters in real time (see 
Fig. 3.1.13). 

Begin by either reproducing Figs. 3.1.6 and 3.1.7 or by creating an interactive 
display that shows the graph of (3) for any desired combination of a and b. Then, 
for each of the following differential equations, modify your commands to examine 
the family of solution curves satisfying y(0) — 1 , as well as the family of solution 
curves satisfying the initial condition y'(0) = 1. 


1.y"—y 20 

2. y" — 3y' -2y 20 

3.2y" E 3y' cy 20 

4. y" + y = 0 (see Example 1) 

5. y" + 2y’ + 2y = 0, which has general solution y(x) = e * (ci cos x + c2 sin x) 


WEW] General Solutions of Linear Equations 


We now show that our discussion in Section 3.1 of second-order linear equations 
generalizes in a very natural way to the general nth-order linear differential equa- 
tion of the form 


Po(x)y™ + P(x)y 79 +--+ P4 4 y + Pa(x)y = F(x). (1) 


Unless otherwise noted, we will always assume that the coefficient functions P; (x) 
and F(x) are continuous on some open interval / (perhaps unbounded) where we 
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wish to solve the equation. Under the additional assumption that Po(x) Z 0 at each 
point of 7, we can divide each term in Eq. (1) by Po(x) to obtain an equation with 
leading coefficient 1, of the form 


» y + pi)y "7? + + pua QO)y' + palx)y = f(x). (2) 
The homogeneous linear equation associated with Eq. (2) is 
> ye? + pi(x)y "-? To paeaG)y! + pa(x)y = 0. (3) 


Just as in the second-order case, a homogeneous nth-order linear differential equa- 
tion has the valuable property that any superposition, or linear combination, of so- 
lutions of the equation is again a solution. The proof of the following theorem is 
essentially the same—a routine verification—as that of Theorem 1 of Section 3.1. 


THEOREM 1 Principle of Superposition for Homogeneous 


Equations 
Let y1, yo, ..., ya be n solutions of the homogeneous linear equation in (3) on 
the interval 7. If c1, c2, ..., Cn are constants, then the linear combination 
» Y =c1yi + Cayo +`: + Cnn (4) 


is also a solution of Eq. (3) on 7. 


It is easy to verify that the three functions 


yi(x) 2e7?*, yo(x) =cos2x, and y3(x) = sin2x 


are all solutions of the homogeneous third-order equation 
yO + 3y" + 4y! + 12y =0 


on the entire real line. Theorem 1 tells us that any linear combination of these solutions, such 
as 


y(x) = —3y1(x) + 3y2(x) — 2y3 (x) = —3e73* + 3cos2x — 2sin2x, 


is also a solution on the entire real line. We will see that, conversely, every solution of the 
differential equation of this example is a linear combination of the three particular solutions 
Y1, y2, and y3. Thus a general solution is given by 


y(x) = c1e ?* + c2 cos2x + c3 sin 2x. [| 


Existence and Uniqueness of Solutions 


We saw in Section 3.1 that a particular solution of a second-order linear differential 
equation is determined by two initial conditions. Similarly, a particular solution of 
an nth-order linear differential equation is determined by 7 initial conditions. The 
following theorem, proved in the Appendix, is the natural generalization of Theorem 
2 of Section 3.1. 


Example 1 


Continued 


FIGURE 3.2.1. The particular 
solution y(x) — 
—3e73* + 3cos2x — 2sin2x. 


Example 2 
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THEOREM 2 Existence and Uniqueness for Linear Equations 


Suppose that the functions pi. p2, ..., pa, and f are continuous on the open 
interval / containing the point a. Then, given n numbers bo, by, ..., bn—1, the 
nth-order linear equation (Eq. (2)) 


y + pi(x)y OY +--+ prix) y’ + palx)y = f(x) 


has a unique (that is, one and only one) solution on the entire interval Z that 
satisfies the n initial conditions 


O= (a) — be ny a) oe (5) 


Equation (2) and the conditions in (5) constitute an nth-order initial value 
problem. Theorem 2 tells us that any such initial value problem has a unique so- 
lution on the whole interval J where the coefficient functions in (2) are continuous. 
It tells us nothing, however, about how to find this solution. In Section 3.3 we will 
see how to construct explicit solutions of initial value problems in the constant- 
coefficient case that occurs often in applications. 


We saw earlier that 
y(x) = —3e73* + 3cos2x — 2 sin2x 
is a solution of 
yO + 3y" + ay’ + 12y =0 
on the entire real line. This particular solution has initial values y(0) = 0, y'(0) = 5, and 
y”(0) = —39, and Theorem 2 implies that there is no other solution with these same initial 


values. Note that its graph (in Fig. 3.2.1) looks periodic on the right. Indeed, because of the 
negative exponent, we see that y(x) ~ 3cos2x — 2 sin 2x for large positive x. " 


Remark Because its general solution involves the three arbitrary constants c1, c2, and cs, 
the third-order equation in Example 1 has a “threefold infinity" of solutions, including three 
families of especially simple solutions: 


e y(x)— c1€ ?* (obtained from the general solution with cz = c3 = 0), 

e y(x) = c2 cos2x (with cı = c3 = 0), and 

e y(x) — casin2x (with cy = c2 = 0). 
Alternatively, Theorem 2 suggests a threefold infinity of particular solutions corresponding 
to independent choices of the three initial values y(0) = bo, y'(0) = bı, and y"(0) = b2. 
Figures 3.2.2 through 3.2.4 illustrate three corresponding families of solutions—for each of 


which, two of these three initial values are zero. [| 


Note that Theorem 2 implies that the trivial solution y(x) = 0 is the only 
solution of the homogeneous equation 


YO py 7D pua Q)y' + Pala)y = 0 (3) 


that satisfies the trivial initial conditions 
ya) =y'@=--=y"%@ =0. 


It is easy to verify that 


yıx) =x? and y2(x) = x? 
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3 L—T—3À4 
2 y(0) 23 
iL - 
=~ 0 
zd ee 
2 y(0) =-3 al 
l l l l 
35 -1 0 1 2 3 4 
X 
FIGURE 3.2.2. Solutions of FIGURE 3.2.3. Solutions of FIGURE 3.2.4. Solutions of 
y 4 3y" + Ay! + 12y = 0 with y 4 3y" + Ay! + 12y = 0 with y O 4+ 3y" + Ay! + 12y = 0 with 
y’(0) = y" (0) = 0 but with different y(0) = y"(0) = 0 but with different y(0) = y'(0) = 0 but with different 


values for y (0). 


values for y'(0). values for y" (0). 


are two different solutions of 
x2y" — Axy! + 6y « 0, 


and that both satisfy the initial conditions y(0) = y’(0) = 0. Why does this not contradict 
the uniqueness part of Theorem 2? It is because the leading coefficient in this differential 
equation vanishes at x = 0, so this equation cannot be written in the form of Eq. (3) with 
coefficient functions continuous on an open interval containing the point x = 0. E 


Linearly Independent Solutions 


On the basis of our knowledge of general solutions of second-order linear equations, 
we anticipate that a general solution of the homogeneous nth-order linear equation 


> yO + py pua Q)y' + Pala)y = 0 (3) 


will be a linear combination 


> Y = C11 + Cryo +++ CnYn, (4) 
where yi. yo, ..., ya are particular solutions of Eq. (3). But these n particular 
solutions must be "sufficiently independent" that we can always choose the coef- 
ficients c1, c2, ..., Cn in (4) to satisfy arbitrary initial conditions of the form in 


(5). The question is this: What should be meant by independence of three or more 
functions? 

Recall that two functions f| and fù are linearly dependent if one is a constant 
multiple of the other; that is, if either fı = k fo or fo = kf| for some constant k. If 
we write these equations as 


(Df Ck)fo20 or ()A - Df -0, 


we see that the linear dependence of fı and fz implies that there exist two constants 
cı and c3 not both zero such that 


afi + c2 f; — 0. (6) 


Conversely, if cı and c2 are not both zero, then Eq. (6) certainly implies that fı and 
f» are linearly dependent. 


Example 3 
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In analogy with Eq. (6), we say that n functions fi, fo, ..., fn are linearly 
dependent provided that some nontrivial linear combination 


ci fi C2 fa t + Cn fn 


of them vanishes identically; nontrivial means that not all of the coefficients c1, c2, 
..., Cn are zero (although some of them may be zero). 


DEFINITION Linear Dependence of Functions 


The n functions fi, f2,..., fn are said to be linearly dependent on the interval 
I provided that there exist constants c1, c2, ..., Cn not all zero such that 

€1f1 0 €2f2 o c 6i fn =0 (7) 
on 7; that is, 


€, fi(x) + c2 f2(x) +--+ + Cn fn(x) = 0 


for all x in T: 


If not all the coefficients in Eq. (7) are zero, then clearly we can solve for at least 
one of the functions as a linear combination of the others, and conversely. Thus the 
functions fi, f, ..., fn are linearly dependent if and only if at least one of them is 
a linear combination of the others. 


The functions 
fi(x) =sin2x, fo(x) =sinxcosx, and f3(x) = e* 
are linearly dependent on the real line because 
(1) f1 + (72) f2 + (0) fs — 0 
(by the familiar trigonometric identity sin 2x = 2 sin x cos x). E 


The n functions fi, f2, ..., f, are called linearly independent on the interval 
I provided that they are not linearly dependent there. Equivalently, they are linearly 
independent on / provided that the identity 


afi t 02 fa t t 0s fa =9 (7) 
holds on / only in the trivial case 


C1 = C2 —-—0$,—0; 


that is, no nontrivial linear combination of these functions vanishes on Z. Put yet 
another way, the functions fi, fo,..., fn are linearly independent if no one of them 
is a linear combination of the others. (Why?) 

Sometimes one can show that n given functions are linearly dependent by 
finding, as in Example 3, nontrivial values of the coefficients so that Eq. (7) holds. 
But in order to show that n given functions are linearly independent, we must prove 
that nontrivial values of the coefficients cannot be found, and this is seldom easy to 
do in any direct or obvious manner. 

Fortunately, in the case of n solutions of a homogeneous nth-order linear equa- 
tion, there is a tool that makes the determination of their linear dependence or inde- 
pendence a routine matter in many examples. This tool is the Wronskian determi- 
nant, which we introduced (for the case n = 2) in Section 3.1. Suppose that the n 
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Example 4 


Solution 


functions fi, f2, ..., f, are each n — 1 times differentiable. Then their Wronskian 
is the n x n determinant 


> w=| ` = M, (8) 


—1 —1 —1 
x" ) fe ) Pd ) 


We write W( fi, f. ..., fn) or W(x), depending on whether we wish to emphasize 
the functions or the point x at which their Wronskian is to be evaluated. The Wron- 
skian is named after the Polish mathematician J. M. H. Wronski (1778—1853). 


We saw in Section 3.1 that the Wronskian of two linearly dependent functions 
vanishes identically. More generally, the Wronskian of n linearly dependent func- 
tions fi, fo, ..., fy is identically zero. To prove this, assume that Eq. (7) holds on 
the interval J for some choice of the constants c4, c2, ..., c, not all zero. We then 
differentiate this equation n — 1 times in succession, obtaining the n equations 


Cn fn (X) = 0, 
en F(x) = 0, 


cı fi (x) + eo fo(x) Xs 


€1 f{ (x) + ea f(x) «pee 
(9) 


e fi P x) 4e es KU P a) +---+aKn D (x) — 0, 


which hold for all x in J. We recall from linear algebra that a system of n lin- 
ear homogeneous equations in n unknowns has a nontrivial solution if and only 
if the determinant of coefficients vanishes. In Eq. (9) the unknowns are the con- 
stants c1, C2, ..., Cn and the determinant of coefficients is simply the Wronskian 
W( fi, fa..... fa) evaluated at the typical point x of 7. Because we know that the 
c; are not all zero, it follows that W(x) = 0, as we wanted to prove. 

Therefore, to show that the functions fi, fo, ..., fn are linearly independent 
on the interval /, it suffices to show that their Wronskian is nonzero at just one point 
of I. 


Show that the functions y1 (x) = e^ ?*, ya(x) = cos 2x, and y3(x) = sin2x (of Example 1) 
are linearly independent. 
Their Wronskian is 


e 3x cos 2x sin2x 
W —|—3e-*  —2sin2x  2cos2x 
9e-3*  —4cos2x —4sin2x 
_3,] -2sin2x | 2c0s2x = cos 2x sin 2x 
=e x + 3e * 
—4cos2x  —4sin2x —4cos2x  —4sin2x 
cos 2x sin 2x 
+ 9e>* = 262 ?* £0. 
—2sin2x 2cos2x 


Because W # 0 everywhere, it follows that y1, y2, and ys are linearly independent on any 
open interval (including the entire real line). E 


Example 5 


Solution 
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Show first that the three solutions 
yi(x) 2x, yaQ) =xInx, and ys(x)- x? 
of the third-order equation 
x3yO) — x2y" 4 Ixy! 2 2y 20 (10) 


are linearly independent on the open interval x > 0. Then find a particular solution of Eq. (10) 
that satisfies the initial conditions 


y=3, y(022, »'"()-1. (11) 


Note that for x > 0, we could divide each term in (10) by x? to obtain a homogeneous linear 
equation of the standard form in (3). When we compute the Wronskian of the three given 
solutions, we find that 


x xInx x? 
W-—!1 14Inx 2x|-—x. 
1 
0 — 2 
x 


Thus W(x) 4 0 for x > 0, so y1, y2, and y3 are linearly independent on the interval x > 0. 
To find the desired particular solution, we impose the initial conditions in (11) on 


y(x) =cyx + cox Inx + ¢3x2, 
y(x) =cy +c2(1 +Inx) + 2c3x, 


c 
y"(x) =0 dec + 2c3. 
This yields the simultaneous equations 


y) =cy 463 =3, 


yl) =c1 + c2 + 263 =2, 


y" (1) = c2 + 2c3 = l; 
we solve to find c; = 1, c? = —3, and c3 = 2. Thus the particular solution in question is 
y(x) = x - 3xInx + 2x2. [| 


Provided that W(y1, y2, ..., Yn) Æ 0, it turns out (Theorem 4) that we can 
always find values of the coefficients in the linear combination 


Y = C1 Y1 + C22 t c: + €nyn 


that satisfy any given initial conditions of the form in (5). Theorem 3 provides the 
necessary nonvanishing of W in the case of linearly independent solutions. 
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THEOREM 3 Wronskians of Solutions 


Suppose that yi, y2, .... Yn are n solutions of the homogeneous nth-order linear 
equation 


y + pi(x)y "79 4E... py 1 (y! + pa(x)y —0 (3) 
on an open interval J, where each p; is continuous. Let 


W = WO1, ys... Yn). 


(a) If yi. y2, ..., ya are linearly dependent, then W = 0 on T. 
(b) If yi, ya, ..., Yn are linearly independent, then W ¥ 0 at each point of 7. 


Thus there are just two possibilities: Either W = 0 everywhere on J, or W Z0 
everywhere on /. 


Proof: We have already proven part (a). To prove part (b), it is sufficient 
to assume that W(a) = 0 at some point of 7, and show this implies that the solu- 
tions y1, y2, ..., Yn are linearly dependent. But W(a) is simply the determinant of 
coefficients of the system of n homogeneous linear equations 


c1yi1(a) + c2y»(a) +- + Cn yn(a) = 0, 


cıyi la) + caya) ++  cnyhla) = 9, 


(12) 
cry" (a) cay? P(a) +--+ enya” P(a) = 0 
in the n unknowns c4, C2, ..., Cn. Because W(a) = 0, the basic fact from linear 
algebra quoted just after (9) implies that the equations in (12) have a nontrivial 
solution. That is, the numbers cj, c2,..., Cy are not all zero. 
We now use these values to define the particular solution 
Y(x) = eiy1(x) + c2y2(x) + +++ + enyn(x) (13) 


of Eq. (3). The equations in (12) then imply that Y satisfies the trivial initial 
conditions 
Y(a) = Y'(a) = --- = Y "-U(a) = 0. 


Theorem 2 (uniqueness) therefore implies that Y(x) = 0 on J. In view of (13) 
and the fact that c1, c2, ..., Cn are not all zero, this is the desired conclusion that 
the solutions y1, yo, ..., Yn are linearly dependent. This completes the proof of 
Theorem 3. A 


General Solutions 


We can now show that, given any fixed set of n linearly independent solutions of 
a homogeneous nth-order equation, every (other) solution of the equation can be 
expressed as a linear combination of those n particular solutions. Using the fact 
from Theorem 3 that the Wronskian of n linearly independent solutions is nonzero, 
the proof of the following theorem is essentially the same as the proof of Theorem 
4 of Section 3.1 (the case n — 2). 


Example 6 
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THEOREM 4 General Solutions of Homogeneous Equations 
Let y1, Y2, ..., Yn ben linearly independent solutions of the homogeneous equa- 
tion 


y™ pi Go) y "7D +--+ + pa y + palx)y = 0 (3) 


on an open interval / where the p; are continuous. If Y is any solution whatso- 
ever of Eq. (3), then there exist numbers c1, c2, ..., Cn such that 


Y(x) = ey1(x) + ezyz(x) 9 ---  enyn(x) 


for all x in Z. 


Thus every solution of a homogeneous nth-order linear differential equation 
is a linear combination 


> y = €«y1 + €2y2 +++ Cn yn 


of any n given linearly independent solutions. On this basis we call such a linear 
combination a general solution of the differential equation. 


According to Example 4, the particular solutions y (x) = e-?*, yo(x) = cos 2x, and y3(x) = 
sin 2x of the linear differential equation y ) + 3y” + 4y/ + 12y = 0 are linearly independent. 
Now Theorem 2 says that—given bo, bı, and b5—there exists a particular solution y(x) 
satisfying the initial conditions y(0) = bo, y'(0) = by, and y"(0) = b2. Hence Theorem 4 
implies that this particular solution is a linear combination of y1, y2, and y3. That is, there 
exist coefficients c1, c2, and c3 such that 


yx) = c1e™?™ + c2 cos 2x + c3 sin 2x. 


Upon successive differentiation and substitution of x = 0, we discover that to find these 
coefficients, we need only solve the three linear equations 


cı + c2 = bo, 
—3c1 + 2c3 = bi, 
9c1 E 4c2 = b2. 
(See the application for this section.) " 


Nonhomogeneous Equations 


We now consider the nonhomogeneous nth-order linear differential equation 

» YP py "7? e + parody! + piGQy = f(x) (2) 
with associated homogeneous equation 

> YP - p Gy "7D +++ paci Oy" + Paley = 0. (3) 


Suppose that a single fixed particular solution y, of the nonhomogeneous 
equation in (2) is known, and that Y is any other solution of Eq. (2). If ye = Y — yp, 
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Solution 


then subsitution of y; in the differential equation gives (using the linearity of differ- 
entiation) 
YO + piygs D paaYt + PnVe 
= [xe guYU7D poop pyaY' + Pay] 


- [oe + piy À $+ pay, Pays | 
= f(x) — f(x) =0. 
Thus ye = Y — yp is a solution of the associated homogeneous equation in (3). Then 
» Y = yc + yp, (14) 
and it follows from Theorem 4 that 
> Ye = C1y1 + C2y2 t i: + Cnn, (15) 


where y1, Y2, .... ya are linearly independent solutions of the associated homo- 
geneous equation. We call ye a complementary function of the nonhomogeneous 
equation and have thus proved that a general solution of the nonhomogeneous equa- 
tion in (2) is the sum of its complementary function y, and a single particular solu- 
tion yp of Eq. (2). 


THEOREM 5 Solutions of Nonhomogeneous Equations 


Let y, be a particular solution of the nonhomogeneous equation in (2) on an open 
interval J where the functions p; and f are continuous. Let y1, y2, ..., Yn be 
linearly independent solutions of the associated homogeneous equation in (3). If 
Y is any solution whatsoever of Eq. (2) on Z, then there exist numbers c1, c2, ..., 
Cn such that 


Y(x) = cr yi (x) + ezya(x) + --- + enyn(x)  yp(x) (16) 


for all x in 7. 


It is evident that yp = 3x is a particular solution of the equation 
y" + 4y = 12x, (17) 


and that yc(x) = cı cos2x + co sin2x is its complementary solution. Find a solution of 
Eq. (17) that satisfies the initial conditions y(0) = 5, y/(0) = 7. 
The general solution of Eq. (17) is 


y(x) = cı cos2x + c5 sin2x + 3x. 


Now 
y'(x) = —2c1 sin2x + 2c2 cos 2x + 3. 


Hence the initial conditions give 
y(0 = cı =5, 
y'(0) = 2c +3 =7. 
We find that cq = 5 and c2 = 2. Thus the desired solution is 


y(x) = 5cos 2x + 2sin2x + 3x. B 


| 3.2 Problems 


In Problems 1 through 6, show directly that the given functions 
are linearly dependent on the real line. That is, find a non- 
trivial linear combination of the given functions that vanishes 
identically. 


1. f(x) = 2x, g(x) = 3x2, h(x) = 5x — 8x? 
f(x) =5, g(x) = 2 — 3x2, h(x) = 10+ 15x? 
f(x) = 0, g(x) = sin x, h(x) = e* 

f(x) = 17, g(x) = 2sin? x, h(x) = 3 cos? x 
f(x) = 17, g(x) = cos? x, h(x) = cos 2x 
f(x) = e*, g(x) = coshx, h(x) = sinhx 


AWRY N 


In Problems 7 through 12, use the Wronskian to prove that the 
given functions are linearly independent on the indicated in- 
terval. 


7. f(x) = 1, g(x) = x, A(x) = x?; the real line 

8. f(x) =e*, g(x) = e”, h(x) = e>*: the real line 

9. f(x) = e*, g(x) = cos x, h(x) = sin x; the real line 
10. f(x) = e*, g(x) = x 2, h(x) = x77 lnx; x > 0 
11. f(x) = x, g(x) = xe*, h(x) = x?e"; the real line 
12. f(x) = x, g(x) = cos(In x), h(x) = sin(In x); x > 0 


In Problems 13 through 20, a third-order homogeneous linear 
equation and three linearly independent solutions are given. 
Find a particular solution satisfying the given initial condi- 
tions. 


13. y9 4 2y" — y' -2y = 0; y(0) = 1, y'(0) = 2, y"(0) = 0; 
yı = e”, =e" peg t 

14. y —6y" + 1y' — 6y =0; y(0) =0, y'(0) — 0, y" (0) = 3; 
yi — e*, y2 = e?*, y3 = e?* 

15. y) — 3y” + 3y'— y 20; y(0) = 2, y/(0) = 0, y” (0) = 0; 
yj egt, y2 = xe”, y3 = x°e” 

16. y — 5y” + 8y' —4y = 0; y(0) = 1, y’ (0) = 4, y” (0) = 0; 


2x 


yi =e", y2 = e^*, y3 = xe 
17. 90 49/20; yO) 2 3, YO = —1, y”) = 2; yı = 1, 
y2 = cos3x, y3 = sin3x 
18. y (9 —3y" + 4y' -2y 20; y(0) = 1, y'(0) 
yy = e*, yo = e* cosx, ya = e* sinx. 
19. x3y@ — 3x2" + oxy! — 6y = 0; y(1) = 6, y'(1) = 14, 
y" (1) =22; y1 = x, y2 = x?, y3 = x? 
20. x°y® + 6x? y" + 4xy' — 4y = 0; y(1) = I, y'(1) = 5, 
y" (1) = —11; y1 = x, y2 = x 2,y3 = x7? lnx 


0, y" (0) = 0; 


In Problems 21 through 24, a nonhomogeneous differential 
equation, a complementary solution yc, and a particular so- 
lution yp are given. Find a solution satisfying the given initial 
conditions. 


21. y" + y = 3x; y(0) = 2, y'(0) = —2; 
Je = €1C08 X + c2 Sin x; yp = 3x 

22. y" — 4y = 12; y(0) = 0, y/(0) = 10; 
Ye = c1e?* + e56 ?*; yp = —3 

23. y" -2y' -3y = 6; y(0) = 3, y'(0) = 11; 
Ye = c1e™ + coe9*; yp = — 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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y" — 2y! + 2y = 2x; y(0) = 4, y'(0) = 8; 

Ve = c1e* cos x + coe* sinx; yp — x 1 

Let Ly = y" + py! + qy. Suppose that y, and yz are two 
functions such that 


Ly, = f(x) 


Show that their sum y = yı + y2 satisfies the nonhomo- 
geneous equation Ly = f(x) + g(x). 

(a) Find by inspection particular solutions of the two non- 
homogeneous equations 


and Lys = g(x). 


y’+2y=4 and y"4+2y = 6x. 


(b) Use the method of Problem 25 to find a particular so- 
lution of the differential equation y" + 2y = 6x + 4. 
Prove directly that the functions 


A(@)=1, folx) =x, 


are linearly independent on the whole real line. (Sugges- 
tion: Assume that c1 + cox + c3x? = 0. Differentiate this 
equation twice, and conclude from the equations you get 
that c1 = c2 = c3 = 0.) 

Generalize the method of Problem 27 to prove directly that 
the functions 


femi A@=«, AGH ous AW=* 


are linearly independent on the real line. 

Use the result of Problem 28 and the definition of linear 
independence to prove directly that, for any constant r, the 
functions 


fo(x) = e'*, fn(x) = x" e"* 


are linearly independent on the whole real line. 
Verify that y; = x and y2 = x? are linearly independent 
solutions on the entire real line of the equation 


and f(x) = x? 


Fite) He xus 


x?y" — 2xy! + 2y =0, 


but that W(x, x?) vanishes at x = 0. Why do these obser- 
vations not contradict part (b) of Theorem 3? 

This problem indicates why we can impose only n initial 
conditions on a solution of an nth-order linear differential 
equation. (a) Given the equation 


y" + py! +qy =0, 


explain why the value of y" (a) is determined by the values 
of y(a) and y'(a). (b) Prove that the equation 


y" N 2y' -5y 20 
has a solution satisfying the conditions 
y(0) = 1, 


y/(0) 20, and y”(0)=C 


if and only if C — 5. 
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32. 


33. 


34. 


35. 


Prove that an nth-order homogeneous linear differential 
equation satisfying the hypotheses of Theorem 2 has n lin- 
early independent solutions y1, y2,..., Yn. (Suggestion: 
Let yj be the unique solution such that 


yi Va@y=1 and »(9(-0 ifkzi-1) 


Suppose that the three numbers r1, r2, and r3 are dis- 
tinct. Show that the three functions exp(ri1x), exp(r2x), 
and exp(r3x) are linearly independent by showing that 
their Wronskian 


W —exp[(ri-cr2-cra3)xX]:|ri r2 r3 


2 ,2 ,2 
ri ‘T3. T3 


is nonzero for all x. 
Assume as known that the Vandermonde determinant 


1 1 1 
ry r2 Tn 
= 2 2 2 
V=/ ri r5 ta 
—1 n—1 n—1 
ri r3 r$; 
is nonzero if the numbers r4,75,..., rn are distinct. Prove 


by the method of Problem 33 that the functions 
1Sizn 


fi(x) = exp(ri x), 
are linearly independent. 
According to Problem 32 of Section 3.1, the Wronskian 
W(yi. y2) of two solutions of the second-order equation 

y” + piy + pay = 0 


is given by Abel’s formula 


W(x) = K exp (- f pix) ax) 


for some constant K. It can be shown that the Wronskian 
of n solutions y1, y2,..., Yn of the nth-order equation 


y  p1G)y 7D +--+ pu AQ)! + pa(x)y = 0 


satisfies the same identity. Prove this for the case n — 3 
as follows: (a) The derivative of a determinant of func- 
tions is the sum of the determinants obtained by separately 
differentiating the rows of the original determinant. Con- 
clude that 
yi y2 y3 
/ 
Mer. 38. à 
3 3 3 
oup 


(b) Substitute for 9 š 9, and 9 from the equation 


y? + pry” + poy’ + psy — 0, 


and then show that W’ = —p,W. Integration now gives 
Abel’s formula. 
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36. 


37. 


Suppose that one solution yı(x) of the homogeneous 
second-order linear differential equation 


y" + p(x)y' - q(x)y 20 (18) 


is known (on an interval / where p and q are continuous 
functions). The method of reduction of order consists 
of substituting y2(x) = v(x)y1(x) in (18) and attempting 
to determine the function v(x) so that y2(x) is a second 
linearly independent solution of (18). After substituting 
y = v(x)y1(x) in Eq. (18), use the fact that y1(x) is a 
solution to deduce that 


y1v" + y] + pyi = 0. (19) 


If y1(x) is known, then (19) is a separable equation that 
is readily solved for the derivative v'(x) of v(x). Integra- 
tion of v’(x) then gives the desired (nonconstant) function 
v(x). 

Before applying Eq. (19) with a given homogeneous 
second-order linear differential equation and a known so- 
lution y; (x), the equation must first be written in the form 
of (18) with leading coefficient 1 in order to correctly 
determine the coefficient function p(x). Frequently it is 
more convenient to simply substitute y = v(x)yi1(x) in 
the given differential equation and then proceed directly 
to find v(x). Thus, starting with the readily verified solu- 
tion yj (x) = x? of the equation 


2 h 


x4y" — 5xy! --9y =0 (x » 0), 


substitute y = vx? and deduce that xv" + v' = 0. Thence 
solve for v(x) = C In x, and thereby obtain (with C = 1) 
the second solution y2(x) = x? In x. 


In each of Problems 38 through 42, a differential equation and 
one solution y, are given. Use the method of reduction of or- 
der as in Problem 37 to find a second linearly independent 
solution y2. 


38. 
39. 
40. 
41. 
42. 
43. 


44. 


Ay" — Ay + y 26; yix) = e*? 

x2y' — x(x + Dy! + (x + 2Dy 20 (x > 0); n(x) =x 
(x + Dy" — (x -2)y' + y 20 (x » 1; yi(x) = e* 
(1 — x2)y" + 2xy’-2y 20 (-l <x € I; yx4(x) =x 
First note that y1(x) = x is one solution of Legendre's 
equation of order 1, 


x?y" +xy' -9y 20 (x 30; yıx) = x? 


(1— x2)y" — 2xy! +2y 2 0. 


Then use the method of reduction of order to derive the 
second solution 


3 1+) 
steer = In Gri Se E 
First verify by substitution that y; (x) = x—!/2 cos x is one 


solution (for x > 0) of Bessel’s equation of order 1 
x2 y" pay + (x? — ay = 0; 


Then derive by reduction of order the second solution 
yo(x) = x7!/2 sin x. 


3.2 General Solutions of Linear Equations 161 


KR. Yelelileeii[s Plotting Third-Order Solution Families 


This application deals with the plotting by computer of families of solutions such 
as those illustrated in Figs. 3.2.2 through 3.2.4. We know from Example 6 that the 
general solution of 


y 4 3y" + dy’ + 12y 20 (1) 


—3x 


y(x)2 cye + c2 cos 2x + c3 sin2x. (2) 


For Fig. 3.2.2, use the method of Example 6 to show that the particular solution 
of Eq. (1) satisfying the initial conditions y(0) = a, y’(0) = 0, and y” (0) = 0 is given 


by 
a : 
y= 73 (4€ ™ + 9cos2x + 6 sin 2x). (3) 
The MATLAB loop 
x = -1.5: 0.02: 5 % x-vector from x = -1.5 to x = 5 
fora= -3: 1: 3 % for a = -3 to 3 with da = 1 do 


c1 = 4«a/13; 
c2 = 9xa/13; 
c3 = 6*a/13; 
y = clxexp(-3*x) + c2*cos(2*x) + c3*sin(2*x) ; 
plot (x,y) 
end 


was used to generate Fig. 3.2.2. 
For Fig. 3.2.3, show that the particular solution of Eq. (1) satisfying the initial 
conditions y(0) = 0, y’(0) = b, and y"(0) = 0 is given by 


y(x) = 2 sin2x, (4) 


and alter the preceding for-loop accordingly. 
For Fig. 3.2.4, show that the particular solution of Eq. (1) satisfying the initial 
conditions y(0) = 0, y'(0) = 0, and y"(0) = c is given by 


y(x) = x (2e?* — 2cos2x + 3sin2x). (5) 


Computer algebra systems such as Maple and Mathematica, as well as graph- 
ing calculators, have commands to carry out for-loops such as the one shown here. 
Begin by reproducing Figs. 3.2.2 through 3.2.4. Then plot similar families of solu- 
tion curves for the differential equations in Problems 13 through 20. 
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BE] Homogeneous Equations with Constant Coefficients 


In Section 3.2 we saw that a general solution of an nth-order homogeneous linear 
equation is a linear combination of n linearly independent particular solutions, but 
we Said little about how actually to find even a single solution. The solution of a 
linear differential equation with variable coefficients ordinarily requires numerical 
methods (Chapter 2) or infinite series methods (Chapter 8). But we can now show 
how to find, explicitly and in a rather straightforward way, n linearly independent 
solutions of a given nth-order linear equation if it has constant coefficients. The 
general such equation may be written in the form 


j any™ + any") 4... + a3y" tary’ + aoy = 0, (1) 


where the coefficients ao, a1, 42, ..., aj are real constants with a, Æ 0. 


The Characteristic Equation 
We first look for a single solution of Eq. (1), and begin with the observation that 


k 

P CN = reel, (2) 
so any derivative of e"* is a constant multiple of e"*. Hence, if we substituted 
y = e"* in Eq. (1), each term would be a constant multiple of e"*, with the constant 
coefficients depending on r and the coefficients ag. This suggests that we try to find 
r so that all these multiples of e"* will have sum zero, in which case y = e'* will 
be a solution of Eq. (1). 

For example, in Section 3.1 we substituted y = e’* in the second-order equa- 
tion 

ay" + by! --cy =0 


to derive the characteristic equation 


ar? + br+c=0 


that r must satisfy. 
To carry out this technique in the general case, we substitute y = e"* in Eq. (1), 
and with the aid of Eq. (2) we find the result to be 


aar" e'* + ay ar" 1e"* +--+ aor?e'* + ayre™ + age'* = 0; 


that is, 

e’* (anr” Fanar eed gare do) =0. 
Because e’~ is never zero, we see that y = e"* will be a solution of Eq. (1) precisely 
when r is a root of the equation 


» agr" + anır"! 4. --- E aar? -- air + ao = 0. (3) 


This equation is called the characteristic equation or auxiliary equation of the 
differential equation in (1). Our problem, then, is reduced to the solution of this 
purely algebraic equation. 

According to the fundamental theorem of algebra, every nth-degree poly- 
nomial—such as the one in Eq. (3)—has 7 zeros, though not necessarily distinct 
and not necessarily real. Finding the exact values of these zeros may be difficult 
or even impossible; the quadratic formula is sufficient for second-degree equations, 
but for equations of higher degree we may need either to spot a fortuitous fac- 
torization or to apply a numerical technique such as Newton's method (or use a 
calculator/computer solve command). 


Example 1 


Solution 
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Distinct Real Roots 


Whatever the method we use, let us suppose that we have solved the characteristic 
equation. Then we can always write a general solution of the differential equation. 
The situation is slightly more complicated in the case of repeated roots or complex 
roots of Eq. (3), so let us first examine the simplest case—in which the characteristic 
equation has n distinct (no two equal) real roots r1, r2, ..., rn. Then the functions 


are all solutions of Eq. (1), and (by Problem 34 of Section 3.2) these n solutions are 
linearly independent on the entire real line. In summary, we have proved Theorem 1. 


THEOREM 1 Distinct Real Roots 


If the roots r1, r2, . . . , Tn of the characteristic equation in (3) are real and distinct, 
then 
g y(x) = cye™!* + c5e77 4+ ---+ cne™” (4) 


is a general solution of Eq. (1). 


Solve the initial value problem 


me fi 3y" _ 10y’ = 0: 
»(0 7. y'O)=0, j"(0)— 70. 


The characteristic equation of the given differential equation is 
r? 3r? — 10r = 0. 
We solve by factoring: 
r(r? + 3r 2 10) = r(r + 5)(r —2) = 0, 


and so the characteristic equation has the three distinct real roots r = 0, r = —5, andr = 2. 
Because e? — 1, Theorem 1 gives the general solution 


y(x) = c1 + cae 7* + cae?*, 
Then the given initial conditions yield the linear equations 


yO) =c + coc = 7, 
y(O)= — 5c2+2c3 = 
y"(0) = 25c5 + 4c3 = 


NI 
~~ 
Ss 


in the coefficients c1, c2, and ca. The last two equations give y"(0) — 2y’(0) = 35c5 = 70, 
SO C2 = 2. Then the second equation gives c3 = 5, and finally the first equation gives cı = 0. 
Thus the desired particular solution is 


y(x) = 2e 9* + 5e?*, | 
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Polynomial Differential Operators 

If the roots of the characteristic equation in (3) are not distinct—there are repeated 
roots—then we cannot produce 7 linearly independent solutions of Eq. (1) by the 
method of Theorem 1. For example, if the roots are 1, 2, 2, and 2, we obtain only 
the two functions e* and e?*. The problem, then, is to produce the missing linearly 
independent solutions. For this purpose, it is convenient to adopt “operator notation" 
and write Eq. (1) in the form Ly — 0, where the operator 


n d"-1 2 


d d 
puo qaid que dub du (5) 


operates on the n-times differentiable function y (x) to produce the linear combina- 
tion 
Ly = a, y? a eae pel any? tary! +aoy 


of y and its first n derivatives. We also denote by D = d/dx the operation of 
differentiation with respect to x, so that 


Dy=y', D?y=y", Dey=y, 
and so on. In terms of D, the operator L in (5) may be written 
L = anD” + @n-1D" | +--+ +a2.D? c aiD +49, (6) 


and we will find it useful to think of the right-hand side in Eq. (6) as a (formal) nth- 
degree polynomial in the “variable” D; it is a polynomial differential operator. 

A first-degree polynomial operator with leading coefficient 1 has the form 
D — a, where a is a real number. It operates on a function y — y(x) to produce 


(D -a)y = Dy -ay = y' — ay. 
The important fact about such operators is that any two of them commute: 
(D — a)(D — b)y = (D—b)(D — a)y (7) 


for any twice differentiable function y = y(x). The proof of the formula in (7) is 
the following computation: 


(D —a)(D — b)y = (D — a)(y' — by) 
= D(y' — by) - a(y' — by) 
= y" — (b + a)y! + aby = y" — (a + b)y' + bay 
= D(y' — ay) - b(y' — ay) 
= (D — b)(y' — ay) = (D - b(D — a)y. 


We see here also that (D — a)(D — b) = D? — (a + b) D + ab. Similarly, it can 
be shown by induction on the number of factors that an operator product of the 
form (D — a4)(D — a5):-- (D — an) expands—by multiplying out and collecting 
coefficients—in the same way as does an ordinary product (x — a1)(x — a23)--- 
(x — an) of linear factors, with x denoting a real variable. Consequently, the al- 
gebra of polynomial differential operators closely resembles the algebra of ordinary 
real polynomials. 
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Repeated Real Roots 


Let us now consider the possibility that the characteristic equation 
anr” + agr" | +- + azr? + air + ao = 0 (3) 


has repeated roots. For example, suppose that Eq. (3) has only two distinct roots, ro 
of multiplicity 1 and rı of multiplicity k = n — 1 > 1. Then (after dividing by an) 
Eq. (3) can be rewritten in the form 


(r = rf (r — ro) = (r — ro)  r)* = 0. (8) 
Similarly, the corresponding operator L in (6) can be written as 
L = (D = r1)* (D - ro) = (D = ro)(D = rF, (9) 


the order of the factors making no difference because of the formula in (7). 

Two solutions of the differential equation Ly = 0 are certainly yọ = e"?* and 
yi = e"*, This is, however, not sufficient; we need k + 1 linearly independent 
solutions in order to construct a general solution, because the equation is of order 
k + 1. To find the missing k — 1 solutions, we note that 


Ly = (D - ro)(D — ri*y] = 0. 
Consequently, every solution of the kth-order equation 
(D—rjfy-z0 (10) 


will also be a solution of the original equation Ly — 0. Hence our problem is 
reduced to that of finding a general solution of the differential equation in (10). 

The fact that y; = e”!* is one solution of Eq. (10) suggests that we try the 
substitution 


y(x) = u(x)y1(x) = u(x)e"*, (41) 
where u(x) is a function yet to be determined. Observe that 
(D—ri)[ue""] = (Du)e"* + u(rie" ) — ri(ue" ^) = (Du)e"'*. (12) 
Upon k applications of this fact, it follows that 
(D = r)* [ue"™*] = (D¥uje™ (13) 


for any sufficiently differentiable function u(x). Hence y = ue"!* will be a solution 
of Eq. (10) if and only if D*^u = u™ = 0. But this is so if and only if 


u(x) = c1 + eox + ex? +--+ + egx* 1, 


a polynomial of degree at most k — 1. Hence our desired solution of Eq. (10) is 
y(x) = ue"!* = (c1 cox + eax? + + eux ye", 


In particular, we see here the additional solutions xe”!¥, x2e"1*, ..., x*-leri* of 
the original differential equation Ly — 0. 

The preceding analysis can be carried out with the operator D — rı replaced 
with an arbitrary polynomial operator. When this is done, the result is a proof of the 
following theorem. 
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Example 2 


Solution 


THEOREM 2 Repeated Roots 


If the characteristic equation in (3) has a repeated root r of multiplicity k, then 
the part of a general solution of the differential equation in (1) corresponding to 
r is of the form 


» (Ci teni tez” Pee (14) 


We may observe that, according to Problem 29 of Section 3.2, the k functions 
e"*, xe'*, x?e"*, ..., and x^-le'* involved in (14) are linearly independent on 
the real line. Thus a root of multiplicity k corresponds to k linearly independent 


solutions of the differential equation. 


Find a general solution of the fifth-order differential equation 
gy) —6,00 4 0) = o, 
The characteristic equation is 
9r? — 6r* + r? = r?° (9r? — 6r + 1) = r° Gr — 1? =0. 
It has the triple root r — 0 and the double root r — i. The triple root r — 0 contributes 


20x 2 


c1e9* + coxe* + ¢3x2e9% = c1 +c2x + eax 
to the solution, while the double root r = i contributes c4e*/? + csxe*/?, Hence a general 
solution of the given differential equation is 


y(x) = c1 + cox + ecax? + cge*!3 + csxe*/ 3. pa] 


Complex-Valued Functions and Euler's Formula 


Because we have assumed that the coefficients of the differential equation and its 
characteristic equation are real, any complex (nonreal) roots will occur in complex 
conjugate pairs a + bi where a and b are real and i = 4/—1. This raises the question 
of what might be meant by an exponential such as e(** ^)», 

To answer this question, we recall from elementary calculus the Taylor (or 
MacLaurin) series for the exponential function 


oo 1” 2 p 4 
t — — = 1 t — i M 
doc lu cu 
n=0 
If we substitute t = iÓ in this series and recall that i? = —1, i? = —i, i+ = 1, and 
so on, we get 
oo . 
i0)” 
ei? = 
a 
n=0 
: 0? i405 64 ið 
Se = : 
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Because the two real series in the last line are the Taylor series for cos 0 and sin 6, 
respectively, this implies that 


» e? = cos 0 + i sin 6. (15) 


This result is known as Euler's formula. Because of it, we define the exponential 
function e*, for z = x + iy an arbitrary complex number, to be 


e? = e*t = e* e = e” (cos y + i sin y). (16) 


Thus it appears that complex roots of the characteristic equation will lead to 
complex-valued solutions of the differential equation. A complex-valued function 
F of the real variable x associates with each real number x (in its domain of defini- 
tion) the complex number 


F(x) = f(x) + ig). (17) 


The real-valued functions f and g are called the real and imaginary parts, respec- 
tively, of F. If they are differentiable, we define the derivative F' of F by 


F'(x) = f'G) + igx). (18) 


Thus we simply differentiate the real and imaginary parts of F separately. 

We say that the complex-valued function F(x) satisfies the homogeneous lin- 
ear differential equation L[F(x)] — 0 provided that its real and imaginary parts in 
(17) separately satisfy this equation—so L[F(x)] = L[f(x)] + iL[g(x)] = 0. 

The particular complex-valued functions of interest here are of the form 
F(x) = e'*, where r = a + bi. We note from Euler's formula that 


gti) — qaxoibx — 69% (cos bx + i sinbx) (19a) 
and 
eT — aX e~Ibx — 69% (cog bx — i sin bx). (19b) 
The most important property of e"* is that 
Dy(e^*) =re™, (20) 


if r is a complex number. The proof of this assertion is a straightforward computa- 
tion based on the definitions and formulas given earlier: 


D,(e’*) = Dy(e** cos bx) +iD,(e sinbx) 
= (ae™ cos bx — be^" sin bx) + i (ae?* sin bx + be^* cos bx) 
= (a + bi)(e^* cos bx + ie sinbx) = re'*. 
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Example 3 


Example 4 


Solution 


Complex Roots 


It follows from Eq. (20) that when r is complex (just as when r is real), e"* will bea 
solution of the differential equation in (1) if and only if r is a root of its characteristic 
equation. If the complex conjugate pair of roots rı = a + bi and r2 = a — bi are 
simple (nonrepeated), then the corresponding part of a general solution of Eq. (1) is 


y(x) = Cie"! + Ce"? = C, e ^) 4 c, o (a- box 
= C4e^* (cos bx + i sin bx) + C5e^* (cos bx — i sin bx) 
y(x) = (Ci + C3)e** cos bx + i(C1 — C3)e^* sinbx, 


where the arbitrary constants Cı and C5 can be complex. For instance, the choice 
C; =Q= 4 gives the real-valued solution y1(x) = e^* cos bx, while the choice 
C; = -ii, Cz = si gives the independent real-valued solution y5(x) = e^* sin bx. 
This yields the following result. 


THEOREM 3 Complex Roots 


If the characteristic equation in (3) has an unrepeated pair of complex conjugate 
roots a + bi (with b Z 0), then the corresponding part of a general solution of 
Eq. (1) has the form 


» &** (c1 cos bx + c2 sin bx). (21) 


The characteristic equation of 
y! +b?y=0 (b>0) 
is r? + b? = 0, with roots r = +bi. So Theorem 3 (with a = 0) gives the general solution 
y(x) = cı cos bx + ca sin bx. [| 
Find the particular solution of 
y! — 4y' + 5y 20 


for which y(0) = 1 and y'(0) = 5. 
Completion of the square in the characteristic equation yields 


r? 4r +5 = (r-2 1-0, 


sor —2 = +/-1 = ti. Thus we obtain the complex conjugate roots 2 + i (which could 
also be found directly using the quadratic formula). Hence Theorem 3 with a = 2 and b = 1 
gives the general solution 


y(x) = e?* (cy cos x + c2 sin x). 


Then 
/ 2x : 2x : 
y (x) = 2e** (cy cos x + c2 sin x) + e^ (—c, sin x + c2 cos x), 


so the initial conditions give 
y(0)— c; —1 and y’(0) = 2c, +c2 5. 
It follows that c2 = 3, and so the desired particular solution is 


y(x) = e?* (cos x + 3sinx). a 


(x, y) 


FIGURE 3.3.1. 


Modulus and 


argument of the complex number 


x iy. 


Example 5 


Solution 
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In Example 5 below we employ the polar form 
Z=x+iy= rei? (22) 
of the complex number z. This form follows from Euler's formula upon writing 


Zz =r(=+i) = r(cos@ +i sin 0) = re’? 
r r 


in terms of the modulus r = yx? + y? > 0 of the number z and its argument 0 
indicated in Fig. 3.3.1. For instance, the imaginary number i has modulus 1 and 
argument z/2, so i = e/7/?, Similarly, —i = e?7/?, Another consequence is the fact 
that the nonzero complex number z = re? has the two square roots 


JZ = (ret) = 4 rei. (23) 


where 4/r denotes (as usual for a positive real number) the positive square root of 
the modulus of z. 


Find a general solution of yA + 4y 2 0. 
The characteristic equation is 


r* +4 = (ry — Qi}? = (r° + 2i)(r? — 2i) = 0, 
and its four roots are 4-4/3-2i. Since i = e/7/2 and —i = ei37/2, we find that 


V2i = (2e8/2y 1/2 = JV2eit/4 — V2 (cos 7 + isin =) =1+i 


and 
Aes = (2et3n/2) 1/2 = V2 ei 32/4 - ya (cos = +isin =) =-1+4i. 


Thus the four (distinct) roots of the characteristic equation are r = +(+1 + i). These two 
pairs of complex conjugate roots, 1 +i and —1 +/, give a general solution 


y(x) = e% (c1 cos x + c2 sin x) + e ? (ca cos x + c4 sin x) 


of the differential equation y) +4y =0. [| 


Repeated Complex Roots 


Theorem 2 holds for repeated complex roots. If the conjugate pair a + bi has mul- 
tiplicity k, then the corresponding part of the general solution has the form 


(Ay + Asx +- + gh "De L (Bi + Bax +- + Bext! aO 


k-1 
= > xPe** (c cos bx + dp sinbx). (24) 
p=0 


It can be shown that the 2k functions 
xPe"*cosbx, x?e*sinbx, OS pSk-1 


that appear in Eq. (24) are linearly independent. 
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Example 6 


Solution 


Example 7 


Example 8 


Solution 


E33 Problems 


Find the general solutions of the differential equations in Prob- 19. yO +y” y -y 20 
lems 1 through 20. 


EOD UM LÍ 


11. 
12. 
13. 
15. 
17. 


y'—4y 20 2. 
y" +3y'— 10y 20 4. 
y" + 6y’ + 9y 20 6. 
Ay" — 12y' + 9y =0 8. 
y" + 8y’ + 25y 20 10. 


yA — gyQ) + 16y” 20 
y _ 3,09 -3y/— y' =0 


oy 4 12y" E 4y 20 14. 
y? — gy" + 16y 20 16. 
6y0 4 11y"-4y 20 18, 
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Find a general solution of (D? + 6D + 13)? y = 0. 
By completing the square, we see that the characteristic equation 


(r? + 6r + 13)? = [(r + 32 +4? =0 


has as its roots the conjugate pair —3 + 27 of multiplicity k = 2. Hence Eq. (24) gives the 
general solution 


y(x) = e ?* (cy cos 2x + dy sin2x) + xe ?* (cz cos 2x + d2 sin 2x). a 


In applications we are seldom presented in advance with a factorization as 
convenient as the one in Example 6. Often the most difficult part of solving a homo- 
geneous linear equation is finding the roots of its characteristic equation. Example 7 
illustrates an approach that may succeed when a root of the characteristic equation 
can be found by inspection. The project material for this section illustrates other 
possibilities. 


The characteristic equation of the differential equation 
y® + y' -10y =0 


is the cubic equation 
re+r—10=0. 


By a standard theorem of elementary algebra, the only possible rational roots are the factors 
+1, +2, +5, and +10 of the constant term 10. By trial and error (if not by inspection) we 
discover the root 2. The factor theorem of elementary algebra implies that r — 2 is a factor 
of r? + r — 10, and division of the former into the latter produces as quotient the quadratic 
polynomial 


r? 2r E52 (r - 1? 4 4. 
The roots of this quotient are the complex conjugates —1 + 2i. The three roots we have found 
now yield the general solution 


y(x) = c1e?* + e (c2 cos 2x + c3 sin 2x). [| 


The roots of the characteristic equation of a certain differential equation are 3, —5, 0, 0, 0, 0, 
—5, 2 + 3i, and 2 + 3i. Write a general solution of this homogeneous differential equation. 


The solution can be read directly from the list of roots. It is 


y(x) 2 c1 + cax t eax? + cax? + ese?* + ege ?* + e4xe ?* 


+ &?* (cg cos 3x + cg sin 3x) + xe?” (c19 cos 3x + c11 sin 3x). " 


20. y(9 + 2y@) + 3y" + 2y! + y = 0 (Suggestion: Expand 
(r? +r + 1)?.) 


2y" —3y' 20 
"Hn / — 
2y —1y +3y=0 Solve the initial value problems given in Problems 21 through 
y" — 6y' -13y 20 
5y(4) 4 3y3) = 0 21. y" — 4y' + 3y = 0; y(0) = 7, y'(0) = 11 
22. 9y” + 6y’ + 4y = 0; y(0) = 3, y' (0) = 4 
23. y" — 6y' + 25y = 0; y(0) = 3, y/(00 = 1 
y(9 4 3y”— ay =0 24. 2y00 — 3y” — 2y' = 0; y(0) = 1, y/(0) = —1, y"(0) 23 
y + 18y" + 81y =0 25. 3y9 + 2y" = 0; y(0) = —1, y'(0) = 0, y"(9) = 1 


y? = 16y 26. y (9 + 10y" + 25y’ = 0; y(0) = 3, y/(0) = 4, y"(0) = 5 
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Find general solutions of the equations in Problems 27 through 
32. First find a small integral root of the characteristic equa- 
tion by inspection; then factor by division. 


27. y 4 3y" - 4y =0 

28. 2y00 — y" — 5y! - 2y 20 

29. y? +27y 20 

30. (9 — yO) + y” —3y/ —6y =0 
31. y) + 3y" + ay’ -8y =0 

32. y(9 + y@) — 3y" — 5y! -2y 20 


In Problems 33 through 36, one solution of the differential 
equation is given. Find the general solution. 


33. yO) + 3y”—54y 20; y = e?* 

34. 3y(9 — 2y" + 12y’ — 8y 20; y = e?*/3 

35. 6y(9 + 5yO? 4 25y" + 20y' + 4y = 0; y = cos2x 

36. 9, + 11y” + 4y’ — 14y 20; y = e* sin x 

37. Find a function y(x) such that yO (x) = yO (x) for all x 
and y(0) = 18, y/(0) = 12, y"(0) = 13, and y? (0) = 7. 

38. Solve the initial value problem 


y — 5y” + 100y’ — 500y = 0; 
y0)=0, y'(0 -—10, y"(0)— 250 


given that y1(x) = e?* 
differential equation. 


is one particular solution of the 


In Problems 39 through 42, find a linear homogeneous 
constant-coefficient equation with the given general solution. 


39. y(x) = (A + Bx + Cx2)e?* 

40. y(x) = Ae?* + Bcos2x + C sin2x 

41. y(x) = Acos2x + B sin2x + C cosh2x + D sinh2x 

42. y(x) = (A + Bx + Cx2)cos2x + (D + Ex + Fx?) sin2x 


Problems 43 through 47 pertain to the solution of differential 
equations with complex coefficients. 


43. (a) Use Euler's formula to show that every complex num- 
ber can be written in the form rel, where r 2 0 and 
—z < € n. (b) Express the numbers 4, —2, 3i, 1 + i, 
and —1 + i 3 in the form re/?. (c) The two square roots 
of re’? are +./re!9/2, Find the square roots of the num- 
bers 2 — 2i /3 and —2 + 2i 3. 

44. Use the quadratic formula to solve the following equa- 
tions. Note in each case that the roots are not complex 
conjugates. 

(a) x? cix 220 (b) x? -2ix 4-320 

45. Find a general solution of y" — 2iy’ + 3y = 0. 

46. Find a general solution of y" — iy’ + 6y = 0. 

47. Find a general solution of y" = (—2 + 2i 3) y. 

48. Solve the initial value problem 


»(0 —1, y'(0)— y"(0) — 0. 


(Suggestion: Impose the given initial conditions on the 
general solution 


y9 =y; 


y(x) = Ae* + Be** + CeP*, 


49. 


50. 


51. 
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where o and f are the complex conjugate roots of r? — 1 = 
0, to discover that 


y(x) = ; (e + 2e™*/2 cos n 


is a solution.) 
Solve the initial value problem 


yO = yO + y + y! + 2y; 
y(0) = y'O) = y") = 0,2y) = 30. 


The differential equation 
y" + (senx)y =0 (25) 
has the discontinuous coefficient function 


+1 ifx>0, 
sgnx = . 
—] ifx «0. 
Show that Eq. (25) nevertheless has two linearly indepen- 
dent solutions y, (x) and y» (x) defined for all x such that 

e Each satisfies Eq. (25) at each point x 4 0; 

e Each has a continuous derivative at x = 0; 

e y1(0) = y3(0) = Land y2(0) = y; ©) = 0. 
(Suggestion: Each y;(x) will be defined by one formula 
for x < 0 and by another for x 2 0.) The graphs of these 
two solutions are shown in Fig. 3.3.2. 


FIGURE 3.3.2. Graphs of y; (x) and y2(x) 
in Problem 50. 


According to Problem 51 in Section 3.1, the substitution 
v = Inx (x > 0) transforms the second-order Euler equa- 
tion ax? y" + bxy’ + cy = 0 to a constant-coefficient ho- 
mogeneous linear equation. Show similarly that this same 
substitution transforms the third-order Euler equation 


ax? y 


bx? y" + exy! E dy 20 
(where a, b, c, d are constants) into the constant- 
coefficient equation 


d3y d?y 
a To? + (b — 3a) dy 


d 
+ (c b-422) 2. 4 dy =0. 
dv 
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Make the substitution v = ln x of Problem 51 to find general 54. 
solutions (for x > 0) of the Euler equations in Problems 52 


through 58. 


52. x2y" + xy! +9y =0 
53. x?y" + 7xy! + 25y = 0 


Chapter 3 Linear Equations of Higher Order 


xy” Æ 6x? y" ES Ax y! —0 

55. xy" _ x2y" + xy! =0 

56. x3y! x 3x? y" 4 xy! =0 

57. xy" _ 3x? y 3 xy! —0 

58. x3 y + 6x?y" + 7xy' - y =0 


KÆFT eelsel Approximate Solutions of Linear Equations 


solyetRS-SRe+1; 
Fa -13 


T. 
zoluetR^3-3Ez-l. 
E.125 


-652r 
solwetR"3-SRe+1; 
Rig 


FIGURE 3.3.3. Solving the equation 
r? — 3r? + 1 = 0 with a TI-84 Plus 
calculator that requires an estimate of 
each root. 


XE Eg 
, [s 


— 34 s1=07)) [1 
r=-0.532089 or r«0.652704 or r«2.87939 | 


Document 1 sz 


FIGURE 3.3.4. Solving the 
characteristic equation with a 
TI-Nspire CX CAS handheld. Without 
the approx command, the computer 
algebra system returns an exact 
symbolic solution derived from the 
theory of cubic polynomial equations. 


To meet the needs of applications such as those of this section, polynomial-solving 
utilities are now a common feature of calculator and computer systems and can be 
used to solve a characteristic equation numerically even when no simple factoriza- 
tion is evident or even possible. For instance, suppose that we want to solve the 
homogeneous linear differential equation 


y9 -3y" e y 20 (1) 
with characteristic equation 
r?—-3r?? 41-90. Q) 


A typical graphing calculator has a solve command that can be used to find the 
approximate roots of a polynomial equation. As indicated in Figs. 3.3.3 and 3.3.4, 
we find that the roots of Eq. (2) are given by r ~ —0.5321, 0.6527, and 2.8794. Some 
analogous computer algebra system commands are 


fsolve(r^3 - 3«r^2 + 1 = 0, r); (Maple) 
NSolve[r^3 - 3*rA2 + 1 == 0, r] (Mathematica) 
r^3 - 3rA2 +1= 0 (Wolfram|Alpha) 
roots([1 -3 0 11) (MATLAB) 


(In the MATLAB command, one enters the polynomial’s vector [1 -3 0 1] 
of coefficients, listed in descending order. However we find these approximate 
roots, it follows that a general solution of the differential equation in (1) is given 
(approximately) by 


y(x) = cie (05320x 4. 0 @(0-6527)* 4. 6, o(2-8794)x_ (3) 


Use calculator or computer methods like those indicated here to find general 
solutions (in approximate numerical form) of the following differential equations. 


1. yO) —3y'+y =0 
2. y 4 3y" - 3y =0 
3. 9 +y’ y 20 

4. yO + 3y' c 5y 20 
5. y(9 2,0 -3y 20 
6. y(9 + 3y' - 4y «0 


EZ] Mechanical Vibrations 


The motion of a mass attached to a spring serves as a relatively simple example 
of the vibrations that occur in more complex mechanical systems. For many such 
systems, the analysis of these vibrations is a problem in the solution of linear differ- 
ential equations with constant coefficients. 


I 
Equilibrium 
position 


FIGURE 3.4.1. A mass- 
spring-dashpot system. 


| Unstretched 
spring 


equilibrium 


in motion 


FIGURE 3.4.2. A mass suspended 
vertically from a spring. 
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We consider a body of mass m attached to one end of an ordinary spring that 
resists compression as well as stretching; the other end of the spring is attached to 
a fixed wall, as shown in Fig. 3.4.1. Assume that the body rests on a frictionless 
horizontal plane, so that it can move only back and forth as the spring compresses 
and stretches. Denote by x the distance of the body from its equilibrium position— 
its position when the spring is unstretched. We take x > 0 when the spring is 
stretched, and thus x < 0 when it is compressed. 

According to Hooke’s law, the restorative force Fs that the spring exerts on 
the mass is proportional to the distance x that the spring has been stretched or com- 
pressed. Because this is the same as the displacement x of the mass m from its 
equilibrium position, it follows that 


Fs =—kx. (1) 


The positive constant of proportionality k is called the spring constant. Note that 
Fs and x have opposite signs: Fs « 0 when x > 0, Fs > 0 when x < 0. 

Figure 3.4.1 shows the mass attached to a dashpot—a device, like a shock 
absorber, that provides a force directed opposite to the instantaneous direction of 
motion of the mass m. We assume the dashpot is so designed that this force Fg is 
proportional to the velocity v = dx/dt of the mass; that is, 


Fr=-cv=—c—. (2) 


The positive constant c is the damping constant of the dashpot. More generally, 
we may regard Eq. (2) as specifying frictional forces in our system (including air 
resistance to the motion of m). 

If, in addition to the forces Fs and Fr, the mass is subjected to a given exter- 
nal force Fg = F(t), then the total force acting on the mass is F = Fs + Fg + Fg. 


Using Newton’s law 
d?x " 
F-—ma-m——-mx, 


dt? 
we obtain the second-order linear differential equation 


» mx" 4 cx! + kx = F(t) (3) 


that governs the motion of the mass. 

If there is no dashpot (and we ignore all frictional forces), then we set c — 0 
in Eq. (3) and call the motion undamped; it is damped motion if c > 0. If there is 
no external force, we replace F(t) with 0 in Eq. (3). We refer to the motion as free 
in this case and forced in the case F(t) z 0. Thus the homogeneous equation 


» mx" 4 cx! +kx 20 (4) 


describes free motion of a mass on a spring with dashpot but with no external forces 
applied. We will defer discussion of forced motion until Section 3.6. 

For an alternative example, we might attach the mass to the lower end of a 
spring that is suspended vertically from a fixed support, as in Fig. 3.4.2. In this case 
the weight W = mg of the mass would stretch the spring a distance so determined 
by Eq. (1) with Fs = —W and x = so. That is, mg = kso, so that so = mg/k. This 
gives the static equilibrium position of the mass. If y denotes the displacement of 
the mass in motion, measured downward from its static equilibrium position, then 
we ask you to show in Problem 9 that y satisfies Eq. (3); specifically, that 


my" + cy! + ky = F(t) (5) 


if we include damping and external forces (meaning those other than gravity). 
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o| | | 


FIGURE 3.4.3. The simple 
pendulum. 


The Simple Pendulum 


The importance of the differential equation that appears in Eqs. (3) and (5) stems 
from the fact that it describes the motion of many other simple mechanical systems. 
For example, a simple pendulum consists of a mass m swinging back and forth on 
the end of a string (or better, a massless rod) of length L, as shown in Fig. 3.4.3. 
We may specify the position of the mass at time ¢ by giving the counterclockwise 
angle 0 = 0(t) that the string or rod makes with the vertical at time ¢. To analyze 
the motion of the mass m, we will apply the law of the conservation of mechanical 
energy, according to which the sum of the kinetic energy and the potential energy 
of m remains constant. 

The distance along the circular arc from 0 to m is s = L6, so the velocity of 
the mass is v = ds/dt = L(d0/dt), and therefore its kinetic energy is 


T= lm- im (2 "d i: ( 5 
Uem a 2 ^ xd? 
We next choose as reference point the lowest point O reached by the mass (see 
Fig. 3.4.3). Then its potential energy V is the product of its weight mg and its 
vertical height h = L(1 — cos 0) above O, so 


V = mgL(1 — cos 0). 


The fact that the sum of T and V is a constant C therefore gives 


1 d0 V? 
xn” (=) + mgL(1 — cos 0) = C. 


We differentiate both sides of this identity with respect to t to obtain 


dô N ( d?0 dé 
2[ 99 ! My E 
mL (EE) + mgL(sin 0) d 0, 


dt? 
so 
d?0 g. 
ae + 7, sind = 0 (6) 


after removal of the common factor mL?(d0/dt). This differential equation can 
be derived in a seemingly more elementary manner using the familiar second law 
F = ma of Newton (applied to tangential components of the acceleration of the mass 
and the force acting on it). However, derivations of differential equations based on 
conservation of energy are often seen in more complex situations where Newton's 
law is not so directly applicable, and it may be instructive to see the energy method 
in a simpler application like the pendulum. 

Now recall that if 0 is small, then sin@ ~ 0 (this approximation obtained by 
retaining just the first term in the Taylor series for sin 0). In fact, sin 0 and 0 agree 
to two decimal places when |0| is at most 7/12 (that is, 15°). In a typical pendulum 
clock, for example, 0 would never exceed 15?. It therefore seems reasonable to 
simplify our mathematical model of the simple pendulum by replacing sin 0 with 0 
in Eq. (6). If we also insert a term c0’ to account for the frictional resistance of the 
surrounding medium, the result is an equation in the form of Eq. (4): 


0" -- c0' +k — 0, (7) 


A 
FIGURE 3.4.4. 


The angle a. 
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where k = g/L. Note that this equation is independent of the mass m on the end 
of the rod. We might, however, expect the effects of the discrepancy between 0 and 
sin 0 to accumulate over a period of time, so that Eq. (7) will probably not describe 
accurately the actual motion of the pendulum over a long period of time. 

In the remainder of this section, we first analyze free undamped motion and 
then free damped motion. 


Free Undamped Motion 


If we have only a mass on a spring, with neither damping nor external force, then 
Eq. (3) takes the simpler form 


mx" +kx =0. (8) 
It is convenient to define 
k 
wo = y "- (9) 
and rewrite Eq. (8) as 
x" -- ex — 0. (8^) 


The general solution of Eq. (8°) is 
x(t) = Acos oot + B sin wot. (10) 


To analyze the motion described by this solution, we choose constants C and 
a so that 


A B 
C = V A? + B2, cosa = T and sing = C (11) 


as indicated in Fig. 3.4.4. Note that, although tana = B/A, the angle o is not given 
by the principal branch of the inverse tangent function (which gives values only in 
the interval —7/2 < x < 7/2). Instead, o is the angle between 0 and 2z whose cosine 
and sine have the signs given in (11), where either A or B or both may be negative. 
Thus 

tan ! (B/A) if A > 0, B > 0 (first quadrant), 


a = $ x tan !(B/A) if A < 0 (second or third quadrant), 
2x + tan ! (B/A) if A» 0, B « 0 (fourth quadrant), 


where tan! (B/A) is the angle in (—7/2, 7/2) given by a calculator or computer. 
In any event, from (10) and (11) we get 


A B 
x(t) 2 € (= COS Wot + C sin oot = C(cosa cos wot + sino sin wot). 


With the aid of the cosine addition formula, we find that 
x(t) = C cos(oot — a). (12) 


Thus the mass oscillates to and fro about its equilibrium position with 


1. Amplitude C, 
2. Circular frequency wo, and 
3. Phase angle a. 


Such motion is called simple harmonic motion. 
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c x(t) = C cos(apt — o) 


FIGURE 3.4.5. Simple harmonic 
motion. 


Solution 


If time ¢ is measured in seconds, the circular frequency wo has dimensions of 
radians per second (rad/s). The period of the motion is the time required for the 
system to complete one full oscillation, so is given by 


| 2x 


T= (13) 


Wo 
seconds; its frequency is 


1 Wo 
———— 14 
PEUT 9 
in hertz (Hz), which measures the number of complete cycles per second. Note 
that frequency is measured in cycles per second, whereas circular frequency has the 
dimensions of radians per second. 
A typical graph of a simple harmonic position function 


x(t) = C cos(wot — æ) = C cos (o ( = 23) = C cos(wo(t — à) 


0 


is shown in Fig. 3.4.5, where the geometric significance of the amplitude C, the 
period T , and the time lag 
p= 
wo 
are indicated. 

If the initial position x(0) = xo and initial velocity x’(0) = vo of the mass are 
given, we first determine the values of the coefficients A and B in Eq. (10), then find 
the amplitude C and phase angle o by carrying out the transformation of x (t) to the 
form in Eq. (12), as indicated previously. 


A body with mass m — I kilogram (kg) is attached to the end of a spring that is stretched 2 
meters (m) by a force of 100 newtons (N). It is set in motion with initial position xọ = 1 (m) 
and initial velocity vg = —5 (m/s). (Note that these initial conditions indicate that the body 
is displaced to the right and is moving to the left at time ¢ = 0.) Find the position function of 
the body as well as the amplitude, frequency, period of oscillation, and time lag of its motion. 
The spring constant is k = (100 N)/(2 m) = 50 (N/m), so Eq. (8) yields 5x" + 50x = 0; 
that is, 


1 
2 
x" + 100x = 0. 


Consequently, the circular frequency of the resulting simple harmonic motion of the body 
will be w = 4/100 = 10 (rad/s). Hence it will oscillate with period 


2 2 
T = Z = Z x 0.6283 s 
wo 10 
and with frequency 
1 cog 10 
= — = — = — m 1.5915 Hz. 
fes an 5915 Hz 
We now impose the initial conditions x(0) = 1 and x’ (0) = —5 on the position function 


x(t) = Acos 10t + BsinlOt with x'(r) = —10A sin 10¢ + 102 cos 10t. 


It follows readily that A = 1 and B = -i, so the position function of the body is 
es 
x(t) = cos 10t — 5 sin 10r. 


Hence its amplitude of motion is 


C = y (1) + C4)? = 4v5 m. 
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To find the time lag, we write 


x(t) = "S 


2 1 5 
cos 107 sin D = BE cos(10t — a), 
V5 2 


(5 


where the phase angle o satisfies 


cos : >0 and sin l 
«a = — a = —— 
v5 v5 
Hence o is the fourth-quadrant angle 
-1/45 
2/45 


a= an tsa ( ES tan 1 (1) ~ 5.8195, 


and the time lag of the motion is 
5 = — ~ 0,5820 s. 
wo 


With the amplitude and approximate phase angle shown explicitly, the position function of 
the body takes the form 
x(t) & 4 V 5cos(10t — 5.8195), 


and its graph is shown in Fig. 3.4.6. E 


FIGURE 3.4.6. Graph of the position function 
x(t) = C cos(wot — o) in Example 1, with amplitude C ~ 1.118, 
period T zz 0.628, and time lag ô ~ 0.582. 


Free Damped Motion 


With damping but no external force, the differential equation we have been studying 
takes the form mx” + cx’ + kx = 0; alternatively, 


x" +2px' + wex = 0, (15) 


where wọ = y k/m is the corresponding undamped circular frequency and 


C 
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(0, xo) 


e 


t 


FIGURE 3.4.7. Overdamped 
motion: x(t) = c1e"!! + coe?! with 
rı < 0 and r2 < 0. Solution curves are 
graphed with the same initial position 
xo and different initial velocities. 


(0, xo) 


t 


FIGURE 3.4.8. Critically damped 
motion: x(t) = (c1 + cot)e 7! with 
p > 0. Solution curves are graphed 
with the same initial position xo and 
different initial velocities. 


The characteristic equation r? + 2pr + o = 0 of Eq. (15) has roots 
n, 12 =—p+ (p? - ag)? (17) 
that depend on the sign of 


2 2 
2 2 c k c^ — 4km 

CEN um . 18 
P 709 4m? m 4m? (18) 


The critical damping cer is given by Ce = /4km, and we distinguish three cases, 
according as c > Cer, € = Cer, OF € < Cer- 


OVERDAMPED CASE: c > Cer (c? > 4km). Because c is relatively large in this 
case, we are dealing with a strong resistance in comparison with a relatively weak 
spring or a small mass. Then (17) gives distinct real roots rı and r2, both of which 
are negative. The position function has the form 


x(t) = cie"! + ee”. (19) 


It is easy to see that x(t) — 0 as t > +00 and that the body settles to its equilibrium 
position without any oscillations (Problem 29). Figure 3.4.7 shows some typical 
graphs of the position function for the overdamped case; we chose xo a fixed positive 
number and illustrated the effects of changing the initial velocity vg. In every case 
the would-be oscillations are damped out. 


CRITICALLY DAMPED CASE: c = Cer (c? 2 4km). In this case, (17) gives equal 
roots rı = r2 = — p of the characteristic equation, so the general solution is 


x(t) = e ?'(e1 + cat). (20) 


Because e 7! > 0 and cı + cot has at most one positive zero, the body passes 
through its equilibrium position at most once, and it is clear that x(t) — 0 as 
t — -Foo. Some graphs of the motion in the critically damped case appear in 
Fig. 3.4.8, and they resemble those of the overdamped case (Fig. 3.4.7). In the 
critically damped case, the resistance of the dashpot is just large enough to damp 
out any oscillations, but even a slight reduction in resistance will bring us to the 
remaining case, the one that shows the most dramatic behavior. 


UNDERDAMPED CASE: c < Cer (c? < 4km). The characteristic equation now 
has two complex conjugate roots —p + i ./wé — p?, and the general solution is 


» x(t) =e P'(Acosoit + B sin wt), (21) 
where 
V4km — c? 
PI HEP, EN da rn OR 
wı = yo — p^ = m : (22) 


Using the cosine addition formula as in the derivation of Eq. (12), we may rewrite 
Eq. (20) as 


A B 
x(t) = Ce?! (= COS wt + C sina) ; 


aes 
N91 | 


[St x = Ce?! cos( 9t —a) 


FIGURE 3.4.9. Underdamped 


oscillations: 


x(t) = Ce" cos(v1t — a). 


Example 2 


Solution 
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so 
» x(t) = Ce?" cos(ot — a) (23) 
where 

» C= / A2 + B2, cosa = =. and sina = > 


The solution in (21) represents exponentially damped oscillations of the body 
around its equilibrium position. The graph of x(t) lies between the “amplitude 
envelope” curves x = —Ce ' and x = Ce?’ and touches them when ct — o is 
an integral multiple of x. The motion is not actually periodic, but it is nevertheless 
useful to call œw; its circular frequency (more properly, its pseudofrequency), 7; = 
2z/o, its pseudoperiod of oscillation, and Ce?’ its time-varying amplitude. 
Most of these quantities are shown in the typical graph of underdamped motion in 
Fig. 3.4.9. Note from Eq. (22) that in this case c; is less than the undamped circular 
frequency wo, so Tı is larger than the period T of oscillation of the same mass 
without damping on the same spring. Thus the action of the dashpot has at least two 
effects: 


l. It exponentially damps the oscillations, in accord with the time-varying 
amplitude. 
2. Itslows the motion; that is, the dashpot decreases the frequency of the motion. 


As the following example illustrates, damping typically also delays the motion 
further—that is, increases the time lag—as compared with undamped motion with 
the same initial conditions. 


The mass and spring of Example 1 are now attached also to a dashpot that provides 1 N of 
resistance for each meter per second of velocity. The mass is set in motion with the same 
initial position x(0) — 1 and initial velocity x'(0) — —5 as in Example 1. Now find the 
position function of the mass, its new frequency and pseudoperiod of motion, its new time 
lag, and the times of its first four passages through the initial position x = 0. 
Rather than memorizing the various formulas given in the preceding discussion, it is better 
practice in a particular case to set up the differential equation and then solve it directly. 
Recall that m = : and k = 50; we are now given c = 1 in mks units. Hence Eq. (4) is 
Ix" + x! + 50x = 0; that is, 

x" + 2x’ + 100x = 0. 
The characteristic equation r? + 2r + 100 = (r + 1)? + 99 = 0 has roots r1, r2 = —1 + V99i, 
so the general solution is 


x(t) =e '(Acos V99t + B sin 4/991). (24) 


Consequently, the new circular (pseudo)frequency is o, = 4/99 ~ 9.9499 (as compared with 
wo = 10 in Example 1). The new (pseudo)period and frequency are 


2x 2x 
Tı = — = — z 0.6315s 
: w1 V99 
and 
1 a, 499 
= = = zl. H 
vi n n T 5836 Hz 


(as compared with T zz 0.6283 < Tı and v ~ 1.5915 > vı in Example 1). 
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We now impose the initial conditions x(0) = 1 and x'(0) = —5 on the position function 
in (23) and the resulting velocity function 


x'(t) = —e ' (A cos 4/99: + B sin 991) + /99e 1 (—A sin V99t + B cos V991). 


It follows that 
x(0)=A=1 and x'(0)=-—A + B499 = —5, 


whence we find that A = 1 and B = —4/4/99. Thus the new position function of the body is 


x(t) 2e c 4/991 — sin vss) ; 


4 
4 99 


Hence its time-varying amplitude of motion is 


= oe ( EE 


VS, ( JB 


We therefore write 


x(t) = cos /99t — 


4/99 NAVIS 


/115 
= al cos(V 99 t — a1), 


where the phase angle œ; satisfies 


22 >0 and sin : 
a, = ——— 
V 115 V115 


Hence o is the fourth-quadrant angle 


—4/4/115 4 

-1 -1 

a, = 2z + tan = 2x — tan (=) = 5.9009, 
=] 4/ 99 


and the time lag of the motion is 


4 
sin 991 
V115 ) 


cosa, = « 0. 


jy = ad z 0.5931 s 
01 
(as compared with ó ~ 0.5820 < 6; in Example 1). With the time-varying amplitude and 
approximate phase angle shown explicitly, the position function of the mass takes the form 


x(t) zm JE cos(4/99 t — 5.9009), (25) 


and its graph is the damped exponential that is shown in Fig. 3.4.10 (in comparison with the 
undamped oscillations of Example 1). 

From (24) we see that the mass passes through its equilibrium position x — 0 when 
cos(o1t — o1) = 0, and thus when 


3x T T 3x . 
2° 27 2° gee 


wıt —01] = 


that is, when 


3x T T 3x 
t=6 . 6 s sit 64 —, 
1 201 j 201 b 201 : 201 


We see similarly that the undamped mass of Example 1 passes through equilibrium when 


3x T T 3x 
t = ĝo Bing’ ĝo 255. Eo dus cx 
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The following table compares the first four values 11,12. 3, t4 we calculate for the undamped 


and damped cases, respectively. 


n 


1 2 3 4 


tn (undamped) 


0.1107 | 0.4249 | 0.7390 | 1.0532 


tn (damped) 


0.1195 | 0.4352 | 0.7509 | 1.0667 


Accordingly, in Fig. 3.4.11 (where only the first three equilibrium passages are shown) we 
see the damped oscillations lagging slightly behind the undamped ones. " 


x=Ciet 


x(t) = C cos (Wot — a) 


x(t) = C1e7! cos (Qt — 04) 


FIGURE 3.4.10. Graphs of the position function x(t) = FIGURE 3.4.11. Graphs on the interval 0 < ¢ < 0.8 illustrating the 
Cie cos(o1t — o1) of Example 2 (damped oscillations), the additional delay associated with damping. 


position function x(t) = C cos(wot — a) of Example, ] (undamped 
oscillations), and the envelope curves x(t) = +C1e7 


| 3.4 Problems 


1. Determine the period and frequency of the simple har- denotes the mass of the earth). 


monic motion of a 4-kg mass on the end of a spring with 
spring constant 16 N/m. 

2. Determine the period and frequency of the simple har- 
monic motion of a body of mass 0.75 kg on the end of 
a spring with spring constant 48 N/m. 

3. A mass of 3 kg is attached to the end of a spring that is 
stretched 20 cm by a force of 15 N. It is set in motion with 
initial position x9 = 0 and initial velocity vg = —10 m/s. 6. 
Find the amplitude, period, and frequency of the resulting 
motion. 

4. A body with mass 250 g is attached to the end of a spring 
that is stretched 25 cm by a force of 9 N. At time ¢ = 0 the 
body is pulled 1 m to the right, stretching the spring, and 7. 
set in motion with an initial velocity of 5 m/s to the left. 

(a) Find x(t) in the form C cos(oot — o). (b) Find the 
amplitude and period of motion of the body. 


5. 


In Problems 5 through 8, assume that the differential equation 8. 
of a simple pendulum of length L is L0" + g0 = 0, where 
g = GM/R? is the gravitational acceleration at the location 
of the pendulum (at distance R from the center of the earth; M 


Two pendulums are of lengths L1 and L2 and—when lo- 
cated at the respective distances R and R» from the cen- 
ter of the earth—have periods pı and p2. Show that 


Pı _ Riv Li 
p2 RoVL2 


A certain pendulum keeps perfect time in Paris, where the 
radius of the earth is R = 3956 (mi). But this clock loses 
2 min 40 s per day at a location on the equator. Use the 
result of Problem 5 to find the amount of the equatorial 
bulge of the earth. 

A pendulum of length 100.10 in., located at a point at 
sea level where the radius of the earth is R = 3960 (mi), 
has the same period as does a pendulum of length 100.00 
in. atop a nearby mountain. Use the result of Problem 5 to 
find the height of the mountain. 

Most grandfather clocks have pendulums with adjustable 
lengths. One such clock loses 10 min per day when the 
length of its pendulum is 30 in. With what length pendu- 
lum will this clock keep perfect time? 
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9. 


10. 


11. 


12. 


Derive Eq. (5) describing the motion of a mass attached to 
the bottom of a vertically suspended spring. (Suggestion: 
First denote by x(t) the displacement of the mass below 
the unstretched position of the spring; set up the differ- 
ential equation for x. Then substitute y — x — so in this 
differential equation.) 


Consider a floating cylindrical buoy with radius r, height 
h, and uniform density p < 0.5 (recall that the density of 
water is 1 g/cm?). The buoy is initially suspended at rest 
with its bottom at the top surface of the water and is re- 
leased at time ż = 0. Thereafter it is acted on by two 
forces: a downward gravitational force equal to its weight 
mg = pnr?hg and (by Archimedes’ principle of buoy- 
ancy) an upward force equal to the weight zr?xg of wa- 
ter displaced, where x = x(t) is the depth of the bottom 
of the buoy beneath the surface at time ¢ (Fig. 3.4.12). 
Assume that friction is negligible. Conclude that the buoy 
undergoes simple harmonic motion around its equilibrium 
position xe = ph with period p = 2z y ph/g. Compute p 
and the amplitude of the motion if p = 0.5 g/cm?, h = 200 
cm, and g — 980 cm/s?. 


FIGURE 3.4.12. The buoy of Problem 10. 


A cylindrical buoy weighing 100 Ib (thus of mass m — 
3.125 slugs in ft-Ib-s (fps) units) floats in water with its 
axis vertical (as in Problem 10). When depressed slightly 
and released, it oscillates up and down four times every 10 
s. Find the radius of the buoy. 


Assume that the earth is a solid sphere of uniform density, 
with mass M and radius R — 3960 (mi). For a particle of 
mass m within the earth at distance r from the center of 
the earth, the gravitational force attracting m toward the 
center is F, = —GM,m/r?, where M, is the mass of the 
part of the earth within a sphere of radius r (Fig. 3.4.13). 
(a) Show that F, = —GMmr/R?. (b) Now suppose 
that a small hole is drilled straight through the center of 
the earth, thus connecting two antipodal points on its sur- 
face. Let a particle of mass m be dropped at time t = 0 
into this hole with initial speed zero, and let r(t) be its 
distance from the center of the earth at time t, where we 
take r « 0 when the mass is "below" the center of the 
earth. Conclude from Newton's second law and part (a) 
that r” (t) = —k?r(t), where k? = GM/R? = g/R. 
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13. 


14. 


FIGURE 3.4.13. A mass m falling down a hole 
through the center of the earth (Problem 12). 


(c) Take g — 32.2 ft/s?, and conclude from part (b) that 
the particle undergoes simple harmonic motion back and 
forth between the ends of the hole, with a period of about 
84 min. (d) Look up (or derive) the period of a satellite 
that just skims the surface of the earth; compare with the 
result in part (c). How do you explain the coincidence? 
Or is it a coincidence? (e) With what speed (in miles 
per hour) does the particle pass through the center of the 
earth? (f) Look up (or derive) the orbital velocity of a 
satellite that just skims the surface of the earth; compare 
with the result in part (e). How do you explain the coinci- 
dence? Or is it a coincidence? 


Suppose that the mass in a mass-spring-dashpot system 
with m = 10, c = 9, and k = 2 is set in motion with 
x(0) = 0 and x/(0) = 5. (a) Find the position func- 
tion x(t) and show that its graph looks as indicated in 
Fig. 3.4.14. (b) Find how far the mass moves to the 
right before starting back toward the origin. 


5 
4 
3 
2 


FIGURE 3.4.14. The position function x (t) 
of Problem 13. 


Suppose that the mass in a mass-spring-dashpot system 
with m = 25, c = 10, and k = 226 is set in motion with 
x(0) = 20 and x’(0) = 41. (a) Find the position func- 
tion x(t) and show that its graph looks as indicated in 
Fig. 3.4.15. (b) Find the pseudoperiod of the oscilla- 
tions and the equations of the "envelope curves" that are 
dashed in the figure. 


FIGURE 3.4.15. The position function x (t) 
of Problem 14. 


The remaining problems in this section deal with free damped 
motion. In Problems 15 through 21, a mass m is attached 
to both a spring (with given spring constant k) and a dash- 
pot (with given damping constant c). The mass is set in mo- 
tion with initial position xo and initial velocity vo. Find the 
position function x(t) and determine whether the motion is 
overdamped, critically damped, or underdamped. If it is un- 
derdamped, write the position function in the form x(t) — 
Cie P'cos(o1t — o1). Also, find the undamped position 
function u(t) = Co cos(wot — oo) that would result if the mass 
on the spring were set in motion with the same initial position 
and velocity, but with the dashpot disconnected (so c — 0). Fi- 
nally, construct a figure that illustrates the effect of damping 
by comparing the graphs of x (t) and u(t). 


15. m lc 3,k 24; xg —2,v9 —0 

16. m = 3,c = 30,k = 63; x9 = 2, v9 = 2 

17. m=1,c =8,k = 16; xo = 5, vo 10 

18. n =2,c = 12,k = 50; xo = 0, vo 8 

19. m = 4, c = 20, k = 169; xg = 4, vg = 16 

20. m = 2, c = 16, k = 40; x9 = 5, vo = 4 

21. m = 1, c = 10, k = 125; xo = 6, vo = 50 

22. A 12-lb weight (mass m = 0.375 slugs in fps units) 
is attached both to a vertically suspended spring that it 
stretches 6 in. and to a dashpot that provides 3 Ib of re- 
sistance for every foot per second of velocity. (a) If the 
weight is pulled down 1 ft below its static equilibrium po- 
sition and then released from rest at time ¢ = 0, find its po- 
sition function x(t). (b) Find the frequency, time-varying 
amplitude, and phase angle of the motion. 

23. This problem deals with a highly simplified model of a car 
of weight 3200 Ib (mass m — 100 slugs in fps units). As- 
sume that the suspension system acts like a single spring 
and its shock absorbers like a single dashpot, so that its 
vertical vibrations satisfy Eq. (4) with appropriate values 
of the coefficients. (a) Find the stiffness coefficient k 
of the spring if the car undergoes free vibrations at 80 cy- 
cles per minute (cycles/min) when its shock absorbers are 
disconnected. (b) With the shock absorbers connected, 
the car is set into vibration by driving it over a bump, and 
the resulting damped vibrations have a frequency of 78 
cycles/min. After how long will the time-varying ampli- 
tude be 196 of its initial value? 
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Problems 24 through 34 deal with a mass—spring—dashpot sys- 
tem having position function x(t) satisfying Eq. (4). We write 
Xo = x(0) and vg = x'(0) and recall that p = c/(2m), wg = 
k/m, and o? = og — p?. The system is critically damped, 
overdamped, or underdamped, as specified in each problem. 


24. (Critically damped) Show in this case that 
x(t) = (xo + vot + pxot)e '. 


25. (Critically damped) Deduce from Problem 24 that the 
mass passes through x = 0 at some instant ¢ > 0 if and 
only if xo and vo 4- pxo have opposite signs. 


26. (Critically damped) Deduce from Problem 24 that x (1) has 
a local maximum or minimum at some instant ¢ > 0 if and 
only if vo and vo + pxo have the same sign. 


27. (Overdamped) Show in this case that 


1 
OL [(vo — raxo)e"!* — (vo — rixo)e"?!], 
Y 


where r1, r2 = —p + y p? — oj and y = (r1 — r2)/2 > 0. 
28. (Overdamped) If xo — 0, deduce from Problem 27 that 


x(t) = 20 6—Pt sinh yt. 
Y 


29. (Overdamped) Prove that in this case the mass can pass 
through its equilibrium position x — 0 at most once. 


30. (Underdamped) Show that in this case 


z vo + pxo . 
x(t) =e ?! (s cos 4t + EORUM sinon) : 
Q1 


31. (Underdamped) If the damping constant c is small in com- 
parison with /8mk, apply the binomial series to show that 


jui 
€] Ri 0 = E 
$ v 8mk 


32. (Underdamped) Show that the local maxima and minima 
of 


x(t) = Ce?! cos(w1t — o) 


occur where 
tan(wıt — o) = i 
01 
Conclude that t2 — tı = 27/w, if two consecutive maxima 
occur at times 1 and t2. 


33. (Underdamped) Let x; and x2 be two consecutive local 


maximum values of x(t). Deduce from the result of Prob- 
lem 32 that 


The constant A = 27x p/w; is called the logarithmic decre- 
ment of the oscillation. Note also that c = maw, A/z be- 
cause p — c/(2m). 
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Note: The result of Problem 33 provides an accurate method 
for measuring the viscosity of a fluid, which is an important 
parameter in fluid dynamics but is not easy to measure directly. 
According to Stokes's drag law, a spherical body of radius a 
moving at a (relatively slow) speed through a fluid of viscosity 
y experiences a resistive force Fg = 6r pav. Thus if a spheri- 
cal mass on a spring is immersed in the fluid and set in motion, 
this drag resistance damps its oscillations with damping con- 
stant c = 6zap. The frequency o and logarithmic decrement 
A of the oscillations can be measured by direct observation. 
The final formula in Problem 33 then gives c and hence the 
viscosity of the fluid. 


34. (Underdamped) A body weighing 100 Ib (mass m — 3.125 
slugs in fps units) is oscillating attached to a spring and 
a dashpot. Its first two maximum displacements of 6.73 
in. and 1.46 in. are observed to occur at times 0.34 s and 
1.17 s, respectively. Compute the damping constant (in 
pound-seconds per foot) and spring constant (in pounds 
per foot). 


Differential Equations and Determinism 
Given a mass m, a dashpot constant c, and a spring constant 
k, Theorem 2 of Section 3.1 implies that the equation 


mx" +ex'+kx «0 (26) 


has a unique solution for t Z 0 satisfying given initial condi- 
tions x(0) = xo, x'(0) = vo. Thus the future motion of an ideal 
mass—spring—dashpot system is completely determined by the 
differential equation and the initial conditions. Of course in 


a real physical system it is impossible to measure the param- 
eters m, c, and k precisely. Problems 35 through 38 explore 
the resulting uncertainty in predicting the future behavior of a 
physical system. 


35. Suppose that m = 1, c = 2, and k = 1 in Eq. (26). Show 
that the solution with x(0) = 0 and x’(0) = 1 is 


x(t) 2 tet. 


36. Suppose that m = 1 and c = 2 but k = 1 — 10 7", Show 
that the solution of Eq. (26) with x(0) = 0 and x’(0) = 1 
is 

x2(t) = 10"e~ sinh 107". 


37. Suppose that m = 1 and c = 2 but that k = 1 + 1072”. 
Show that the solution of Eq. (26) with x(0) = 0 and 
x'(0) = 1 is 


x3(t) = 10" e7* sin 1071. 


38. Whereas the graphs of xı(t) and x2(t) resemble those 
shown in Figs. 3.4.7 and 3.4.8, the graph of x3(t) exhibits 
damped oscillations like those illustrated in Fig. 3.4.9, but 
with a very long pseudoperiod. Nevertheless, show that 
for each fixed t > 0 it is true that 


lim x2(t) = lim xa(t) = xi(t). 
n—oo n—oo 


Conclude that on a given finite time interval the three solu- 
tions are in “practical” agreement if n is sufficiently large. 


BEA Nonhomogeneous Equations and Undetermined Coefficients 


We learned in Section 3.3 how to solve homogeneous linear equations with constant 
coefficients, but we saw in Section 3.4 that an external force in a simple mechanical 
system contributes a nonhomogeneous term to its differential equation. The general 
nonhomogeneous nth-order linear equation with constant coefficients has the form 


> any + any"? +--+ aiy’ + aay = f(x). (1) 
By Theorem 5 of Section 3.2, a general solution of Eq. (1) has the form 
> Y= Ver yp (2) 


where the complementary function ye(x) is a general solution of the associated 
homogeneous equation 


any™ ay i y 7D seb ai y!  aoy — 0. (3) 


and y, (x) is a particular solution of Eq. (1). Thus our remaining task is to find yp. 
The method of undetermined coefficients is a straightforward way of doing 
this when the given function f(x) in Eq. (1) is sufficiently simple that we can make 
an intelligent guess as to the general form of yp. For example, suppose that f(x) 
is a polynomial of degree m. Then, because the derivatives of a polynomial are 


Example 1 


Solution 


Example 2 


Solution 
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themselves polynomials of lower degree, it is reasonable to suspect a particular 
solution 


Yp(x) = Amx” + Ag-ix" | +++ + Aix + Ao 


that is also a polynomial of degree m, but with as yet undetermined coefficients. We 
may, therefore, substitute this expression for yp into Eq. (1), and then—by equating 
coefficients of like powers of x on the two sides of the resulting equation—attempt 
to determine the coefficients Ao, A1, ..., Am so that yp will, indeed, be a particular 
solution of Eq. (1). 

Similarly, suppose that 


f(x) = acoskx + bsinkx. 
Then it is reasonable to expect a particular solution of the same form: 
yp(x) = Acoskx + B sinkx, 


a linear combination with undetermined coefficients A and B. The reason is that 
any derivative of such a linear combination of cos kx and sin kx has the same form. 
We may therefore substitute this form of y, in Eq. (1), and then—by equating co- 
efficients of cos kx and sin kx on both sides of the resulting equation—attempt to 
determine the coefficients A and B so that y, will, indeed, be a particular solution. 

It turns out that this approach does succeed whenever all the derivatives of 
f (x) have the same form as f(x) itself. Before describing the method in full gener- 
ality, we illustrate it with several preliminary examples. 


Find a particular solution of y" + 3y’ + 4y = 3x + 2. 
Here f(x) = 3x + 2 is a polynomial of degree 1, so our guess is that 
yp(x) = Ax + B. 
Then 35 — A and yp — 0, so yp will satisfy the differential equation provided that 
(0) + 3(4) + 4(Ax + B) = 3x +2, 
that is, 


(4A)x + (8A + 4B) = 3x +2 


for all x. This will be true if the x-terms and constant terms on the two sides of this equation 
agree. It therefore suffices for A and B to satisfy the two linear equations 44 = 3 and 
3A + 4B = 2 that we readily solve for A = à and B — A Thus we have found the 
particular solution 


yp(x) = 3x— k- E 


Find a particular solution of y” — 4y = 2e?*. 


Any derivative of e?* is a constant multiple of e?*, so it is reasonable to try 
yp(x) = Ae?*. 
Then yp = 9A4e?*, so the given differential equation will be satisfied provided that 
94e?* — 4(Ae9*) = 207%; 


that is, 54 = 2, so that A = 2. Thus our particular solution is yp (x) = 2e. [| 
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Example 4 


Solution 


Find a particular solution of 3y” + y’ — 2y = 2cos x. 


A first guess might be yp (x) = A cos x, but the presence of y’ on the left-hand side signals 
that we probably need a term involving sin x as well. So we try 


yp(x) = Acosx + Bsinx, 


Yp(x) = —Asinx + B cosx, 
yp(x) = —Acosx — Bsinx. 


Then substitution of yp and its derivatives into the given differential equation yields 
3(—A cos x — B sin x) + (—A sin x + Bcosx)—2(Acosx + B sin x) = 2cosx, 
that is (collecting coefficients on the left), 
(—5A + B)cosx + (CA — 5B)sinx = 2cos x. 


This will be true for all x provided that the cosine and sine terms on the two sides of this 
equation agree. It therefore suffices for A and B to satisfy the two linear equations 


—5A + B=2, 
—-A —5B=0 
with readily found solution A = -4 B= b- Hence a particular solution is 
yp(x) = — 73 cosx + 4l sinx. [| 


The following example, which superficially resembles Example 2, indicates 
that the method of undetermined coefficients is not always quite so simple as we 
have made it appear. 


Find a particular solution of y” — 4y = 2e?*. 
If we try yp(x) = Ae?*, we find that 


yp 4yp = 44e?* — 4Ae?* =0 Æ 262%, 


Thus, no matter how A is chosen, Ae?* cannot satisfy the given nonhomogeneous equation. 
In fact, the preceding computation shows that Ae?* satisfies instead the associated homo- 
geneous equation. Therefore, we should begin with a trial function yj (x) whose derivative 
involves both e?* and something else that can cancel upon substitution into the differential 
equation to leave the e?* term that we need. A reasonable guess is 


yp(x) = Axe2*, 


for which 
yp(x) = Ae?* + 2Axe?* and yp (x) = 4Ae?* + AAxe?*, 


Substitution into the original differential equation yields 
(4Ae2* + AAxe?*) — A(Axe?*) = 2e”. 


The terms involving xe?* obligingly cancel, leaving only 44e?* = 2e?*, so that A = 1. 
Consequently, a particular solution is 


yp(x) = Lye”, m 


Example 5 
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The General Approach 


Our initial difficulty in Example 4 resulted from the fact that f(x) = 2e?* satisfies 
the associated homogeneous equation. Rule 1, given shortly, tells what to do when 
we do not have this difficulty, and Rule 2 tells what to do when we do have it. 

The method of undetermined coefficients applies whenever the function f(x) 
in Eq. (1) is a linear combination of (finite) products of functions of the following 
three types: 


1. A polynomial in x; 
2. An exponential function e^*; (4) 
3. coskx or sinkx. 


Any such function, for example, 
f(x) = (8 — Ax2)e?* — 4x3 cos 10x, 


has the crucial property that only finitely many linearly independent functions ap- 
pear as terms (summands) in f(x) and its derivatives of all orders. In Rules 1 and 
2 we assume that Ly — f(x) is a nonhomogeneous linear equation with constant 
coefficients and that f(x) is a function of this kind. 


RULE1 Method of Undetermined Coefficients 


Suppose that no term appearing either in f(x) or in any of its derivatives satisfies 
the associated homogeneous equation Ly — 0. Then take as a trial solution for 
yp à linear combination of all linearly independent such terms and their deriva- 
tives. Then determine the coefficients by substitution of this trial solution into 
the nonhomogeneous equation Ly — f(x). 


Note that this rule is not a theorem requiring proof; it is merely a procedure to 
be followed in searching for a particular solution yp. If we succeed in finding yp, 
then nothing more need be said. (It can be proved, however, that this procedure will 
always succeed under the conditions specified here.) 

In practice we check the supposition made in Rule 1 by first using the charac- 
teristic equation to find the complementary function yc, and then write a list of all 
the terms appearing in f(x) and its successive derivatives. If none of the terms in 
this list duplicates a term in ye, then we proceed with Rule 1. 


Find a particular solution of 
y" + 4y = 3x3. (5) 
The (familiar) complementary solution of Eq. (5) is 
yc(X) = c1 cos 2x + c2 sin2x. 


The function f(x) — 3x? and its derivatives are constant multiples of the linearly independent 
functions x?, x?, x, and 1. Because none of these appears in yc, we try 


yp-— Ax? + Bx? +Cx+ D, 
35 = 34x? +2Bx +C, 
yp = 6Ax + 2B. 
Substitution in Eq. (5) gives 
yy + 4yp = (6Ax + 2B) + (Ax? + Bx? + Cx + D) 
= 4Ax? + ABx? + (6A + 4C)x + (2B + AD) = 3x°. 
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We equate coefficients of like powers of x in the last equation to get 


4A = 3, 4B — 0, 
64+4C=0, 2B+4D=0 


with solution A = i, B=0,C= A and D = 0. Hence a particular solution of Eq. (5) is 
yp(x)— i = aa: L| 
Solve the initial value problem 


y" — 3y! + 2y = 3e * — 10cos 3x; 


y(0)=1, y'(0-2. (6) 


The characteristic equation r? — 3r + 2 = 0 has roots r = 1 and r = 2, so the complementary 


function is 
ye(x) = cie* + cze”. 


The terms involved in f(x) = 3e^* — 10 cos 3x and its derivatives are e^ *, cos 3x, and sin 3x. 
Because none of these appears in yc, we try 


Yp = Ae*+ Bcos3x 4 C sin3x, 
Yp = —Ae~* — 3B sin3x + 3C cos 3x, 
yp = Ae * —9Bcos3x — 9C sin3x. 


After we substitute these expressions into the differential equation in (6) and collect coeffi- 
cients, we get 


yp —3yp  2yp = 64e * + (-7B — 9C) cos 3x + (9B — 7C) sin 3x 
= 3e * — 10cos3x. 


We equate the coefficients of the terms involving e^ *, those involving cos3x, and those 
involving sin 3x. The result is the system 


64= 3, 
—7B — 9C = —10, 
9B —7C— 0 


with solution A — F, B= a , and C = i This gives the particular solution 
yp(x) = de + A cos 3x + 5 sin 3x, 


which, however, does not have the required initial values in (6). 
To satisfy those initial conditions, we begin with the general solution 


y(x) = ye(x) + yp(x) 
= cye* + cze?” + le^* + 1 cos 3x + ts sin 3x, 
with derivative 
1 


/ x 2x —x 21 ¢: 27 
y (x) = c1e* + 2c2e** — 5e 7 — t3 sin3x + $3 COS 3x. 


The initial conditions in (6) lead to the equations 
= 1 7 _ 
yO=eatoat zt BR=l, 
Pu = i ree 
y (0) =c1 +202 -53+ 5 =2 
with solution c; = -i, C2 — É. The desired particular solution is therefore 


1x 6 2% i =y 7 9 . 
yx) = —53€" + pee + 5€ + 13 C08 3X + 3 SiN 3x. lis] 
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Find the general form of a particular solution of 
yO + Oy! = xsinx + xe”. (7) 


The characteristic equation r? + 9r = 0 has roots r = 0, r = —3i, and r = 3i. So the 
complementary function is 


yc(x) = cy c2 cos3x + c3 sin3x. 
The derivatives of the right-hand side in Eq. (7) involve the terms 


cosx, sinx, xcosx, xsinx, 


e?*. xe”, and x?e?*, 


Because there is no duplication with the terms of the complementary function, the trial solu- 
tion takes the form 


yp(x) = Acos x + B sinx + Cx cosx + Dx sinx + Ee?* + Fxe?* + Gx?e”™. 


Upon substituting yp in Eq. (7) and equating coefficients of like terms, we get seven equations 
determining the seven coefficients A, B, C, D, E, F, and G. El 


The Case of Duplication 

Now we turn our attention to the situation in which Rule 1 does not apply: Some of 
the terms involved in f(x) and its derivatives satisfy the associated homogeneous 
equation. For instance, suppose that we want to find a particular solution of the 
differential equation 


(D —r)?y = Qx - 3e'*. (8) 
Proceeding as in Rule 1, our first guess would be 
yp(x) = Ae"* + Bxe'*. (9) 


This form of y,(x) will not be adequate because the complementary function of 
Eq. (8) is 


yc(x) = c1e”” + eoxe!* + eax?e'*, (10) 


so substitution of (9) in the left-hand side of (8) would yield zero rather than 
(2x — 3)e"*. 
To see how to amend our first guess, we observe that 


(D —r)?[(2x — 3)e’*] = [D?(2x —3)]e'* = 0 


by Eq. (13) of Section 3.3. If y(x) is any solution of Eq. (8) and we apply the 
operator (D — r}? to both sides, we see that y (x) is also a solution of the equation 
(D — r? y = 0. The general solution of this homogeneous equation can be written 
as 

y(x) = ce"* + coxe™ + esx?e'* + Axoe'* + Bxte™. 

——— — amam 
Ye Yp 

Thus every solution of our original equation in (8) is the sum of a complementary 
function and a particular solution of the form 


yp(x) = Ax?e"* + Bx*e'*. (11) 
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Note that the right-hand side in Eq. (11) can be obtained by multiplying each term 
of our first guess in (9) by the least positive integral power of x (in this case, x?) 
that suffices to eliminate duplication between the terms of the resulting trial solution 
yp(x) and the complementary function y. (x) given in (10). This procedure succeeds 
in the general case. 

To simplify the general statement of Rule 2, we observe that to find a particular 
solution of the nonhomogeneous linear differential equation 


Ly = fix) + hx), (12) 


it suffices to find separately particular solutions Yı (x) and Y2(x) of the two equa- 
tions 


Ly = fi(x) and Ly = f(x), (13) 
respectively. For linearity then gives 
L[Y1 + Y2] = LY1 + LY? = fix) + fol), 


and therefore yp = Yı + Y2 is a particular solution of Eq. (12). (This is a type of 
"superposition principle" for nonhomogeneous linear equations.) 

Now our problem is to find a particular solution of the equation Ly = f(x), 
where f(x) is a linear combination of products of the elementary functions listed in 
(4). Thus f(x) can be written as a sum of terms each of the form 


Pa(x)e" coskx or Pm(x)e™ sinkx, (14) 


where Pj (x) is a polynomial in x of degree m. Note that any derivative of such 
a term is of the same form but with both sines and cosines appearing. The proce- 
dure by which we arrived earlier at the particular solution in (11) of Eq. (8) can be 
generalized to show that the following procedure is always successful. 


RULE2 Method of Undetermined Coefficients 
If the function f(x) is of either form in (14), take as the trial solution 


yp(x) = x?[(4o + Aix + Agx Aye yel cos x 
(Bo Biase hon Be es sik E (15) 


where s is the smallest nonnegative integer such that no term in y, duplicates 
a term in the complementary function ye. Then determine the coefficients in 
Eq. (15) by substituting y, into the nonhomogeneous equation. 


In practice we seldom need to deal with a function f(x) exhibiting the full 
generality in (14). The table in Fig. 3.5.1 lists the form of y, in various common 
cases, corresponding to the possibilities m = 0, r = 0, and k = 0. 

On the other hand, it is common to have 


f(x) = f(x) + fa(x). 


where fi(x) and f2(x) are different functions of the sort listed in the table in 
Fig. 3.5.1. In this event we take as y, the sum of the trial solutions for fi(x) 
and f2(x), choosing s separately for each part to eliminate duplication with the 
complementary function. This procedure is illustrated in Examples 8 through 10. 


Example 8 


Solution 


Example 9 


Solution 
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f(x) yp 
Pm (x) = bo + bix + box? + -+ bmx” x5(Ag + Aix + A2x? +++» + Ag x) 
acoskx + bsinkx x*(Acoskx + B sinkx) 
e’*(acoskx + bsinkx) x3e"* (Acoskx + B sinkx) 
Pg (x)e!* x*(Ag + Aix + A2x? +--+ + Ag x" )er* 
Pg (x)(a cos kx + bsinkx) x*[(Ao + A1x +++: + Amx™) coskx 


+ (Bo + Byx +++: + Bmx”) sinkx] 


FIGURE 3.5.1. Substitutions in the method of undetermined coefficients. 


Find a particular solution of 
y 4 y" = 3e* + 4x2, (16) 
The characteristic equation r? + r? = 0 has roots rı = r2 = 0 and r4 = —1, so the comple- 


mentary function is 
x 


Ye(x) = e1 + eax + cze ™. 
As a first step toward our particular solution, we form the sum 
(Ae*) + (B + Cx + Dx?). 


The part Ae* corresponding to 3e* does not duplicate any part of the complementary func- 
tion, but the part B -- Cx -- Dx? must be multiplied by x? to eliminate duplication. Hence 
we take 


yp = Ae* + Bx? + Cx? + Dx^, 
yp = Ae* + 2Bx 4- 3Cx? +4Dx?, 
yp = Ae* +2B +6Cx +12Dx°, and 
yQ) = Ae* + 6C +24Dx. 
Substitution of these derivatives in Eq. (16) yields 
2Ae* + (2B + 6C) + (6C + 24D)x + 12Dx? = 3e* + 4x?. 
The system of equations 


2A = 3, 2B +6C =0, 


6C + 24D =0, 12D =4 
has the solution A = 3, B=4,C= 4, and D = 1. Hence the desired particular solution 
is 

yp(x) = 3e* + 4x? — ty? + ax | 


Determine the appropriate form for a particular solution of 


3 


y" + 6y! + 13y = e ?* cos 2x. 


The characteristic equation r? + 6r + 13 = 0 has roots —3 + 2i, so the complementary func- 
tion is 

ye(x) = e ?* (cy cos 2x + c2 sin 2x). 
This is the same form as a first attempt e~3* (A cos 2x + B sin 2x) at a particular solution, so 
we must multiply by x to eliminate duplication. Hence we would take 


yp(x) = e 3*(Ax cos2x + Bx sin 2x). | 
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Determine the appropriate form for a particular solution of the fifth-order equation 
(D — 2)3(D? + 9)y = x?e?* + x sin3x. 


The characteristic equation (r — 2)? (r? + 9) = 0 has roots r = 2, 2, 2, 3i, and —3i, so the 
complementary function is 


ye (x) = eye?* + eoxe?* + cax?e?* + c4 cos 3x + cs sin 3x. 
As a first step toward the form of a particular solution, we examine the sum 


[(A + Bx + Cx2)e?*] + [(D + Ex) cos 3x + (F + Gx) sin3x]. 


To eliminate duplication with terms of yc(x), the first part—corresponding to 
x2e?* —must be multiplied by x, and the second part—corresponding to x sin 3x—must 
be multiplied by x. Hence we would take 


yp(x) = (Ax? + Bx*  Cx?)e?* + (Dx + Ex?) cos3x + (Fx + Gx?) sin3x. a 


Variation of Parameters 


Finally, let us point out the kind of situation in which the method of undetermined 
coefficients cannot be used. Consider, for example, the equation 


y” +y = tanx, (17) 
which at first glance may appear similar to those considered in the preceding ex- 
amples. Not so; the function f(x) = tan x has infinitely many linearly independent 
derivatives 

sec? x, 2sec?xtanx, 4sec? x tan? x + 2sec^ x, 
Therefore, we do not have available a finite linear combination to use as a trial 
solution. 
We discuss here the method of variation of parameters, which—in principle 


(that is, if the integrals that appear can be evaluated)—can always be used to find a 
particular solution of the nonhomogeneous linear differential equation 


YP + pray? +- + pE) + polx)y = f). (18) 
provided that we already know the general solution 
Ve = C1 Y1 + C2y2 +++ + CnYn (19) 
of the associated homogeneous equation 
YO py 1 (x)y "7D +- py + poGoy = 0. (20) 
Here, in brief, is the basic idea of the method of variation of parameters. Sup- 
pose that we replace the constants, or parameters, c1, C2, ..., Cn in the complemen- 


tary function in Eq. (19) with variables: functions u1, u2, ..., Un of x. We ask 
whether it is possible to choose these functions in such a way that the combination 


yp(x) = u1 (x)y1 (x) + u2 (x) y2 (x) + ++ + un(x)yn(x) (21) 
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is a particular solution of the nonhomogeneous equation in (18). It turns out that 
this is always possible. 

The method is essentially the same for all orders n Z 2, but we will describe 
it in detail only for the case n = 2. So we begin with the second-order nonhomoge- 
neous equation 


> Liy] = y" + PŒ + QG)y = fŒ) (22) 
with complementary function 
yc(x) = c1 y1 (x) + c2ya(x) (23) 


on some open interval / where the functions P and Q are continuous. We want to 
find functions uw, and u2 such that 


» yp(x) = u1 (x)yı (x) + U2 (x) y2(x) (24) 


is a particular solution of Eq. (22). 

One condition on the two functions u; and u3 is that L[y5] = f(x). Because 
two conditions are required to determine two functions, we are free to impose an 
additional condition of our choice. We will do so in a way that simplifies the com- 
putations as much as possible. But first, to impose the condition L[yp] = f(x), we 
must compute the derivatives y; and y}. The product rule gives 


y, = Quy d u2y5) + GG yi + u32). 


To avoid the appearance of the second derivatives u and u3, the additional condition 
that we now impose is that the second sum here must vanish: 


ui yi + u5ya = 0. (25) 
Then 
yp = MY, + u2y5, (26) 
and the product rule gives 
yp = Quy + u2y2) + yyy + u5y5). (27) 


But both yı and y» satisfy the homogeneous equation 
y" + Py' t Qy =0 
associated with the nonhomogeneous equation in (22), so 
yi —-Py-0y Q8) 
fori = 1, 2. It therefore follows from Eq. (27) that 
Yp = QA yi t u5y5) - P Quy + u2y5) — Q Quy + U2y2). 
In view of Eqs. (24) and (26), this means that 


yp = Uy, + u5y5) — Py, — Qyp; 
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hence 


L[yp] = uy,  u5y5. (29) 


The requirement that y, satisfy the nonhomogeneous equation in (22)—that is, that 
L[yp] = f(x)—therefore implies that 


wy, t u5y, = f(x). (30) 


Finally, Eqs. (25) and (30) determine the functions uw; and u2 that we need. 
Collecting these equations, we obtain a system 


w1y1 + u5ya = 0, 
> si ped G1) 
uiy, + u5y5 = f(x) 


of two linear equations in the two derivatives ui and u}. Note that the determinant 
of coefficients in (31) is simply the Wronskian W(y1, y2). Once we have solved 
the equations in (31) for the derivatives u| and w5, we integrate each to obtain the 
functions uv; and us such that 


»* yp =U1y1 + u2y2 (32) 


is the desired particular solution of Eq. (22). In Problem 63 we ask you to carry 
out this process explicitly and thereby verify the formula for y, (x) in the following 
theorem. 


THEOREM 1 Variation of Parameters 


If the nonhomogeneous equation y" + P(x)y’ + Q(x)y = f(x) has complemen- 
tary function yc (x) = ci1y1(x) + c2y2(x), then a particular solution is given by 


ya(x) f (x) 
W(x) 


yix) f(x) 


yes) =- f WS 


dx + vals) f (9/58; (33) 


where W = W(y, y2) is the Wronskian of the two independent solutions y, and 
y2 of the associated homogeneous equation. 


Find a particular solution of the equation y" 4- y — tan x. 
The complementary function is yc(x) = cy cos x + c2 sin x, and we could simply substitute 


directly in Eq. (33). But it is more instructive to set up the equations in (31) and solve for u4 
and u}, so we begin with 

yi = cosx, y2 = sinx, 

yi =—sinx, y5 = cos x. 
Hence the equations in (31) are 

(u^ )(cos x) + (u5)(sin x) = 0, 
(u^) — sin x) + (u5)(cos x) = tan x. 

We easily solve these equations for 


j . sin? x 
uy = —sinxtanx = = COS X — SEC x, 
COS X 


u% = cos x tan x = sin x. 
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Hence we take 
uy = [ e: — sec x) dx = sin x — ln | sec x + tan x| 
and 
u2 = IET dx — —cosx. 


(Do you see why we choose the constants of integration to be zero?) Thus our particular 
solution is 


u1(x)y1(x) + uz(x)y2(x) 
(sin x — In |sec x + tan x|) cos x + (— cos x)(sin x); 


Il 


Yp(x) 


that is, 


yp(x) = —(cos x) In [sec x + tan x|. [| 


EXj Problems 


In Problems 1 through 20, find a particular solution yp of the 
given equation. In all these problems, primes denote deriva- 
tives with respect to x. 


1. y" + 16y = e 

3. y" — y! — 6y = 2sin3x 
5. y +y’ +y — sin?x 
7 
9 


y! — y! - 2y 2 3x «4 
. Ay" + Ay! + y = 3xe* 
. 2y" + Ay! + Ty = x? 
y" — 4y = cosh 2x 


PARN 


. y" — 4y = sinh x 

S y" +2y' — 3y = 1 + xe” 
10. y" + 9y = 2cos 3x + 3 sin 3x 
1. yO +4y' —3x-1 12. y + y' 2 2— sinx 
13. y" + 2y' 4 5y = e* sinx 14. yA) E 2y" +y= yen 
15. yO £50 -y=17 16. y” +9y = 2x2e9* +5 
17. y" + y 2 sinx + xcosx 
18. y(9 — 5y” + 4y = e* — xe?* 
19. y 4 2,0 4 2y" = 3x2-1 
20. ,.OB-y 2e* 47 


In Problems 21 through 30, set up the appropriate form of a 
particular solution y p, but do not determine the values of the 
coefficients. 


21. y" —2y' + 2y = e* sinx 

22. yS) — y@) = e* 42x? —5 

23. y" + 4y = 3x cos2x 

24. y@ — y" — 12y! = x - 2xe 9^ 

25. y" E 3y! + 2y = x(e* —e?7) 

26. y" — 6y! + 13y = xe?* sin2x 

27. y® + 5y" + 4y = sin x + cos2x 

28. y(9 + 9y" = (x? + D) sin3x 

29. (D — 1)3(D? — 4)y = xe” + e2* + ex 
30. y(9 —2y" + y = x? cos x 


Solve the initial value problems in Problems 31 through 40. 


31. y" + 4y = 2x; y(0) = 1, y'(0) 22 
32. y" + 3y' -2y =e*; y(0) = 0, y’(0) = 3 


33. y" + 9y = sin2x; y(0) = 1, y/(0) 20 

34. y" + y = cosx; y(0) = 1, y'(0) = —1 

35. y" —2y' -2y 2 x + 1; y(0) = 3, y'(0) 20 

36. y® — Ay" = x7; yO =y O — 1, y"(0) = yO) = —1 
37. yO) — 2y" + y! = 1 + xe”; yO) = y'(0) = 0, y"(0) = 1 
38. y" + 2y’ + 2y = sin3x; y(0) = 2, y'(0) 20 

39. yO) + y" = x + e™; y(0) = 1, y'() = 0, y”(0) = 1 
40. y® -y = 5; (0) = y'(0) = y"(0) = yO) =0 

41. Find a particular solution of the equation 


(4) 


yO) — y" — y! =2y = 8x7. 


y 


42. Find the solution of the initial value problem consisting 
of the differential equation of Problem 41 and the initial 
conditions 


y(0) = y'(0) = y"(0) 
43. (a) Write 


y® 0) = 0. 


cos 3x + i sin3x = e?'* = (cos x + i sin x)? 


by Euler’s formula, expand, and equate real and imag- 
inary parts to derive the identities 


cos? x = 1 cos x+ 1 cos 3x5 
3 3 1 


sin x = 3 sinx — 4 sin3x. 
(b) Use the result of part (a) to find a general solution of 
y" + 4y = cos? x. 


Use trigonometric identities to find general solutions of the 
equations in Problems 44 through 46. 


44. y" + y' +y =sinx sin3x 

45. y+ 9y = sinf x 

46. y" + y 2 xcos?x 

In Problems 47 through 56, use the method of variation of pa- 
rameters to find a particular solution of the given differential 
equation. 
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47. 
49. 
51. 
53. 
55. 
57. 


48. 
50. 
52. 


y" —2y!' — 8y —3e-2X* 
y" — 4y = sinh2x 
y" + 9y = sin3x 


y" 4 3y! + 2y = 4e* 
y" se Ay! ES 4y = 2e?* 
y" + 4y = cos3x 

y" + 9y = 2sec3x 54. y" + y = csc? x 

y" + 4y = sin? x 56. y" — 4y = xe* 

You can verify by substitution that ye = cı x 4-c2x ^ isa 
complementary function for the nonhomogeneous second- 
order equation 


x2 y" 


But before applying the method of variation of parame- 
ters, you must first divide this equation by its leading co- 
efficient x? to rewrite it in the standard form 


1 


Txy-yz- 72x7. 


i 1 

y a yc: zy = 72x32. 

x x 

Thus f(x) = 72x? in Eq. (22). Now proceed to solve the 
equations in (31) and thereby derive the particular solution 


yp = 3x?. 
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In Problems 58 through 62, a nonhomogeneous second-order 
linear equation and a complementary function ye are given. 
Apply the method of Problem 57 to find a particular solution 
of the equation. 


58. 
59. 
60. 
61. 
62. 
63. 


64. 


2. 3 


x*y 
x2 y" — 3xy! + 4y = xf; ye = x2(cy + c2 Inx) 


— Axy! + 6y = x^; yc = cix? + cox 


4x2 y" — Axy! + 3y = 8x4/3; ye = cy x + c2x?/4 


x2 y" 


(x? — 1)y" -2xy! + 2y = x? — l; ye = c1x + c2(1 + x?) 


+ xy! + y = ln x; ye = c1cos(In x) + c2 sin(In x) 


Carry out the solution process indicated in the text to 
derive the variation of parameters formula in (33) from 
Eqs. (31) and (32). 


Apply the variation of parameters formula in (33) to find 
the particular solution yj (x) = —x cos x of the nonhomo- 
geneous equation y" + y = 2sin x. 


KA. Yelelilefeii[eS] 48 Automated Variation of Parameters 


The variation of parameters formula in (33) is especially amenable to implementa- 
tion in a computer algebra system when the indicated integrals would be too tedious 
or inconvenient for manual evaluation. For example, suppose that we want to find a 
particular solution of the nonhomogeneous equation 


y’ +y =tanx 


of Example 11, with complementary function ye(x) = cı cos x + c2 sin x. Then the 


Maple commands 


yl := cos(x): 
y2 := sin(x): 
f := tan(x): 
W 


:= ylediff (y2,x) 
simplify (W): 


- y2«diff(y1,x): 


yp := -yl«int(y2«f/W,x) + y2«int(yl«f/W,x): 


simplify (yp); 


implement (33) and produce the result 


1+ sinx 
yp(x) = —(cos x) In (==) 
cos x 

equivalent to the result yp(x) = —(cos x) In(sec x + tan x) found in Example 11. 
The analogous Mathematica commands 

yl = Cos [x]; 

y2 = Sin[xl; 

f = Tan[x]; 

W = yl«D[y2,x] - y2*D[y1,x] // Simplify 

yp = -yl«Integrate[y2*«f/W,x] + y2*Integrate[yl«f/W,x]l; 


Simplify [yp] 
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produce the result 


yp(x) = —(cos x) In (zu + e) 
í 7 3 


cos(x/2) — sin(x/2) 


which (by the usual difference-of-squares technique) also is equivalent to the result 
found in Example 11. 

To solve similarly a second-order linear equation y" + P(x)y' + Q(x)y = 
f (x) whose complementary function yc (x) = c1yi1(x) + c2y2(x) is known, we need 
only insert the corresponding definitions of yi(x), y2(x), and f(x) in the initial 
lines shown here. Find in this way the indicated particular solution y, (x) of the 
nonhomogeneous equations in Problems 1 through 6. 


1. y" 4 y 22sinx Yp(x) = —xcosx 

2. y" p y =4xsinx yp(x) 2 xsinx — x?cosx 

3. y" +y = 12x? sinx yp(x) = 3x2 sin x + (3x — 2x3) cos x 

4. y" — 2y! 4+ 2y = 2e* sinx yp(x) = —xe* cos x 

5. y" — 2y! + 2y = 4xe* sinx yp(x) = e” (x sin x — x? cos x) 

6. j^ —2y' + 2y =12x7e* sinx  yp(x) = e” [3x? sin x + (3x — 2x?) cos x] 


| 3.6, Forced Oscillations and Resonance 


Equilibrium 
position 
l 


FIGURE 3.6.1. The cart-with- 
flywheel system. 


In Section 3.4 we derived the differential equation 
» mx" 4 cx! + kx = F(t) (1) 


that governs the one-dimensional motion of a mass m that is attached to a spring 
(with constant k) and a dashpot (with constant c) and is also acted on by an external 
force F(t). Machines with rotating components commonly involve mass-spring 
systems (or their equivalents) in which the external force is simple harmonic: 


F(t)= Focosot or F(t) — Fosinot, (2) 


where the constant Fo is the amplitude of the periodic force and o is its circular 
frequency. 

For an example of how a rotating machine component can provide a sim- 
ple harmonic force, consider the cart with a rotating vertical flywheel shown in 
Fig. 3.6.1. The cart has mass m — mo, not including the flywheel of mass mo. The 
centroid of the flywheel is off center at a distance a from its center, and its angular 
speed is w radians per second. The cart is attached to a spring (with constant k) 
as shown. Assume that the centroid of the cart itself is directly beneath the center 
of the flywheel, and denote by x(t) its displacement from its equilibrium position 
(where the spring is unstretched). Figure 3.6.1 helps us to see that the displacement 
x of the centroid of the combined cart plus flywheel is given by 


— (m -—mg)x 4- mo(x + acosot) moa 
x= = x + —  cosoat. 
m m 
Let us ignore friction and apply Newton’s second law mx” = —kx, because the 


force exerted by the spring is —kx. We substitute for x in the last equation to obtain 


mx" — moao? cos ot = —kx; 
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that is, 
mx" + kx = moao? cos ot. (3) 


Thus the cart with its rotating flywheel acts like a mass on a spring under the in- 
fluence of a simple harmonic external force with amplitude Fo = moaw?. Such a 
system is a reasonable model of a front-loading washing machine with the clothes 
being washed loaded off center. This illustrates the practical importance of analyz- 
ing solutions of Eq. (1) with external forces as in (2). 


Undamped Forced Oscillations 


To study undamped oscillations under the influence of the external force F(t) — 
Fo cos ot, we set c = 0 in Eq. (1), and thereby begin with the equation 


» mx" + kx = Focos ot (4) 


whose complementary function is xe = c, COS wot + c2 sin oot. Here 


| k 
» Wo = == 
m 


(as in Eq. (9) of Section 3.4) is the (circular) natural frequency of the mass-spring 
system. The fact that the angle wot is measured in (dimensionless) radians reminds 
us that if t is measured in seconds (s), then wo is measured in radians per second— 
that is, in inverse seconds (s~!). Also recall from Eq. (14) in Section 3.4 that di- 
vision of a circular frequency w by the number 27 of radians in a cycle gives the 
corresponding (ordinary) frequency v = w/2z in Hz (hertz = cycles per second). 

Let us assume initially that the external and natural frequencies are unequal: 
€ # wo. We substitute x, = Acos ot in Eq. (4) to find a particular solution. (No 
sine term is needed in x, because there is no term involving x’ on the left-hand side 
in Eq. (4).) This gives 


—mo? A cos ot + kAcosot = Fo cos ot, 


SO 
Fo Fo/m 
A= = , 3 
k-mo? o-o? ©) 
and thus 
Fo/m 
Xp(t) = +—~ cos ot. 6 
p( ) we _ o? ( ) 
Therefore, the general solution x = xe + xy is given by 
F 
x(t) = c1 COS wot + c2 sin wot + T; COS at, (7) 
wg — W 


where the constants cı and cz are determined by the initial values x(0) and x’ (0). 
Equivalently, as in Eq. (12) of Section 3.4, we can rewrite Eq. (7) as 


Fo/m 


x(t) = C cos(wot — a) + — —— cos ot, (8) 
Qe — o 


so we see that the resulting motion is a superposition of two oscillations, one with 
natural circular frequency co, the other with the frequency o of the external force. 


Example 1 


Solution 


i | i | 

O m m 3n 4n Sn On 
t 

FIGURE 3.6.2. The response 


x(t) = 5cos 3t — 5 cos 5t in Example 
dl, 
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Suppose that m = 1, k = 9, Fo = 80, and w = 5, so the differential equation in (4) is 
x" + 9x = 80cos 5t. 


Find x(t) if x(0) = x’(0) = 0. 
Here the natural frequency wo = 3 and the frequency o = 5 of the external force are unequal, 


as in the preceding discussion. First we substitute xp = A cos 5t in the differential equation 
and find that —25A + 9A = 80, so that A = —5. Thus a particular solution is 


X p(t) = —5 cos 5t. 


The complementary function is Xe = c1 cos 3t + c2 sin3t, so the general solution of the given 
nonhomogeneous equation is 


x(t) = c1 cos 3t + c2 sin 3t — 5 cos 5t, 


with derivative 
x'(t) = —3c1 sin 3t + 3c2 cos 3t + 25 sin 5t. 
The initial conditions x(0) = 0 and x’(0) = 0 now yield cı = 5 and c2 = 0, so the desired 
particular solution is 
x(t) = 5cos 3t — 5 cos 5t. 


As indicated in Fig. 3.6.2, the period of x(t) is the least common multiple 27 of the periods 
27/3 and 27/5 of the two cosine terms. [| 


Beats 


If we impose the initial conditions x(0) — x'(0) — 0 on the solution in (7), we find 


that 
F 
Cy -—— _ and c =0, 
m(cg — o?) 


so the particular solution is 


x(t) = (cos wt — cos oot). (9) 


m(og — o?) 


The trigonometric identity 2sin Asin B = cos(A — B) — cos(A + B), applied with 
A= 1 (co +o)t and B = F (wo — œ)t, enables us to rewrite Eq. (9) in the form 


2 Fo 
m(og — o?) 


x(t) = sin 1 (vo — w)t sin 1 (wo + ot. (10) 


Suppose now that w ~ wo, so that wo + c is very large in comparison with |wo — œ|. 
Then sin $(wo + w)t is a rapidly varying function, whereas sin $(wo —w)t is a slowly 
varying function. We may therefore interpret Eq. (10) as a rapid oscillation with 
circular frequency 1 (cmo +o), 


x(t) = A(t) sin 4 (wo + @)t, 
but with a slowly varying amplitude 


2Fo 
m(we — w?) 


A(t) = sin 4 (wo — ot. 
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Example 2 


x = sin 5t sin 50t 


L5 l l l l l l 
00 05 1.0 15 20 25 3.0 
t 


FIGURE 3.6.3. The phenomenon of 
beats. 


x= t sin 50t - 
-L5E 1| | l l t 
0.00 0.25 0.50 0.75 1.00 1.25 1.50 
t 


FIGURE 3.6.4. The phenomenon of 
resonance. 


With m = 0.1, Fo = 50, wọ = 55, and w = 45, Eq. (10) gives 


x(t) = sin 5¢ sin 50r. 


Figure 3.6.3 shows the corresponding oscillation of frequency (0 + o) = 50 that is “mod- 
ulated” by the amplitude function A(t) = sin 5t of frequency (0 —0)-5. El 

A rapid oscillation with a (comparatively) slowly varying periodic amplitude 
exhibits the phenomenon of beats. For example, if two horns not exactly attuned 
to one another simultaneously play their middle C, one at wo/(27) = 258 Hz and 
the other at w/(27) = 254 Hz, then one hears a beat—an audible variation in the 
amplitude of the combined sound—with a frequency of 


(wo — w)/2 _ 258—254 
Qn i 2 


— 2 (Hz). 


Resonance 


Looking at Eq. (6), we see that the amplitude A of x, is large when the natural and 
external frequencies wọ and w are approximately equal. It is sometimes useful to 
rewrite Eq. (5) in the form 

Fo Fo/k p Fo 


A= = =+ : 11 
k—mo?  1-—(ofog)? k e 


where Fo/k is the static displacement of a spring with constant k due to a constant 
force Fo, and the amplification factor p is defined to be 


1 


= —________. 12 
[I — (foo)? = 


p 
It is clear that p > +00 as w > wo. This is the phenomenon of resonance—the 
increase without bound (as œ — wo) in the amplitude of oscillations of an undamped 
system with natural frequency o in response to an external force with frequency 
w X Wo. 

We have been assuming that w # wo. What sort of catastrophe should one 
expect if w and wọ are precisely equal? Then Eq. (4), upon division of each term by 
m, becomes 


F 
x" + 0px = 2 cos wot. (13) 
m 


Because cos of is a term of the complementary function, the method of undeter- 
mined coefficients calls for us to try 


Xp(t) = t(Acos wot + B sin wot). 


We substitute this in Eq. (13) and thereby find that A = 0 and B = Fo/(2moy). 
Hence the particular solution is 


Fo 
im 2m 


t sin wot. (14) 
wo 

The graph of xp(t) in Fig. 3.6.4 (in which m = 1, Fo = 100, and wo = 50) shows 
vividly how the amplitude of the oscillation theoretically would increase without 
bound in this case of pure resonance, œ = wọ. We may interpret this phenomenon 
as reinforcement of the natural vibrations of the system by externally impressed 
vibrations at the same frequency. 


Example 3 


Equilibrium 
position 
| 


FIGURE 3.6.5. The rolling disk. 


Example 4 


Solution 
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Suppose that m = 5 kg and k = 500 N/m in the cart with the flywheel of Fig. 3.6.1. Then 
the natural frequency is wọ = yk/m = 10 rad/s; that is, 10/(27) ~ 1.59 Hz. We would 
therefore expect oscillations of very large amplitude to occur if the flywheel revolves at about 
(1.59)(60) ~ 95 revolutions per minute (rpm). E 


In practice, a mechanical system with very little damping can be destroyed by 
resonance vibrations. A spectacular example can occur when a column of soldiers 
marches in step over a bridge. Any complicated structure such as a bridge has many 
natural frequencies of vibration. If the frequency of the soldiers’ cadence is approx- 
imately equal to one of the natural frequencies of the structure, then—just as in our 
simple example of a mass on a spring—resonance will occur. Indeed, the resulting 
resonance vibrations can be of such large amplitude that the bridge will collapse. 
This has actually happened—for example, the collapse of Broughton Bridge near 
Manchester, England, in 1831—and it is the reason for the now-standard practice 
of breaking cadence when crossing a bridge. Resonance may have been involved 
in the 1981 Kansas City disaster in which a hotel balcony (called a skywalk) col- 
lapsed with dancers on it. The collapse of a building in an earthquake is sometimes 
due to resonance vibrations caused by the ground oscillating at one of the natural 
frequencies of the structure; this happened to many buildings in the Mexico City 
earthquake of September 19, 1985. On occasion an airplane has crashed because of 
resonant wing oscillations caused by vibrations of the engines. It is reported that 
for some of the first commercial jet aircraft, the natural frequency of the vertical 
vibrations of the airplane during turbulence was almost exactly that of the mass— 
spring system consisting of the pilot's head (mass) and spine (spring). Resonance 
occurred, causing pilots to have difficulty in reading the instruments. Large modern 
commercial jets have different natural frequencies, so that this resonance problem 
no longer occurs. 


Modeling Mechanical Systems 


The avoidance of destructive resonance vibrations is an ever-present consideration 
in the design of mechanical structures and systems of all types. Often the most 
important step in determining the natural frequency of vibration of a system is the 
formulation of its differential equation. In addition to Newton's law F = ma, the 
principle of conservation of energy is sometimes useful for this purpose (as in the 
derivation of the pendulum equation in Section 3.4). The following kinetic and 
potential energy formulas are often useful. 


1. Kinetic energy: T = im? for translation of a mass m with velocity v; 

2. Kinetic energy: T — il c for rotation of a body of a moment of inertia 7 
with angular velocity o; 

3. Potential energy: V — ikx? for a spring with constant k stretched or com- 
pressed a distance x; 

4. Potential energy: V = mgh for the gravitational potential energy of a mass m 
at height h above the reference level (the level at which V = 0), provided that 
g may be regarded as essentially constant. 


Find the natural frequency of a mass m on a spring with constant k if, instead of sliding 
without friction, it is a uniform disk of radius a that rolls without slipping, as shown in 
Fig 3.6.5. 


With the preceding notation, the principle of conservation of energy gives 


Imv? + 510 + lkx? = E 
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Solution 


where E is a constant (the total mechanical energy of the system). We note that v = aw and 
recall that J = ma?/2 for a uniform circular disk. Then we may simplify the last equation to 


3 2 1 P 
amv” + 5kx* = E. 


Because the right-hand side of this equation is constant, differentiation with respect to (with 
v = x’ and v’ = x") now gives 


3mx' x" 4 kxx! 2 0. 


We divide each term by 3mx! to obtain 
2k 
x" 4+—x=0. 
3m 


Thus the natural frequency of horizontal back-and-forth oscillation of our rolling disk is 
/ 2k/3m, which is 4/213 = 0.8165 times the familiar natural frequency /k/m of a mass 
on a spring that is sliding without friction rather than rolling without sliding. It is interesting 
(and perhaps surprising) that this natural frequency does not depend on the radius of the disk. 
It could be either a dime or a large disk with a radius of one meter (but of the same mass). E 


Suppose that a car oscillates vertically as if it were a mass m — 800 kg on a single spring (with 
constant k = 7 x 10^ N/m), attached to a single dashpot (with constant c = 3000 N-s/m). 
Suppose that this car with the dashpot disconnected is driven along a washboard road surface 
with an amplitude of 5 cm and a wavelength of L — 10 m (Fig. 3.6.6). At what car speed will 
resonance vibrations occur? 


Surface 
Equilibrium In motion 5 
FEET position 
FIGURE 3.6.6. The washboard road FIGURE 3.6.7. The “unicycle 
surface of Example 5. model” of a car. 


We think of the car as a unicycle, as pictured in Fig. 3.6.7. Let x(t) denote the upward 
displacement of the mass m from its equilibrium position; we ignore the force of gravity, 
because it merely displaces the equilibrium position as in Problem 9 of Section 3.4. We write 
the equation of the road surface as 


2 
y — acos = (a = 0.05 m, L = 10 m). (15) 


When the car is in motion, the spring is stretched by the amount x — y, so Newton's second 
law, F — ma, gives 
mx" = —k(x — yy; 


that is, 
mx" 4 kx = ky. (16) 
If the velocity of the car is v, then s — vt in Eq. (15), so Eq. (16) takes the form 


2nvt 


mx" + kx = ka cos (16) 
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This is the differential equation that governs the vertical oscillations of the car. In comparing 
it with Eq. (4), we see that we have forced oscillations with circular frequency w = 27v/L. 
Resonance will occur when w = wọ = y k/m. We use our numerical data to find the speed of 


the car at resonance: 
UAE 104 
LE 1x10 x 1489 (m/s); 
= 2m 


that is, about 33.3 mi/h (using the conversion factor of 2.237 mi/h per m/s). m" 


Damped Forced Oscillations 


In real physical systems there is always some damping, from frictional effects if 
nothing else. The complementary function x, of the equation 


» mx" +cx' + kx = Fo cos wt (17) 
is given by Eq. (19), (20), or (21) of Section 3.4, depending on whether c > cy = 
V4km, c = Cor, OF c < cg. The specific form is not important here. What is important 
is that, in any case, these formulas show that xe(t) > 0 as t > -Foo. Thus xe is a 
transient solution of Eq. (17)—one that dies out with the passage of time, leaving 
only the particular solution xp. 

The method of undetermined coefficients indicates that we should substitute 


x(t) = Acos ot + B sinot 


in Eq. (17). When we do this, collect terms, and equate coefficients of cos wt and 
sin ot, we obtain the two equations 


(k — mo?)A + coB = Fo, —coA + (k -mo?)B 20 (18) 


that we solve without difficulty for 


_ (k — mw?) Fo . i cO Fo l (19) 
(k — mw?) + (co)? (k — mo?)? + (coy? 
If we write 
A cos ot + Bsinwt = C (cos ot cosa + sin øt sina) = C cos(wt — a) 
as usual, we see that the resulting steady periodic oscillation 
Xp(t) = C cos(ot — a) (20) 


has amplitude 


C = VA? + B2 = zo l (21) 


V (k — mo)? + (cw)? 


Now (19) implies that sina = B/C > 0, so it follows that the phase angle o lies in 
the first or second quadrant. Thus 


B 
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Example 6 


Solution 


so 
cw ] 
tan! ——À if k > mo’, 
k—mo 
oS co 
x + tan! —————. ifk «mo? 
k—mo? 


(whereas a = z/2 if k = mw”). 

Note that if c > 0, then the "forced amplitude"—defined as a function C (œw) by 
(21)—always remains finite, in contrast with the case of resonance in the undamped 
case when the forcing frequency w equals the critical frequency oo = yk/m. But 
the forced amplitude may attain a maximum for some value of o, in which case we 
speak of practical resonance. To see if and when practical resonance occurs, we 
need only graph C as a function of w and look for a global maximum. It can be 
shown (Problem 27) that C is a steadily decreasing function of w if c 2 /2km. But 
if c < /2km, then the amplitude of C attains a maximum value—and so practical 
resonance occurs—at some value of w less than wo, and then approaches zero as 
€ — +00. It follows that an underdamped system typically will undergo forced 
oscillations whose amplitude is 


e Large if œ is close to the critical resonance frequency; 
e Close to Fo/k if w is very small; 
e Very small if c is very large. 


Find the transient motion and steady periodic oscillations of a damped mass-and-spring sys- 
tem with m = 1, c = 2, and k = 26 under the influence of an external force F(t) = 82cos 4t 
with x(0) = 6 and x’(0) = 0. Also investigate the possibility of practical resonance for this 
system. 


The resulting motion x(t) = x(t) + Xsp(t) of the mass satisfies the initial value problem 
x" + 2x' + 26x = 82cos4t; x(0)=6, x'(0)- O0. (23) 


Instead of applying the general formulas derived earlier in this section, it is better in a concrete 
problem to work it directly. The roots of the characteristic equation 


r? +2r+26= (r1? +25=0 
are r = —1 + 5i, so the complementary function is 
Xc(f) = e™ (c1 cos 5t + c2 sin 5t). 
When we substitute the trial solution 
x(t) = Acos4t + B sin4t 


in the given equation, collect like terms, and equate coefficients of cos 4¢ and sin 4t, we get 
the equations 


10A+ 88 — 82, 
—8A + 10B= 0 


with solution A = 5, B = 4. Hence the general solution of the equation in (23) is 
x(t) = e ' (c cos 5t + c2 sin 5t) + 5cos4t + 4sin 4t. 


At this point we impose the initial conditions x(0) = 6, x'(0) = 0 and find that c; = 1 and 
c2 = —3. Therefore, the transient motion and the steady periodic oscillation of the mass are 
given by 

xu(t) = e™ (cos 5t — 3 sin 5t) 


10 T T T 

9 = : " m 
"Practical resonance 

8 - E 
7 = 
6 - 
o5 4 
4 4 
3 - 
2 - 
1 4 

0 l l i 

0 5 10 15 20 
(0) 


FIGURE 3.6.9. Plot of amplitude C 
versus external frequency o. 
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and 


X (r) = Seosár + 4sinar = VAT ( 2 cos 4t + : sinar) 
T V Al VAI 


= v41 cos(4t — a) 


where a = tan! 4 & 0.6747. 


Figure 3.6.8 shows graphs of the solution x(t) = X(t) + xsp(t) of the initial value 
problem 


x" 42x! 4-26x =82cos4t, x(0)— xo, x0) =0 (24) 


for the different values x9 = —20, —10, 0, 10, and 20 of the initial position. Here we see 
clearly what it means for the transient solution xq (t) to “die out with the passage of time,” 
leaving only the steady periodic motion xsp(t). Indeed, because x(t) — 0 exponentially, 
within a very few cycles the full solution x(t) and the steady periodic solution xsp(¢) are 
virtually indistinguishable (whatever the initial position xo). 


FIGURE 3.6.8. Solutions of the initial value problem in (24) with 
xo = —20, —10, 0, 10, and 20. 


To investigate the possibility of practical resonance in the given system, we substitute 
the values m — 1, c — 2, and k — 26 in (21) and find that the forced amplitude at frequency 
w is 

82 
V 676 — 4892 + w4 


The graph of C(w) is shown in Fig. 3.6.9. The maximum amplitude occurs when 


Cw) = 


C'(») = -4Al(4o? 960) ^ -164o(»?—24) í 
(676 — 4802 + wt)3/2 (676 — 48? + w4)3/2 


Thus practical resonance occurs when the external frequency is o = v24 (a bit less than the 
mass-and-spring's undamped critical frequency of wọ = /k/m = 426). a 


206 


Problems 


In Problems 1 through 6, express the solution of the given ini- 
tial value problem as a sum of two oscillations as in Eq. (8). 
Throughout, primes denote derivatives with respect to time t. 
In Problems 1—4, graph the solution function x(t) in such a 
way that you can identify and label (as in Fig. 3.6.2) its pe- 
riod. 


1. x" + 9x = 10cos2r; x(0) = x'(0) = 0 

x" + 4x = 5sin 3t; x(0) = x'(0) = 0 

x" + 100x = 225 cos 5t + 300 sin 5t; x (0) = 375, x/(0) = 0 
x” 4- 25x = 90cos 4t; x(0) = 0, x/(0) = 90 

mx" + kx = Fo cos ot with w Æ wo; x(0) = xo, x/(0) = 0 
mx" + kx = Fo cos ot with w = wo; x(0) = 0, x’(0) = vo 


$ Un &RISPM 


In each of Problems 7 through 10, find the steady periodic so- 
lution xsp(t) = C cos(wt — o) of the given equation mx" + 
cx! + kx = F(t) with periodic forcing function F(t) of fre- 
quency o. Then graph xsp(t) together with (for comparison) 
the adjusted forcing function Fi(t) = F(t)/mo. 


7. x" + 4x! + 4x = 10cos3t 
8. x" + 3x’ + 5x = —4cos 5t 
9. 2x" + 2x' + x = 3 sin 10t 
10. x" + 3x’ + 3x = 8cos 10f + 6sin 10t 


In each of Problems 11 through 14, find and plot both the 
steady periodic solution xsp(t) = C cos(wt — a) of the given 
differential equation and the actual solution x(t) = Xsp(t) + 
Xtr(t) that satisfies the given initial conditions. 


11. x" + 4x’ + 5x = 10cos3t; x(0) = x'(0) = 0 

12. x" + 6x’ + 13x = 10sin 5t; x(0) = x/(0) = 0 

13. x” + 2x! + 26x = 600cos 101; x(0) = 10, x/(0) = 0 

14. x" + 8x’ + 25x = 200cost + 520sint; x(0) = —30, 
x'(0) = —10 


Each of Problems 15 through 18 gives the parameters for 
a forced mass-spring-dashpot system with equation mx" + 
cx’ 4 kx = Focosot. Investigate the possibility of practi- 
cal resonance of this system. In particular, find the amplitude 
C (o) of steady periodic forced oscillations with frequency w. 
Sketch the graph of C(w) and find the practical resonance fre- 
quency o (if any). 


15. m=1,c =2,k 22, Fo =2 
16. m=1,¢c=4,k = 5, Fg = 10 
17. m lc =6,k = 45, Fo = 50 


18. m = 1, c = 10, k = 650, Fo = 100 

19. A mass weighing 100 Ib (mass m = 3.125 slugs in fps 
units) is attached to the end of a spring that is stretched 
1 in. by a force of 100 Ib. A force Fo cos wt acts on the 
mass. At what frequency (in hertz) will resonance oscilla- 
tions occur? Neglect damping. 

20. A front-loading washing machine is mounted on a thick 
rubber pad that acts like a spring; the weight W = mg 
(with g — 9.8 m/s?) of the machine depresses the pad ex- 
actly 0.5 cm. When its rotor spins at w radians per second, 
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21. 


22. 


23. 


the rotor exerts a vertical force Fg cos wt newtons on the 
machine. At what speed (in revolutions per minute) will 
resonance vibrations occur? Neglect friction. 

Figure 3.6.10 shows a mass m on the end of a pendulum 
(of length L) also attached to a horizontal spring (with 
constant k). Assume small oscillations of m so that the 
spring remains essentially horizontal and neglect damp- 
ing. Find the natural circular frequency wo of motion of 
the mass in terms of L, k, m, and the gravitational con- 
stant g. 


FIGURE 3.6.10. The pendulum- 
and-spring system of Problem 21. 


A mass m hangs on the end of a cord around a pulley of 
radius a and moment of inertia 7, as shown in Fig. 3.6.11. 
The rim of the pulley is attached to a spring (with constant 
k). Assume small oscillations so that the spring remains 
essentially horizontal and neglect friction. Find the natu- 
ral circular frequency of the system in terms of m, a, k, I, 
and g. 


FIGURE 3.6.11. 


The mass-spring- 
pulley system of Problem 22. 


A building consists of two floors. The first floor is attached 
rigidly to the ground, and the second floor is of mass 
m — 1000 slugs (fps units) and weighs 16 tons (32,000 Ib). 
The elastic frame of the building behaves as a spring that 
resists horizontal displacements of the second floor; it re- 
quires a horizontal force of 5 tons to displace the second 
floor a distance of 1 ft. Assume that in an earthquake the 
ground oscillates horizontally with amplitude Ag and cir- 
cular frequency o, resulting in an external horizontal force 


24. 


25. 


26. 


27. 


28. 


F(t) = mAoo? sinwt on the second floor. (a) What is 
the natural frequency (in hertz) of oscillations of the sec- 
ond floor? (b) If the ground undergoes one oscillation 
every 2.25 s with an amplitude of 3 in., what is the am- 
plitude of the resulting forced oscillations of the second 
floor? 

A mass on a spring without damping is acted on by the 
external force F(t) = Fo cos? wt. Show that there are two 
values of w for which resonance occurs, and find both. 
Derive the steady periodic solution of 


mx" + cx! +kx = Fosinot. 


In particular, show that it is what one would expect—the 
same as the formula in (20) with the same values of C and 
€, except with sin(wt — o) in place of cos(wt — o). 
Given the differential equation 


mx" + cx! + kx = Eocos ot + Fo sinwt 


—with both cosine and sine forcing terms— derive the 
steady periodic solution 


yE? +F 


y (k — mo2)? + (co)? 


cos(wt — a — f), 


Xsp(t) = 


where o is defined in Eq. (22) and f = tan! (Fo/Eo). 
(Suggestion: Add the steady periodic solutions separately 
corresponding to Egcoswt and Fo sinwt (see Problem 
25).) 

According to Eq. (21), the amplitude of forced steady 
periodic oscillations for the system mx" + cx’ + kx = 
Fo cos ot is given by 


Fo 
V(k — mo?) + (co)? 


C(o) = 


(a) If c = ca/4/2, where ce = 44km, show that C 
steadily decreases as w increases. (b) Ifc < ce/V2, 
show that C attains a maximum value (practical reso- 
nance) when 


k c2 k 
(0 = 0m = < w = y —. 
m m 2m? 9 m 


As indicated by the cart-with-flywheel example discussed 
in this section, an unbalanced rotating machine part typ- 
ically results in a force having amplitude proportional to 
the square of the frequency w. (a) Show that the am- 
plitude of the steady periodic solution of the differential 
equation 


mx" + cx! + kx = mAo? cos wt 


(with a forcing term similar to that in Eq. (17)) is given by 


mAo? 


V(k — moy? + (co)? 


C(o) = 
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(b) Suppose that c? < 2mk. Show that the maximum 
amplitude occurs at the frequency wm given by 


k 2mk 

m \2mk —c2 ) 

Thus the resonance frequency in this case is larger (in 
contrast with the result of Problem 27) than the natural fre- 


quency wọ = Jk/m. (Suggestion: Maximize the square 
of C.) 


Om = 


Automobile Vibrations 
Problems 29 and 30 deal further with the car of Example 


B 


mx 


Its upward displacement function satisfies the equation 
"4 ex! +kx = cy! + ky when the shock absorber is con- 


nected (so that c > 0). With y = a sin wt for the road surface, 
this differential equation becomes 


mx" + cx! + kx = Eocos ot + Fosinot 


where Eg = coa and Fo = ka. 


29. 


30. 


Apply the result of Problem 26 to show that the amplitude 
C of the resulting steady periodic oscillation for the car is 


given by 
E ak? (co)? 
Vk —mw2)? + (co)? 


Because w = 27v/L when the car is moving with velocity 
v, this gives C as a function of v. 


Figure 3.6.12 shows the graph of the amplitude function 
C(o) using the numerical data given in Example 5 (in- 
cluding c = 3000 N-s/m). It indicates that, as the car 
accelerates gradually from rest, it initially oscillates with 
amplitude slightly over 5 cm. Maximum resonance vibra- 
tions with amplitude about 14 cm occur around 32 mi/h, 
but then subside to more tolerable levels at high speeds. 
Verify these graphically based conclusions by analyzing 
the function C(). In particular, find the practical reso- 
nance frequency and the corresponding amplitude. 


15 T T T T T T T T T 


12 


Amplitude (cm) 


0 20 40 60 80 100 
Velocity (mi/h) 


FIGURE 3.6.12. Amplitude of vibrations of the car 
on a washboard surface. 
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EN Yelelifeeiifetl Forced Vibrations 


FIGURE 3.6.13. The solution 

x(t) = X(t) + Xsp(t) and the steady 
periodic solution x(t) = Xsp(¢) with 
periodic external force 

F(t) = 901 cos 3t. 


FIGURE 3.6.14. The solution 
x(t) = 6te—"/> sin 3t and the 
envelope curves x(t) = +6tet/5 
with damped oscillatory force 

F(t) = 900e-'/5 cos 3t. 


Here we investigate forced vibrations of the mass—spring—dashpot system with equa- 
tion 


mx" +cx'+kx = F(t). (1) 


To simplify the notation, let's take m = p?, c = 2p, and k = p?q? + 1, where p > 0 
and q > 0. Then the complementary function of Eq. (1) is 


Xe(t) = e™ P(c cosqt + c5 sinqt). (2) 


We will take p = 5, q = 3, and thus investigate the transient and steady periodic 
solutions corresponding to 

25x" + 10x’ + 226x = F(t), x(0)=0, x' (020 (3) 
with several illustrative possibilities for the external force F(t). For your personal 
investigations to carry out similarly, you might select integers p and q with 6 € p <9 
and2 <q <5. 


INVESTIGATION 1: 
commands 


With periodic external force F(t) = 901 cos 3t, the MATLAB 


x dsolve('25«D2x*10«Dx-*226*«x-901«xcos(3»t)', 


'x(0)20, Dx(0)20"); 
x = simple(x); 
syms t, xsp = cos(3*t) + 30«sin(3xt); 


6*pi]),hold on 
6*pil) 


ezplot(x, [0 
ezplot(xsp, [0 


produce the plot shown in Fig. 3.6.13. We see the (transient plus steady periodic) 
solution 


x(t) = cos3t + 30sin3t + e '^ (—cos 3¢ — $1 sin3r) 


rapidly “building up” to the steady periodic oscillation x,5 (f) = cos3t + 30sin3t. 


INVESTIGATION2: With damped oscillatory external force 


F(t) = 900e~*/* cos 3t, 


we have duplication with the complementary function in (2). The Maple commands 


de2 := 25*diff(x(t),t,t)+10*«diff (x(t) ,t)+226*x(t) = 
900«xexp(-t/5)*xcos(3«t) ; 
dsolve({de2,x(0)=0,D(x) (0)=0}, x(t)); 

X := simplify (combine (rhs (2) , trig)); 

C := 6«t«exp(-t/5); 

plot ({x,C, -C},t=0..8*Pi) ; 


produce the plot shown in Fig. 3.6.14. We see the solution 
x(t) = 6te^'? sin 3¢ 


oscillating up and down between the envelope curves x = +6re~*/>. (Note the 
factor of t that signals a resonance situation.) 


l | l | l 
10 15 20 25 30 
t 


FIGURE 3.6.15. The solution 

x(t) = 

e—*/5[3t cost + (9t2 — 1) sin 3t] and 
the envelope curves 

x(t) = te—*/5 (3t)? + (9:12 — 1)2 
with external force 

F(t) = 2700te—*/> cos 3t. 
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INVESTIGATION 3: With damped oscillatory external force 


F(t) = 2700te~*/* cos 31, 


we have a still more complicated resonance situation. The Mathematica commands 


de3 = 25 x''[t] + 10 x’[t] + 226 x[t] == 

2700 t Exp[-t/5] Cos [3t] 
soln = DSolve[{de3, x[0] == 0, x’[0] == 0), xItl, t] 
x = First[x[t] /. soln] 
amp = Exp[-t/5] Sqrt[(3t)^2 + (9t^2 - 1)^2] 
Plot[íx, amp, -amp}, ít, 0, 10 Pil] 


produce the plot shown in Fig. 3.6.15. We see the solution 
x(t) = e7t/5 [3t cos 3¢ + (9t? — 1) sin 3t] 
oscillating up and down between the envelope curves 


x = ce! (3t? + (912 — 1)2. 


Electrical Circuits 


E 
Switch. | | 
o : 
AAA; 
R 
FIGURE 3.7.1. The series RLC 
circuit. 
Circuit Voltage 
Element Drop 
dI 
Inductor L— 
dt 
Resistor RI 
Capacitor l 
C Q 


FIGURE 3.7.2. Table of voltage 
drops. 


Here we examine the RLC circuit that is a basic building block in more complicated 
electrical circuits and networks. As shown in Fig. 3.7.1, it consists of 


A resistor with a resistance of R ohms, 
An inductor with an inductance of L henries, and 
A capacitor with a capacitance of C farads 


in series with a source of electromotive force (such as a battery or a generator) 
that supplies a voltage of E(t) volts at time t. If the switch shown in the circuit 
of Fig. 3.7.1 is closed, this results in a current of I(t) amperes in the circuit and 
a charge of Q(t) coulombs on the capacitor at time t. The relation between the 
functions Q and / is 


dQ 
a I(t). (1) 
We will always use mks electric units, in which time is measured in seconds. 
According to elementary principles of electricity, the voltage drops across 
the three circuit elements are those shown in the table in Fig. 3.7.2. We can analyze 
the behavior of the series circuit of Fig. 3.7.1 with the aid of this table and one of 
Kirchhoff’s laws: 


The (algebraic) sum of the voltage drops across the elements in a 
simple loop of an electrical circuit is equal to the applied voltage. 


As a consequence, the current and charge in the simple RLC circuit of Fig. 3.7.1 
satisfy the basic circuit equation 


dl 1 
> LZ tR +g SEO. (2) 
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If we substitute (1) in Eq. (2), we get the second-order linear differential equation 


LO" + RO'+ 50 = EW) (3) 


for the charge Q(t), under the assumption that the voltage E(t) is known. 

In most practical problems it is the current Z rather than the charge Q that is 
of primary interest, so we differentiate both sides of Eq. (3) and substitute 7 for Q’ 
to obtain 


1 
> LI" +RI'+ GI = E'(). (4) 


We do not assume here a prior familiarity with electrical circuits. It suffices to 
regard the resistor, inductor, and capacitor in an electrical circuit as “black boxes" 
that are calibrated by the constants R, L, and C. A battery or generator is described 
by the voltage E(t) that it supplies. When the switch is open, no current flows in the 
circuit; when the switch is closed, there is a current /(¢) in the circuit and a charge 
Q(t) on the capacitor. All we need to know about these constants and functions is 
that they satisfy Eqs. (1) through (4), our mathematical model for the RLC circuit. 
We can then learn a good deal about electricity by studying this mathematical model. 


The Mechanical—Electrical Analogy 
It is striking that Eqs. (3) and (4) have precisely the same form as the equation 


> mx" 4 cx! + kx = F(t) (5) 


of a mass-spring-dashpot system with external force F(t). The table in Fig. 3.7.3 
details this important mechanical-electrical analogy. As a consequence, most of 
the results derived in Section 3.6 for mechanical systems can be applied at once to 
electrical circuits. The fact that the same differential equation serves as a mathemat- 
ical model for such different physical systems is a powerful illustration of the unify- 
ing role of mathematics in the investigation of natural phenomena. More concretely, 
the correspondences in Fig. 3.7.3 can be used to construct an electrical model of a 
given mechanical system, using inexpensive and readily available circuit elements. 
The performance of the mechanical system can then be predicted by means of ac- 
curate but simple measurements in the electrical model. This is especially useful 
when the actual mechanical system would be expensive to construct or when mea- 
surements of displacements and velocities would be inconvenient, inaccurate, or 
even dangerous. This idea is the basis of analog computers—electrical models of 
mechanical systems. Analog computers modeled the first nuclear reactors for com- 
mercial power and submarine propulsion before the reactors themselves were built. 


Mechanical System Electrical System 

Mass m Inductance L 

Damping constant c Resistance R 

Spring constant k Reciprocal capacitance 1/C 

Position x Charge Q (using (3) (or current J using (4))) 
Force F Electromotive force E (or its derivative E’) 


FIGURE 3.7.3. Mechanical-electrical analogies. 
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In the typical case of an alternating current voltage E(t) = Eo sin wt, Eq. (4) 
takes the form 


1 
LI" + RI! c = o Eo cos ot. (6) 


As in a mass-spring-dashpot system with a simple harmonic external force, the 
solution of Eq. (6) is the sum of a transient current Jy that approaches zero as 
t — +o (under the assumption that the coefficients in Eq. (6) are all positive, 
so the roots of the characteristic equation have negative real parts), and a steady 
periodic current /,,; thus 


I = ly + Isp. (7) 


Recall from Section 3.6 (Eqs. (19) through (22) there) that the steady periodic solu- 
tion of Eq. (5) with F(t) = Fo cos wt is 


Fo cos(wt — a) 
V(k — mo?y? + (co)? 


Xsp(t) = 


where 
"EO 


a = tan” OSanz. 


k — mo?’ 
If we make the substitutions L for m, R for c, 1/C for k, and wEo for Fo, we get 
the steady periodic current 


Eo cos(wt — a) 


Isp(t) = (8) 
"HEC 
R2 jm 
l +(ez-z) 
with the phase angle 
= -1_ eRC <a< 
a = tan I LCo2 San. (9) 
Reactance and Impedance 
The quantity in the denominator in (8), 
"EC 
Z=,/R2+ c — zc) (ohms), (10) 
wC 
is called the impedance of the circuit. Then the steady periodic current 
E 
Ly (f) = — cos(wt — a) (11) 
Z 
has amplitude 
E 
igs va (12) 


reminiscent of Ohm’s law, / = E/R. 
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FIGURE 3.7.4. Reactance and delay 
angle. 


FIGURE 3.7.5. Time lag of current 
behind imposed voltage. 


Example 1 


Solution 


Equation (11) gives the steady periodic current as a cosine function, whereas 
the input voltage E(t) = Eg sinwt was a sine function. To convert Isp to a sine 
function, we first introduce the reactance 


1 
= œL- ——, 1 
S-—o ur (13) 


Then Z = « R? + S?, and we see from Eq. (9) that o is as in Fig. 3.7.4, with delay 
angle ô = o — 17. Equation (11) now yields 


E 
Isp(t) = F (cosa cos ot + sino sin wt) 


Eo S R. 
= — | —— cos wt + — sin wt 
Z Z Z 


E 
= F (cos 5 sin wt — sind cos ot). 


Therefore, 
E 
Ip(t) = - sin(wt — 8), (14) 
where 
LCo? —1 
6 —tan! — = tan! — — —., 15 
an an ORC (15) 


This finally gives the time lag 5/c (in seconds) of the steady periodic current Isp 
behind the input voltage (Fig. 3.7.5). 


Initial Value Problems 


When we want to find the transient current, we are usually given the initial values 
I(0) and Q(0). So we must first find /'(0). To do so, we substitute  — 0 in Eq. (2) 
to obtain the equation 


LI'() + RIO + OO) = EO) (16) 


to determine /'(0) in terms of the initial values of current, charge, and voltage. 


Consider an RLC circuit with R = 50 ohms (Q2), L = 0.1 henry (H), and C = 5 x 1074 farad 
(F). At time ¢ = 0, when both /(0) and Q(0) are zero, the circuit is connected to a 110-V, 
60-Hz alternating current generator. Find the current in the circuit and the time lag of the 
steady periodic current behind the voltage. 

A frequency of 60 Hz means that œ = (2z:)(60) rad/s, approximately 377 rad/s. So we take 
E(t) = 110sin377t and use equality in place of the symbol for approximate equality in this 
discussion. The differential equation in (6) takes the form 


(0.1)2" + 507! + 20007 = (377)(110) cos 377t. 


We substitute the given values of R, L, C, and w = 377 in Eq. (10) to find that the impedance 
is Z = 59.58 Q, so the steady periodic amplitude is 


110 (volts) 


lo = 59.58 (ohms) 


= 1.846 amperes (A). 


Example 2 


Solution 
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With the same data, Eq. (15) gives the sine phase angle: 
8 = tan! (0.648) = 0.575. 
Thus the time lag of current behind voltage is 


ó 0.575 


and the steady periodic current is 
Isp = (1.846) sin(377t — 0.575). 


The characteristic equation (0.1)r? + 50r + 2000 = 0 has the two roots rı ~ —44 and 
r2 ~ —456. With these approximations, the general solution is 


I(t) = c1e 4^! + c5e7 758! + (1.846) sin(377t — 0.575), 
with derivative 
I'(t) = —44c4e7 ^^! — 456c5e ^59! + 696 cos(377t — 0.575). 


Because 1(0) = Q(0) = 0, Eq. (16) gives 7'(0) = 0 as well. With these initial values substi- 
tuted, we obtain the equations 


1(0) = c + c2 — 1.004 = 0, 
I'(0) = —44c, — 456c + 584 = 0; 


their solution is c; = —0.307, c2 = 1.311. Thus the transient solution is 
Iy(t) = (-0.307)e 4? + (1.311)e ^56*, 


The observation that after one-fifth of a second we have | /tr(0.2)| < 0.000047 A (comparable 
to the current in a single human nerve fiber) indicates that the transient solution dies out very 
rapidly, indeed. [il 


Suppose that the RLC circuit of Example 1, still with 7(0) = Q(0) = 0, is connected at time 
t = 0 to a battery supplying a constant 110 V. Now find the current in the circuit. 


We now have E(t) = 110, so Eq. (16) gives 


Poel ties, 
L 


and the differential equation is 
(0.1)7" + 507” + 20007 = E'(t) = 0. 
Its general solution is the complementary function we found in Example 1: 
I(t) = ce ^ + c3 6t, 
We solve the equations 


I(0) = c1 + c2 = 0, 
I'(0) 44c; — 456c5 = 1100 


for cy = —cz = 2.670. Therefore, 
I(t) = (2.670) (e744 — e745), 


Note that Z(t) — 0 as t — +00 even though the voltage is constant. a 
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FIGURE 3.7.6. The effect of 
frequency on To. 


Electrical Resonance 

Consider again the current differential equation in (6) corresponding to a sinusoidal 
input voltage E(t) = Eo sinwt. We have seen that the amplitude of its steady peri- 
odic current is 


jj cA (17) 


For typical values of the constants R, L, C, and Eo, the graph of Io as a function of œw 
resembles the one shown in Fig. 3.7.6. It reaches a maximum value at o, = 1/ VLC 
and then approaches zero as wœ — +00; the critical frequency œm is the resonance 
frequency of the circuit. 

In Section 3.6 we emphasized the importance of avoiding resonance in most 
mechanical systems (the cello is an example of a mechanical system in which reso- 
nance is sought). By contrast, many common electrical devices could not function 
properly without taking advantage of the phenomenon of resonance. The radio is a 
familiar example. A highly simplified model of its tuning circuit is the RLC circuit 
we have discussed. Its inductance L and resistance R are constant, but its capaci- 
tance C is varied as one operates the tuning dial. 

Suppose that we wanted to pick up a particular radio station that is broad- 
casting at frequency w, and thereby (in effect) provides an input voltage E(t) = 
Eo sin ot to the tuning circuit of the radio. The resulting steady periodic current Isp 
in the tuning circuit drives its amplifier, and in turn its loudspeaker, with the volume 
of sound we hear roughly proportional to the amplitude 7o of Isp. To hear our pre- 
ferred station (of frequency w) the loudest—and simultaneously tune out stations 
broadcasting at other frequencies—we therefore want to choose C to maximize To. 
But examine Eq. (17), thinking of o as a constant with C the only variable. We see 
at a glance—no calculus required—that Jo is maximal when 

1 


wL — —- = 0; 
w 


that is, when 


1 
C = Lor (18) 
So we merely turn the dial to set the capacitance to this value. 
This is the way that old crystal radios worked, but modern AM radios have 
a more sophisticated design. A pair of variable capacitors are used. The first con- 
trols the frequency selected as described earlier; the second controls the frequency 
of a signal that the radio itself generates, kept close to 455 kilohertz (kHz) above 
the desired frequency. The resulting beat frequency of 455 kHz, known as the in- 
termediate frequency, is then amplified in several stages. This technique has the 
advantage that the several RLC circuits used in the amplification stages easily can 
be designed to resonate at 455 KHz and reject other frequencies, resulting in far more 
selectivity of the receiver as well as better amplification of the desired signal. 


Problems 


Problems 1 through 6 deal with the RL circuit of Fig. 3.7.7, a 
series circuit containing an inductor with an inductance of L 
henries, a resistor with a resistance of R ohms, and a source of 
electromotive force (emf), but no capacitor. In this case Eq. (2) 
reduces to the linear first-order equation 


LI' + RI = E(t). 


1 


I 


I 

\ Switch 

2 

L 
WN 
R 

FIGURE 3.7.7. The circuit for 
Problems 1 through 6. 


1. In the circuit of Fig. 3.7.7, suppose that L = 5 H, R = 25 
Q, and the source E of emf is a battery supplying 100 V 
to the circuit. Suppose also that the switch has been in po- 
sition 1 for a long time, so that a steady current of 4 A is 
flowing in the circuit. At time ¢ = 0, the switch is thrown 
to position 2, so that /(0) = 4 and E = 0 for t 2 0. Find 
I(t). 

2. Given the same circuit as in Problem 1, suppose that the 
switch is initially in position 2, but is thrown to position 1 
at time t = 0, so that 7(0) = 0 and E = 100 for t 2 0. Find 
I(t) and show that I(t) > 4 as t > +00. 


3. Suppose that the battery in Problem 2 is replaced with 
an alternating-current generator that supplies a voltage of 
E(t) = 100cos 60¢ volts. With everything else the same, 
now find /(t). 


4. In the circuit of Fig. 3.7.7, with the switch in position 
1, suppose that L = 2, R = 40, E(t) = 100e^19', and 
I(0) = 0. Find the maximum current in the circuit for 
t20. 

5. In the circuit of Fig. 3.7.7, with the switch in position 1, 
suppose that E(t) = 100e—19 cos 60t, R = 20, L = 2, and 
1(0) = 0. Find I(t). 

6. In the circuit of Fig. 3.7.7, with the switch in position 1, 
take L = 1, R = 10, and E(t) = 30cos 60¢ + 40sin 60r. 
(a) Substitute Zsp(t) = A cos 60t + B sin 601 and then de- 
termine A and B to find the steady-state current Isp in 
the circuit. (b) Write the solution in the form Zsp(t) = 
C cos(ot — a). 


Problems 7 through 10 deal with the RC circuit in Fig. 3.7.6, 
containing a resistor (R ohms), a capacitor (C farads), a 
switch, a source of emf, but no inductor. Substitution of L — 0 
in Eq. (3) gives the linear first-order differential equation 

dQ 1l 


R^ + GO = EW) 


3.7 Electrical Circuits 215 


for the charge Q = Q(t) on the capacitor at time t. Note that 
I(t) = Q'(). 
o— o 


Switch 


|| 
Q 


© 


^NN 
R 


FIGURE 3.7.8. The circuit for 
Problems 7 through 10. 


7. (a) Find the charge Q(t) and current /(t) in the RC circuit 
if E(t) = Eo (a constant voltage supplied by a battery) and 
the switch is closed at time t = 0, so that Q(0) = 0. (b) 
Show that 

lim Q(t) = EgC 


and that lim J(t) =0. 
1—-roo 1—-Foo 


8. Suppose that in the circuit of Fig. 3.7.8, we have R = 10, 
C = 0.02, Q(0) = 0, and E(t) = 100e^ (volts). (a) 
Find Q(t) and Z(t). (b) What is the maximum charge on 
the capacitor for ¢ 2 0 and when does it occur? 

9. Suppose that in the circuit of Fig. 3.7.8, R = 200, 
C = 2.5 x 107^, Q(0) = 0, and E(t) = 100cos 1201. 
(a) Find Q(t) and 7(t). (b) What is the amplitude of 
the steady-state current? 

10. An emf of voltage E(t) = Eo cos ot is applied to the RC 
circuit of Fig. 3.7.8 at time ¢ = 0 (with the switch closed), 
and Q(0) = 0. Substitute Qsp(t) = Acos@t + B sin œt in 
the differential equation to show that the steady periodic 
charge on the capacitor is 


EoC 
J 1 + w2 R2C2 
where f = tan~!(wRC). 


Osp(t) = cos(ot — p) 


In Problems 11 through 16, the parameters of an RLC circuit 
with input voltage E(t) are given. Substitute 


Isp(t) = Acos ot + B sinot 


in Eq. (4), using the appropriate value of w, to find the steady 
periodic current in the form Isp(t) = Io sin(wt — 6). 


11. R-30Q, L = 10H, C = 0.02 F; E(t) = 50sin2t V 

12. R = 200 Q, L 25H, C 20.001 F; 
E(t) = 100sin 10t V 

13. R = 20 Q, L = 10 H, C = 0.01 F; 
E(t) = 200 cos 5t V 

14. R = 50 Q, L = 5 H, C = 0.005 F; 
E(t) = 300 cos 1007 + 400 sin 1007 V 

15. R = 100 Q, L = 2H, C = 5 x 1076 F; 
E(t) = 110 sin 60zt V 

16. R = 25 Q, L = 0.2 H, C = 5 x 1074 F; 
E(t) = 120 cos 377t V 
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In Problems 17 through 22, an RLC circuit with input volt- 
age E(t) is described. Find the current I(t) using the given 
initial current (in amperes) and charge on the capacitor (in 
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21. 


and Q(0) = 0 
The circuit and input voltage of Problem 13 with /(0) = 0 
and Q(0) = 3 


coulombs). 


17. R= 16 Q, L = 2 H, C = 0.02 F; 

1(0) = 0, O(0) = 5 23. 
18. R= 60 Q, L = 2 H, C = 0.0025 F; 

I(0)= 0, Q(0) = 0 


E(t) = 100 V; 


E(t) = 100e™ V; 


22. The circuit and input voltage of Problem 15 with 7(0) = 0 
and Q(0) = 0 

Consider an LC circuit—that is, an RLC circuit with R — 
0—with input voltage E(t) = Eo sinwt. Show that un- 
bounded oscillations of current occur for a certain reso- 
nance frequency; express this frequency in terms of L and 


19. R = 60 ?, L = 2 H, C = 0.0025 F; C. 


E(t) = 100e—!% y; 


In each of Problems 20 through 22, plot both the steady peri- 
odic current Isp(t) and the total current I(t) = Isp(t) + Iu(t). 


20. The circuit and input voltage of Problem 11 with 7(0) = 0 


I(0) = 0, Q(0) =1 24 


. It was stated in the text that, if R, L, and C are positive, 
then any solution of LI" + RI! + I/C = 0 is a transient 
solution—it approaches zero as £ — +00. Prove this. 

25. Prove that the amplitude Jo of the steady periodic solution 

of Eq. (6) is maximal at frequency o = 1//LC. 
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Example 1 


FIGURE 3.8.1. Various possible 
solutions y(x) = B sinx4/3 of the 
endpoint value problem in Example 1. 
For no B Æ 0 does the solution hit the 
target value y — 0 for x — z. 


You are now familiar with the fact that a solution of a second-order linear differential 
equation is uniquely determined by two initial conditions. In particular, the only 
solution of the initial value problem 
y" + pG)y' c q(x)y 206; y(a)=0, y'(a)=0 (1) 
is the trivial solution y(x) = 0. Most of Chapter 3 has been based, directly or indi- 
rectly, on the uniqueness of solutions of linear initial value problems (as guaranteed 
by Theorem 2 of Section 3.2). 
In this section we will see that the situation is radically different for a problem 
such as 
y" + pG)y' t qG)y 20; y@)=0, y(b)=0. (2) 
The difference between the problems in Eqs. (1) and (2) is that in (2) the two con- 
ditions are imposed at two different points a and b with (say) a < b. In (2) we are 
to find a solution of the differential equation on the interval (a, b) that satisfies the 
conditions y(a) = 0 and y(b) = 0 at the endpoints of the interval. Such a problem 
is called an endpoint or boundary value problem. Examples 1 and 2 illustrate the 
sorts of complications that can arise in endpoint problems. 
Consider the endpoint problem 
y" +3y 20; 


yO)=0, y(G)- 0. (3) 


The general solution of the differential equation is 
y(x) = Acosx4/3 + B sinx V3. 


Now y(0) = A, so the condition y(0) = 0 implies that A = 0. Therefore the only possible 
solutions are of the form y(x) = B sin x 4/3. But then 


y(x) = B sin r V3 ~ —0.7458B, 


so the other condition y(z) = 0 requires that B = 0 also. Graphically, Fig. 3.8.1 illustrates 
the fact that no possible solution y(x) = B sinx4/3 with B Æ 0 hits the desired target value 
y = 0 when x = x. Thus the only solution of the endpoint value problem in (3) is the trivial 
solution y(x) = 0 (which probably is no surprise). Ej 


Example 2 


FIGURE 3.8.2. Various possible 
solutions y(x) — B sin2x of the 
endoint value problem in Example 2. 
No matter what the coefficient B is, 
the solution automatically hits the 
target value y — 0 for x — z. 
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Consider the endpoint problem 
y’+4y=0; y(0-0, y(x)=0. (4) 
The general solution of the differential equation is 
y(x) = Acos2x + Bsin2x. 


Again, y(0) = A, so the condition y(0) = 0 implies that A = 0. Therefore the only possible 
solutions are of the form y(x) = B sin 2x. But now y(x) = B sin2z = 0 no matter what the 
value of the coefficient B is. Hence, as illustrated graphically in Fig. 3.8.2, every possible 
solution y(x) = B sin 2x hits automatically the desired target value y = 0 when x = x (what- 
ever the value of B). Thus the endpoint value problem in (4) has infinitely many different 
nontrivial solutions. Perhaps this does seem a bit surprising. E 


Remark 1 Note that the big difference in the results of Examples 1 and 2 stems from 
the seemingly small difference between the differential equations in (3) and (4), with the 
coefficient 3 in one replaced by the coefficient 4 in the other. In mathematics as elsewhere, 
sometimes “big doors turn on small hinges.” 


Remark 2 The “shooting” terminology used in Examples 1 and 2 is often useful in dis- 
cussing endpoint value problems. We consider a possible solution which starts at the left 
endpoint value and ask whether it hits the “target” specified by the right endpoint value. 


Eigenvalue Problems 


Rather than being the exceptional cases, Examples 1 and 2 illustrate the typical 
situation for an endpoint problem as in (2): It may have no nontrivial solutions, or 
it may have infinitely many nontrivial solutions. Note that the problems in (3) and 
(4) can both be written in the form 


> y" + p(x)y' +Aq(x)y 206; y(a)=0, y(b)-0, (5) 


with p(x) = 0, q(x) = 1, a = 0, and b = x. The number À is a parameter in the 
problem (nothing to do with the parameters that were varied in Section 3.5). If we 
take A = 3, we get the equations in (3); with A = 4, we obtain the equations in 
(4). Examples 1 and 2 show that the situation in an endpoint problem containing a 
parameter can (and generally will) depend strongly on the specific numerical value 
of the parameter. 

An endpoint value problem such as the problem in (5)—one that contains an 
unspecified parameter A—is called an eigenvalue problem. The question we ask in 
an eigenvalue problem is this: For what values of the parameter A does there exist 
a nontrivial (i.e., nonzero) solution of the endpoint value problem? Such a value 
of A is called an eigenvalue of the problem. One might think of such a value as a 
"proper" value of À for which there exist proper (nonzero) solutions of the problem. 
Indeed, the prefix eigen is a German word that (in some contexts) may be translated 
as the English word proper, so eigenvalues are sometimes called proper values (or 
characteristic values). 

Thus we saw in Example 2 that A = 4 is an eigenvalue of the endpoint problem 


y"+Ay=0, yO)=0, y(x)=9, (6) 


whereas Example 1 shows that A = 3 is not an eigenvalue of this problem. 

Suppose that A, is an eigenvalue of the problem in (5) and that y,(x) is a 
nontrivial solution of the endpoint problem that results when the parameter A in (5) 
is replaced by the specific numerical value A,, so 


yi t+ pQ)yL--AÀ.q()y. =0 and y,(a)=0, y.(b)-0. 
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Example 3 


Solution 


y = cosh x 


(0, 1) 


y= sinh x 


FIGURE 3.8.3. The hyperbolic sine 
and cosine graphs. 


Then we call y, an eigenfunction associated with the eigenvalue A,. Thus we saw 
in Example 2 that y, (x) = sin 2x is an eigenfunction associated with the eigenvalue 
A, = 4, as is any constant multiple of sin 2x. 

More generally, note that the problem in (5) is homogeneous in the sense that 
any constant multiple of an eigenfunction is again an eigenfunction—indeed, one 
associated with the same eigenvalue. That is, if y = y. (x) satisfies the problem in 
(5) with A = å., then so does any constant multiple cy, (x). It can be proved (under 
mild restrictions on the coefficient functions p and q) that any two eigenfunctions 
associated with the same eigenvalue must be linearly dependent. 


Determine the eigenvalues and associated eigenfunctions for the endpoint problem 
y'-Ay-20; y(0-20, y(L)=0 (L>0). (7) 


We must consider all possible (real) values of A—positive, zero, and negative. 
If à = 0, then the equation is simply y" = 0 and its general solution is 


y(x) = Ax + B. 


Then the endpoint conditions y(0) = 0 = y(L) immediately imply that A = B = 0, so the only 
solution in this case is the trivial function y(x) = 0. Therefore, A = 0 is not an eigenvalue of 
the problem in (7). 
If A < 0, let us then write A = —o? (with o > 0) to be specific. Then the differential 
equation takes the form 
y” _ a? y=0, 


and its general solution is 
y(x) = c1e”™ + coe ?* = Acoshax + B sinhox, 


where A = cj + c2 and B = c4 — c2. (Recall that coshax = (e** + e™%*)/2 and that 
sinhax = (e** — e **)/2.) The condition y(0) = 0 then gives 


y(0) = Acosh0 + B sinhO0 = A = 0, 


so that y(x) = B sinhox. But now the second endpoint condition, y(L) = 0, gives y(L) = 
BsinhaL = 0. This implies that B = 0, because a Z 0, and sinh x = 0 only for x = 0 
(examine the graphs of y = sinhx and y = coshx in Fig. 3.8.3.) Thus the only solution 
of the problem in (7) in the case A < 0 is the trivial solution y = 0, and we may therefore 
conclude that the problem has no negative eigenvalues. 

The only remaining possibility is that A = œ? > 0 with a > 0. In this case the differential 
equation is 

y" +a7y =0, 
with general solution 
y(x) = Acosax + Bsinax. 


The condition y(0) = 0 implies that A = 0, so y(x) = B sinax. The condition y(L) = 0 then 
gives 
y(L) = BsinaL = 0. 


Can this occur if B # 0? Yes, but only provided that œL is a (positive) integral multiple of 7: 


L=; 2m, By co NU. cer: 

that is, if 
e. x? An? On? n?n? 
Q L2 , L2 , rng , PE 72" 


Thus we have discovered that the problem in (7) has an infinite sequence of positive eigen- 
values 


——, n21,2,8,.... (8) 


gel n=3 


FIGURE 3.8.4. The eigenfunctions 


sf 


nax 

yn(x) = sin for n = 1, 2, 3,4. 

Example 4 
Solution 

y 
n nsa n=l 
DE 
=l n=4 n=3 


FIGURE 3.8.5. The eigenfunctions 
(2n — 1)zx 


yn x) = sin 777 


for n = 1, 2, 3, 4. 
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With B = 1, the eigenfunction associated with the eigenvalue A, is 


yn) = sin, i a Ps eae (9) 
Figure 3.8.4 shows graphs of the first several of these eigenfunctions. We see visibly how 
the endpoint conditions y(0) = y(L) = 0 serve to select just those sine functions that start a 
period at x = 0 and wind up at x = L precisely at the end of a half-period. E 

Example 3 illustrates the general situation. According to a theorem whose 
precise statement we will defer until Section 10.1, under the assumption that q(x) > 
0 on the interval [a, b], any eigenvalue of the form in (5) has a divergent increasing 
sequence 

Ài < Àz < À3 € < Àn < —> +00 


of eigenvalues, each with an associated eigenfunction. This is also true of the fol- 
lowing more general type of eigenvalue problem, in which the endpoint conditions 
involve values of the derivative y’ as well as values of y: 


y" + p(x)y' + Aq(x)y = 0; 


: j (10) 
aiy(a) + a2y (a) 20, | b1y(b) + bay (b) = 0, 


where a1, a2, b1, and bz are given constants. With a, = 1 = bz and a? = 0 = bi, we 
get the problem of Example 4 (in which p(x) = 0 and q(x) = 1, as in the previous 
example). 


Determine the eigenvalues and eigenfunctions of the problem 
yO=0, y(L)=0. a1) 


Virtually the same argument as that used in Example 3 shows that the only possible eigenval- 
ues are positive, so we take A = a? > 0 (a > 0) to be specific. Then the differential equation 
is 


y"! Ay -0; 


y" 4 o? y — 0, 
with general solution 
y(x) = Acosax + Bsinax. 


The condition y(0) = 0 immediately gives A = 0, so 
y(x) = Bsinax and y'(x) = Bacosax. 
The second endpoint condition y’(L) = 0 now gives 


y'(L) = BacosaL = 0. 


This will hold with B ¥ 0 provided that wZ is an odd positive integral multiple of 7/2: 


JL 3x (2n — 1)zx 
CLS CU epo 7—— R— or ones 
2 2 2 
that is, if 
_ a? 95? (2n — 1x? 
- 42" ape ct AL? 
Thus the nth eigenvalue A, and associated eigenfunction of the problem in (11) are given by 
2n — 1? z? 2n — 1)z: 
das D and y&(xX)— sin CUD (12) 
forn = 1, 2, 3, .... Figure 3.8.5 shows graphs of the first several of these eigenfunctions. 


We see visibly how the endpoint conditions y(0) = y’(L) = 0 serve to select just those sine 
functions that start a period at x = 0 but wind up at x = L precisely in the middle of a 
half-period. E 
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A general procedure for determining the eigenvalues of the problem in (10) 
can be outlined as follows. We first write the general solution of the differential 
equation in the form 

y = Ayı (x, À) + Byo(x, A). 


We write yj (x, A) because y; and y» will depend on A, as in Examples 3 and 4, in 
which 


yi(x) =cosax =cosxVA and y2(x) = sinax = sinx VA. 


Then we impose the two endpoint conditions, noting that each is linear in y and y’, 
and hence also linear in A and B. When we collect coefficients of A and B in the 
resulting pair of equations, we therefore get a system of the form 


ay(A)A + By (A)B = 0, (13) 
o5(A)A + Bo(A)B = 0. 
Now 4 is an eigenvalue if and only if the system in (13) has a nontrivial solution (one 
with A and B not both zero). But such a homogeneous system of linear equations 
has a nontrivial solution if and only if the determinant of its coefficients vanishes. 
We therefore conclude that the eigenvalues of the problem in (10) are the (real) 
solutions of the equation 


D(A) = a (A)B2(A) — o2(A)B1(A) = 0. (14) 


To illustrate Eq. (14) in a concrete problem, let’s revisit the eigenvalue prob- 
lem of Example 3. If A > 0, then the differential equation y" + Ay = 0 has the general 
solution y(x) = Acos(4/Ax) + B sin(/Ax). The endpoint conditions y(0) = 0 and 
y(L) = 0 then yield the equations 


y(0) =A-1 +B-0 =, 
y(L) = Acos(VAL) + B sin( VAL) = 0 


(in the unknowns A and B) which correspond to the equations in (13). The de- 
terminant equation D(A) = 0 corresponding to (14) is then simply the equation 
sin( VAL) = 0, which implies that VAL = nz, or A = n?z?/L? forn = 1, 2, 3,... 
(as we saw in Example 3). 

For more general problems, the solution of the equation D(A) = 0 in (14) may 
present formidable difficulties and require a numerical approximation method (such 
as Newton’s method) or recourse to a computer algebra system. 

Most of the interest in eigenvalue problems is due to their very diverse physi- 
cal applications. The remainder of this section is devoted to three such applications. 
Numerous additional applications are included in Chapters 9 and 10 (on partial dif- 
ferential equations and boundary value problems). 


The Whirling String 


Who of us has not wondered about the shape of a quickly spinning jump rope? Let 
us consider the shape assumed by a tightly stretched flexible string of length L and 
constant linear density p (mass per unit length) if it is rotated or whirled (like a jump 
rope) with constant angular speed o (in radians per second) around its equilibrium 
position along the x-axis. We assume that the portion of the string to one side of 
any point exerts a constant tension force T on the portion of the string to the other 
side of the point, with the direction of T' tangential to the string at that point. We 


x=0 x=L 
Equilibrium position 


(a) 


Whirling string 
(b) 


| Vertical component: 
i » ! T sin8 


String 
(c) 


FIGURE 3.8.6. The whirling string. 


FIGURE 3.8.7. Forces on a short 
segment of the whirling string. 


3.8 Endpoint Problems and Eigenvalues 221 


further assume that, as the string whirls around the x-axis, each point moves in a 
circle centered at that point's equilibrium position on the x-axis. Thus the string is 
elastic, so that as it whirls it also stretches to assume a curved shape. Denote by 
y (x) the displacement of the string from the point x on the axis of rotation. Finally, 
we assume that the deflection of the string is so slight that sin 0 ~ tan 0 = y'(x) in 
Fig. 3.8.6(c). 

We plan to derive a differential equation for y (x) by application of Newton's 
law F — ma to the piece of string of mass p Ax corresponding to the interval [x, x 4- 
Ax]. The only forces acting on this piece are the tension forces at its two ends. From 
Fig. 3.8.7 we see that the net vertical force in the positive y-direction is 


F = T sin(0 + A0) — T sin ~x T tan(0 + A0) — T tan, 
so that 
F x Ty'(x + Ax) - Ty'(x). (15) 


Next we recall from elementary calculus or physics the formula a — ro? for the 
(inward) centripetal acceleration of a body in uniform circular motion (r is the radius 
of the circle and o is the angular velocity of the body). Here we have r — y, so the 
vertical acceleration of our piece of string is a = —o? y, the minus sign because the 
inward direction is the negative y-direction. Because m — p Ax, substitution of this 
and (15) in F — ma yields 


Ty'(x + Ax) — Ty (x) ~ —po? y Ax, 
so that 
y'(x + Ax) - y'(x) 2 
T. x —po^ y. 
Ax 


We now take the limit as Ax — 0 to get the differential equation of motion of the 
string: 


Ty" + po? y — 0. (16) 
If we write 
2 
po 
A= 17 
T (17) 


and impose the condition that the ends of the string are fixed, we finally get the 
eigenvalue problem 


y"+Ay=0; y@)=0, y(L)=0 (7) 


that we considered in Example 3. We found there that the eigenvalues of the problem 
in (7) are 


An = ——, n1,2,3,..., (8) 


with the eigenfunction y,(x) = sin(nzx/L) associated with Ay. 

But what does all this mean in terms of the whirling string? It means that 
unless A in (17) is one of the eigenvalues in (8), then the only solution of the problem 
in (7) is the trivial solution y(x) = 0. In this case the string remains in its equilibrium 
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FIGURE 3.8.8. Distortion of a 
horizontal beam. 


Positive 
y-values 


FIGURE 3.8.9. The deflection curve. 


position with zero deflection. But if we equate (17) and (8) and solve for the value 


@n corresponding to Àn, 
AnT T 
On = ==- (18) 
p Lip 


for n = 1,2, 3,..., we get a sequence of critical speeds of angular rotation. Only at 
these critical angular speeds can the string whirl up out of its equilibrium position. 
At angular speed o it assumes a shape of the form y, = c, sin(nzx/L) illustrated 
in Fig. 3.8.4 (where c, = 1). Our mathematical model is not sufficiently complete 
(or realistic) to determine the coefficient c, but it assumes much smaller deflections 
than those observed in Fig. 3.8.4, so the numerical value of c, would necessarily be 
significantly smaller than 1. 
Suppose that we start the string rotating at speed 


x IT 
O20, > ><) —, 
LY p 
then gradually increase its speed of rotation. So long as œ < o, the string remains 
in its undeflected position y = 0. But when w = c, the string pops into a whirling 
position y = c, sin(zrx/L). And when o is increased still further, the string pops 
back into its undeflected position along the axis of rotation! 


The Deflection of a Uniform Beam 


We include now an example of the use of a relatively simple endpoint value problem 
to explain a complicated physical phenomenon—the shape of a horizontal beam on 
which a vertical force is acting. 

Consider the horizontal beam shown in Fig. 3.8.8, uniform both in cross sec- 
tion and in material. If it is supported only at its ends, then the force of its own 
weight distorts its longitudinal axis of symmetry into the curve shown as a dashed 
line in the figure. We want to investigate the shape y = y (x) of this curve, the deflec- 
tion curve of the beam. We will use the coordinate system indicated in Fig. 3.8.9, 
with the positive y-axis directed downward. 

A consequence of the theory of elasticity is that for relatively small deflections 
of such a beam (so small that [y’(x)]? is negligible in comparison with unity), an 
adequate mathematical model of the deflection curve is the fourth-order differential 
equation 

EIyO = F(x), (19) 
where 


e Eisaconstant known as the Young's modulus of the material of the beam, 

e I denotes the moment of inertia of the cross section of the beam around a 
horizontal line through the centroid of the cross section, and 

e F(x) denotes the density of downward force acting vertically on the beam at 

the point x. 

Density of force? Yes; this means that the force acting downward on a very 
short segment [x, x 4- Ax] of the beam is approximately F(x) Ax. The units of F(x) 
are those of force per unit length, such as pounds per foot. We will consider here the 
case in which the only force distributed along the beam is its own weight, w pounds 
per foot, so that F(x) = w. Then Eq. (19) takes the form 


EIy9 =w (20) 


where E, I, and v are all constant. 


Built in 


FIGURE 3.8.10. 
supporting a beam. 


Two ways of 


Cantilever 


FIGURE 3.8.11. 


The cantilever. 
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Note We assume no previous familiarity with the theory of elasticity or with Eq. (19) or (20) 
here. It is important to be able to begin with a differential equation that arises in a specific 
applied discipline and then analyze its implications; thus we develop an understanding of 
the equation by examining its solutions. Observe that, in essence, Eq. (20) implies that the 
fourth derivative y 9 is proportional to the weight density w. This proportionality involves, 
however, two constants: E, which depends only on the material of the beam, and 7, which 
depends only on the shape of the cross section of the beam. Values of the Young's modulus 
E of various materials can be found in handbooks of physical constants; J = iza^* for a 
circular cross section of radius a. 


Although Eq. (20) is a fourth-order differential equation, its solution involves 
only the solution of simple first-order equations by successive simple integrations. 
One integration of Eq. (20) yields 


EIyO =wx+C; 
a second yields 
Ely" = wx? + Cyx + C 


another yields 
EIy' = wx? + lOi? + Cox + C3; 


a final integration gives 
Ely = Ai wx* + «Cx? + 5 Cox? + C3x + C4, 


where C1, C2, C3, and C4 are arbitrary constants. Thus we obtain a solution of 
Eq. (20) of the form 


w 
24E1 


y(x) = xt + Ax? + Bx? Cx +D, (21) 
where A, B, C, and D are constants resulting from the four integrations. 

These last four constants are determined by the way in which the beam is sup- 
ported at its ends, where x = 0 and x = L. Figure 3.8.10 shows two common types 
of support. A beam might also be supported one way at one end but another way at 
the other end. For instance, Fig. 3.8.11 shows a cantilever—a beam firmly fastened 
at x = 0 but free (no support whatsoever) at x = L. The following table shows the 
boundary or endpoint conditions corresponding to the three most common cases. 
We will see that these conditions are applied readily in beam problems, although a 
discussion here of their origin would take us too far afield. 


Support Endpoint Condition 
Simply supported y=y"=0 
Built-in or fixed end y=y'=0 
Free end y" = yy =0 


For example, the deflection curve of the cantilever in Fig. 3.8.11 would be 
given by Eq. (21), with the coefficients A, B, C, and D determined by the conditions 


y(0)=y'0)=0 and y"(L) = yO(L) =0, (22) 


corresponding to the fixed end at x = 0 and the free end at x = L. The conditions 
in (22) together with the differential equation in (21) constitute an endpoint value 
problem. 
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Solution 


Example 6 


Determine the shape of the deflection curve of a uniform horizontal beam of length L and 
weight w per unit length and simply supported at each end. 


We have the endpoint conditions 


»(0) = y"(0) = 0 = y(L) = y"(L). 


Rather than imposing them directly on Eq. (21), let us begin with the differential equation 
EIy® = w and determine the constants as we proceed with the four successive integrations. 
The first two integrations yield 


EI) =wx+A; EIy'- lux? d Ax 4 B. 
Hence y"(0) — 0 implies that B — 0, and then y"(L) — 0 gives 
O= wL? + AL. 


It follows that A = —wL/2 and thus that 


and finally, 
mu 4 1 :3 
EIy(x) = 34wux^ — 13wLx^ + Cx + D. (23) 


Now y(0) = 0 implies that D = 0; then, because y(L) = 0, 


It follows that C = wL?/24. Hence from Eq. (23) we obtain 


Ww 


AF] Gf —2Lx? I 3) (24) 


y(x)- 


as the shape of the simply supported beam. It is apparent from symmetry (see also Problem 
17) that the maximum deflection Ymax of the beam occurs at its midpoint x = L/2, and thus 


has the value 
ele Ve E 3 REST 
Ymax = 23] — AEI 16 8 2- Jp 


_ SwL4 
Ymax = 384E 


that is, 


(25) 
E 


For instance, suppose that we want to calculate the maximum deflection of a simply supported 
steel rod 20 ft long with a circular cross section 1 in. in diameter. From a handbook we find 
that typical steel has density 5 = 7.75 g/cm? and that its Young's modulus is E = 2 x 10!? 
g/cm-s?, so it will be more convenient to work in cgs units. Thus our rod has 


length: L = (20 ft) (30.48 =) = 609.60 cm 
and 


1 
radius: a = (5 in) (2.54 =) = 1.27 cm. 
2 in. 


Its linear mass density (that is, its mass per unit length) is 


g 


p = xa?6 = z(1.27)? (7.75) ~ 39.27 =, 
cm 


| 
tag Ix= 


FIGURE 3.8.12. The buckled rod. 
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so 


w = pg = (39.27 =) (980 7) ~ 38484.6 xu 


The area moment of inertia of a circular disk of radius a around a diameter is J = tnat, so 


1 
I= z727 x 2.04 cmt. 


Therefore Eq. (25) yields 


... (5)(38484.6)(609.60)4 


x ~ 16. ; 
JS Gea x agog ^ 696 cm 


about 6.68 in., as the maximum deflection of the rod at its midpoint. It is interesting to note 
that ymax is proportional to L^, so if the rod were only 10 ft long, its maximum deflection 
would be only one-sixteenth as much—only about 0.42 in. Because J = ina, we see from 
Eq. (25) that the same reduction in maximum deflection could be achieved by doubling the 
radius a of the rod. E 


The Buckled Rod 


Figure 3.8.12 shows a uniform rod of length L, hinged at each end, that has been 
“buckled” by an axial force of compression P applied at one end. We assume this 
buckling to be so slight that the deflection curve y = y(x) of the rod may be regarded 
as defined on the interval 0 € x < L. 

In the theory of elasticity the linear endpoint boundary value problem 


Ely"+ Py=0, y(0)=y(L) =0 (26) 


is used to model the actual (nonlinear) behavior of the rod. As in our discussion of 
the deflection of a uniform beam, E denotes the Young's modulus of the material 
of the beam and J denotes the moment of inertia of each cross section of the beam 
around a horizontal line through its centroid. 

If we write 


then the problem in (26) becomes the eigenvalue problem 
y"+ay=0; y)=y(L)=0 (7) 


that we considered in Example 3. We found that its eigenvalues {A,,} are given by 


Àn = ——, n=1,2,3,... (8) 


with the eigenfunction y, = sin(nzx/L) associated with An. (Thus whirling strings 
and buckled rods lead to the same eigenvalues and eigenfunctions.) 

To interpret this result in terms of the buckled rod, recall from Eq. (27) that 
P = AEI. The forces 


2 2EI 
P= AEI = e 3 nes d, oss (28) 
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are the critical buckling forces of the rod. Only when the compressive force P is 
one of these critical forces should the rod “buckle” out of its straight (undeflected) 
shape. The smallest compressive force for which this occurs is 


2 
p,- TEL (29) 


This smallest critical force P, is called the Euler buckling force for the rod; it is the 
upper bound for those compressive forces to which the rod can safely be subjected 
without buckling. (In practice a rod may fail at a significantly smaller force due to a 
contribution of factors not taken into account by the mathematical model discussed 
here.) 


For instance, suppose that we want to compute the Euler buckling force for a steel rod 10 ft 
long having a circular cross section | in. in diameter. In cgs units we have 


E 22x 10? g/cm:s?, 


L = (10 ft) (30.48 =) —3048cm, and 


I= 1 [os in.) (2.54 er x 2.04 cm*. 


Upon substituting these values in Eq. (29) we find that the critical force for this rod is 


Pj 4.34 x 108 dyn ~ 976 Ib, 


using the conversion factor 4.448 x 10? dyn/Ib. L| 


EXJ Problems 


The eigenvalues in Problems 1 through 5 are all nonnegative. 
First determine whether à = 0 is an eigenvalue; then find the 
positive eigenvalues and associated eigenfunctions. 


1. 


Aw se wb 


y" +dAy = 0; y'(0) = 0, y(1) = 0 
y" + Ày = 0; y'(0) = 0, y/(1) = 0 


~ Y" E Ay =0; y(x) = 0, y(x) = 0 


y" t Ay =0; y'(72) = 0, y'r) = 0 
y" + Ay = 0; y(-2) = 0, y'Q) = 0 


. Consider the eigenvalue problem 


y’+ay=0; y(0-0, y()-4y'()-0. 


All the eigenvalues are nonnegative, so write A = o? 
where a 2 0. (a) Show that A = O is not an eigen- 
value. (b) Show that y = Acosax + B sinox satis- 
fies the endpoint conditions if and only if B = 0 and aw 
is a positive root of the equation tanz = 1/z. These roots 
tont. are the abscissas of the points of intersection of the 
curves y — tanz and y — 1/z, as indicated in Fig. 3.8.13. 
Thus the eigenvalues and eigenfunctions of this problem 
are the numbers (02 11? and the functions {cos æn xj $^, re- 
spectively. 


FIGURE 3.8.13. The eigenvalues are determined by the 
intersections of the graphs of y = tanz and y = 1/z 
(Problem 6). 


. Consider the eigenvalue problem 


y(0 20, y(1)-4y'(1) 2 0; 


all its eigenvalues are nonnegative. (a) Show that A = 0 
is not an eigenvalue. (b) Show that the eigenfunctions 
are the functions (sino x14 *, where an is the nth positive 


y" c Ay =0; 


root of the equation tanz — —z. (c) Draw a sketch indi- 
cating the roots {a }$° as the points of intersection of the 
curves y = tanz and y = —z. Deduce from this sketch 


that æn ~ (2n — 1)z/2 when n is large. 


. Consider the eigenvalue problem 


yO) 20, y0) =y); 


all its eigenvalues are nonnegative. (a) Show that A = 0 
is an eigenvalue with associated eigenfunction yo(x) = x. 


y” +ay =0; 


10. 


11. 


12. 


13. 


14. 


(b) Show that the remaining eigenfunctions are given by 
yn(x) = sin nx, where fy is the nth positive root of the 
equation tanz = z. Draw a sketch showing these roots. 
Deduce from this sketch that By, ~ (2n + 1)z:/2 when n is 
large. 

Prove that the eigenvalue problem of Example 4 has no 
negative eigenvalues. 

Prove that the eigenvalue problem 


y’+ay=0; y(0-20, y()-y(1-0 
has no negative eigenvalues. (Suggestion: Show graph- 
ically that the only root of the equation tanhz — —z is 
z=0.) 


Use a method similar to that suggested in Problem 10 to 
show that the eigenvalue problem in Problem 6 has no neg- 
ative eigenvalues. 
Consider the eigenvalue problem 

y" +ày=0; yr) = y(n), y~r) = y(n), 
which is not of the type in (10) because the two endpoint 
conditions are not "separated" between the two endpoints. 
(a) Show that Ag = 0 is an eigenvalue with associated 
eigenfunction yo(x) = 1. (b) Show that there are no neg- 
ative eigenvalues. (c) Show that the nth positive eigen- 
value is n? and that it has two linearly independent asso- 
ciated eigenfunctions, cos nx and sinnx. 
Consider the eigenvalue problem 

y"+2y'+Ay=0; y)=y() =0. 

(a) Show that A = | is not an eigenvalue. (b) Show that 
there is no eigenvalue À such that A < 1. (c) Show that the 
nth positive eigenvalue is An = n?5? + 1, with associated 
eigenfunction y; (x) = e^* sinnzx. 
Consider the eigenvalue problem 
y'(1) — 0. 


y" -2y Fc Ay-0; y(0)=0, 


15. 


16. 


17. 


18. 
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Show that the eigenvalues are all positive and that the nth 
positive eigenvalue is An = a2 + 1 with associated eigen- 
function yp (x) =e * sino x, where o is the nth positive 
root of tanz — z. 

(a) A uniform cantilever beam is fixed at x = 0 and free 
at its other end, where x — L. Show that its shape is given 
by 


w 
24EI 
(b) Show that y'(x) — 0 only at x — 0, and thus that it fol- 
lows (why?) that the maximum deflection of the cantilever 
iS Ymax = y(L) = wL^/(8EI). 

(a) Suppose that a beam is fixed at its ends x — 0 and 
x — L. Show that its shape is given by 


(x* — ALx? + 6L?x?). 


y(x)- 


w 


JEI (x4 —2Lx? 4 L?x?). 


yx) = 


(b) Show that the roots of y’(x) = 0 are x = 0, x = L, and 
x = L/2, so it follows (why?) that the maximum deflec- 
tion of the beam is 


E wL4 
Imat INS J SAEI 


one-fifth that of a beam with simply supported ends. 

For the simply supported beam whose deflection curve is 
given by Eq. (24), show that the only root of y’(x) = 0 in 
[0. L] is x = L/2, so it follows (why?) that the maximum 
deflection is indeed that given in Eq. (25). 

(a) A beam is fixed at its left end x — 0 but is simply sup- 
ported at the other end x = L. Show that its deflection 
curve is 


w 
= —— (2x4 — 5Lx? + 312x?). 
»G) = gpr I — SLx? + 3172?) 
(b) Show that its maximum deflection occurs where x = 
(15 — /33)L/16 and is about 41.6% of the maximum de- 
flection that would occur if the beam were simply sup- 
ported at each end. 


Introduction to 
Systems of Differential 
Equations 


EN] First-Order Systems and Applications 
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n the preceding chapters we have discussed methods for solving an ordinary dif- 

ferential equation that involves only one dependent variable. Many applications, 
however, require the use of two or more dependent variables, each a function of a 
single independent variable (typically time). Such a problem leads naturally to a 
system of simultaneous ordinary differential equations. We will usually denote the 
independent variable by t and the dependent variables (the unknown functions of t) 
by x1, X2, X3,....0r by x, y, Z, .... Primes will indicate derivatives with respect to 
[. 

We will restrict our attention to systems in which the number of equations is 
the same as the number of dependent variables (unknown functions). For instance, 
a system of two first-order equations in the dependent variables x and y has the 
general form 


Thx. y,x', y") =0, 
g(t, x,y, x’, y") mU, 


where the functions f and g are given. A solution of this system is a pair x(t), y(t) 
of functions of t that satisfy both equations identically over some interval of values 
of t. 

For an example of a second-order system, consider a particle of mass m that 
moves in space under the influence of a force field F that depends on time t, the po- 
sition (x(t), y (t), z(t)) of the particle, and its velocity (x'(t), y'(t), z'(t)). Applying 
Newton's law ma — F componentwise, we get the system 


(1) 


mx" = Fi(t,x,y,Z,x',y',2'), 
my" = Fy(t,x,y,z,x', y’, z”), (2) 
mz" = Fa(t, x,y,z, x' y^, z) 

of three second-order equations with independent variable t and dependent variables 


X, y, Z; the three right-hand-side functions Fi, F5, F3 are the components of the 
vector-valued function F. 


Example 1 


Equilibrium positions 


FIGURE 4.1.1. The mass-and-spring 


system of Example 1. 


kx D k(y -3) 
ky(y - x) D fO 


FIGURE 4.1.2. The “free body 
diagrams” for the system of Example 1. 


20 gal/min 
Fresh water 


Example 2 


Tank 2 | 


20 gal/min 


FIGURE 4.1.3. The two brine tanks 


of Example 2. 


Example 3 
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Initial Applications 


Examples 1 through 3 further illustrate how systems of differential equations arise 
naturally in scientific problems. 


Consider the system of two masses and two springs shown in Fig. 4.1.1, with a given external 
force f(t) acting on the right-hand mass m2. We denote by x(t) the displacement (to the 
right) of the mass m from its static equilibrium position (when the system is motionless and 
in equilibrium and f(t) = 0) and by y(t) the displacement of the mass mz from its static 
position. Thus the two springs are neither stretched nor compressed when x and y are zero. 

In the configuration in Fig. 4.1.1, the first spring is stretched x units and the second by 
y —x units. We apply Newton's law of motion to the two "free body diagrams" shown in 
Fig. 4.1.2; we thereby obtain the system 


mix" = —kix + ko(y — x). 


" (3) 
may" = —ka(y — x) + f(t) 


of differential equations that the position functions x(t) and y(t) must satisfy. For instance, 
if my = 2, m = 1, kı = 4, k2 = 2, and f(t) = 40 sin 3¢ in appropriate physical units, then 
the system in (3) reduces to 


2x" = —6x + 2y, 


4 
y" = 2x — 2y + 40sin3t. e 


Consider two brine tanks connected as shown in Fig. 4.1.3. Tank 1 contains x(t) pounds of 
salt in 100 gal of brine and tank 2 contains y (t) pounds of salt in 200 gal of brine. The brine in 
each tank is kept uniform by stirring, and brine is pumped from each tank to the other at the 
rates indicated in Fig. 4.1.3. In addition, fresh water flows into tank 1 at 20 gal/min, and the 
brine in tank 2 flows out at 20 gal/min (so the total volume of brine in the two tanks remains 
constant). The salt concentrations in the two tanks are x/100 pounds per gallon and y/200 
pounds per gallon, respectively. When we compute the rates of change of the amount of salt 
in the two tanks, we therefore get the system of differential equations that x (t) and y(t) must 
satisfy: 


E E ea | ee ud 
100 200 ^ 10^ 20° 
3 3 
y =30- loe dcs jer 
100 200 200 10^ 20 
that is, 
20x! = —6x + y, 
i (5) 
20y = 6x — 3y. 
E 


Consider the electrical network shown in Fig. 4.1.4, where 74 (t) denotes the current in the 
indicated direction through the inductor L and 72 (t) denotes the current through the resistor 
R2. The current through the resistor Ry is J = J; — I» in the direction indicated. We recall 
Kirchhoff's voltage law to the effect that the (algebraic) sum of the voltage drops around 
any closed loop of such a network is zero. As in Section 3.7, the voltage drops across the 
three types of circuit elements are those shown in Fig. 4.1.5. We apply Kirchhoff's law to the 
left-hand loop of the network to obtain 


dli 
SER + 50(141 — I2) — 100 = 0, (6) 


because the voltage drop from the negative to the positive pole of the battery is —100. The 
right-hand loop yields the equation 


12502 + 2515 + 50(I2 — I1) = 0, (7) 
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Circuit Voltage 
Element Drop 
Inductor L HE 

dt 
Resistor RI 
: 1 
Capacitor 2 
c2 


FIGURE 4.1.5. Voltage drops across 
common circuit elements. 
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L: 2 henries C: 0.008 farads 
T 
Eg: = I Ry h = 
100 volts — 50 ohms 25 ohms 
i I 


FIGURE 4.1.4. The electrical network of Example 3. 


where Q»(t) is the charge on the capacitor. Because dQ2/dt = I», differentiation of each 
side of Eq. (7) yields 


dh 4h _ 4 (8) 
dt ^ dt C 


After dividing Eqs. (6) and (8) by the factors 2 and —25, respectively, we get the system 


12515 + 75 


dli 
; + 251, — 25h = 50, 


d 
(9) 
dli d I5 
2 3 5h —0 
dt dt : 
of differential equations that the currents 74 (t) and /2(t) must satisfy. [| 


First-Order Systems 


Consider a system of differential equations that can be solved for the highest-order 
derivatives of the dependent variables that appear, as explicit functions of ¢ and 
lower-order derivatives of the dependent variables. For instance, in the case of a 
system of two second-order equations, our assumption is that it can be written in the 
form 
BS filt, x1, X2, X1, x 
1 = Silt, x1, X2, X1, X2), d 


x. = SAE, X1, X2, X4, X3). 


It is of both practical and theoretical importance that any such higher-order system 
can be transformed into an equivalent system of first-order equations. 

To describe how such a transformation is accomplished, we consider first the 
“system” consisting of the single nth-order equation 


» x™ = f(t, x, x, ..., x70), (11) 
We introduce the dependent variables x1, x2, ..., Xn defined as follows: 
xix, X2—x, xp =x", ..., Xp HOY, (12) 
Note that x) = x’ = x2, x, = x" = xs, and so on. Hence the substitution of (12) in 
Eq. (11) yields the system 
xi = X2, 
x: = X3. 
» ; (13) 
Xhi = X 


= F(t, X1,.%2,.-+5Xn) 


Example 4 


Example 5 


Solution 
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of n first-order equations. Evidently, this system is equivalent to the original nth- 
order equation in (11), in the sense that x(t) is a solution of Eq. (11) if and only if 
the functions x; (t), x2(t), ..., Xn (t) defined in (12) satisfy the system of equations 
in (13). 


The third-order equation 
x 4 3x" 4 2x! — 5x = sin2t 
is of the form in (11) with 
ft, x, x, x") = 5x — 2x! — 3x" + sin2t. 


Hence the substitutions 


xy2x, x,2x'-2 xj, x= x Hx, 
yield the system 
E Lian 
x, = x2, 
um 
X5 = X3, 


X4 = 5x1 — 2x5 — 3x3 + sin 2t 


of three first-order equations. " 

It may appear that the first-order system obtained in Example 4 offers little 
advantage because we could use the methods of Chapter 3 to solve the original (lin- 
ear) third-order equation. But suppose that we were confronted with the nonlinear 
equation 

x" = x? + ix". 

to which none of our earlier methods can be applied. The corresponding first-order 
system is 


X = Xa, 
; 3 3 Um 
x, = Qu) + Gay, 


and we will see in Section 4.3 that there exist effective numerical techniques for 
approximating the solution of essentially any first-order system. So in this case the 
transformation to a first-order system is advantageous. From a practical viewpoint, 
large systems of higher-order differential equations typically are solved numerically 
with the aid of the computer, and the first step is to transform such a system into a 
first-order system for which a standard computer program is available. 


The system 


2x" = —6x + 2y, (4) 
y" = 2x —2y + 40sin3t 


of second-order equations was derived in Example 1. Transform this system into an equiva- 
lent first-order system. 
Motivated by the equations in (12), we define 


X1 =X, X2 =X =X, yı = y, y2 =y = yı. 
Then the system in (4) yields the system 
Xi = X2, 
2x) = —6x1 + 2y1, 
/ (15) 
Yı 5 72, 
ya = 2x1 — 2y1 + 40sin3t 


of four first-order equations in the dependent variables x1, x2, y1, and y2. [| 
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Simple Two-Dimensional Systems 


The linear second-order differential equation 
x" + px + qx =0 (16) 


(with constant coefficients and independent variable 1) transforms via the substitu- 
tions x’ = y, x” = y’ into the two-dimensional linear system 
/ 


aa (17) 


/ 


y ——4x = py. 


Conversely, we can solve this system in (17) by solving the familiar single equation 
in (16). 


Se To solve the two-dimensional system 


xo == Dy, 
(18) 
y=4x 
we begin with the observation that 
x" 2y = 2 (4x) = —x 
This gives the single second-order equation x” + x = 0 with general solution 
x(t) = Acost + B sint = C cos(t — a) 
where A = C cosa and B = C sina. Then 
y(t) x(t) = 5 ( Asint + Bcost) 
—4 M >>> = ic sin(t — a). 
-5F Se Se 2-7 
| | | I I LL [Lg] I " E B ` 2 . 
54321012345 The identity cos? 0 + sin? 0 = 1 therefore implies that, for each value of t, the point (x (t), y(t)) 
x lies on the ellipse 
2 2 
FIGURE 4.1.6. Direction field and X a M £ 
solution curves for the system C? (C/)2 
x! = —2y, y' = 5x of Example 6. with semiaxes C and C/2. Figure 4.1.6 shows several such ellipses in the xy-plane. El 
A solution (x(t), y(t)) of a two-dimensional system 
x = f(t, x,y), 
y'= g(t, x, y) 


may be regarded as a parametrization of a solution curve or trajectory of the sys- 
tem in the xy-plane. Thus the trajectories of the system in (18) are the ellipses of 
Fig. 4.1.6. The choice of an initial point (x (0), y (0)) determines which one of these 
trajectories a particular solution parametrizes. 

The picture showing a system's trajectories in the xy-plane—its so-called 
phase plane portrait—fails to reveal precisely how the point (x(t), y(t)) moves 
along its trajectory. If the functions f and g do not involve the independent variable 
t, then a direction field —showing typical arrows representing vectors with compo- 
nents (proportional to) the derivatives x’ = f(x, y) and y’ = g(x, y)—can be plotted. 
Because the moving point (x(t), y(t)) has velocity vector (x'(t), y'(t)), this direc- 
tion field indicates the point's direction of motion along its trajectory. For instance, 
the direction field plotted in Fig. 4.1.6 indicates that each such point moves coun- 
terclockwise around its elliptical trajectory. Additional information can be shown 
in the separate graphs of x (t) and y(t) as functions of t. 


Example 6 


Continued 


Example 7 


FIGURE 4.1.8. Direction field and 
solution curves for the system x’ = y, 
y! = 2x + y of Example 7. 
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With initial values x(0) = 2, y(0) = 0, the general solution in Example 6 yields 
x(0)=A=2, y(0-2-1B-0 
The resulting particular solution is given by 
x(t) =2cost, y(t) — sint. 
The graphs of the two functions are shown in Fig. 4.1.7. We see that x(t) initially decreases 
while y(t) increases. It follows that, as t increases, the solution point (x(t), y(¢)) traverses 


the trajectory ix? + y? = 1 in the counterclockwise direction, as indicated by the direction 
field vectors in Fig. 4.1.6. a 


x=2 cost 


FIGURE 4.1.7. x- and y-solution curves for the initial value 
problem x’ = —2y, y’ = 4x, x(0) = 2, y(0) = 0. 


To find a general solution of the system 


pe 
=M T 
we begin with the observation that 
x"! =y 22x y =x 42x. 
This gives the single linear second-order equation 
x" —x' -2x «0 
with characteristic equation 
rP-r-2-(r-1(r-2)-0 
and general solution 
x(t) = Ae™ + Be”. (20) 
Then 
y(t) 2 x'(t) = —Ae~! + 2Be**. (21) 


Typical phase plane trajectories of the system in (19) parametrized by Eqs. (20) and (21) are 
shown in Fig. 4.1.8. These trajectories may resemble hyperbolas sharing common asymp- 
totes, but Problem 23 shows that their actual form is somewhat more complicated. [| 
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FIGURE 4.1.9. Direction field and 


solution curve for the system x’ = —y, 


y’ = (1.01)x — (0.2) y of Example 8. 


= 0.0 
lai 


L yay m 


1 1 | i l 

10 15 20 25 30 
t 

FIGURE 4.1.10. x- and y-solution 

curves for the initial value problem of 

Example 8. 
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Example 8 


To solve the initial value problem 


x ——y, 
y! = (1.01)x — (0.2)y, (22) 
x()-0, y(0-1, 
we begin with the observation that 
x" = —y! = —[(1.01)x — (0.2)y] = (—1.01)x — (0.2)x". 
This gives the single linear second-order equation 
x" + (0.2)x' + (1.01)x = 0 
with characteristic equation 
r? + (0.2)r + 1.01 = (r + 0.1)? +1 — 0, 
characteristic roots —0.1 + i, and general solution 
x(t) = g t4 cost + B sint). 
Then x(0) = A = 0, so 
x(t) = Be 1/19 gin t, 
y(t) 2-x'( = py Be !/19 sint — Be~*/!9 cost. 
Finally, y(0) = —B = 1, so the desired solution of the system in (22) is 
x(t) = e™/ sint, 
(23) 


y(t) = i679 (ing + 10cos :). 


These equations parametrize the spiral trajectory in Fig. 4.1.9; the trajectory approaches the 
origin as £ — +00. Figure 4.1.10 shows the x- and y-solution curves given in (23). El 


When we study linear systems in Chapter 5, we will learn why the superficially 
similar systems in Examples 6 through 8 have the markedly different trajectories 
shown in Figs. 4.1.6, 4.1.8, and 4.1.9. 


Linear Systems 


In addition to practical advantages for numerical computation, the general theory of 
systems and systematic solution techniques are more easily and more concisely de- 
scribed for first-order systems than for higher-order systems. For instance, consider 
a linear first-order system of the form 


x, = pui(t)xi + pi2(t)x2 +--+ + PinXn + filt), 


Xj = pa(t)xi + pa2(t)xo +--+ + panxn + f(t), (24) 


x. = Pn (t)xı T Pn2(t)x2 +- + PnnXn + falt). 


We say that this system is homogeneous if the functions fi, f2,..., fn are all iden- 
tically zero; otherwise, it is nonhomogeneous. Thus the linear system in (5) is 
homogeneous, whereas the linear system in (15) is nonhomogeneous. The system 
in (14) is nonlinear because the right-hand side of the second equation is not a linear 
function of the dependent variables x, and x5. 
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A solution of the system in (24) is an n-tuple of functions x1(t), xa(t)....., 
Xn(t) that (on some interval) identically satisfy each of the equations in (24). We 
will see that the general theory of a system of n linear first-order equations shares 
many similarities with the general theory of a single nth-order linear differential 
equation. Theorem 1 (proved in the Appendix) is analogous to Theorem 2 of Section 
3.2. It tells us that if the coefficient functions pi; and f; in (24) are continuous, then 
the system has a unique solution satisfying given initial conditions. 


THEOREM 1 Existence and Uniqueness for Linear Systems 


Suppose that the functions p11, P12, . ... Pnn and the functions fi, fo,..., f, are 
continuous on the open interval 7 containing the point a. Then, given the n 
numbers b1, b2,..., bn, the system in (24) has a unique solution on the entire 
interval 7 that satisfies the n initial conditions 


au) = Bis 3x. sees SO) Sar (25) 


Thus 7 initial conditions are needed to determine a solution of a system of 
n linear first-order equations, and we therefore expect a general solution of such a 
system to involve n arbitrary constants. For instance, we saw in Example 5 that the 
second-order linear system 


2x" = — 6x + 2y, 
y” = 2x —2y + 40sin3t, 


which describes the position functions x(t) and y(t) of Example 1, is equivalent to 
the system of four first-order linear equations in (15). Hence four initial conditions 
would be needed to determine the subsequent motions of the two masses in Example 
1. Typical initial values would be the initial positions x(0) and y(0) and the initial 
velocities x’(0) and y'(0). On the other hand, we found that the amounts x(t) and 
y(t) of salt in the two tanks of Example 2 are described by the system 


20x' = —6x + y, 
20y’= 6x —3y 


of two first-order linear equations. Hence the two initial values x (0) and y(0) should 
suffice to determine the solution. Given a higher-order system, we often must trans- 
form it into an equivalent first-order system to discover how many initial conditions 
are needed to determine a unique solution. Theorem 1 tells us that the number of 
such conditions is precisely the same as the number of equations in the equivalent 
first-order system. 


E Problems 


In Problems 1 through 16, transform the given differential 
equation or system into an equivalent system of first-order dif- 
ferential equations. 


1. x" + 3x! + 7x = t? 


2. x" + 4x — x? = 0 (This equation is used in Section 6.4 
to describe the motion of a mass connected to a “soft” 
spring.) 


3. x" + 2x’ + 26x = 82cos4t (This equation was used in 
Section 3.6 to model the oscillations of a mass-and-spring 
system.) 

4. xO) — 2x" 4 y! = 14 tel 

5. x (9 43x" +x = ef sin2t 

6. x + 6x" — 3x! + x = cos 3t 

7. Ox" + tx! + (2 —1)x 20 
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xO) — 242x" 4 arx! + 5x = Int 
xO) = (x^? + cosx 


. x" — 5x + 4y = 0, y" c Ax 5y 20 


kx nc ky 
(2 + y2m y G24 yb (These equa- 
tions are used in Application 4.3 to describe the motion of 
a satellite in elliptical orbit around a planet.) 


x" 


. 3x" = 2y!, 3y" = —2x' 
. x" = —75x + 25y, y" = 50x — 50y + 50cos 5t (This sys- 


tem of equations is used in Section 5.4 to describe the mo- 
tions of a double mass-and-spring system.) 


. X" 4+ 3x! + Ax — 2y = 0, y" + 2y' - 3x + y = cost 
. x" =3x— y +2z, y" 2x y 
x” = (1— y)x, y" = (1 — x)y 


Az,z" —5x—y-z 


Use the method of Examples 6, 7, and 8 to find general solu- 
tions of the systems in Problems 17 through 26. If initial con- 
ditions are given, find the corresponding particular solution. 
For each problem, use a computer system or graphing calcu- 
lator to construct a direction field and typical solution curves 
for the given system. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 


29. 


30. 


x = y. y! = -x 

Kyy E 

x! = —2y, y! = 2x; x(0) = 1, y(0)= 0 

x’ = 10y, y' = —10x; x(0) = 3, y(0) = 4 

x = ly, y'= Bx 

x! = 8y, y! = —2x 

x! = y, y! = 6x — y; x(0) = 1, y(0) = 2 

x! = —y, y’ = 10x — 7y; x(0) = 2, y(0) = —7 
x! = —y, y' = 13x + 4y; x(0) = 0, (0) = 3 
x! = y, y! = —9x + 6y 


(a) Calculate [x (1)]? + [y(t)]? to show that the trajectories 
of the system x’ = y, y' = —x of Problem 17 are circles. 
(b) Calculate [x (£)]? — [y(1)] to show that the trajectories 
of the system x’ = y, y' = x of Problem 18 are hyperbolas. 
(a) Beginning with the general solution of the system 
x’ = —2y, y! = 2x of Problem 19, calculate x? + y? to 
show that the trajectories are circles. (b) Show similarly 
that the trajectories of the system x’ = 4 y, y = —8x 
of Problem 21 are ellipses with equations of the form 
16x2 + y? = C?. 

First solve Eqs. (20) and (21) for e~* and e?! in terms of 
x(t), y (t), and the constants A and B. Then substitute the 
results in (e2*)(e7*)? = 1 to show that the trajectories of 
the system x’ = y, y' = 2x + y in Example 7 satisfy an 
equation of the form 


4x? — 3xy? + y? =C (constant). 


Then show that C = 0 yields the straight lines y = —x and 
y — 2x that are visible in Fig. 4.1.8. 


Derive the equations 


mix] = —(ky + ka)xi + k2x2, 


max, = k2x1 — (k2 +k3)x2 


31. 


32. 
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for the displacements (from equilibrium) of the two 
masses shown in Fig. 4.1.11. 


FIGURE 4.1.11. 
Problem 30. 


The system of 


Two particles each of mass m are attached to a string under 
(constant) tension T, as indicated in Fig. 4.1.12. Assume 
that the particles oscillate vertically (that is, parallel to the 
y-axis) with amplitudes so small that the sines of the an- 
gles shown are accurately approximated by their tangents. 
Show that the displacements y; and y2 satisfy the equa- 
tions 


ky{ = —2yı + y2, ky% = yı — 2y2 


where k = mL/T. 


FIGURE 4.1.12. 
Problem 31. 


The mechanical system of 


Three 100-gal fermentation vats are connected as indi- 
cated in Fig. 4.1.13, and the mixture in each tank is kept 
uniform by stirring. Denote by x;(t) the amount (in 
pounds) of alcohol in tank 7; at time t (i = 1, 2, 3). Sup- 
pose that the mixture circulates between the tanks at the 
rate of 10 gal/min. Derive the equations 


10x, = —xi + x3 
10x5 = x1 — x2 
10x45 = X2 — X3. 


FIGURE 4.1.13. The fermentation tanks of 
Problem 32. 


33. 


34. 


35. 


36. 


Set up a system of first-order differential equations for the 
indicated currents J; and /> in the electrical circuit of 
Fig. 4.1.14, which shows an inductor, two resistors, and 
a generator which supplies an alternating voltage drop of 
E(t) = 100 sin 60; V in the direction of the current 71. 


E(t) = 100 sin 607 


1 L: 1 Ry: 
1 2henries ? 25 ohms 
WN 


R,: 50 ohms 


FIGURE 4.1.14. The electrical circuit of Problem 33. 


Repeat Problem 33, except with the generator replaced 
with a battery supplying an emf of 100 V and with the 
inductor replaced with a 1-millifarad (mF) capacitor. 

A particle of mass m moves in the plane with coordinates 
(x(t), y(t)) under the influence of a force that is directed 
toward the origin and has magnitude k/(x? + y?)—an 
inverse-square central force field. Show that 


where r = yx? + y2. 

Suppose that a projectile of mass m moves in a vertical 
plane in the atmosphere near the surface of the earth un- 
der the influence of two forces: a downward gravitational 


37. 
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force of magnitude mg, and a resistive force Fg that is 
directed opposite to the velocity vector v and has mag- 
nitude kv? (where v = |v| is the speed of the projectile; 
see Fig. 4.1.15). Show that the equations of motion of the 
projectile are 


n / n / 
mx'-—-—kvx, my = —kvy —mg, 


where v = (x^)? + (y)2. 


y 


mg 


FIGURE 4.1.15. The trajectory of the 
projectile of Problem 36. 


Suppose that a particle with mass m and electrical charge q 
moves in the x y-plane under the influence of the magnetic 
field B — Bk (thus a uniform field parallel to the z-axis), 
so the force on the particle is F — qv x B if its velocity is 
v. Show that the equations of motion of the particle are 


mx" = +qBy', my” = —qBx'. 


CAWN. eiil] Gravitation and Kepler's Laws of Planetary Motion 


Around the turn of the 17th century, Johannes Kepler analyzed a lifetime of plane- 
tary observations by the astronomer Tycho Brahe. Kepler concluded that the motion 
of the planets around the sun is described by the following three propositions, now 
known as Kepler’s laws of planetary motion: 


1. The orbit of each planet is an ellipse with the sun at one focus. 

2. The radius vector from the sun to each planet sweeps out area at a constant 
rate. 

3. The square of the planet’s period of revolution is proportional to the cube of 
the major semiaxis of its elliptical orbit. 


In his Principia Mathematica (1687) Isaac Newton deduced the inverse-square 
law of gravitation from Kepler’s laws. In this application we lead you (in the oppo- 
site direction) through a derivation of Kepler’s first two laws from Newton’s law of 
gravitation. 

Assume that the sun is located at the origin in the plane of motion of a planet, 
and write the position vector of the planet in the form 


r(t) = (x(t), y(t) = xi + yj, (1) 


where i — (1,0) and j — (0,1) denote the unit vectors in the positive x- and y- 
directions. Then the inverse-square law of gravitation implies (Problem 29) that the 
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FIGURE 4.1.16. The radial and 
transverse unit vectors u, and ug. 


(r«),80)) 


(r(0),0(0)) 


FIGURE 4.1.17. Area swept out by 
the radius vector. 


acceleration vector r"(t) of the planet is given by 
r” =-—, (2) 


where r = yx? + y? is the distance from the sun to the planet. If the polar co- 
ordinates of the planet at time ¢ are (r(t), 0(1)), then the radial and transverse unit 
vectors shown in Fig. 4.1.16 are given by 


u, —icos0 4 jsinO and ug = -isin0 + jcos 0. (3) 


The radial unit vector u, (when located at the planet’s position) always points di- 
rectly away from the origin, so u, = r/r, and the transverse unit vector ug is ob- 
tained from u, by a 90? counterclockwise rotation. 


STEP 1: Differentiate the equations in (3) componentwise to show that 


du, dé dug dé 
and ae ~ sut. (4) 


dà c E 


STEP 2: Use the equations in (4) to differentiate the planet's position vector r — 
ru, and thereby show that its velocity vector is given by 


v= =U, +r—ug. (5) 


STEP 3: Differentiate again to show that the planet’s acceleration vector a = 
dv/dt is given by 


d?r d0 Y ld ( 5d0 
B EROI m n) |n " 


STEP 4: The radial and transverse components on the right-hand sides in Eqs. (2) 
and (6) must agree. Equating the transverse components—that is, the coefficients 
of ug—we get 


ld ,d0 
so it follows that 
d0 
2— =h, 8 
i dt (8) 


where h is a constant. Because the polar-coordinate area element—for computation 
of the area A(t) in Fig. 4.1.17—is given by dA = ir?d6, Eq. (8) implies that the 
derivative A’(t) is constant, which is a statement of Kepler's second law. 


STEP 5: Equate radial components in (2) and (6) and then use the result in (8) 
to show that the planet's radial coordinate function r(t) satisfies the second-order 
differential equation 


Rr. 7 ug (9) 


^, 
70=4 


FIGURE 4.1.18. The elliptical orbit 
_ L 
^ 1+ ecos(@ — a) 


with perihelion distance 
rı = L/(1 + e) and aphelion distance 
r2 = L[(1 — e). 


FIGURE 4.1.19. The shape of the 
orbit of Halley's comet. 
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STEP 6: Although the differential equation in (9) is nonlinear, it can be trans- 
formed to a linear equation by means of a simple substitution. For this purpose, 
assume that the orbit can be written in the polar-coordinate form r = r(@), and first 
use the chain rule and Eq. (8) to show that if r = 1/z, then 


Differentiate again to deduce from Eq. (9) that the function z(0) = 1/r(@) satisfies 
the second-order equation 


dg k 
STEP 7: Show that the general solution of Eq. (10) is 
, k 
z(0) = Acos0 + BsinO + 77. (11) 
STEPS: Finally, deduce from Eq. (11) that r(0) = 1/z(@) is given by 
L 
r(@) = ——_—_—__—__ (12) 


1 + ecos(0 — a) 


with e = Ch?/k, C cosa = A, C sina = B, and L = h?/k. The polar-coordinate 
graph of Eq. (12) is a conic section of eccentricity e—an ellipse if 0 < e < 1, a 
parabola if e = 1, and a hyperbola if e > 1—with focus at the origin. Planetary 
orbits are bounded and therefore are ellipses with eccentricity e < 1. As indicated 
in Fig. 4.1.18, the major axis of the ellipse lies along the radial line 0 = a. 


STEP 9: Plot some typical elliptical orbits as described by (12) with different ec- 
centricities, sizes, and orientations. In rectangular coordinates you can write 


x(t) 2r(t)cost, y(t) 2r(t)sint, OSt S27 


to plot an elliptical orbit with eccentricity e, semilatus rectum L (Fig. 4.1.18), and 
rotation angle œ. The eccentricity of the earth’s orbit is e ~ 0.0167, so close to 
zero that the orbit looks nearly circular (though with the sun off center), and the 
eccentricities of the other planetary orbits range from 0.0068 for Venus and 0.0933 
for Mars to 0.2056 for Mercury and 0.2486 for Pluto. But many comets have highly 
eccentric orbits, like Halley's comet with e ~ 0.97 (Fig. 4.1.19). 


EX The Method of Elimination 


The most elementary approach to linear systems of differential equations involves 
the elimination of dependent variables by appropriately combining pairs of equa- 
tions. The object of this procedure is to eliminate dependent variables in succession 
until there remains only a single equation containing only one dependent variable. 
This remaining equation will usually be a linear equation of high order and can fre- 
quently be solved by the methods of Chapter 3. After its solution has been found, the 
other dependent variables can be found in turn, using either the original differential 
equations or those that have appeared in the elimination process. 
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Solution 


-5-4-3-2-1 0 12 345 


t EV 


FIGURE 4.2.1. Direction field and 
solution curves for the system 

x! = 4x —3y, y' = 6x — Ty of 
Example 1. 


The method of elimination for linear differential systems is similar to the 
solution of a linear system of algebraic equations by a process of eliminating the 
unknowns one at a time until only a single equation with a single unknown remains. 
It is most convenient in the case of manageably small systems: those containing 
no more than two or three equations. For such systems the method of elimination 
provides a simple and concrete approach that requires little preliminary theory or 
formal machinery. But for larger systems of differential equations, as well as for 
theoretical discussion, the matrix methods of Chapter 5 are preferable. 


Find the particular solution of the system 
x’ =4x— 3y, y'—6x-Ty (1) 


that satisfies the initial conditions x(0) = 2, y(0) = —1. 
If we solve the second equation in (1) for x, we get 


x= gy’ +y, (2) 
so that 
x = gy" + fy’. (3) 


We then substitute these expressions for x and x’ in the first equation of the system in (1); 
this yields 


zy" + gy’ = 4 (à + zy) 3y, 
which we simplify to 
y" + 3y! — 10y = 0. 


This second-order linear equation has characteristic equation 
r? 3r 2 10 = (r — 2)(r + 5) — 0, 
so its general solution is 
y(t) = c1e?! + coe t, (4) 
Next, substitution of (4) in (2) gives 
x(t) = l (2c1e” — Seze75t) + Z (ae? + coe) : 

that is, 

x(t) = cie?! + icoe ^. (5) 


Thus Eqs. (4) and (5) constitute the general solution of the system in (1). 
The given initial conditions imply that 


x(0) — 2e + leo =2 
and that 
y0) =c1 +e. = -l; 


these equations are readily solved for cı = 2 and cz = —3. Hence the desired solution is 
x(t) = 3e?! 2e, y(t) = 22?! — 3e 5f, 


Figure 4.2.1 shows this and other typical solution curves parametrized by the equations x (t) = 
ce! + zone, y(t) = cie?! + coe?! with different values of the arbitrary constants 
cı and c2. We see two families of curves resembling hyperbolas sharing the same pair of 


(oblique) asymptotes. E 
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Remark The general solution defined by Eqs. (4) and (5) may be regarded as the pair or 
vector (x(t), y(t)). Recalling the componentwise addition of vectors (and multiplication of 
vectors by scalars), we can write the general solution in (4) and (5) in the form 


(x(t), y(t) = (3a? + dene cje” + cae **) 


=C] (3e? e?) T c2 (365,675) : 


This expression presents the general solution of the system in (1) as a linear combination of 
the two particular solutions 


(x1. y1) = (3e, e?) and  (x2.y2) = (fee) : E 


Polynomial Differential Operators 


In Example 1 we used an ad hoc procedure to eliminate one of the independent 
variables by expressing it in terms of the other. We now describe a systematic 
elimination procedure. Operator notation is most convenient for these purposes. 
Recall from Section 3.3 that a polynomial differential operator is one of the form 


L = anD” + a4 4D" 4 --- E a1D + ao, (6) 


where D denotes differentiation with respect to the independent variable f. 
If Lı and L3 are two such operators, then their product Lı L2 is defined this 
Way: 


» LiLa|x] = Li|Lax]. (7) 
For instance, if Lj = D + a and L5 = D + b, then 


LiLa|x] = (D + a)[CD + b)x] = D(Dx + bx) + a(Dx + bx) 
= [D? + (a + b) D + ab|x. 


This illustrates the fact that two polynomial operators with constant coefficients can 
be multiplied as if they were ordinary polynomials in the “variable” D. Because the 
multiplication of such polynomials is commutative, it follows that 


LiL»|x] = L5Lj|x] (8) 


if the necessary derivatives of x (t) exist. By contrast, this property of commutativity 
generally fails for polynomial operators with variable coefficients—see Problems 21 
and 22. 

Any system of two linear differential equations with constant coefficients can 
be written in the form 


Lix- Loy = fi(t). 


9 
Lax + Lay = f(t), 


where L1, L5, L3, and L4 are polynomial differential operators (perhaps of different 
orders) as in Eq. (6), and fı(t) and f2(t) are given functions. For instance, the 
system in (1) (Example 1) can be written in the form 


(D—4)x + 3y = 0, 


(10) 
—6x + (D+ 7)y = 0, 


with Lı = D — 4, Lo = 3, L3 = —6, and L4 = D +7. 
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Solution 


To eliminate the dependent variable x from the system in (9), we operate with 
L5 on the first equation and with L, on the second. Thus we obtain the system 


La4Lix + L3L2y = La Jilt); 


(11) 
LilLax + LyLay = Li h). 


Subtraction of the first from the second of these equations yields the single equation 
(Lily — LaL3)y = Ly fat) — La fi) (12) 


in the single dependent variable y. After solving for y = y(t) we can substitute the 
result into either of the original equations in (9) and then solve for x = x(t). 

Alternatively, we could eliminate in like manner the dependent variable y from 
the original system in (9). If so, we would get the equation 


(Ly L4— L3L3)x = La fi(t) — La felt), (13) 


which can now be solved for x = x(t). 
Note that the same operator Lı L4 — L2L3 appears on the left-hand side in 
both Eq. (12) and Eq. (13). This is the operational determinant 
Li L 
| L L = LyL4—L2L3 (14) 


of the system in (9). In determinant notation Eqs. (12) and (13) can be rewritten as 


| Li La y2 AQ) L2 
L3 L4 fq) La |’ 
(15) 
| Li Lo}. _ | Li fit) 
Es da L3 fo(t) | 


It is important to note that the determinants on the right-hand side in (15) are eval- 
uated by means of the operators operating on the functions. The equations in (15) 
are strongly reminiscent of Cramer’s rule for the solution of two linear equations in 
two (algebraic) variables and are thereby easy to remember. Indeed, you can solve 
a system of two linear differential equations either by carrying out the systematic 
elimination procedure described here or by directly employing the determinant no- 
tation in (15). Either process is especially simple if the system is homogeneous 
(fi(t) = 0 and f2(t) = 0), because in this case the right-hand sides of the equations 
in (12), (13), and (15) are zero. 


Find a general solution of the system 


Sinus ea ao 
The operational determinant of this system is 

(D — 4)(D +7) 23: (—6) = D? +3D — 10. (16) 
Hence Eqs. (13) and (12) are 


x" + 3x! — 10x = 0, 
y" + 3y' — 10y = 0. 
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The characteristic equation of each is 
r? 3r - 10 = (r —2)(r + 5) = 0, 


so their (separate) general solutions are 


x(t) = aje” +a”, 


(17) 
y(t) = bie?! + bae t. 


At this point we appear to have four arbitrary constants a1, a2, b1, and b2. But it 
follows from Theorem 1 in Section 4.1 that the general solution of a system of two first- 
order equations involves only two arbitrary constants. This apparent difficulty demands a 
resolution. 

The explanation is simple: There must be some hidden relations among our four con- 
stants. We can discover them by substituting the solutions in (17) into either of the original 
equations in (10). On substitution in the first equation, we get 


0 2 x’ — 4x + 3y 
= Qa; e?! — 5a5e >") — 4(a4 e?! taze 7 )4 3(b e?! + bae y; 


that is, 

0 = (—2a, + 3b3)e?! + (—9a5 + 3b3)e ?!. 
But e?! and e^?' are linearly independent functions, so it follows that aj = by and a5 = 
1b». Therefore, the desired general solution is given by 


x(t) — 3bie?! + Ibje ^, y(t) = bye?! + bae t, 


Note that this result is in accord with the general solution (Eqs. (4) and (5)) that we obtained 
by a different method in Example 1. a 

As illustrated by Example 2, the elimination procedure used to solve a linear 
system frequently will introduce a number of interdependent constants that may 
appear to be arbitrary, but actually are not independent. The “extra” constants must 
then be eliminated by substitution of the proposed general solution into one or more 
of the original differential equations. The appropriate number of arbitrary constants 
in a general solution of a linear system is determined by the following proposition: 


If the operational determinant in (15) is not identically zero, then the 
number of independent arbitrary constants in a general solution of the 
system in (9) is equal to the order of its operational determinant—that 
is, its degree as a polynomial in D. 


(For a proof of this fact, see pages 144—150 of E. L. Ince's Ordinary Differential 
Equations (New York: Dover, 1956).) Thus the general solution of the system in 
(10) of Example 2 involves two arbitrary constants, because its operational determi- 
nant D? 4- 3D — 10 is of order 2. 

If the operational determinant is identically zero, then the system is said to be 
degenerate. A degenerate system may have either no solution or infinitely many 
independent solutions. For instance, the equations 


Dx— Dy =0, 
2Dx -2Dy =1 


with operational determinant zero are obviously inconsistent and thus have no solu- 
tions. On the other hand, the equations 


Dx+ Dy= t, 
2Dx + 2Dy =2t 
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Example 3 


Solution 


x(t) yO 


Equilibrium positions 


FIGURE 4.2.2. The mass- 
and-spring system of Example 3. 


with operational determinant zero are obviously redundant; we can substitute any 
(continuously differentiable) function for x(t) and then integrate to obtain y(t). 
Roughly speaking, every degenerate system is equivalent to either an inconsistent 
system or a redundant system. 

Although the aforementioned procedures and results are described for the case 
of a system of two equations, they can be generalized readily to systems of three or 
more equations. For the system 


Lyx + Lia2y + L432 = VO 
Lax + Lay + Lasz = fa(t), Gs) 
L3ix + Lazy + L33z = A(t) 


of three linear equations, the dependent variable x(t) satisfies the single linear equa- 
tion 


Lii Li? Lis fit) Li Lis 
La Lo» Lo3 |x — | h(t) Lo Laos (19) 
L31 L32 L33 f(t) L32 L33 


with analogous equations for y = y(t) and z = z(t). For most systems of more than 
three equations, however, the method of operational determinants is too tedious to 
be practical. 


Mechanical Vibrations 


A mechanical system typically vibrates or oscillates periodically in one or more spe- 
cific ways. The methods of this section often can be applied to analyze the “natural 
modes of oscillation” of a given system. Example 3 illustrates this approach. ‘ 


In Example 1 of Section 4.1, we derived the equations 


(D? + 3)x + (-l)y — 0, 


—2x + (D? -2)y 20 (20) 


for the displacements of the two masses in Fig. 4.2.2. Here f(t) = 0 because we assume that 
there is no external force. Find the general solution of the system in (20). 


The operational determinant of the system in (20) is 
(D? + 3(D? + 2) - (-1)(—2) = D* + 5D? + 4 = (D? + 1)(D? + 4). 
Hence the equations for x (t) and y(t) are 
(D? + 1)(D? + 4)x = 0, 


21 
(D? + 1)(D? 4- 4)y — 0. HN 


The characteristic equation (r? + 1)(r? + 4) = 0 has roots i, —i, 2i, and —2i. So the general 
solutions of the equations in (21) are 


x(t) = a, cost + a2 sint + bı cos 2t + bz sin2t, Q2) 
y(t) = cı cost + c2 sint + dı cos2t + d» sin2t. 


Because the operational determinant is of order 4, the general solution should contain 
four (rather than eight) arbitrary constants. When we substitute x(t) and y(t) from (22) in 
the first equation in (20), we get 

O=x"43x-—y 
= (—a1 cost — a2 sint — 4b, cos 2t — 4b sin 2t ) 
+ 3(a1 cost + az sint + bı cos 2t + b2 sin 2t) 
— (c1 cost + c2 sint + dı cos 2t + d2 sin 2t); 


3 T T 


y, =2 cos (t) | 


FIGURE 4.2.3. The two masses 
move in the same direction, each with 
frequency o = 1. 


y? =— cos (2t) 


" A 


X5 = cos (2f) 


FIGURE 4.2.4. The two masses 
move in opposite directions with 
frequency @2 = 2. 
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thus 
0 = (2a4 — c1) cost + (2a2 — c2) sint 
+ (—b1 — dı) cos2t + (—b2 — d2) sin 2t. 


Because cos t, cos 2t, sint, and sin 2¢ are linearly independent, it follows that their coeffi- 
cients in the last equation are zero. Thus 


cı —2aj1, c2=2a2, dy =—b,, and d2 = -—b2. 
Therefore 
x(t) 2 a1cost + azsint + bı cos2t + b2 sin2r, Q3) 
y(t) = 2a; cost + 2a» sint — by cos2t — b5sin2t 
is the desired general solution of the system in (20). L| 


The equations in (23) describe free oscillations of the mass-and-spring sys- 
tem of Fig. 4.2.2—motion subject to no external forces. Four initial conditions 
(typically, initial displacements and velocities) would be required to determine the 
values of a1, a2, b1, and b2. The expression 


(x (t), y (t)) = a1(cost, 2cost) + a» (sint, 2sint) 


24 
+ bi(cos 2t, — cos 2t) + b» (sin2t, — sin 2t ) em 


then presents the general solution of the system in (20) as a linear combination 
of four particular solutions. Moreover, the first two of these particular solutions 
represent physically similar oscillations of the masses, as do the latter two. 

Indeed, we can (by the usual trigonometric machinations) write 


aı cost + asint = Acos(t — a), 


2a, cost + 2a5 sint = 2Acos(t — a) 
and 
bı cos2t + b3sin2t = Bcos(2t — p), 
—b, cos2t — b5sin2t = —B cos(2t — p) 


with A = ya? + a2, tana = a»/ai, B = yb? + b2, and tanB = b2/bı. Then 
Eq. (24) takes the form 
(x, y) = AG y1) + BG, y2), (25) 
where the particular solutions 
(x1(t), y1(t)) = (cos(t — a), 2 cos(t — a)) (26) 
and 
(x2(t), y2(t)) = (cos(2t — B), — cosQt — B)) (27) 


describe the two natural modes of oscillation of the mass-and-spring system. 
Moreover, they exhibit its two (circular) natural frequencies œw = 1 and œ = 2. 

The linear combination in Eq. (25) represents an arbitrary free oscillation of 
the mass-and-spring system as a superposition of its two natural modes of oscilla- 
tion, with the constants A, a, B, and 6 determined by the initial conditions. Figure 
4.2.3 (where a = 0) illustrates the natural mode (x1, y1) of Eq. (26), in which the two 
masses move in synchrony in the same direction with the same frequency of oscilla- 
tion w; = 1, but with the amplitude of m» twice that of mı (because y; = 2x1). Fig- 
ure 4.2.4 (where 6 = 0) illustrates the natural mode (x2, y2) of Eq. (27), in which the 
masses move in synchrony in opposite directions, with the same frequency v» = 2 
and with equal amplitudes of oscillation (because y? = —x2). 
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Problems 


Find general solutions of the linear systems in Problems 1 
through 20. If initial conditions are given, find the particu- 
lar solution that satisfies them. In Problems 1 through 6, use a 
computer system or graphing calculator to construct a direc- 
tion field and typical solution curves for the given system. 


pe 


p pb o pb p e pd. je 
NIAMUBRWNES 


nee 
© o o 


N 
= 


22. 


CP RPANAMN RYN 


ox’ =x +2y +z, y'= 6x 
. x! = 4x — 2y, y! = —4x + 4y — 2z, z/ = —4y + Az 
ex = y +z+e™, y =x tz, z = x + y (Suggestion: 


x! = —x + 3y, y! 2 2y 
x! =x — 2y, y! = 2x - 3y 
x! = —3x + 2y, y! = —3x + 4y; x(0) = 0, y(0) = 2 
y, y! = 5x — 3y; x(0) = 1, y(0) = —1 
x! = —3x — 4y, y! 2 2x + y 
x’ = x + 9y, y' = —2x — 5y; x(0) = 3, y(0) = 2 
x! = 4x + y +2t, y 2 -2x +y 
x =2x +y, y 2x 2y — e” 
x! = 2x — 3y + 2sin2t, y' 2 x — 2y — cos 2t 
x! + 2y! = 4x + 5y, 2x' — y' = 3x; x(0) = 1, y(0) = —1 


x! = 3x 


Il 


Il 


. 2y! — x’ =x + 3y + el, 3x! - Ay = x — 15y +e? 
. x" = 6x + 2y, y" = 3x + Ty 

. x” = —5x + 2y, y" = 2x — 8y 

. x" = —4x + sint, y" = 4x — 8y 

. x" —3y' -2x 20, y" + 3x’ -2y 20 

. x" + 13y' — 4x = 6sint, y" —2x' - 9y 20 

. x" + y" — 3x! — y! - 2x +2y — 0, 


2x" + 3y" — 9x! — 2y' - 4x + 6y 20 
yz! -x—2y-z 


Solve the characteristic equation by inspection.) 


. Suppose that Lı = a1 D? - bD + cy and Lz = a3 D? + 


b2 D + c5, where the coefficients are all constants, and that 
x(t) is a four times differentiable function. Verify that 
LyLox = LoL x. 

Suppose that L1x = tDx + x and that Lox = Dx + tx. 
Show that L1L2x # L2L,x. Thus linear operators with 
variable coefficients generally do not commute. 


Show that the systems in Problems 23 through 25 are degen- 


erate. In each problem determine—by attempting to solve 
the system—whether it has infinitely many solutions or no 
solutions. 
23. (D +2)x + (D + 2)y = ef 

(D +3)x + (D +3)y = e7” 
24. (D+2)x+(D+2)y =t 

(D + 3)x + (D +3)y = 0? 
25. (D? 45D + 6)x + D(D +2)y 20 


(D +3)x + Dy 20 


In Problems 26 through 29, first calculate the operational de- 
terminant of the given system in order to determine how many 
arbitrary constants should appear in a general solution. Then 
attempt to solve the system explicitly so as to find such a gen- 
eral solution. 


26. 


(D? + Dx + D?y = 2e™ 
(D? — 1)x + D?y 20 
y 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37 
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(D? + Dx + (D? +2)y 22e! 
(D? —1)x + D?y 20 
(D? + D)x + D?y 22e! 
(D? - Dx + (D? - Dy =0 
(D? + 1)x — D2y = 2e7t 
(D? —1)x + D?y 20 
Suppose that the salt concentration in each of the two brine 
tanks of Example 2 of Section 4.1 initially (t = 0) is 0.5 
Ib/gal. Then solve the system in Eq. (5) there to find the 
amounts x(t) and y(t) of salt in the two tanks at time f. 
Suppose that the electrical network of Example 3 of Sec- 
tion 4.1 is initially open—no currents are flowing. As- 
sume that it is closed at time ¢ = 0; solve the system in 
Eq. (9) there to find 74 (t) and J2 (t). 
Repeat Problem 31, except use the electrical network of 
Problem 27 of Section 4.1. 
Repeat Problem 31, except use the electrical network of 
Problem 28 of Section 4.1. Assume that /;(0) = 2 and 
Q(0) = 0, so that at time ¢ = 0 there is no charge on the 
capacitor. 
Three 100-gal brine tanks are connected as indicated in 
Fig. 4.1.13 of Section 4.1. Assume that the first tank ini- 
tially contains 100 Ib of salt, whereas the other two are 
filled with fresh water. Find the amounts of salt in each 
of the three tanks at time t. (Suggestion: Examine the 
equations to be derived in Problem 26 of Section 4.1.) 
From Problem 31 of Section 4.1, recall the equations of 
motion 
mx" = qBy', my" = -qBx' 

for a particle of mass m and electrical charge q under the 
influence of the uniform magnetic field B = Bk. Sup- 
pose that the initial conditions are x(0) — ro, y(0) — 0, 
x'(0) = 0, and y’(0) = —wro where w = qB/m. Show that 
the trajectory of the particle is a circle of radius rg. 
If, in addition to the magnetic field B — Bk, the charged 
particle of Problem 35 moves with velocity v under the in- 
fluence of a uniform electric field E = £i, then the force 
acting on itis F = q(E + v x B). Assume that the particle 
starts from rest at the origin. Show that its trajectory is the 
cycloid 

x-a(l—cosot), y =—a(wt —sinot) 


where a = E/(wB) and w = qB/m. The graph of such a 
cycloid is shown in Fig. 4.2.5. 


x 


y 


FIGURE 4.2.5. The cycloidal path of the 
particle of Problem 36. 


In the mass-and-spring system of Example 3, suppose in- 
stead that my = 2, m5 = 0.5, kı = 75, and k2 = 25. (a) 
Find the general solution of the equations of motion of the 


system. In particular, show that its natural frequencies are 
€, = 5 and œz = 54/3. (b) Describe the natural modes 
of oscillation of the system. 


38. Consider the system of two masses and three springs 
shown in Fig. 4.2.6. Derive the equations of motion 


mix" = —(k1 + ka)x + ky, 
mzy" = kax — (kz +k3)y. 


Equilibrium positions 


FIGURE 4.2.6. The mechanical system of 
Problem 38. 


In Problems 39 through 46, find the general solution of the 
system in Problem 38 with the given masses and spring con- 
stants. Find the natural frequencies of the mass-and-spring 
system and describe its natural modes of oscillation. Use a 
computer system or graphing calculator to illustrate the two 
natural modes graphically (as in Figs. 4.2.3 and 4.2.4). 


39. mı = 4, m2 = 2, kı = 8 k2 = 4, k3 = 0 
40. mı = 2, m2 = 1, kı = 100, k2 = 50, k3 = 0 
41. mı = 1, m2 = 1l, kı = 1, k2 = 4, k3 = 1 
42. mı = 1l, m = 2, kı = 1, k2 = 2, k3 = 2 
43. mı = 1, m2 = 1, kı = 1, k2 = 2, k3 = 1 
44. mı = l, m = 1, kı = 2, k2 = 1, k3 = 2 
45. mı = l1, m = 2, kı = 2, k2 = 4, k3 = 4 
46. mı = 1, m2 = 1, kı = 4, k2 = 6, k3 = 4 


47. (a) For the system shown in Fig. 4.2.7, derive the equa- 
tions of motion 


mx" = —2kx + ky, 
my" = kx —2ky + kz, 
mz" = ky — 2kz. 
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(b) Assume that m = k = 1. Show that the natural fre- 
quencies of oscillation of the system are 


Q1 = X2, (02 = al B= 4/2, and w3 = y2 + A2. 


FIGURE 4.2.7. The mechanical system of 
Problem 47. 


48. Suppose that the trajectory (x(t), y(t)) of a particle mov- 
ing in the plane satisfies the initial value problem 


x" — 2y! + 3x =0, 
y" + 2x’ + 3y = 0; 
x(0)=4, y@)=x'() = y'(0) = 0. 


Solve this problem. You should obtain 


x(t) = 3cost + cos 3t, 
y(t) = 3sint — sin 3t. 


Verify that these equations describe the hypocycloid traced 
by a point P(x, y) fixed on the circumference of a circle 
of radius b = 1 that rolls around inside a circle of radius 
a = 4. If P begins at A(a, 0) when ¢ = 0, then the param- 
eter t represents the angle AOC shown in Fig. 4.2.8. 


FIGURE 4.2.8. The hypocycloid of 
Problem 48. 


CWN eje] eiu] Computer Algebra Solution of Systems 


Computer algebra systems can be used to solve systems as well as single differential 
equations. For instance, consider the system 


dx dy 
dt 


—6x—Ty (1) 


= 4x — 3y, ae 


of Example 1. The Maple command 


dsolve ( {diff (x(t) ,t) 
diff (y(t) ,t) 


= 4xx(t) - 3*y(t), 
6*x(t) - 7*y(t)), {x(t),y(t)}); 
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FIGURE 4.2.9. TI-Nspire CX CAS 
display of the system (1). The points 
representing the initial conditions 


1, £1) can be dragged anywhere in 
the viewing window, with the 
corresponding trajectories immediately 
redrawn. 


yields 
x(t) = 3Gai — 2a2)e ?' + 1(—3ai + 9a5)e?', 
(2) 
y(t) = 1(9a, — 6a5)e ?' + 1(—2a, + 6a5)e?! 
(after a bit of simplification), and the Mathematica command 
DSolve[ {x'[t] == 4 x[t] - 3 yIt], 
y'It] == 6 xIt] - 7 y[t]}, íxItl,vit1), t ] 
yields 
x(t) = bie?! + 3bz2e”, y(t) = 3b1e 7! + 2b2e”, (3) 


as does the Wolfram|Alpha query 
x’ = 4x - 3y, y’ = 6x - Ty 


Is it clear that the general solutions in (2) and (3) are equivalent to each other and to 
the general solution 


x(t) 2 3c? + 1e 7, y(t) = ce?! + ene (4) 


found in the text? What is the relation between the constants a,, a» in (2), the 
constants b1, b» in (3), and the constants c1, cz in (4)? 

Modern computer algebra systems and some graphing calculators also allow 
for interactive investigation of systems such as (1). For example, Fig. 4.2.9 shows 
solution curves of the system (1) passing through the four points (+1, +1), as well 
as the direction field for the system, displayed on a TI-Nspire CX CAS handheld. 
Using the Nspire's touchpad, these initial conditions can be dragged to any desired 
location in the viewing window, with the corresponding solution curves instantly 
redrawn. 

Now consider the initial value problem 


=-3x+ y, x(0)=0, x'(0) =6, 


x" = 
5 
y” = 2x—2y, y(0-20, y'(0-26 = 


for the mass-and-spring system of Example 3 in the text. Then the Maple command 


dsolve(ídiff(x(t),t,t) 
diff(y(t),t,t) 
x(0) = 0, y(0) 
{x(t),y(t)}); 


-3*x(t) + y(t), 
2xx(t) - 2xy(t), 
0, D(x)(0) = 6, D(y) (0) = 6}, 


and the Mathematica command 


DSolve[{x''[t] == -3 x[t] + vItl, 
y''[t] == 2 x[t] - 2 yit], 
x[0] == 0, y[0] == 0, x'[0] == 6, y'[0] == 6}, 


{x[t], y[t]}, t ] // ExpToTrig // Simplify 
both yield the solution 


x(t) = 4sint + sin2t, y(t) = 8sint — sin2f, (6) 


where we see a linear combination of 
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e anoscillation with frequency 1 in which the two masses move synchronously 
with the amplitude of motion of the second mass twice that of the first, and 

e anoscillation of frequency 2 in which the two masses move in opposite direc- 
tions with the same amplitude of motion. 


You can apply similarly an available computer algebra system to solve Problems 1 
through 20 and 39 through 46 in this section (supplying initial conditions for the 
latter ones if you like). 


Numerical Methods for Systems 


We now discuss the numerical approximation of solutions of systems of differential 
equations. Our goal is to apply the methods of Sections 2.4 through 2.6 to the initial 
value problem 


» x =f(t,x), x(to) = Xo (1) 


for a system of m first-order differential equations. In (1) the independent variable 
is the scalar t, and 


X = (X1,%2,---,%m) and f= (fi, fo.--., fm) 


are vector-valued functions. If the component functions of f and their first-order 
partial derivatives are all continuous in a neighborhood of the point (to, Xo), then 
Theorems 3 and 4 of the Appendix guarantee the existence and uniqueness of a 
solution x = x(t) of (1) on some subinterval [of the t-axis] containing fo. With this 
assurance we can proceed to discuss the numerical approximation of this solution. 

Beginning with step size h, we want to approximate the values of x(t) at the 
points £1, fo, t3,..., where tn+1 = tn + h for n Z 0. Suppose that we have already 
computed the approximations 


Xi, Xo, X3, ..., Xn 
to the actual values 
X(t1), X(t2), X(t3), ....  X(tn) 
of the exact solution of the system in (1). We can then make the step from x, to 
the next approximation Xn+1 7 X(tn+1) by any one of the methods of Sections 2.4 
through 2.6. Essentially all that is required is to write the iterative formula of the 


selected method in the vector notation of the present discussion. 


Euler Methods for Systems 


For example, the iterative formula of Euler's method for systems is 
» Xn41 = Xn + hf(t, Xn). (2) 


To examine the case m = 2 of a pair of first-order differential equations, let us write 


Eds 
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Then the initial value problem in (1) is 


x’ = f(t,x,y) x(to) = xo. 


(3) 
y'= g(t, x,y),  y(to) = yo. 
and the scalar components of the vector formula in (2) are 
n = Xn h tn, Xn, Yn), 
Xn+1 = Xn + Af (tn, Xn, Yn) 4) 


Yn+1 = Yn + h8 (tn, Xn, yn). 


Note that each iterative formula in (4) has the form of a single Euler iteration, but 
with y, inserted like a parameter in the first formula (for xn+1) and with x, inserted 
like a parameter in the second formula (for y,+1). The generalization to the system 
in (3) of each of the other methods in Sections 2.4 through 2.6 follows a similar 
pattern. 

The improved Euler method for systems consists at each step of calculating 
first the predictor 


» Un+1 = Xn + hf (tn, Xn) (5) 
and then the corrector 

h 
> Xn41 = Xn + 2 n. Xn) + f(tn+1, Un+1)]. (6) 


For the case of the two-dimensional initial value problem in (3), the scalar compo- 
nents of the formulas in (5) and (6) are 


Un+1 = Xn + hf (tn. Xn, Yn), 


(7) 
Un+1 = Yn + hge(tn, Xn, Yn) 
and 
h 
Xni = Xn + 2 V Un. Xn. Yn) + f(tn+1, n1. Un41)]. 
; (8) 
h 
Yn+1 = Yn + 518 Un. Xn. Yn) + 8(tn41,Un+41, Un41)]. 
Consider the initial value problem 
x! = 3x — 2y, x(0) = 3; 
$ (9) 
y = 5x — 4y, y(0) = 6. 
The exact solution of the system in (9) is 
x)= 2e 7! + el, y(t) = 5e ?! 4 el, (10) 


Here we have f(x, y) = 3x — 2y and g(x, y) = 5x — 4y in (3), so the Euler iterative formulas 
in (4) are 

Xn41 = Xn + h: (3xg—2yn) Yn+1 = yn + h- (5xn — 4yn). 
With step size h = 0.1 we calculate 


xı = 3 + (0.1)-[3-3—2-6] = 2.7, 
yı = 6 + (0.1): [5-3-4-6] 2 51 
and 
x2 = 2.7 + (0.1) [3- (2.7) — 2 (5.1)] = 2.49, 
yo = 5.1 + (0.1) - [5- 2.7) — 4- (5.1)] = 4.41. 
The actual values at t2 = 0.2 given by (10) are x(0.2) ~ 2.562 and y(0.2) ~ 4.573. 
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To compute the improved Euler approximations to x (0.2) and y (0.2) with a single step 
of size h = 0.2, we first calculate the predictors 
uy = 3 + (02)-[3-3—2-6] = 2.4, 
vi = 6 + (0.2) - [5 -3—4 - 6] = 4.2. 
Then the corrector formulas in (8) yield 
x1 = 3 + (0.1) (8-3—2-6] + [3- 2.4) — 2- (4.2)) = 2.58, 
yı = 6 + (0.1) - ([5-3 — 4-6] + [5- 2.4) — 4- (4.2)) = 4.62. 
As we would expect, a single improved Euler step gives better accuracy than two ordinary 


Euler steps. E 


The Runge-Kutta Method and Second-Order Equations 


The vector version of the iterative formula for the Runge-Kutta method is 


} 
> Kier = Xn + zki 4 2k2 + 2k; + k4), (11) 


where the vectors kı, K2, k3, and k4 are defined (by analogy with Eqs. (5a)—(5d) of 
Section 2.6) as follows: 


kı = f(t,, Xa); 
k, = f (t, + th, Xn + hk), 
» 2 ( 2 2 1) (12) 
ks = f (tn + $h, x, + 1hk;), 
k4 = f(t, + h, X, + hk3). 


To describe in scalar notation the Runge—Kutta method for the two-dimensional 
initial value problem 


x’ = f(t.x.y), x(to) = Xo, 
y = g(t.x. y), y (to) = yo. 


ep) tm]: a tea] 


Then the Runge—Kutta iterative formulas for the step from (xn, yn) to the next ap- 
proximation (Xn+1, Yn+1) © (xX (tn+1), Y(tn+1)) are 


(3) 


let us write 


h 
Xp] = Xn + race + 2Fo +2F3+ F4), 


(13) 
Yn+1 = Yn + c (C + 265 + 263 + G4). 
where the values Fi, F2, F3, and F4 of the function f are 
F, = f(fn. Xn, Yn), 
Fy = f (t, + 3h x, + SAF i. Yn 1h63), cus 


Fs = f (tn + $h, xn + Gh Fo, Yn + hG), 
F4 = f (ta +A, Xn + AF3, yn + hG3); 


G1, G2, G3, and G4 are the similarly defined values of the function g. 
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t x — sint y — cost 
0.5 +0.47943 +0.87758 
1.0 +0.84147 +0.54030 
1.5 +0.99749 +0.07074 
2.0 +0.90930 —0.41615 
2.5 +0.59847 —0.80114 
3.0 +0.14112 —0.98999 
3:5 —0.35078 —0.93646 
4.0 —0.75680 —0.65364 
4.5 —0.97753 —0.21080 
5.0 —0.95892 +0.28366 
FIGURE 4.3.1. Runge-Kutta values 


(with A = 0.05) for the problem in 


Eq. (18). 


Example 2 


Example 3 


Perhaps the most common application of the two-dimensional Runge-Kutta 
method is to the numerical solution of second-order initial value problems of the 
form 

x" = g(t, x, x), 


> (15) 
X(to) = Xo, x (to) = yo. 


If we introduce the auxiliary variable y = x’, then the problem in (15) translates 
into the two-dimensional first-order problem 


x = y, X(fo) = xo. 


16 
y! = g(t. x. y). Y(to) = yo. (16) 


This is a problem of the form in (3) with f(t, x, y) = y. 

If the functions f and g are not too complicated, then it is feasible to carry 
out manually a reasonable number of steps of the two-dimensional Runge-Kutta 
method described here. But the first operating electronic computers were con- 
structed (during World War II) specifically to implement methods similar to the 
Runge-Kutta method for the numerical computation of trajectories of artillery pro- 
jectiles. The application material for this section lists TI-Nspire CX CAS and BA- 
SIC versions of Program RK2DIM that can be used with two-dimensional systems. 


The exact solution of the initial value problem 


x” =—x; x(0-20, x(021 (17) 
is x(t) = sint. The substitution y = x’ translates (17) into the two-dimensional problem 
X y. x(0) = 0; 
/ (18) 


y--x  y021 


which has the form in (3) with f(t,x,y) = y and g(t, x, y) = —x. The table in Fig. 4.3.1 
shows the results produced for 0 < ¢ < 5 (radians) using Program RK2DIM with step size 
h = 0.05. The values shown for x = sin: and y = cost are all accurate to five decimal 
places. [5] 


In Example 4 of Section 2.3 we considered a lunar lander that initially is falling freely toward 
the surface of the moon. Its retrorockets, when fired, provide a deceleration of T — 4 m/s2. 
We found that a soft touchdown at the lunar surface is achieved by igniting these retrorockets 
when the lander is at a height of 41,870 meters (just over 26 miles) above the surface and is 
then descending at the rate of 450 m/s. 

Now we want to compute the descent time of the lunar lander. Let the distance x(t) of 
the lander from the center of the moon be measured in meters and measure time ¢ in seconds. 
According to the analysis in Section 2.3 (where we used r(t) instead of x(t)), x(t) satisfies 
the initial value problem 

d?x GM 4.9044 x 102 

=T =4 ; 
dt? x2 x? (19) 
x(0) = R + 41870 = 1,781,870, x'(0) = —450 


where G ~ 6.6726 x 1071! N-(m/kg)? is the universal gravitational constant and M = 7.35 x 
102? kg and R = 1.74 x 10° m are the mass and radius of the moon. We seek the value of t 
when x(t) = R = 1,740,000. 

The problem in (19) is equivalent to the first-order system 


gS (0) = 1,781,870: 
Up eee 

(20) 
dy 4.9044 x 10! 


4 , 0) = —450. 
di x2 »(0) 


4.3 Numerical Methods for Systems 253 


The table in Fig. 4.3.2 shows the result of a Runge-Kutta approximation with step size h = 1 
(the indicated data agreeing with those obtained with step size h = 2). Evidently, touchdown 
on the lunar surface (x = 1,740,000) occurs at some time between t = 180 and £ = 190 
seconds. The table in Fig. 4.3.3 shows a second Runge-Kutta approximation with 7 (0) = 180, 
x(0) = 1,740,059, y(0) = —16.83, and h = 0.1. Now it is apparent that the lander's time 
of descent to the lunar surface is very close to 187 seconds; that is, 3 min 7 s. (The final 
velocity terms in these two tables are positive because the lander would begin to ascend if its 


retrorockets were not turned off at touchdown.) [| 
t (s) x (m) v (m/s) t (s) x (m) v (m/s) 
0 1,781,870 —450.00 180 1,740,059 —16.83 
20 1,773,360 —401.04 181 1,740,044 —14.45 
40 1,765,826 —352.37 182 1,740,030 —12.07 
60 1,759,264 —303.95 183 1,740,019 —9.69 
80 1,753,667 —255.74 184 1,740,011 —7.31 
100 1,749,033 —207.73 185 1,740,005 —4.93 
120 1,745,357 —159.86 186 1,740,001 —2.55 
140 1,742,637 —112.11 187 1,740,000 —0.17 
160 1,740,872 —64.45 188 1,740,001 2.21 
180 1,740,059 —16.83 189 1,740,004 4.59 
200 1,740,199 30.77 190 1,740,010 6.97 
FIGURE 4.3.2. The lander's descent to FIGURE 4.3.3. Focusing on the lunar 
the lunar surface. lander's soft touchdown. 


Higher-Order Systems 


As we saw in Section 4.1, any system of higher-order differential equations can be 
replaced with an equivalent system of first-order differential equations. For exam- 
ple, consider the system 


x" = F(t,x,y,x', y), 


y" = G(t x, y, x, y) oo 
of second-order equations. If we substitute 
xcd, qox X Sk V HaHa x, 
then we get the equivalent system 
Xxx. 
/ 
Lm (22) 


Xa = F(t, x1, X2, X3, X4), 


x4 = G(t, x1, X2, X3, X4) 


of four first-order equations in the unknown functions xı (t) = x(t), x2 (t) = y(t), 
x3(t), and x4(t). It would be a routine (if slightly tedious) matter to write a four- 
dimensional version of program RK2DIM for the purpose of solving such a sys- 
tem. But in a programming language that accommodates vectors, an n-dimensional 
Runge-Kutta program is scarcely more complicated than a one-dimensional pro- 
gram. For instance, the application material for this section lists the n-dimensional 
MATLAB program rkn that closely resembles the one-dimensional program rk of 
Fig. 2.6.11. 
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Example 4 


Solution 


Suppose that a batted ball starts at x9 = 0, yọ = 0 with initial velocity vg = 160 ft/s and 
with initial angle of inclination 6 = 30°. If air resistance is ignored, we find by the ele- 
mentary methods of Section 1.2 that the baseball travels a [horizontal] distance of 4004/3 ft 
(approximately 693 ft) in 5 s before striking the ground. Now suppose that in addition to a 
downward gravitational acceleration (g — 32 ft/s?), the baseball experiences an acceleration 
due to air resistance of (0.0025)v? feet per second per second, directed opposite to its instan- 
taneous direction of motion. Determine how far the baseball will travel horizontally under 
these conditions. 
According to Problem 30 of Section 4.1, the equations of motion of the baseball are 

d?x dx d?y d 

dr E ma 
where v = y (x^)? + (y^)? is the speed of the ball, and where c = 0.0025 and g = 32 in fps 
units. We convert to a first-order system as in (22) and thereby obtain the system 


= X3, 


-x4, 


X5 = —cxay x2 + x 24) 
x4 = —cx4y x2 + x —g 


of four first-order differential equations with 
x1(0) = x2(0) = 0, 


25 
x3(0) = 804/3,  x4(0) = 80. e 


Note that x3(t) and x4(t) are simply the x- and y-components of the baseball’s velocity 
vector, so v = yx + x4. We proceed to apply the Runge-Kutta method to investigate the 
motion of the batted baseball described by the initial value problem in (24) and (25), first 
taking c = 0 to ignore air resistance and then using c = 0.0025 to take air resistance into 
account. 


WITHOUT AIR RESISTANCE: Figure 4.3.4 shows the numerical results obtained when 
a Runge-Kutta program such as rkn is applied with step size h = 0.1 and with c = 0 (no 
air resistance). For convenience in interpreting the results, the printed output at each selected 
step consists of the horizontal and vertical coordinates x and y of the baseball, its velocity v, 
and the angle of inclination o of its velocity vector (in degrees measured from the horizontal). 
These results agree with the exact solution when c — 0. The ball travels a horizontal distance 
of 4004/3 ~ 692.82 ft in exactly 5 s, having reached a maximum height of 100 ft after 2.5 
s. Note also that the ball strikes the ground at the same angle and with the same speed as its 
initial angle and speed. 


WITH AIR RESISTANCE: Figure 4.3.5 shows the results obtained with the fairly real- 
istic value of c — 0.0025 for the air resistance for a batted baseball. To within a hundredth of 
a foot in either direction, the same results are obtained with step sizes h = 0.05 and h = 0.025. 
We now see that with air resistance the ball travels a distance well under 400 ft in just over 4 
s. The more refined data in Fig. 4.3.6 show that the ball travels horizontally only about 340 ft 
and that its maximum height is only about 66 ft. As illustrated in Fig. 4.3.7, air resistance has 
converted a massive home run into a routine fly ball (if hit straightaway to center field). Note 
also that when the ball strikes the ground, it has slightly under half its initial speed (only 
about 79 ft/s) and is falling at a steeper angle (about 46?). Every baseball fan has observed 
empirically these aspects of the trajectory of a fly ball. a 


Variable Step Size Methods 


The Runge-Kutta method for a large system requires an appreciable amount of com- 
putational labor, even when a computer is employed. Therefore, just as the step 
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t x y v a 

0.0 0.00 0.00 160.00 +30 
t x y v a 

0.5 69.28 36.00 152.63 +25 

1.0 138.56 64.00 146.64 +19 0.0 0.00 0.00 160.00 +30 
1:5 207.85 84.00 142.21 +13 0.5 63.25 32.74 127.18 +24 
2.0 277.13 96.00 139.48 +7 1.0 117.11 53.20 104.86 +17 
2.5 346.41 100.00 138.56 +0 15 164.32 63.60 89.72 +8 
3.0 415.69 96.00 139.48 —7 2.0 206.48 65.30 80.17 —3 
3.5 484.97 84.00 142.21 —13 2:5 244.61 59.22 75.22 —15 
4.0 554.26 64.00 146.64 —19 3.0 279.29 46.05 73.99 —27 
4.5 623.54 36.00 152.63 —25 3:5 310.91 26.41 75.47 —37 
5.0 692.82 0.00 160.00 —30 4.0 339.67 0.91 78.66 —46 
FIGURE 4.3.4. The batted baseball with no air FIGURE 4.3.5. The batted baseball with air 
resistance (c — 0). resistance (c — 0.0025). 


size h should not be so large that the resulting error in the solution is unaccept- 
able, ^ ought not to be so small that too many steps are needed, hence requiring 
an unacceptable amount of computation. Thus the practical numerical solution of 
differential equations involves a tradeoff between accuracy and efficiency. 

To facilitate this tradeoff, modern variable step size methods vary the step 
size h as the solution process proceeds. Large steps are taken in regions where 
the dependent variables are changing slowly; smaller steps are taken when these 
variables are changing rapidly, in order to prevent large errors. 

An adaptable or variable step size Runge-Kutta method employs both a pre- 
assigned minimum error tolerance MinTol and a maximum error tolerance MaxTol 
to attempt to ensure that the error made in the typical step from x, to X, is nei- 
ther too large (and hence inaccurate) nor too small (and hence inefficient). A fairly 
simple scheme for doing this may be outlined as follows: 


t x y v a 
1.5 164.32 63.60 89.72 +8 
1.6 173.11 64.60 87.40 +5 
1.7 181.72 65.26 85.29 +3 
1.8 190.15 65.60 83.39 +1 
<— Apex 
1.9 198.40 65.61 81.68 -1 
2.0 206.48 65.30 80.17 —3 
3.8 328.50 11.77 77.24 —42 
3.9 334.14 6.45 77.93 —44 The massive home run 
4.0 339.67 0.91 78.66 —46 
<— Impact 
4.1 345.10 —4.84 79.43 —47 The easy out 
4.2 350.41 —10.79 80.22 —49 


FIGURE 4.3.6. The batted ball’s apex and its impact with the ground. 


FIGURE 4.3.7. An “easy out” or a 
home run? 
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FIGURE 4.3.8. The Earth-Moon 
center-of-mass coordinate system. 


e Having reached x, with a Runge-Kutta step of length tn — t,-1 = A, let x) 
denote the result of a further Runge-Kutta step of length A and let x? denote 
the result of two successive Runge—Kutta steps each of length h/2. 

e On the grounds that x should be a more accurate approximation to x(t, + h) 
than is x, take 


Err = |x) — x®| 


as an estimate of the error in x. 

e If MinTol € Err € MaxTol, then let X41 = x, tr41 = fn + h, and proceed 
to the next step. 

e If Err < MinTol, then the error is too small! Hence let x,,; = x, toa, = 
tn + h, but double the step size to 2h before making the next step. 

e If Err > MaxTol, then the error is too large. Hence reject x“ and start afresh 
at x, with the halved step size h/2. 


The detailed implementation of such a scheme can be complicated. For a 
much more complete but readable discussion of adaptive Runge-Kutta methods, 
see Section 15.2 of William H. Press et al., Numerical Recipes: The Art of Scientific 
Computing (New York: Cambridge University Press, 1986). 

Several widely available scientific computing packages (such as Maple, Math- 
ematica, and MATLAB) include sophisticated variable step size programs that will 
accommodate an essentially arbitrary number of simultaneous differential equa- 
tions. Such a general-purpose program might be used, for example, to model nu- 
merically the major components of the solar system: the sun and the nine (known) 
major planets. If m; denotes the mass and r; = (xj, Yi, Zi) denotes the position 
vector of the ith one of these 10 bodies, then—by Newton’s laws—the equation of 
motion of m; is 


Gm;m; 
mir! = Y? 6 yr Gr; - m». (26) 
jži ^U 


where r;; = |r; —r;| denotes the distance between m; and mj. For each i = 1, 2,..., 
10, the summation in Eq. (26) is over all values of j #7 from 1 to 10. The 10 vector 
equations in (26) constitute a system of 30 second-order scalar equations, and the 
equivalent first-order system consists of 60 differential equations in the coordinates 
and velocity components of the 10 major bodies in the solar system. Mathematical 
models that involve this many (or more) differential equations—and that require so- 
phisticated software and hardware for their numerical analysis—are quite common 
in science, engineering, and applied technology. 


Earth-Moon Satellite Orbits 


For an example of a program whose efficient solution requires adaptive step size 
methods, we consider an Apollo satellite in orbit about the Earth E and Moon M. 
Figure 4.3.8 shows an x1x2-coordinate system whose origin lies at the center of 
mass of the Earth and the Moon and which rotates at the rate of one revolution 
per “moon month” of approximately t = 27.32 days, so the Earth and Moon re- 
main fixed in their positions on the x;-axis. If we take as unit distance the distance 
(about 384,000 kilometers, assumed constant) between the Earth and Moon centers, 
then their coordinates are E(—44, 0) and M(1 — u, 0), where ju = my/(mg + my) 
in terms of the Earth mass mg and Moon mass my. If we take the total mass 
mg + my as the unit of mass and t/(27) ~ 4.35 days as the unit of time, then 
the gravitational constant is G — 1 in Eq. (26), and the equations of motion of the 


FIGURE 4.3.9. Apollo Moon-Earth 
bus orbit with insertion velocity 
vo — 7476 km/h. 


FIGURE 4.3.10. Apollo 
Moon-Earth bus orbit with insertion 
velocity vo — 7365 km/h. 
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satellite position S(x1, x2) are 


0—-5u)xtHuB) uQa-ltu) 


n / 
xi = X1 + 2x, — 


(rz)? (ru)? 
(27) 
"n. 2x! (1 — p)x2 X2 
"mcer et CEP Cm)’ 


where rg and ry denote the satellite's distance to the Earth and Moon (indicated 
in Fig. 4.3.8). The initial two terms on the right-hand side of each equation result 
from the rotation of the coordinate system. In the system of units described here, the 
lunar mass is approximately mm = 0.012277471. The second-order system in (27) 
can be converted to an equivalent first-order system (of four differential equations) 
by substituting 


Fo P Ho V Ho 
xi = X3, X5,— X4, sothat xi = x3, xX, X4. 


Suppose that the satellite initially is in a clockwise circular orbit of radius 
about 2400 kilometers about the Moon. At its farthest point from the Earth (x1 — 
0.994) it is "launched" into Earth-Moon orbit with initial velocity vo. The corre- 
sponding initial conditions are 


x1(0) = 0.994, x4(0) =0, x3(0) — 0, x4(0) = —vo. 


An adaptive step size method (ode45) in the MATLAB software system was used 
to solve numerically the system in (27). The orbits in Figs. 4.3.9 and 4.3.10 were 
obtained with 


vo = 2.031732629557 and vo = 2.001585106379, 


respectively. [In the system of units used here, the unit of velocity is approxi- 
mately 3680 km/h.] In each case a closed but multilooped periodic trajectory about 
the Earth and the Moon—a so-called bus orbit—is obtained, but a relatively small 
change in the initial velocity changes the number of loops! For more information, 
see NASA Contractor Report CR-61139, “Study of the Methods for the Numerical 
Solution of Ordinary Differential Equations,” prepared by O. B. Francis, Jr. et al. for 
the NASA-George C. Marshall Space Flight Center, June 7, 1966. 

So-called Moon-Earth “bus orbits” are periodic—that is, are closed trajecto- 
ries traversed repeatedly by the satellite—only in a rotating x;x2-coordinate system 
as discussed above. The satellite of Fig. 4.3.9 traverses its closed orbit and returns 
to rendezvous with the Moon about 48.4 days after its insertion into orbit. Figures 
4.3.11 and 4.3.12 illustrate the motion of the same satellite—but in an ordinary non- 
rotating xy-coordinate system centered at the Earth, in which the Moon encircles 
the Earth counterclockwise in a near-circular orbit, completing one revolution in 
about 27.3 days. The Moon starts at point S, and after 48.4 days it has completed 
a bit over 1.75 revolutions about the Earth and reaches the point R at which its ren- 
dezvous with the satellite occurs. Figure 4.3.11 shows the positions of Moon and 
satellite a day and a half after the satellite’s insertion into its orbit, each traveling in 
a generally counterclockwise direction around the Earth. Figure 4.3.12 shows their 
positions a day and a half before their rendezvous at point R, the satellite mean- 
while having encircled the Earth about 2.5 times in an orbit that (in the indicated 
xy-coordinate system) appears to resemble a slowly varying ellipse. 
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FIGURE 4.3.11. The moon and satellite 
in a nonrotating coordinate system, 1.5 
days after orbital insertion of the satellite 


at starting point S. 


Problems 


A hand-held calculator will suffice for Problems 1 through 8. 
In each problem an initial value problem and its exact solution 
are given. Approximate the values of x (0.2) and y (0.2) in three 
ways: (a) by the Euler method with two steps of size h — 0.1; 
(b) by the improved Euler method with a single step of size 
h = 0.2; and (c) by the Runge-Kutta method with a single 
step of size h = 0.2. Compare the approximate values with the 
actual values x (0.2) and y (0.2). 


1. x’ = x + 2y, x(0) = 0, 
y = 2x + y, yO) = 2; 
x(t) = e? — e™, y(t) = e?! +e 
2. x’ = 2x + 3y, x(0) = 1, 
y’ = 2x + y, y(0) = —1; 
x(t) = et, y(t) 2 —e™ 
3. x! = 3x + 4y, x(0) = 1, 
y’ = 3x + 2y, y(0) = l; 
x(t) = 7(8e% — e™), y(t) = 4 (6e% +e) 
4. x’ = 9x + 5y, x(0) = 1, 
y! = —6x — 2y, y(0) = 0; 
x(t) = —5e?! + 6e*, y(t) = 6e?! — 6e^! 
5. x’ = 2x — 5y, x(0) = 2, 
y’ = 4x — 2y, y(0) = 3; 
x(t) = 2cos 4t — 1l sin 4t, y(t) = 3cos4t + 1 sin4t 
6. x’ = x — 2y, x(0) = 0, 
y =2x+y,y0) = 4; 
x(t) = —4e' sin2t, y(t) = 4e! cos2t 
7. x! = 3x — y, x(0) =2, 
y=xt+y,y0)=1; 
x(t) = (t + 2)e?!, y(t) = (t + 1)e?! 
8. x’ = 5x — 9y, x(0) = 0, 
y =2x—y, yO) = -1; 
x(t) = 3e?! sin 3t, y(t) = e” (sin 3t — cos 3t) 


A computer will be required for the remaining problems in this 
section. In Problems 9 through 12, an initial value problem 
and its exact solution are given. In each of these four prob- 
lems, use the Runge-Kutta method with step sizes h = 0.1 and 


FIGURE 4.3.12. The moon and 
satellite in a nonrotating coordinate 
system, 1.5 days before their rendezvous 
at point R. 


h = 0.05 to approximate to five decimal places the values x (1) 
and y(1). Compare the approximations with the actual values. 


9. x'=2x-y, x(0)=1, 
y —x-c2y, y(0) =0; 
x(t) 2 e?! cost, y(t) = e?! sint 
10. x’ =x+2y, x(0)=0, 
y-2x-et', y(020; 


x(t) = 1 (2e?! —2e* + 6te t), 
y(t) = à (e?! —et + 6te t) 


11. x 2—x - y 2 (17 13)e7, | x(0) 20, 
y 2-x-y-(-30)e*, y()-l 
x(t) 2 e"! (sint —1), y(t) = e™ (cost + t?) 


12. x" --x —sint, x(0)—0; 
x(t) — l(sint —t cost) 

13. Suppose that a crossbow bolt is shot straight upward with 
initial velocity 288 ft/s. If its deceleration due to air re- 
sistance is (0.04)v, then its height x(t) satisfies the initial 
value problem 


x” = —32—(0.00)x; x(0)—0, x’(0) = 288. 


Find the maximum height that the bolt attains and the time 
required for it to reach this height. 

14. Repeat Problem 13, but assume instead that the decelera- 
tion of the bolt due to air resistance is (0.0002)v2. 

15. Suppose that a projectile is fired straight upward with ini- 
tial velocity vo from the surface of the earth. If air resis- 
tance is not a factor, then its height x(t) at time t satisfies 
the initial value problem 

d?x gR? 


di? —(x« Ry) x(0 —0, x'(0)— vo. 


Use the values g = 32.15 ft/s? ~ 0.006089 mi/s? for the 
gravitational acceleration of the earth at its surface and 
R = 3960 mi as the radius of the earth. If v9 = 1 mi/s, 
find the maximum height attained by the projectile and its 
time of ascent to this height. 


Problems 16 through 18 deal with the batted baseball of Ex- 
ample 4, having initial velocity 160 ft/s and air resistance co- 
efficient c — 0.0025. 


16. 


17. 


18. 


19. 


Find the range—the horizontal distance the ball travels be- 
fore it hits the ground—and its total time of flight with 
initial inclination angles 40°, 45°, and 50°. 

Find (to the nearest degree) the initial inclination that 
maximizes the range. If there were no air resistance it 
would be exactly 45°, but your answer should be less than 
45°. 

Find (to the nearest half degree) the initial inclination an- 
gle greater than 45° for which the range is 300 ft. 

Find the initial velocity of a baseball hit by Babe Ruth 
(with c = 0.0025 and initial inclination 40?) if it hit the 
bleachers at a point 50 ft high and 500 horizontal feet from 
home plate. 


20. 


21. 
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Consider the crossbow bolt of Problem 14, fired with the 
same initial velocity of 288 ft/s and with the air resistance 
deceleration (0.0002)v? directed opposite its direction of 
motion. Suppose that this bolt is fired from ground level at 
an initial angle of 45?. Find how high vertically and how 
far horizontally it goes, and how long it remains in the air. 


Suppose that an artillery projectile is fired from ground 
level with initial velocity 3000 ft/s and initial inclination 
angle 40?. Assume that its air resistance deceleration is 
(0.0001)v?. (a) What is the range of the projectile and 
what is its total time of flight? What is its speed at impact 
with the ground? (b) What is the maximum altitude of 
the projectile, and when is that altitude attained? (c) You 
will find that the projectile is still losing speed at the apex 
of its trajectory. What is the minimum speed that it attains 
during its descent? 


AK YsIeliseufe] Comets and Spacecraft 


Figure 4.3.13 lists TI-Nspire CX CAS and BASIC versions of the two-dimensional 
Runge-Kutta program RK2DIM. You should note that it closely parallels the one- 
dimensional Runge-Kutta program listed in Fig. 2.6.11, with a single line there 
replaced (where appropriate) with two lines here to calculate a pair of x- and y- 
values or slopes. Note also that the notation used is essentially that of Eqs. (13) 
and (14) in this section. The first several lines define the functions and initial 
data needed for Example 1. (The TI-Nspire program can be downloaded from 
www.pearsonhighered.com/mathstatsresources/.) 

Figure 4.3.14 exhibits an n-dimensional MATLAB implementation of the 
Runge-Kutta method. The MATLAB function £ defines the vector of right-hand 
sides of the differential equations in the system x’ = f(t, x) to be solved. The rkn 
function then takes as input the initial t-value t, the column vector x of initial x- 
values, the final t-value t1, and the desired number n of subintervals. As output 
it produces the resulting column vector T of t-values and the matrix X whose rows 
give the corresponding x-values. For instance, with f as indicated in the figure, the 
MATLAB command 


[T,X] = rkn(0, [0;1], 5, 50) 


then generates the data shown in the table of Fig. 4.3.1 (which lists only every fifth 
value of each variable). 

You can use Examples 1 through 3 in this section to test your own imple- 
mentation of the Runge-Kutta method. Then investigate the comet and space- 
craft problems described next. Additional application material at the web site 
www.pearsonhighered.com/mathstatsresources/ describes additional nu- 
merical ODE investigations ranging from batted baseballs to the Apollo orbits 
shown in Figs. 4.3.9 and 4.3.10. 


Your Spacecraft Landing 


Your spacecraft is traveling at constant velocity V, approaching a distant earthlike 
planet with mass M and radius R. When activated, your deceleration system pro- 
vides a constant thrust T until impact with the surface of the planet. During the 
period of deceleration, your distance x(t) from the center of the planet satisfies the 
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BASIC 


Comment 


Define rk2dim()-Prgm 


£(t,x,y) :=y 


g(t,x,y):--x 
n:=50 

t:=0.0 
x:=0.0 
y:=1.0 
t1:=5.0 


h:=(t1-t)/n 
For i,1,n 


t0:-t 
x0:=x 
y0:-y 


f1:-f(t,x,y) 
g1:=g(t,x,y) 
t:=t0th/2 
x:=x0+(h*£1) /2 
y:=y0+(h*g1) /2 
£2:=f£(t,x,y) 
g2:-g(t,x,y) 
x:-x0-* (h*£2) /2 
y:=y0+ (h*g2) /2 
£3:=f (t,x,y) 
g3:=g(t,x,y) 
t:=t0Oth 
x:=x0th*£3 
y:=y0th*g3 
f4:-f(t,x,y) 
g4:-g (t,x,y) 
fa:=(£1+2*£2+2*£3+£4) /6 
ga:=(g1+2*g2+2*g3+g4) /6 
x:=x0th*fa 
y:=y0th*ga 
Disp t,x,y 
EndFor 


EndPrgm 


Program RK2DIM 


DEF FN F(T,X,Y) = Y 
DEF FN G(T,X,Y) = -X 
N = 50 

T-0 

xX = 0 

Y=1 

T1 = 5 

H = (T1-T)/N 

FOR I=1 TO N 

TO =T 

x0 = xX 

yO =yY 


F1 = FNF(T,X,Y) 
G1 - FNG(T,X,Y) 


T = TO + H/2 
X = X0 + H*F1/2 
Y = YO + H*G1/2 


F2 = FNF(T,X,Y) 
G2 = FNG(T,X,Y) 
X0 + H*F2/2 
YO + H*G2/2 
F3 = FNF(T,X,Y) 
G3 = FNG(T,X,Y) 


KM 
oll 


T = TO +H 
X = X0 + H*F3 
Y = YO + H*G3 


F4 = FNF(T,X, Y) 

G4 = FNG(T,X,Y) 

FA = (F1+2*F2+2*F3+F4)/6 
GA = (G1+2*G2+2*G3+G4)/6 
X = Y0 + H*FA 

Y = Y0 + H*GA 

PRINT T,X,Y 

NEXT I 


Program title 
Define function f 
Define function g 
No. of steps 
Initial t 

Initial x 

Initial y 

Final t 

Step size 

Begin loop 

Save previous t 
Save previous x 
Save previous y 
First f-slope 
First g-slope 
Midpoint t 

Midpt x-predictor 
Midpt y-predictor 
Second f-slope 
Second g-slope 
Midpt x-predictor 
Midpt y-predictor 
Third f-slope 
Third g-slope 
New t 

Endpt x-predictor 
Endpt y-predictor 
Fourth f-slope 
Fourth g-slope 
Average f-slope 
Average g-slope 
x-corrector 
y-corrector 
Display results 
End loop 


FIGURE 4.3.13. TI-Nspire CX CAS and BASIC two-dimensional Runge-Kutta programs. 
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function xp = £ (t,x) 


Xp = x; 
xp(1) = x(2); 
xp(2) = -x(1); 


function [T,Y] = rkn(t,x,t1,n) 
h = (t1 - t)/n; 


o? 


step size 


T = t; % initial t 
X = x’; % initial x-vector 
for i = 1:n % begin loop 


first k-vector 
second k-vector 
third k-vector 
fourth k-vector 


o? 


k1 = £(t,x); 

k2 = £(tth/2,xth*k1/2) ; 
k3 = f(t*h/2,x*h*k2/2) ; 
k4 = £(tth ,xth*k3 ); 


ge æ 


oe 


k = (k1+2*k2+2*k3+k4) /6; % average k-vector 
t =t +h; % new t 
x = x + h*k; % new x 
T = [T;tl]; % update t-column 
X = [X;x']; % update x-matrix 


o? 


end loop 


FIGURE 4.3.14. MATLAB implementation of the Runge-Kutta method. 


differential equation 


dx GM 

— =T-—, 1 

dt? x? (1) 
where G ~ 6.6726 x 10~!! N-(m/kg)? as in Example 3. Your question is this: At 
what altitude above the surface should your deceleration system be activated in order 
to achieve a soft touchdown? For a reasonable problem, you can take 


M = 5.97 x 10?* (kg), 
R = 6.38 x 10° (m), 
V = p x 10* (km/h), 
T = g + q (m/s?) 


where g = GM/R? is the surface gravitational acceleration of the planet. Choose p 
to be the smallest nonzero digit and q the next-to-smallest nonzero digit in your ID 
number. Find the "ignition altitude" accurate to the nearest meter and the resulting 
"descent time" accurate to the nearest tenth of a second. 


Kepler's Law of Planetary (or Satellite) Motion 


Consider a satellite in elliptical orbit around a planet of mass M, and suppose that 
physical units are so chosen that GM — 1 (where G is the gravitational constant). If 
the planet is located at the origin in the xy-plane, then the equations of motion of 
the satellite are 


HX. x d?y _ y (2) 
dt? — (x24-y2)/2' qm B (x2 + y2)3/2 
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FIGURE 4.3.15. yz-projection of 
the orbit of Halley's comet. 


Let T denote the period of revolution of the satellite. Kepler's third law says that 
the square of T is proportional to the cube of the major semiaxis a of its elliptical 
orbit. In particular, if GM = 1, then 


T? = 4n7a3. (3) 


(For details, see Section 11.6 of Edwards and Penney, Calculus: Early Transcen- 
dentals, 7th ed. (Upper Saddle River, NJ: Prentice Hall, 2008).) If the satellite’s x- 
and y-components of velocity, x3 = x’ = x, and x4 = y' = x4, are introduced, then 
the system in (2) translates into a system of four first-order differential equations 
having the form of those in Eq. (22) of this section. 


(a) Solve this 4 x 4 system numerically with the initial conditions 
x(0-—1, y(0-20, x(0-20, yO)=1 


that correspond theoretically to a circular orbit of radius a — 1, so Eq. (3) gives 
T = 2z. Is this what you get? 


(b) Now solve the system numerically with the initial conditions 
x()-—1, yO=0, x'(0-—0, y'(0-146 


that correspond theoretically to an elliptical orbit with major semiaxis a — 2, so 
Eq. (3) gives T = 4z 4/2. Is this what you get? 


Halley's Comet 


Halley's comet last reached perihelion (its point of closest approach to the sun at the 
origin) on February 9, 1986. Its position and velocity components at that time were 


po = (0.325514, —0.459460, 0.166229) ^ and 
Vo = (—9.096111, —6.916686, — 1.305721) 


(respectively), with position in AU (astronomical units, in which the unit of distance 
is the major semiaxis of the earth's orbit) and time in years. In this system, the three- 
dimensional equations of motion of the comet are 


d*x px  d?y mwy  d?z | uz (4) 
dt? rp? d? r? d? r? 


where 
w=4n? and r= yx? + y? 4 z?. 


Solve the equations in (4) numerically to verify the appearance of the yz-projection 
of the orbit of Halley’s comet shown in Fig. 4.3.15. Plot the xy- and xz-projections 
as well. 

Figure 4.3.16 shows the graph of the distance r(t) of Halley’s comet from 
the sun. Inspection of this graph indicates that Halley’s comet reaches a maximum 
distance (at aphelion) of about 35 AU in a bit less than 40 years and returns to 
perihelion after about three-quarters of a century. The closer look in Fig. 4.3.17 
indicates that the period of revolution of Halley’s comet is about 76 years. Use your 
numerical solution to refine these observations. What is your best estimate of the 
calendar date of the comet's next perihelion passage? 
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FIGURE 4.3.16. |. 200-year plot of the distance r (t) of Halley's comet from the sun. Is there a 
cusp near t = 75? 
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FIGURE 4.3.17. A closer look at Halley's perihelion 
passage after about 76 years. 


Your Own Comet 


The night before your birthday in 2007 you set up your telescope on a nearby moun- 
taintop. It was a clear night, and you had a stroke of luck: At 12:30 A.M. you 
spotted a new comet. After repeating the observation on successive nights, you 
were able to calculate its solar system coordinates po = (Xo, yo. zo) and its velocity 
vector Vo = (vxo, Vyo. vzo) on that first night. Using this information, determine the 
following: 


e thecomet' perihelion (point nearest the sun) and aphelion (point farthest from 
the sun), 


e the comet's velocity at perihelion and at aphelion, 
e the comet’s period of revolution around the sun, and 
e the comet's next two dates of perihelion passage. 


Using units of length in AU and time in earth years, the equations of motion 
of your comet are given in (4). For your personal comet, begin with random initial 
position and velocity vectors with the same order of magnitude as those of Halley's 
comet. Repeat the random selection of initial position and velocity vectors, if nec- 
essary, until you get a plausible eccentric orbit that ranges well outside the earth's 
orbit (as most real comets do). 


Linear Systems 
of Differential 
Equations 


WEN Matrices and Linear Systems 


Ithough the simple elimination techniques of Section 4.2 suffice for the 

solution of small linear systems containing only two or three equations with 
constant coefficients, the general properties of linear systems—as well as solution 
methods suitable for larger systems—are most easily and concisely described using 
the language and notation of vectors and matrices. For ready reference and review, 
this section begins with a complete and self-contained account of the matrix notation 
and terminology that is needed. Special techniques of linear algebra—specifically, 
those associated with eigenvalues and eigenvectors—are introduced as needed in 
subsequent sections of this chapter. 


Review of Matrix Notation and Terminology 


Anm x n matrix A is a rectangular array of mn numbers (or elements) arranged in 
m (horizontal) rows and n (vertical) columns: 


411  di12 013 ` dij cc Ain 
421 422 423 -:* Aaj +++ Gan 
431 432 433 c: A3j ++ A3n 
A= (1) 
dii  Gi2  Gi3 -:* Qij -'* Gin 
Ami m2 Am3 ‘` Amj ` mn 


We will ordinarily denote matrices by boldface capital letters. Sometimes we use 
the abbreviation A = [ aj; | for the matrix with the element aj; in the ith row and 
jth column, as in Eq. (1). We denote the zero matrix, each entry of which is zero, 
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by 
0 0 0 
0 0 ° 0 
0—-|. . Nu (2) 
0 0 0 


Actually for each pair of positive integers m and n there is an m x n zero matrix, but 
the single symbol 0 will suffice for all these zero matrices. 

Two m x n matrices A = | a;; | and B = [ bj; | are said to be equal if corre- 
sponding elements are equal; that is, if aj; = bij for 1 Si Smand1S j Sn. We 
add A and B by adding corresponding entries: 


» A+B=[aiy ]+ [by | =[ aij + by |. (3) 


Thus the element in row i and column j of C= A+ Bis cij = aij + bij. To multiply 
the matrix A by the number c, we simply multiply each of its elements by c: 


> cA = Ac = [cai;]. (4) 


If 


then 


2 -3 —13 10 -11 7 
AcB-|i J5 7 sll 11 | 


3 0 i8 0 
sc-e.|3 HEP en m 


We denote (—1)A by —A and define subtraction of matrices as follows: 


and 


A-B =A + (-B). (5) 


The matrix operations just defined have the following properties, each of 
which is analogous to a familiar algebraic property of the real number system: 


A+0=0+A=A, A-A=0; (6) 
A+B=B+A (commutativity); (7) 
A+ (B4+C) =(A+B)+C (associativity); (8) 


c(A+ B) = cA + cB, 


(distributivity) (9) 
(c+d)A=cA+dA. 
Each of these properties is readily verified by elementwise application of a corre- 
sponding property of the real numbers. For example, aj; + bij; = bij + aij for alli 
and j because addition of real numbers is commutative. Consequently, 


A+B = | ai; + by | = | bij + aij | =B +A. 


The transpose AT of the m x n matrix A = [a;;] is the n x m (note!) matrix 
whose jth column is the jth row of A (and consequently, whose ith row is the 
ith column of A). Thus A? = | ji 1 although this is not notationally perfect; you 
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must remember that A? will not have the same shape as A unless A is a square 
matrix—that is, unless m — n. 

An m x 1 matrix—one having only a single column—is called a column vec- 
tor, or simply a vector. We often denote column vectors by boldface lowercase 
letters, as in 


xi 

3 X2 

b= | -7 or x= . 
0 

Xm 


Similarly, a row vector is a 1 x n matrix—one having only a single row, such as 
c—-[5 17 0 -3]. For aesthetic and typographical reasons, we will fre- 
quently write a column vector as the transpose of a row vector; for example, the two 
preceding column vectors may be written in the forms 
T T 
b=[3 -7 0] and x=[x,1 x © Xm]. 


Sometimes it is convenient to describe an m x n matrix in terms of either its 
m row vectors or its n column vectors. Thus if we write 


aj 
a2 
A= and B=[b; b2 b, ]. 
am 
it is understood that a, a2,..., and am are the row vectors of the matrix A and that 
bı, b2, ..., and b, are the column vectors of the matrix B. 


Matrix Multiplication 


The properties listed in Eqs. (6) through (9) are quite natural and expected. The first 
surprises in the realm of matrix arithmetic come with multiplication. We define first 
the scalar product of a row vector a and a column vector b, each having the same 
number p of elements. If 


a= | ai ü2 E ap | and b=[h b2 suse b]. 


then a - b is defined as follows: 


P 
> a-b= Y ayby = aibi + aab + +++ + apbp, (10) 
k=1 


exactly as in the scalar or dot product of two vectors—a familiar topic from elemen- 
tary calculus. 

The product AB of two matrices is defined only if the number of columns of 
A is equal to the number of rows of B. If A is an m x p matrix and Bisa p xn 
matrix, then their product AB is the m x n matrix C = [ Cij I. where cj; is the scalar 
product of the ith row vector a; of A and the jth column vector b; of B. Thus 


» C = AB=[a;-b; ]. (11) 
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In terms of the individual entries of A = [ aj; | and B = [ bj; ], Eq. (11) can be 
recast in the form 


p 
» cij = uA (12) 
k=1 


For purposes of hand computation, the definition in Eqs. (11) and (12) is easy to 
remember by visualizing the picture 


dii di2 >“ dip bi big ce bij “++ Din 
a21 422 2p ba bog e bo; Ut Don 
ai —^| ail di2 dip 
m1 üm2 bas amp bpi bp2 DE boj ES bpn 
b 


which shows that one forms the dot product of the row vector a; with the column 
vector b; to obtain the element cj; in the ith row and the jth column of AB. It may 
help to think of “pouring the rows of A down the columns of B." This also reminds 
us that the number of columns of A must be equal to the number of rows of B. 


Check your understanding of the definition of matrix multiplication by verifying that if 


2 —3 13 9 
a= 3 and »-] 4 a 


then 


Similarly, verify that 


and that 
1 2 0 7 -—l 
3 4 2 1 3] .|2 15 1 a 
5 6 —1l 3 —2| |4 23 3 
7 8 6 31 5 


It can be shown by direct (though lengthy) computation based on its definition 
that matrix multiplication is associative and is also distributive with respect to matrix 
addition; that is, 

A(BC) — (AB)C (13) 


and 


A(B + C) = AB + AC, (14) 
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provided that the matrices are of such sizes that the indicated multiplications and 
additions are possible. 

But matrix multiplication is not commutative. That is, if A and B are both 
n x n matrices (so that both the products AB and BA are defined and have the same 
dimensions—n x n), then, in general, 


AB z BA. (15) 

Moreover, it can happen that 
AB=0 eventhough AO and BO. (16) 
Examples illustrating the phenomena in (15) and (16) may be found in the problems, 
although you can easily construct your own examples using 2 x 2 matrices with 


small integral elements. 


Inverse Matrices 


A square n x n matrix is said to have order n. The identity matrix of order n is the 
square matrix 


1000 0 
0100 0 
00 1 0 0 

17105050 0? 17) 
0000 1 


for which each entry on the principal diagonal is 1 and all off-diagonal entries are 
Zero. It is quite easy to verify that 


» AI=A=IA (18) 


for every square matrix A of the same order as I. 
If A is a square matrix, then an inverse of A is a square matrix B of the same 
order as A such that both 


AB-I and BA-L 


It is not difficult to show that if the matrix A has an inverse, then this inverse is 
unique. Consequently, we may speak of the inverse of A, and we will denote it by 
A^. Thus 


» AA = I = A7! A, (19) 


given the existence of A^!. It is clear that some square matrices do not have 
inverses—consider any square zero matrix. It is also easy to show that if A^! exists, 
then (A71)7! exists and (A^!)^! = A. 

In linear algebra it is proved that A^! exists if and only if the determinant 
det(A) of the square matrix A is nonzero. If so, the matrix A is said to be nonsin- 
gular; if det(A) — 0, then A is called a singular matrix. 
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Determinants 


We assume that the student has computed 2 x 2 and 3 x 3 determinants in earlier 
courses. If A = [aij ] is a 2 x 2 matrix, then its determinant det(A) = |A| is 
defined as 


411 412 


» |A| = 
421 422 


= 411422 — 412421. 


Determinants of higher order may be defined by induction, as follows. If A = | ai; | 
is an n x n matrix, let Aj; denote the (n — 1) x (n — 1) matrix obtained from A by 
deleting its ith row and its jth column. The expansion of the determinant |A| along 
its ith row is given by 


|A| = Y CD'*ajlAj| (i fixed), (20a) 


j=1 


and its expansion along its jth column is given by 


JA, = 3 CDi aj lAy] ^ ( fixed). (20b) 


i=1 
It is shown in linear algebra that whichever row we use in Eq. (20a) and whichever 


column we use in Eq. (20b), the results are the same in all 27 cases. Hence |A| is 
well defined by these formulas. 
3 1 -2 
4 2 l J; 
—2 3 5 


If 
A 
then the expansion of |A| along its second row is 


1 =2 3 = 2 3 1 
wane Soa] ed d 
2-4.114-2-11— 1-11 = —33. 
And the expansion of |A| along its third column is 
4 2 3 1 3 1 
ial=—2-| 5 EE MEE 2| 
——2.16-1-11 75:22 —33. L| 


Calculators and computers are convenient for the calculation of higher-dimen- 
sional determinants and inverse matrices, but determinants and inverses of 2 x 2 
matrices are easy to compute by hand. For instance, if the 2 x 2 matrix 


has nonzero determinant |A| = ad — bc # 0, then its inverse matrix is 


oe oe a: 
> A -wl- a QU 


Note that the matrix on the right-hand side of Eq. (21) is obtained from A by inter- 
changing the diagonal elements and changing the signs of the off-diagonal elements. 
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Example 4 


If 


6 8 
"IERI 


then |A| = 6.7 — 5. 8 = 2. Hence Eq. (21) gives 


You should pause to verify that 


eiue 


Matrix-Valued Functions 


A matrix-valued function, or simply matrix function, is a matrix such as 


xı (t) 
x2 (t) 
x)= ~ (22a) 
Xn(t) 
or 
ayi(t) ai2(t) +++ ain(t) 
Ries 0M ee ee. (22b) 
ami (t) am2(t) fem Amn(t) 


in which each entry is a function of t. We say that the matrix function A(t) is 
continuous (or differentiable) at a point (or on an interval) if each of its elements 
has the same property. The derivative of a differentiable matrix function is defined 
by elementwise differentiation; that is, 


> A(t) = “ - EE f (23) 
If 
: sin ź 1 
E 2 = 
x(t) = M and A(r)— | ; m | ; 
then 


1 
dx , cost 0 
dt ES and so=| 1 EA = 
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The differentiation rules 


d dA dB 
“(A B) = — + — 24 
+B)= EP + P7 (24) 
and 
d dB dA 
,; AB) = Ar + q;? (25) 


follow readily by elementwise application of the analogous differentiation rules of 
elementary calculus for real-valued functions. If c is a (constant) real number and 
C is a constant matrix, then 

d dA d dA 

— (cA) =c—, — (CA) = C— d —(A 2 

ES ) rS ae” e an SAC) = i (26) 
Because of the noncommutativity of matrix multiplication, it is important not to 
reverse the order of the factors in Eqs. (25) and (26). 


First-Order Linear Systems 


The notation and terminology of matrices and vectors may seem rather elaborate 
when first encountered, but it is readily assimilated with practice. Our main use for 
matrix notation will be the simplification of computations with systems of differ- 
ential equations, especially those computations that would be burdensome in scalar 
notation. 

We discuss here the general system of n first-order linear equations 


xj = pai(t)xi + piz(t)x2 +--+ + pin(t)xn + fi (t). 


X5 = pai(t)xi + paa (t)x2 + +++ + pan(t)xn + fold), 
> x3 = pai(t)xi + p32(t)x2 + + pan(t)xn + fa(t). (27) 


x = pni(t)xi + pna (t)x2 +++ + pan(t)xn + falt). 
If we introduce the coefficient matrix 


P(t) = | pij (0) | 


and the column vectors 


x=[x | and fo) =[ fi], 


then the system in (27) takes the form of a single matrix equation 


> Z = P(t)x + f(t). (28) 
We will see that the general theory of the linear system in (27) closely parallels 
that of a single nth-order equation. The matrix notation used in Eq. (28) not only 
emphasizes this analogy, but also saves a great deal of space. 

A solution of Eq. (28) on the open interval 7 is a column vector function 
x(t) = | xi (t) | such that the component functions of x satisfy the system in (27) 
identically on J. If the functions p;;(¢) and f;(t) are all continuous on 7, then 
Theorem 1 of Section 4.1 guarantees the existence on Z of a unique solution x(t) 
satisfying preassigned initial conditions x(a) = 
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The first-order system 


x} = 4x1 — 3x2, 


/ 
X4 = 6x1 — 7x2 


can be written as the single matrix equation 


To verify that the vector functions 


3 2t —5t 
xi(t) = E | and x(t) = pe | 


are both solutions of the matrix differential equation with coefficient matrix P, we need only 
calculate 
pent 3?! ] [6]. T 
|= 6 ES 2e?t am 4e?t = 
4 —3 e*t —5e 5t ; 
P» =| =F || ass ]- Las |= =: " 


To investigate the general nature of the solutions of Eq. (28), we consider first 
the associated homogeneous equation 


and 


dx 
» — = P(t)x, 20 
Ji (t)x (29) 
which has the form shown in Eq. (28), but with f(t) = 0. We expect it to have n 
solutions X1, X2, ..., Xn that are independent in some appropriate sense, and such 
that every solution of Eq. (29) is a linear combination of these n particular solutions. 
Given n solutions X, X2, ..., Xn of Eq. (29), let us write 
xy (t) 
Xj (t) = Xij (t) |- (30) 
Xnj (t) 


Thus xj; (f) denotes the ith component of the vector x; (t), so the second subscript 
refers to the vector function x; (t), whereas the first subscript refers to a component 
of this function. Theorem 1 is analogous to Theorem 1 of Section 3.2. 


THEOREM 1 Principle of Superposition 


Let x1, X2, ..., Xn be n solutions of the homogeneous linear equation in (29) on 
the open interval 7. If c4, c2, ..., Cn are constants, then the linear combination 
X(t) = c1X1(f) + C2X2 (t) +--+ + CnXn (t) (31) 


is also a solution of Eq. (29) on 7. 


Example 6 


Continued 
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Proof: We know that x; = P(t)x; for each i (1 Si < n), so it follows imme- 
diately that 


x’ = c1X, + c2X5 +++ CX, 
= c P(t)x; + c2P(t)X2 + +++ + Cn P(E) Xn 
= P(t)(eiXi + e2X2 + +++ + Cn Xn). 


That is, x’ = P(r)x, as desired. The remarkable simplicity of this proof demonstrates 
clearly one advantage of matrix notation. A 


If xı and x» are the two solutions of 
dx [4 -3 
dec |é em 
discussed in Example 6, then the linear combination 


3e?t eg t 
x(t) = c1X1(¢) + c2x2(0)) = ei | m | T c2 | 3e -5t | 
is also a solution. In scalar form with x = [x1 — xa]? , this gives the solution 


x1(t) = 3cye?! + cze”, 


x2(t) = 2c1e?! + 3c2e ^, 


which is equivalent to the general solution we found by the method of elimination in Example 
2 of Section 4.2. a 


Independence and General Solutions 


Linear independence is defined in the same way for vector-valued functions as for 
real-valued functions (Section 3.2). The vector-valued functions x), X2,..., X, are 
linearly dependent on the interval / provided that there exist constants c4, c2,..., 
Cn not all zero such that 


» C1X4 (t) + c2Xo(t) +--+ + CnXn (t) = 0 (32) 


for all t in 7. Otherwise, they are linearly independent. Equivalently, they are 
linearly independent provided that no one of them is a linear combination of the 
others. For instance, the two solutions x; and x2 of Example 6 are linearly indepen- 
dent because, clearly, neither is a scalar multiple of the other. 

Just as in the case of a single nth-order equation, there is a Wronskian deter- 
minant that tells us whether or not n given solutions of the homogeneous equation 
in (29) are linearly dependent. If xj, X2,..., x, are such solutions, then their Wron- 
skian is the n x n determinant 


x(t) xi) +++ Xin(t) 
xilt) x22(t) +++ xon(t) 

» W(t) = f : « s (33) 
Xn1 (t) Xn2(t) tes Xnn(t) 


using the notation in (30) for the components of the solutions. We may write either 
W(t) or W(xi1, X2, ..., X4). Note that W is the determinant of the matrix that has as 
its column vectors the solutions X1, X2, ..., Xn. Theorem 2 is analogous to Theorem 
3 of Section 3.2. Moreover, its proof is essentially the same, with the definition of 
W(x1, X2, .... X5) in Eq. (33) substituted for the definition of the Wronskian of n 
solutions of a single nth-order equation (see Problems 42 through 44). 
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THEOREM2 Wronskians of Solutions 


Suppose that X1, X2, ..., Xn are n solutions of the homogeneous linear equation 
x’ = P(t)x on an open interval 7. Suppose also that P(t) is continuous on 7. Let 


ue WX Xo XT 


Then: 
e If Xj, X2,..., Xn are linearly dependent on 7, then W = 0 at every point 
Ot JL, 
e If Xi, X2,..., Xn are linearly independent on 7, then W + 0 at each point 
of I. 


Thus there are only two possibilities for solutions of homogeneous systems: Ei- 
ther W = 0 at every point of J, or W = 0 at no point of T. 


SCIE Itis readily verified (as in Example 6) that 


2e! 2e?! 2e?! 
xi(t)= | 2e |, xo(t)= 0 . and x3(t)= | —2e% 
ot zgi o5t 


are solutions of the equation 


3 2 0 
s-i 3 ip (34) 


= —16e?t, 


which is never zero. Hence Theorem 2 implies that the solutions x1, x2, and x3 are linearly 
independent (on any open interval). E 


Theorem 3 is analogous to Theorem 4 of Section 3.2. It says that a general 
solution of the homogeneous n x n system x’ = P(t)x is a linear combination 


» X = C1X1 + C2X2 + +° + CnXn (35) 
of any n given linearly independent solutions X, X2, . . . , Xj. 


THEOREM 3 General Solutions of Homogeneous Systems 


Let X1, X2, . . . , Xn be n linearly independent solutions of the homogeneous linear 
equation x’ = P(r)x on an open interval J, where P(t) is continuous. If x(t) is any 
solution whatsoever of the equation x’ = P(t)x on J, then there exist numbers c1, 
C2, .... Cn Such that 


X(t) = c1X1(f) + coxo(t) +--+ + CnXn (t) (35) 


for all t in 7. 
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Proof: Leta be a fixed point of 7. We show first that there exist numbers c1, 
C2,..., Cn such that the solution 


y(t) = cxi (t) + C2X2 (t) + +++ + CnXn (t) (36) 


has the same initial values at t = a as does the given solution x(t); that is, such that 


€1X1 (a) + c2X2(4) + +++ + CnXn (a) = x(a). (37) 

Let X(t) be the n x n matrix with column vectors X4, X2, ..., Xn, and let c be the 

column vector with components c1, c2, ..., Cn. Then Eq. (37) may be written in the 
form 

X(a)c — x(a). (38) 


The Wronskian determinant W(a) = |X(a)| is nonzero because the solutions x, 
X2, ..., Xn are linearly independent. Hence the matrix X(a) has an inverse matrix 
X(a) !. Therefore the vector c = X(a) !x(a) satisfies Eq. (38), as desired. 

Finally, note that the given solution x(t) and the solution y(t) of Eq. (36)— 
with the values of c; determined by the equation c = X(a) ! x(a)—have the same 
initial values (at t — a). It follows from the existence-uniqueness theorem of Section 
4.] that x(t) = y(t) for all t in 7. This establishes Eq. (35). A 
Remark Every n x n system x’ = P(t)x with continuous coefficient matrix does have a 
set of n linearly independent solutions x), x2...., Xn as in the hypotheses of Theorem 3. It 
suffices to choose for x; (t) the unique solution such that 


«— position j 


| 


—that is, the column vector with all elements zero except for a 1 in row j. (In other words, 
Xj (a) is merely the jth column of the identity matrix.) Then 


W(xi.Xo,.... Xia, == 1 #0, 


so the solutions X1. Xo..... Xn are linearly independent by Theorem 2. How to actually find 
these solutions explicitly is another matter—one that we address in Section 5.2 (for the case 
of constant coefficient matrices). [| 


Initial Value Problems and Elementary Row Operations 


The general solution in Eq. (35) of the homogeneous linear system x’ = P(¢)x can 
be written in the form 


x(t) = X(t)c, (39) 
where 


X(t) =[xi(t) x(0 -:- x(0] (40) 


276 


Chapter 5 Linear Systems of Differential Equations 


is the n x n matrix whose column vectors are the linearly independent solutions x1, 


T. : . : 
X2,..., Xy, and c = [a C2 7 Ch | is the vector of coefficients in the linear 
combination 


X(t) = c1X1 (t) + c2xo(t) +--+ + CnXn (t). (35) 


Suppose now that we wish to solve the initial value problem 


dx 
> — = Px, — b, 41 
3: x, x(a) (41) 
where the initial vector b = [5i bo +++ bg p is given. Then, according to 


Eq. (39), it suffices to solve the system 
X(a)c = b (42) 


to find the coefficients c1, c5, ... , Cn in Eq. (35). 
We therefore review briefly the elementary technique of row reduction to solve 
ann x n algebraic linear system 


a11X1 + d12X2 + +++ + GinXn = bi, 


d21X1 + d22X2 + +++ + donXn = bo, 
(43) 


Ani X1 + dn2X2 +*+: + AnnXn = bn 
with nonsingular coefficient matrix A = [a;;], constant vector b = [^j], and un- 


knowns x1, X2,...,Xņn. The basic idea is to transform the system in (43) into the 
simpler upper triangular form 


i11X1 + d12X2 + +++ + AinXn = bi, 
d22X2 + +++ + GonXn = bo, 


(44) 

AnnXn = bn 
in which only the unknowns xj, Xj+1,.--,Xn appear explicitly in the jth equation 
(j =1,2,..., n). The transformed system is then easily solved by the process of 


back substitution. First the last equation in (44) is solved for xn, then the next-to-last 
is solved for x„—1, and so forth, until the first equation is finally solved for x. 

The transformation of the system in (43) to upper triangular form is most 
easily described in terms of elementary row operations on the augmented coefficient 
matrix 


dii 412 Gin | by 

a21 422 +++ dan | bo 
[Aib]2 | . . a b (45) 

Ani n2 -^^* Ann | bn 


that is obtained by adjoining the vector b to the matrix A as an additional column. 
The admissible elementary row operations are of the following three types: 


Example 8 


Solution 
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1. Multiply any (single) row of the matrix by a nonzero constant. 
2. Interchange any two rows of the matrix. 
3. Subtract a constant multiple of one row from any other row. 


The goal is to use a sequence of such operations (one by one, in turn) to trans- 
form [ A | b | into an upper triangular matrix, one that has only zeros beneath its 
principal diagonal. This upper triangular augmented coefficient matrix then cor- 
responds to an upper triangular system as in (44). The process of transforming 
[ A!b | is carried out one column at a time, from left to right, as in the next exam- 
ple. 


Use the solution vectors given in Example 7 to solve the initial value problem 


ds 4 3 0 
m —1 3 —2|x, x(0)=| 2]. (46) 
n 0 -1 3 6 


It follows from Theorem 3 that the linear combination 


X(t) = c1X1(t) + c2X2(t) + eaxa(t) 


2ef 2e?! 2e! 
=cı | 2e | +c 0 | c3 | —2e*! 
et e3t e5t 


is a general solution of the 3 x 3 linear system in (46). In scalar form, this gives the general 
solution 

xı (t) = 2c1ef + 2c2€% + 2c3e?t, 

x2 (t) = 2c1ef — 2cae?t, 

x3(t) = cie — cae?! + cze”. 


We seek the particular solution satisfying the initial conditions 
x1(0) 20, x2(0)=2, x3(0) = 6. 


When we substitute these values in the three preceding scalar equations, we get the algebraic 
linear system 
2c, + 2c2 + 2063 = 0, 
2c1 — 2c3 = 2, 
C1 — C2 + €3—6 


with augmented coefficient matrix 


2. 2 gi 
+ E 
1 -1 11$ 


Multiplication of each of the first two rows by 4 gives 


Lr t 140 
[eh ee 
bo do r$ 


then subtraction of the first row both from the second row and from the third row gives the 
matrix 


1 1 110 
0 -1 21] 
0 -2 ui 


The first column of this matrix now has the desired form. 
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Now we multiply the second row by —1, then add twice the result to the third row. 
Thereby we get the upper triangular augmented coefficient matrix 


I 
i 1 19 
© T Bei 
0 0 4: 4 


that corresponds to the transformed system 


ci +c + c= 0, 


c2 + 2c3 = —1, 
4c3 = 4. 
We finally solve in turn for c3 = 1, c? = —3, and cı = 2. Thus the desired particular solution 
is given by 
4e! — 6e! + 26>! 
x(t) = 2x1 (t) — 3x2(t) + xa(t) = | 4e! — 2e% E 
Jet E 3e3t + e?t 
Nonhomogeneous Solutions 
We finally turn our attention to a nonhomogeneous linear system of the form 
dx 


The following theorem is analogous to Theorem 5 of Section 3.2 and is proved in 
precisely the same way, substituting the preceding theorems in this section for the 
analogous theorems of Section 3.2. In brief, Theorem 4 means that the general 
solution of Eq. (47) has the form 


» X(t) = Xc (t) + Xy(t). (48) 
where x, (t) is a single particular solution of Eq. (47) and the complementary func- 


tion x. (t) is a general solution of the associated homogeneous equation x’ = P(f)x. 


THEOREM 4 Solutions of Nonhomogeneous Systems 


Let x, be a particular solution of the nonhomogeneous linear equation in (47) 
on an open interval / on which the functions P(t) and f(t) are continuous. Let 
X1, X2, ..., X be linearly independent solutions of the associated homogeneous 
equation on 7. If x(t) is any solution whatsoever of Eq. (47) on Z, then there 
exist numbers c4, c5, ..., Cn such that 


» X(t) = ciXi(f) + c2X2(t) +--+ + CnXn(t) + Xp(t) (49) 


for all t in Z. 


Thus finding a general solution of a nonhomogeneous linear system involves 
two separate steps: 


1. Finding the general solution xe (t) of the associated homogeneous system; 
2. Finding a single particular solution x, (1) of the nonhomogeneous system. 


The sum x(t) = Xe (t) + Xy (t) will then be a general solution of the nonhomogeneous 
system. 
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Sele) The nonhomogeneous linear system 


x, = 3x1 — 2x2 — 9t +13, 
X) = —x1 + 3x2 — 2x3 + 7t — 15, 
xi — x2 +3x3 —6t+ 7 


is of the form in (47) with 


3 d —9t + 13 
PO=| -1 3 2|, =| 7-15]. 
0-1 3 th 7 


In Example 7 we saw that a general solution of the associated homogeneous linear system 


is given by 
2c1e! + 2c2e% + 2c3e5! 

Xc (t) = | 2c1ef — 2c3e” | , 

cie! = dee" d 936 


and we can verify by substitution that the function 


3t 
Xp(t) — 5 
2t 


(found using a computer algebra system, or perhaps by a human being using a method dis- 
cussed in Section 5.7) is a particular solution of the original nonhomogeneous system. Con- 
sequently, Theorem 4 implies that a general solution of the nonhomogeneous system is given 
by 

X(t) = Xc (t) + Xp(t); 
that is, by 


xı(t) = 2c1ef + 2c5e?! + 2c3e?! + 3t, 
x2(t) = 2cye! — 2c3e?! + 5, " 
x3(t) = cef — coe?! + cze” 4 2t. 


EX] Problems 


1. Let 4. Let A and B be the matrices given in Problem 3 and let 


2. =3 3 —4 2 

A= | | and B= | | i t 

4 7 5 l x=[ A and y= | sint |. 
e 

Find (a) 2A + 3B; (b) 3A — 2B; (c) AB; (d) BA. 


2. Verify that (a) A(BC) = (AB)C and that (b) A(B + C) = 


Find A d Bx. Are th ducts A d By defined? 
AB + AC, where A and B are the matrices given in Prob- Wed CA wapa Rp Rr a pr LE 


Explain your answer. 


lem 1 and 
0 2 5. Let 
NE 
3 2 —1 0 -3 2 
3. Find AB and BA given A= 0 4 3| and B=] 1 4 3]. 
—5 2 7 2 5 -l 
2 0 -I X 
A-[i 4 J and B=| -7 0]. Find (a) 7A + 4B; (b) 3A — 5B; (c) AB; (d) BA; 
3 —2 (e) A — IL 
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6. Let 23. / 


(a) Show that AB = A5B and note that Ay zz A». Thus 
the cancellation law does not hold for matrices; that is, if 
A,B = A3B and B Z 0, it does not follow that Ay = A». 
(b) Let A = Ay — A» and use part (a) to show that AB = 0. -2 2 
Thus the product of two nonzero matrices may be the zero 
matrix. 


26. x’ = 


4 -3 3e?! et 
25. x! = E EJ = Pate Las] 


Problem 6. Are your results consistent with the theorem 27.x =]|1 


0 
1 

7. Compute the determinants of the matrices A and B in 0 1 1 1 
0 

to the effect that 1 1 


det(AB) = det(A) - det(B) 


for any two square matrices A and B of the same order? 


8. Suppose that A and B are the matrices of Problem 5. Ver- 
ify that det(AB) = det(BA). 28. 


In Problems 9 and 10, verify the product law for differentia- 2 = 
tion, (ABY = A'B + AB’. x; = e? 3 


t 2t—1 

ST paso - [iz S7] : 
t 29. x = 6 9 2 

12 3 -6 -6 1 2 

10. A(t) =| -t 2 | and B(t) = | 2e~% 1 1 

8 —1 z’ 3t t 1 3t 1 


9. A(t) — | 


© 


In Problems 11 through 20, write the given system in the form 
x’ = P(t)x + f(t). 


Ls 
11. x’ = —3y, y' = 3x 30. x’ = 


12. x’ 23x -2y, y' 22x +y 

13. x! 22x + 4y + 3e, y! = 5x - y - 2 

14. x! 2 tx — e y - cost, y! 2 e^! x t t2y — sint 

15. x =y +z, y =Z7+x, Z —x-cy 

16. x' = 2x — 3y, y! 2 x + y + 2z, Zz’ = 5y — 7z 

17. x' =3x—4y +z +t, y 2 x -3z +t, z/ 2 6y Iz +t? 
18. x' S tx y+ etz, y! 32x +f y—z, z! Se tx 4+ 3ty + 


onom 
| — 
e 

N 

l 

EA 

I 

ON 


In Problems 31 through 40, find a particular solution of the in- 
dicated linear system that satisfies the given initial conditions. 


tz 
19. x X2, 3i 2x3, x 3x4, x = 4x1 31. The system of Problem 22: xı (0) = 0, x2 (0) = 5 
20. ad = x2 +x3 +1, ab = Xs x4 +t, 32. The system of Problem 23: x1(0) = 5, x2(0) = —3 
xh = x1 + x4 +t’, xh =x Hx Ht’ 33. The system of Problem 24: xı (0) = 11, x2 (0) = —7 
34. The system of Problem 25: xı (0) = 8, x2 (0) = 0 
In Problems 21 through 30, first verify that the given vectors 35. The system of Problem 26: xı (0) = 0, x2 (0) = 0, x3 (0) = 
are solutions of the given system. Then use the Wronskian to 4 
show that they are linearly independent. Finally, write the gen- 36. The system of Problem 27: x1(0) = 10, x2(0) = 12, 
eral solution of the system. x3(0) = —1 
t 2t ; = EM = 
A. x- E E | — | po |: xc | E | 37. e system of Problem 29: x4(0) = 1, x2(0) = 2, x3(0) 
38. The system of Problem 29: x (0) = 5, x2(0) = —7, 


-3 2 e 
22. x-[3 idem - sex 1m - 


2e ?t 
P 


x3(0) = 11 


39. 


40. 


41. 


42. 


The system of Problem 30: x4(0) 
x4(0) 21 

The system of Problem 30: x1(0) = 1, x2(0) = 3, x3(0) = 
4, xa(0) 2 7 

(a) Show that the vector functions 


2 
x(0- | and x-[5| 


are linearly independent on the real line. (b) Why does it 
follow from Theorem 2 that there is no continuous matrix 
P(t) such that x; and x2 are both solutions of x’ = P(t)x? 
Suppose that one of the vector functions 


eres fd ad Satu Bes 


x21 (t) x22(t) 


is a constant multiple of the other on the open interval 7. 
Show that their Wronskian W(t) = |[x;;(¢)]| must vanish 
identically on 7. This proves part (a) of Theorem 2 in the 
case n = 2. 


x2(0) = x3(0) 


43. 


44. 


45. 
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Suppose that the vectors x; (t) and x2 (1) of Problem 42 are 
solutions of the equation x’ = P(r)x, where the 2 x 2 ma- 
trix P(t) is continuous on the open interval 7. Show that if 
there exists a point a of 7 at which their Wronskian W(a) 
is zero, then there exist numbers c, and cz not both zero 
such that c1X1 (a) + c2X2(a) = 0. Then conclude from the 
uniqueness of solutions of the equation x' — P(r)x that 


c1X1(1) + c2X2(t) = 0 


for all t in /; that is, that x; and x» are linearly dependent. 
This proves part (b) of Theorem 2 in the case n = 2. 
Generalize Problems 42 and 43 to prove Theorem 2 for n 
an arbitrary positive integer. 

Let x4 (t), x2(t), ..., Xn (t) be vector functions whose ith 
components (for some fixed i) xj1(t), xj2(t), .... xin(t) 
are linearly independent real-valued functions. Conclude 
that the vector functions are themselves linearly indepen- 
dent. 


LAWN. Automatic Solution of Linear Systems 


Linear systems with more than two or three equations are most frequently solved 
with the aid of calculators or computers. For instance, recall that in Example 8 we 
needed to solve the linear system 


1.1 


— 


i^i 


2:c1-2:c322 


Gaan 
cl-c2+c3=6 


RC ,€ 4, €. 
| 12, »| 
(2-31) 


the Maple commands 


2c, + 2c2 + 204 = 0, 
2c, = 203 = 25 (1) 
C1 — C2 c3 =6 


x that can be written in the form AC = B with 3 x 3 coefficient matrix A, right- 
hand side the 3 x 1 column vector B — [ 0 2 6 le and unknown column vector 


C=[a c c |: Figure 5.1.1 shows a TI calculator solution for C = A~'B, 
with the result that c; = 2, c? = —3, and c3 = 1. The same result can be found using 


ivi 


| 1/99 


FIGURE 5.1.1. TI-Nspire CX CAS 
solution of the system AC = B in (1). 


with(linalg): 

A :- array([[2, 2, 21, I2, 0, 
B :- array([[0], [2], [6] 1): 
C :- multiply(inverse(A),B); 


-2] , 


the Mathematica commands 


A 
B 
Cc 


{{2, 2, 2}, (2, 0, 
{{0}, {2}, 161); 
Inverse [A] .B 


-2}, {1, -1, 


or the MATLAB commands 


A 
B 
c 


[[2 2 2]; I2 0 
[0; 2; 61; 
inv(A)*«B 


We could also use the Wolfram|Alpha query 


2c1 + 202 + 203 = 0, 201 - 2c3 = 2, 


[1, 


>13; 1]]): 


1}}; 


111; 


= G2 + c3 
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EE] The Eigenvalue 


Use your own calculator or available computer algebra system to solve “automati- 
cally” Problems 31 through 40 in this section. 


Method for Homogeneous Systems 


We now introduce a powerful alternative to the method of elimination for construct- 
ing the general solution of a homogeneous first-order linear system with constant 
coefficients, 


X, = 11X1 + d12X2 + ++ + AinXn, 


X, = a21 X1 + d22X2 + +++ + A2nXn, 


(1) 


Xn = an1 X1 + da2X2 + +++ + AnnXn. 
By Theorem 3 of Section 5.1, we know that it suffices to find n linearly independent 
solution vectors X1, X2,..., X4; the linear combination 


» X(t) = c1X1 + C2X2 +--+ + Cy Xp (2) 


with arbitrary coefficients will then be a general solution of the system in (1). 

To search for the n needed linearly independent solution vectors, we proceed 
by analogy with the characteristic root method for solving a single homogeneous 
equation with constant coefficients (Section 3.3). It is reasonable to anticipate solu- 
tion vectors of the form 


X1 U1€ U1 
X2 v5e^! U2 
At 
x) =| ® |=| vae =| U be Ive (3) 
Xn v, e^t Un 
where A, v1, v2, ..., Un are appropriate scalar constants. For if we substitute 
x; = vje”, x Ave", (i = 1,2,...,n) 


in (1), then each term in the resulting equations will have the factor e^', so we 
can cancel it throughout. This will leave us with n linear equations which—for 
appropriate values of A—we can hope to solve for values of the coefficients v1, v2, 
..., Vn in Eq. (3) so that x(t) = ve”! is, indeed, a solution of the system in (1). 

To investigate this possibility, it is more efficient to write the system in (1) in 
the matrix form 


> x’ = Ax (4) 


where A = | ai j |; When we substitute the trial solution x = ve^! with derivative 
x’ = Ave^! in Eq. (4), the result is 


Ave’! = Ave", 
We cancel the nonzero scalar factor e^! to get 


> Av = Àv. (5) 
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This means that x — ve^' will be a nontrivial solution of Eq. (4) provided that v is a 
nonzero vector and À is a constant such that Eq. (5) holds; that is, the matrix product 
Av is a scalar multiple of the vector v. The question now is this: How do we find v 
and A? 

To answer this question, we rewrite Eq. (5) in the form 


> (A — ADv — 0. (6) 


Given A, this is a system of n homogeneous linear equations in the unknowns v1, 
U2, ..., Un. By a standard theorem of linear algebra, it has a nontrivial solution if 
and only if the determinant of its coefficient matrix vanishes; that is, if and only if 


|A — AI| = det(A — AD = 0. (7) 


In its simplest formulation, the eigenvalue method for solving the system x’ = Ax 
consists of finding À so that Eq. (7) holds and next solving Eq. (6) with this value of 
A to obtain v1, v2, ..., Un. Then x = ve^! will be a solution vector. The name of the 
method comes from the following definition. 


DEFINITION Eigenvalues and Eigenvectors 


The number À (either zero or nonzero) is called an eigenvalue of the n x n matrix 
A provided that 


|A — AI| — 0. (7) 


An eigenvector associated with the eigenvalue À is a nonzero vector v such that 
Av = Av, so that 


(A—ADv=0. (6) 


Note that if v is an eigenvector associated with the eigenvalue A, then so is any 
nonzero constant scalar multiple cv of v—this follows upon multiplication of each 
side in Eq. (6) by c Z 0. 

The prefix eigen is a German word with the approximate translation charac- 
teristic in this context; the terms characteristic value and characteristic vector are 
in common use. For this reason, the equation 


dj] —À an > din 
a2] 22 —À + a2n 
> [A —A]| = i ' i =0 (8) 
ani an2 Ann m 


is called the characteristic equation of the matrix A; its roots are the eigenval- 
ues of A. Upon expanding the determinant in (8), we evidently get an nth-degree 
polynomial of the form 


(-D'A* + ba aA. +--+ AA + bo = 0. (9) 


By the fundamental theorem of algebra, this equation has n roots—possibly some 
are complex, possibly some are repeated—and thus an n x n matrix has n eigenval- 
ues (counting repetitions, if any). Although we assume that the elements of A are 
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real numbers, we allow the possibility of complex eigenvalues and complex-valued 
eigenvectors. 

Our discussion of Eqs. (4) through (7) provides a proof of the following the- 
orem, which is the basis for the eigenvalue method of solving a first-order linear 
system with constant coefficients. 


THEOREM Eigenvalue Solutions of x’ = Ax 


Let A be an eigenvalue of the [constant] coefficient matrix A of the first-order 
linear system 


dx _ 


» eae 
asa 


If v is an eigenvector associated with A, then 
> x(t) = ve^ 


is a nontrivial solution of the system. 


The Eigenvalue Method 


In outline, this method for solving the n x n homogeneous constant-coefficient sys- 
tem x’ = Ax proceeds as follows: 


1. We first solve the characteristic equation in (8) for the eigenvalues A1,A2,...,An 
of the matrix A. 

2. Next we attempt to find n linearly independent eigenvectors vi, V2,..., Vn as- 
sociated with these eigenvalues. 

3. Step 2 is not always possible, but when it is, we get linearly independent 
solutions 


Ait Ào»t 
B B 


xi(f) = vie Xo(f) = vae e. Xf) = vue. (10) 


In this case the general solution of x’ = Ax is a linear combination 
X(t) = c1X1 (t) + c2xo(t) + +++ + CnXn (t) 


of these n solutions. 


We will discuss separately the various cases that can occur, depending on whether 
the eigenvalues are distinct or repeated, real or complex. The case of repeated 
eigenvalues—multiple roots of the characteristic equation—will be deferred to Sec- 
tion 5.5. 


Distinct Real Eigenvalues 


If the eigenvalues À1,À25,..., Àn are real and distinct, then we substitute each of 
them in turn in Eq. (6) and solve for the associated eigenvectors vi, V2, ..., Vn. 
In this case it can be proved that the particular solution vectors given in (10) are 
always linearly independent. (For instance, see Section 6.2 of Edwards and Pen- 
ney, Elementary Linear Algebra (Englewood Cliffs, NJ: Prentice Hall, 1988).) In 
any particular example such linear independence can always be verified by using 
the Wronskian determinant of Section 5.1. The following example illustrates the 
procedure. 


Example 1 


Solution 
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Find a general solution of the system 


x! = 4x1 + 2x2, aD 


/ 
X3 3x1 — X2. 


The matrix form of the system in (11) is 
,_|4 2 
x= | 3 a IE (12) 


The characteristic equation of the coefficient matrix is 


4-2 2 
| 3 aalt A)(-1—A)-6 
=A? 32-10 = (A+ 2)(A—5) 2 0, 
so we have the distinct real eigenvalues 4; = —2 and Az = 5. 


For the coefficient matrix A in Eq. (12) the eigenvector equation (A — ADv = 0 takes 


the form 
4-1 2 a 0 
5^ allel Lo] a» 


for the associated eigenvector v = [a b Y. 


CASE 1: 4; = —2. Substitution of the first eigenvalue A; = —2 in Eq. (13) yields the 
system 

6 2]|[a| |0j. 

3 | b| Jo’ 


6a + 2b — 0, 
3a+ b=0. 


that is, the two scalar equations 
(14) 


In contrast with the nonsingular (algebraic) linear systems whose solutions we discussed in 
Section 5.1, the homogeneous linear system in (14) is singular—the two scalar equations ob- 
viously are equivalent (each being a multiple of the other). Therefore, Eq. (14) has infinitely 
many nonzero solutions—we can choose a arbitrarily (but nonzero) and then solve for b. 

Substitution of an eigenvalue À in the eigenvector equation (A — AI)v = 0 always yields 
a singular homogeneous linear system, and among its infinity of solutions we generally seek 
a "simple" solution with small integer values (if possible). Looking at the second equation in 
(14), the choice a = 1 yields b = —3, and thus 


n 


is an eigenvector associated with A; = —2 (as is any nonzero constant multiple of v1). 
Remark If instead of the "simplest" choice a = 1, b = —3, we had made another choice 
a = c X: 0, b = —3c, we would have obtained the eigenvector 


Ld 


Because this is a constant multiple of our previous result, any choice we make leads to (a 
constant multiple of) the same solution 


x(t) = [5 | eo 
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FIGURE 5.2.1. Direction field and 


solution curves for the linear system 
xi = 4x1 + 2x2, x^ = 3x1 — x2 of 
Example 1. 


r (gal/min) 


FIGURE 5.2.2. The three brine 
tanks of Example 2. 


CASE 2: A5 — 5. Substitution of the second eigenvalue A = 5 in (13) yields the pair 


—a + 2b = 0, 


15 
3a — 6b = 0 03 


of equivalent scalar equations. With b — 1 in the first equation we get a — 2, so 


= [i] 


is an eigenvector associated with Az = 5. A different choice a = 2c, b = c # 0 would merely 
give a [constant] multiple of v2. 
These two eigenvalues and associated eigenvectors yield the two solutions 


xı (t) = EI and x2(t) = Ha 


They are linearly independent because their Wronskian 


is nonzero. Hence a general solution of the system in (11) is 


x(t) = c1X1(f) + c2X2(t) = c1 E | e ?! T c2 | i | e; 


in scalar form, 

xi(t) = cje? + 2c56?!, 

x2(t) = —3c1e 7! + cze”. 
Figure 5.2.1 shows some typical solution curves of the system in (11). We see two families of 
hyperbolas sharing the same pair of asymptotes: the line xı = 2x2 obtained from the general 


solution with c; = 0, and the line x2 = —3x4 obtained with cz = 0. Given initial values 
X1(0) = by, x2(0) = b2, it is apparent from the figure that 


e If (bj, b2) lies to the right of the line x? = —3x1, then x4 (t) and x2 (t) both tend to +00 


ast — +00; 
e If (by, bz) lies to the left of the line xo = —3x 1, then xı (t) and x2(t) both tend to —oo 
as f > +00. E 


Remark As in Example |, it is convenient when discussing a linear system x’ = Ax to use 
vectors X1, X2, ..., X4 to denote different vector-valued solutions of the system, whereas the 
scalars x1, X2,..., Xn denote the components of a single vector-valued solution x. [| 


Compartmental Analysis 


Frequently a complex process or system can be broken down into simpler subsys- 
tems or "compartments" that can be analyzed separately. The whole system can 
then be modeled by describing the interactions between the various compartments. 
Thus a chemical plant may consist of a succession of separate stages (or even phys- 
ical compartments) in which various reactants and products combine or are mixed. 
It may happen that a single differential equation describes each compartment of the 
system, and then the whole physical system is modeled by a system of differential 
equations. 

As a simple example of a three-stage system, Fig. 5.2.2 shows three brine 
tanks containing Vi, V2, and V3 gallons of brine, respectively. Fresh water flows 
into tank 1, while mixed brine flows from tank 1 into tank 2, from tank 2 into tank 
3, and out of tank 3. Let x;(t) denote the amount (in pounds) of salt in tank i at 
time ¢ fori = 1, 2, and 3. If each flow rate is r gallons per minute, then a simple 


Example 2 


Solution 
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accounting of salt concentrations, as in Example 2 of Section 4.1, yields the first- 
order system 


xi — —k1x1, 
xh = kixı — k2x2, (16) 
x$ = k2x2 — kaXa, 
where 
r : 
k= A i —1,2,3. (17) 


If Vj = 20, V2 = 40, V3 = 50, r = 10 (gal/min), and the initial amounts of salt in the three 
brine tanks, in pounds, are 


x1(0) = 15, = x2(0) = x3(0) = 0, 


find the amount of salt in each tank at time f 2 0. 


Substituting the given numerical values in (16) and (17), we get the initial value problem 


-05 00 0.0 15 
x=] 05 —025 00x x(0)-2| 0 (18) 
0.0 025 —0.2 0 


for the vector x(t) = | x16) x2)  xa(t) 15 The simple form of the matrix 


—0.5—À 0.0 0.0 
A—AI-— 0.5 —0.25— À 0.0 (19) 


0.0 0.25 —0.2— À 


leads readily to the characteristic equation 


|À — AI] = (-0.5 — 2) (0.25 — A)(-02 — 1) = 0. 


Thus the coefficient matrix A in (18) has the distinct eigenvalues 4; = —0.5, Az = —0.25, 
and A3 = —0.2. 


CASE 1: A, = —0.5. Substituting à = —0.5 in (19), we get the equation 


0.0 00 OO0][a 0 
[A+ (0.5)-I]v=] 05 025 00|| b | =] 0 
0.0 025 03]!c 0 


for the associated eigenvector v 2 [a b c i The last two rows, after division by 0.25 
and 0.05, respectively, yield the scalar equations 


2a+ b = 0, 
5b + 6c = 0. 
The second equation is satisfied by b = —6 and c = 5, and then the first equation gives a = 3. 


Thus the eigenvector 
v=[3 -6 s] 


is associated with the eigenvalue A; = —0.5. 
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0 5 10 15 20 25 30 


FIGURE 5.2.3. The salt content 
functions of Example 2. 


CASE 2: Az = —0.25. Substituting A = —0.25 in (19), we get the equation 


-025 0 0 a 0 
[A+(0.25)-I]v=]| 05 0 0 b|=|0 
0 0.25 05 | ¢ 0 


for the associated eigenvector v 2 [a b c F. Each of the first two rows implies that 
a = 0, and division of the third row by 0.05 gives the equation 


5b+c=0, 


which is satisfied by b = 1, c = —5. Thus the eigenvector 
vo-[0 1 -s]* 


is associated with the eigenvalue Az = —0.25. 


CASE 3: A3 = —0.2. Substituting à = —0.2 in (19), we get the equation 


-03 00  OO][a 0 
[A+(0.2)-I]v=] 05 -005 00]] b |=] 0 
0.0 0.25 00} | ¢ 0 


for the eigenvector v. The first and third rows imply that a = 0, and b = 0, respectively, but 
the all-zero third column leaves c arbitrary (but nonzero). Thus 

v3=[0 o 1] 
is an eigenvector associated with A3 = —0.2. 


The general solution 


x(t) = civie! + c2v2e^?t + c3v3e43! 


therefore takes the form 


3 0 
x(t) =c] —6 eC 9.5t 4+ c2 1 e(—0.25)t + C3 0 eC 921 
5 —5 1 
The resulting scalar equations are 
x1(t) = 3cpeO5)t 
x9(t) = —6c,e-9-5)t 3 cae C7 9:25)t. 
xa(t) > 5c e©0.5)t - 5c50 C 925 4- cae C 9:2t . 


When we impose the initial conditions x1 (0) = 15, x2(0) = x3(0) = 0, we get the equations 


3c, = 15, 
—6c, + c3 0, 
5c) —5c2 + c3 = 0 


that are readily solved (in turn) for cy = 5, c2 = 30, and c3 = 125. Thus, finally, the amounts 
of salt at time t in the three brine tanks are given by 


xi(t) = 15e C951. 
x2(t) = —30eC9.9t 4 30¢(—0.25)t 
x3(t) = 25e /79-9t 1594 (79.291 4 15597021. 


Figure 5.2.3 shows the graphs of x1(t), x2(t), and x3(t). As we would expect, tank 1 is 
rapidly “flushed” by the incoming fresh water, and x41(t) — 0 as t — +00. The amounts 
x2(t) and xa(t) of salt in tanks 2 and 3 peak in turn and then approach zero as the whole 
three-tank system is purged of salt as t > +00. E 
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Complex Eigenvalues 


Even if some of the eigenvalues are complex, so long as they are distinct the method 
described previously still yields n linearly independent solutions. The only compli- 
cation is that the eigenvectors associated with complex eigenvalues are ordinarily 
complex valued, so we will have complex-valued solutions. 

To obtain real-valued solutions, we note that—because we are assuming that 
the matrix A has only real entries—the coefficients in the characteristic equation in 
(8) will all be real. Consequently any complex eigenvalues must appear in complex 
conjugate pairs. Suppose then that A = p + qi and å = p — qi are such a pair of 
eigenvalues. If v is an eigenvector associated with À, so that 


(A — ADv = 0, 
then taking complex conjugates in this equation yields 

(A — ADv — 0 
since A = A and I = I (these matrices being real) and the conjugate of a complex 
product is the product of the conjugates of the factors. Thus the conjugate v of v 


is an eigenvector associated with A. Of course the conjugate of a vector is defined 
componentwise; if 


aı T bii a1 bi 
a2 + boi a2 b2 

v= . =| . |+] . |i=a+bi, (20) 
dn + bni an b, 


then v = a — bi. The complex-valued solution associated with À and v is then 
x(t) = ve^! = ve Ptt — (a + bijeP' (cosqt + i sinqt); 
that is, 
x(t) = e” (acosqt — bsinqt) + ie?’ (bcosqt + asinqt). (21) 


Because the real and imaginary parts of a complex-valued solution are also solu- 
tions, we thus get the two real-valued solutions 


xı (t) = Re[x(t)] = e7' (acosqt — bsinqt), Q2) 

X2(t) = Im[x(7)] = e?' (bcosqt + asinqt) 
associated with the complex conjugate eigenvalues p + qi. It is easy to check that 
the same two real-valued solutions result from taking real and imaginary parts of 
ve^. Rather than memorizing the formulas in (22), it is preferable in a specific 
example to proceed as follows: 


e First find explicitly a single complex-valued solution x(t) associated with the 
complex eigenvalue A; 

e Then find the real and imaginary parts x, (t) and x2(t) to get two independent 
real-valued solutions corresponding to the two complex conjugate eigenvalues 
A and À. 
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Example 3 


Solution 


FIGURE 5.2.4. Direction field and 
solution curves for the linear system 

xi = 4x1 — 3x2, x5 = 3x1 + 4x2 of 
Example 3. 


Find a general solution of the system 


a T 
‘ee 
(23) 
M M 
— = 3: X2. 
s X1 2 
The coefficient matrix 
4 -3 
EE 
has characteristic equation 
_—|4-a -3|. 2 E 
a-u-|*^ 2, = 4-aF+9=0. 


and hence has the complex conjugate eigenvalues 4 = 4 — 3i and À = 4 + 3i. 
Substituting A = 4 — 3i in the eigenvector equation (A — AI)v = 0, we get the equation 


eon: SEJ 


for an associated eigenvalue v = [a b i Division of each row by 3 yields the two scalar 
equations 


ia — b=0, 
a+ib=0, 
each of which is satisfied bya = 1 andb =i. Thusv=[1 i 1 is a complex eigenvector 


associated with the complex eigenvalue À = 4 — 3i. 
The corresponding complex-valued solution x(t) = ve^! of x' = Ax is then 


X(t) = : et — l ef! (cos3t — i sin3t) = e^! | S99 3t — i sin 3t . 
i i i cos3t + sin3t 


The real and imaginary parts of x(t) are the real-valued solutions 


_ At | cos3t af | —Ssin3t 
MU Kea and x2(t) =e | i 


A real-valued general solution of x' 2 Ax is then given by 


3t — in 3t 
x(t) = eciXi (t) + coxa (t) = e“! E ae a | 


cı sin3t + c2 cos3t 
Finally, a general solution of the system in (23) in scalar form is 


x1(t) = e“ (cy cos3t — c2 sin3t), 


x2(t) = e?! (c sin 3t + c2 cos3t). 


Figure 5.2.4 shows some typical solution curves of the system in (23). Each appears to 
spiral counterclockwise as it emanates from the origin in the x;x2-plane. Actually, because 
of the factor e^! in the general solution, we see that 


e Along each solution curve, the point (x1 (t), x2(t)) approaches the origin as t — —oo, 
whereas 


e The absolute values of x; (t) and x2(t) both increase without bound ast — +œ0. B 


H ter 
ow rate: 7 — 


FIGURE 5.2.5. The three brine 
tanks of Example 4. 


Example 4 


Solution 
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Figure 5.2.5 shows a "closed" system of three brine tanks with volumes Vj, 
V2, and V3. The difference between this system and the “open” system of Fig. 5.2.2 
is that now the inflow to tank 1 is the outflow from tank 3. With the same notation 
as in Example 2, the appropriate modification of Eq. (16) is 


dx, 
dt 
dx2 
dt 
dx3 
dt 


= —kıxı + k3x3, 
= kıxı = k2x3, (24) 


= k2X2 — kaxa, 


where k; — r/V; as in (17). 


Find the amounts x4 (t), x2 (t), and x3(t) of salt at time ¢ in the three brine tanks of Fig. 5.2.5 
if Vj = 50 gal, V2 = 25 gal, V3 = 50 gal, andr = 10 gal/min. 


With the given numerical values, (24) takes the form 


P -02 0 0.2 
g| 02 -04 0 |x (25) 


0 0.4 —0.2 
with x — [ X] X2 X3 F as usual. When we expand the determinant of the matrix 


—0.2— À 0.0 0.2 
A—A-I- 0.2 —0.4— À 0.0 (26) 


0.0 0.4 —0.2— À 


along its first row, we find that the characteristic equation of A is 


(-0.2 — A)(-0.4 — A)(—0.2 — A) + (0.2)(0.2)(0.4) 
= —4? — (0.8) - A? — (0.2) -À 
=) [a + 0.4)? + (0.2)7] =0. 


Thus A has the zero eigenvalue Ao = 0 and the complex conjugate eigenvalues A, à = —0.4+ 
(0.2)i. 


CASE 1: Ao = 0. Substitution of A = 0 in Eq. (26) gives the eigenvector equation 


-0.2 00 -Oo2][a 0 
(A—-0.Dv2| 02 -04 00/|!|b|-2|0 
00 04 -02]||c 0 


forv=[a b c T The first row gives a = c and the second row gives a = 2b, so vo = 


[2 1 2 J is an eigenvector associated with the eigenvalue Ag = 0. The corresponding 


Aot 


solution xo(t) = voe“? of Eq. (25) is the constant solution 


2 
xo(t) =| 1 |. (27) 
2 
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CASE 2: A = —0.4— (0.2)i. Substitution of à = —0.4 — (0.2)i in Eq. (26) gives the 
eigenvector equation 


0.2+(0.2)i 0.0 0.2 a 
[A — (-0.4 — (0.2)i)I] v = 0.2 (0.2)i 0.0 b 
0.0 04 024 (0.2)i c 
0 
—-|0 
0 
The second equation (0.2)a + (0.2); b = 0 is satisfied by a = 1 and b = i. Then the first 
equation 
[0.2 + (0.2);]a + (0.2)c = 0 
gives c = —1—i. Thusv=[1 i (-1-i) r is a complex eigenvector associated with 


the complex eigenvalue A = —0.4 — (0.2). 
The corresponding complex-valued solution x(t) = ve^! of (25) is 


x()=[1 i -1-i] cC 94-020) 
-[1 i -l-i r eC 99 (cos 9.21 — i sin 0.21) 


cos 0.2¢ — i sin 0.2t 
sin 0.21 + i cos 0.2t 
— cos 0.21 — sin 0.21 — i cos 0.2t + i sin0.2t 


The real and imaginary parts of x(t) are the real-valued solutions 


cos 0.21 
x1 (t) = eC9.9t sin 0.2t R 
— cos 0.21 — sin 0.2t 
(28) 
— sin 0.21 
Xo(t) = g C 9t cos 0.2t 
— cos 0.21 + sin 0.2t 
The general solution 
x(t) = coxo(t) + c1x1(f) + coxo(r) 
has scalar components 
x1 (t) = 2co + e9-* (cy cos0.2t — c2 sin 0.21), 
x(t) = co + eC 99! (c, sin0.2t + c2 cos 0.21), (29) 
x3(t) = 2co + eC 9t e, — cz) cos 0.2t + (—c1 + c2) sin0.2t] 
giving the amounts of salt in the three tanks at time t. 
Observe that 
Xx1(£) + x2(t) + xa(t) = 5co. (30) 


Of course the total amount of salt in the closed system is constant; the constant co in (30) is 
one-fifth the total amount of salt. Because of the factors of e(79-9* in (29), we see that 


lim x1(f) 22co, lim x2(t)=co, and lim x3(t) = 2co. 
t—oo too too 


Thus as t — +00 the salt in the system approaches a steady-state distribution with 40% of 


the salt in each of the two 50-gallon tanks and 20% in the 25-gallon tank. So whatever the 
initial distribution of salt among the three tanks, the limiting distribution is one of uniform 


FIGURE 5.2.6. The salt content concentration throughout the system. Figure 5.2.6 shows the graphs of the three solution 
functions of Example 4. functions with co = 10, cy = 30, and c? = —10, in which case 


x1(0) 2 50 and x2(0) = x3(0) = 0. = 
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| 5.2| Problems 


In Problems 1 through 16, apply the eigenvalue method of this 
section to find a general solution of the given system. If initial 
values are given, find also the corresponding particular solu- 
tion. For each problem, use a computer system or graphing 
calculator to construct a direction field and typical solution 
curves for the given system. 


1. xj — x1 42x52, xj = 2x1 + x2 

= 2x1 + 3x2, xj, = 2x1 + x2 

xi = 3x1 + 4x2, x) = 3x1 +2x2; xı(0) = x2(0) = 1 
xi = 4x1 + x2, x4 = 6x1 — x2 


N 
= 
SM 


x, = 6x1 — 7x2, x4 = x1 — 2x2 

= 9x1 +5x2, xj =—6x1 — 2x2; x1(0) = 1, x2(0) =0 
xi = —3xi- 4x2, x? = 6x1 — 5x2 

xi = x1 — 5x2, x, = x1 — x2 

x, = 2x1 — 5x2, xj = 4x1 — 2x2; x1(0) = 2, x2(0) = 3 
10. x! = —3x1 — 2x2, x, = 9x1 + 3x2 

1l. x! 2 x; — 2x2, x? = 2x1 + x2; x1 (0) = 0, x2(0) = 4 
12. x = x1 - 5x9, x) = x1 + 3x2 

13. x! = 5x1 — 9x2, x} = 2x1 — x2 

14. x! = 3x1 — 4x2, x45 = 4x1 + 3x2 

15. x, = 7x1 — 5x2, x, = 4x1 + 3x2 

16. x, = —50x1 + 20x2, xj = 100x1 — 60x2 


CP ANMPw! 
= 
ex 


In Problems 17 through 25, the eigenvalues of the coefficient 
matrix can be found by inspection and factoring. Apply the 
eigenvalue method to find a general solution of each system. 


17. x! 2 4x1 +x2 +4x3, x5 — X1 7x2 +43, 
X4 = 4x1 d- x2 +423 
18. x, =x1 +2x2 +2x3, x4 =2x1 +7x2 +43, 
x4 = 2x1 4 x2 +7x3 
19. x) =4x1 +x2+x3, x1 =x1 +4x2+x3, xh =x1 +x2+4x3 
20. x, =5x1 +x2 +3x3, X45 =x1 t 7x2 4- X3, 
xh = 3x1 +x2+5x3 
21. x, —5x1—6x3, x?—2x1—x2—-2x3, x4 =4x1—2x2—4x3 
22. x — 3x1 2x2 +2x3, x4 — —5x1 — 4x2 — 2x3, 
x4 = 5x1 + 5x2 +3x3 
23. x! =3x1 +x2+x3, x4 =—5x1 —3x2— x3, 
x4 = 5x1 + 5x2 +3x3 
24. x) =2x1 +x2— x3, x4 = —4x1 —3x2— xs, 
X4 = 4x1 +4x2 +2x3 
25. x} = 5x1 + 5x2 + 2x3, x4 = —6x1 — 6x2 — 5x3, 
X4 = 6x1 + 6x2 + 5x3 
26. Find the particular solution of the system 


Ber = 3x, + X3 
dt , 
dx2 = 9x1 -— x2 + 2x3 
dt , 
dxs = —9x1 + 4x2 — x3 
dt 


that satisfies the initial conditions xı (0) = 0, x2 (0) = 0, 
x3(0) = 17. 


The amounts xı (t) and x2 (t) of salt in the two brine tanks of 
Fig. 5.2.7 satisfy the differential equations 


dxı dx» 
= —kı xı, = kx — k2x2, 
dt 1X1 dt 1X1 2X2 


where ki = r/V; for i = 1, 2. In Problems 27 and 28 the vol- 
umes V4 and V2 are given. First solve for xi(t) and x2(t), as- 
suming that r = 10 (gal/min), x1(0) = 15 (Ib), and x2(0) = 0. 
Then find the maximum amount of salt ever in tank 2. Finally, 
construct a figure showing the graphs of xı (t) and x2(t). 


Fresh water 
Flow rate r 


Tank 1 
Volume Vj 
Salt x, (1) 


Tank 2 
Volume V5 
Salt x(t) 


FIGURE 5.2.7. The two brine tanks of 
Problems 27 and 28. 


27. Vi = 50 (gal), V2 = 25 (gal) 
28. Vj = 25 (gal), V2 = 40 (gal) 


The amounts x3(t) and x2(t) of salt in the two brine tanks of 
Fig. 5.2.8 satisfy the differential equations 


d d? 
Pm = —k4x1 + k2x»5, a = kixı — k2x2, 


where ki = r/V; as usual. In Problems 29 and 30, solve for 
xı (t) and x2(t), assuming that r = 10 (gal/min), xı (0) = 15 
(lb), and x2(0) = 0. Then construct a figure showing the 
graphs of xı (t) and x2 (t). 


FIGURE 5.2.8. The two brine tanks of 
Problems 29 and 30. 


29. Vı = 50 (gal), V2 = 25 (gal) 
30. Vi = 25 (gal), V2 = 40 (gal) 
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Problems 31 through 34 deal with the open three-tank system 
of Fig. 5.2.2. Fresh water flows into tank 1; mixed brine flows 
from tank l into tank 2, from tank 2 into tank 3, and out of tank 
3; all at the given flow rate r gallons per minute. The initial 
amounts x1(0) = xo (Ib), x2(0) = 0, and x3(0) = 0 of salt in 
the three tanks are given, as are their volumes V1, V2, and V3 
(in gallons). First solve for the amounts of salt in the three 
tanks at time t, then determine the maximal amount of salt that 
tank 3 ever contains. Finally, construct a figure showing the 
graphs of xı (t), x2(t), and x3(t). 


31. r = 30, xo = 27, Vi = 30, V2 = 15, V3 = 10 
32. r = 60, xo = 45, Vj = 20, V2 = 30, V3 = 60 
33. r = 60, xo = 45, V; = 15, V2 = 10, V3 = 30 
34. r = 60, xo = 40, V; = 20, V; = 12, Va = 60 


Problems 35 through 37 deal with the closed three-tank sys- 
tem of Fig. 5.2.5, which is described by the equations in (24). 
Mixed brine flows from tank I into tank 2, from tank 2 into 
tank 3, and from tank 3 into tank 1, all at the given flow rate r 
gallons per minute. The initial amounts x4(0) = xo (pounds), 
x2(0) = 0, and x3(0) = 0 of salt in the three tanks are given, 
as are their volumes Vi, Vo, and V3 (in gallons). First solve 
for the amounts of salt in the three tanks at time t, then deter- 
mine the limiting amount (as t — +00) of salt in each tank. 
Finally, construct a figure showing the graphs of xı (t), x2(t), 
and xa(t). 


35. r = 120, xg = 33, Vi = 20, V2 = 6, V3 = 40 
36. r = 10, xo = 18, Vj = 20, V2 = 50, V3 = 20 
37. r = 60, xo = 55, Vi = 60, V2 = 20, V3 = 30 


For each matrix A given in Problems 38 through 40, the zeros 
in the matrix make its characteristic polynomial easy to calcu- 
late. Find the general solution of x' = Ax. 


1 0 0 0 
2 2 0 0 
38. A= 0330 
0 0 4 4 
-2 0 0 9 
4 2 0 —10 
39. A= 0 0 1 8 
0 0 0 1 
2 0 0 0 
21 5 27 9 
40. A= 0 0 5 0 


0 0 -21 -2 
41. The coefficient matrix A of the 4 x 4 system 
xi = 4x + x2 + x3 x4, 
Xj = x1 + 4x2 + 10x3 + xa, 
X4 = xı + 10x2 + 4x3 + xa, 
x4 =7x1 + x2+ xa xa 


has eigenvalues A1 3, A2 6, 43 = 10, and A4 = 15. 
Find the particular solution of this system that satisfies the 
initial conditions 


xi(0 23, x20) = x30) =1, xa(0) — 3. 


In Problems 42 through 50, use a calculator or computer sys- 
tem to calculate the eigenvalues and eigenvectors (as illus- 
trated in the 5.2 Application below) in order to find a general 
solution of the linear system x' = Ax with the given coefficient 
matrix A. 


—40 -12 54 
42. A-| 35 13 —46 
£25: -=7- 4 
—20 11 13 
43. A=] 12 -1 —7 
—48 21 31 
147 23 -202 
44. A—| -90 -9 129 
90 15 —123 
9 —7 -5 0 
eo 7 M 9 
4». À-| 34 17 -19 —9 
-18 13 17 9 
13 —42 106 139 
2 -16 52 70 
HAE Y 6 —20 -31 
=i -6 22 33 
23 -18 -16 0 
E. 6 7 9 
4.À-—| 34 27 -2 —9 
—26 21 25 12 
47 -8 5 -5 
-10 32 l8 = 
48. A=] i39 -40 -167 -121 
—232 64 360 248 
139 —14  —52 -14 28 
2:22 5 7 8 -7 
49. A= | 370 —38 -139 —38 76 
152 —16 —59 -13 35 
95 —10 —38 -7 23 
9 13 0 0 0 -13 
—14 19 -10 —20 10 4 
—30 12 =7 -30 12 18 
50. À—| 12 10 -10 -9 10 2 
6 9 0 6 5 -15 
—14 23 -10 -20 10 0 
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Wa Neleliteeiiielay Automatic Calculation of Eigenvalues and Eigenvectors 


0.5 0 0 


*"los -025 0 0.5 -0.25 0 
[0 025 -0.2 0 025 -02 
eigVi(a) {-0.2,-0.25,-0.5} 
eigVcla) 0. 0 0.358569 
0. 0.196116 -0.717137 


1. -0.980581 0.597614 


3/99 


FIGURE 5.2.9. TI-Nspire CX CAS 
calculation of the eigenvalues and 
eigenvectors of the matrix A. 


Most computational systems offer the capability to find eigenvalues and eigenvec- 
tors readily. For instance, Fig. 5.2.9 shows a graphing calculator computation of the 
eigenvalues and eigenvectors of the matrix 


—0.5 0.0 0.0 
A= 0.5 —0.25 0.0 
0.0 0.25 —02 


of Example 2. We see the three eigenvectors displayed as column vectors, appearing 
in the same order as their corresponding eigenvalues. In this display the eigenvectors 
are normalized, that is, multiplied by an appropriate scalar so as to have length 1. 


You can verify, for example, that the displayed eigenvector corresponding to the 
third eigenvalue A = —4 is a scalar multiple of v = [1 —2  $ F. The Maple 


commands 


with (linalg) 
A := matrix(3,3,[-0.5,0,0,0.5,-0.25,0,0,0.25,-0.2]); 
eigenvects (A) ; 


the Mathematica commands 


A = {{-0.5,0,0},{0.5,-0.25,0},{0,0.25,-0.2}} 
Eigensystem [A] 

the Wolfram|Alpha query 
((-0.5, 0, 0), (0.5, -0.25, 0), (0, 0.25, -0.2)) 


and the MATLAB commands 


A = [-0.5,0,0; 
[V,D] = eig(A) 


0.5,-0.25,0; 0,0.25,-0.2] 


(where D will be a diagonal matrix displaying the eigenvalues of A and the column 
vectors of V are the corresponding eigenvectors) produce similar results. You can 
use these commands to find the eigenvalues and eigenvectors needed for any of the 
problems in this section. 

For a more substantial investigation, choose a positive integer n « 10 (n — 5, 
for instance) and let q1, q2, ..., qn denote the first n nonzero digits in your student 
ID number. Now consider an open system of brine tanks as in Fig. 5.2.2, except 
with n rather than three successive tanks having volumes V; = 10qi (i = 1,2, ..., 
n) in gallons. If each flow rate is r — 10 gallons per minute, then the salt amounts 


x1(t), x2(t), ..., x5 (t) satisfy the linear system 
x = kx, 
x = kj-1xj-1 — ki xi (i 2 52527); 


where k; = r/V;. Apply the eigenvalue method to solve this system with initial 
conditions 


x1(0) 210, x2(0) = x3(0) =--- = x, (0) = 0. 


Graph the solution functions and estimate graphically the maximum amount of salt 
that each tank ever contains. 

For an alternative investigation, suppose that the system of n tanks is closed 
as in Fig. 5.2.5, so that tank 1 receives as inflow the outflow from tank n (rather than 
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fresh water). Then the first equation should be replaced with x, = k,x, — k1x1. 
Now show that, in this closed system, as t — -Foo the salt originally in tank 1 
distributes itself with constant density throughout the various tanks. A plot like 
Fig. 5.2.6 should make this fairly obvious. 


BEX] A Gallery of Solution Curves of Linear Systems 


In the preceding section we saw that the eigenvalues and eigenvectors of the 
n x n matrix A are of central importance to the solutions of the homogeneous linear 
constant-coefficient system 

x' — Ax. (1) 


Indeed, according to Theorem 1 from Section 5.2, if A is an eigenvalue of A and v 
is an eigenvector of A associated with A, then 


x(t) = ve^! (2) 


is a nontrivial solution of the system (1). Moreover, if A has n linearly independent 
eigenvectors V1, V2,..., Vn associated with its n eigenvalues A1, Az, ..., An, then in 
fact all solutions of the system (1) are given by linear combinations 


x(t) = cyvye*!! + covae^?! +--+ + Cn vue), (3) 


where c1, c2, .... c, are arbitrary constants. If the eigenvalues include complex con- 
jugate pairs, then we can obtain a real-valued general solution from Eq. (3) by taking 
real and imaginary parts of the terms in (3) corresponding to the complex eigenval- 
ues. 

Our goal in this section is to gain a geometric understanding of the role that the 
eigenvalues and eigenvectors of the matrix A play in the solutions of the system (1). 
We will see, illustrating primarily with the case n = 2, that particular arrangements 
of eigenvalues and eigenvectors correspond to identifiable patterns—‘fingerprints,” 
so to speak—in the phase plane portrait of the system (1). Just as in algebra we 
learn to recognize when an equation in x and y corresponds to a line or parabola, 
we can predict the general appearance of the solution curves of the system (1) from 
the eigenvalues and eigenvectors of the matrix A. By considering various cases 
for these eigenvalues and eigenvectors we will create a “gallery”— Figure 5.3.16 
appearing at the end of this section—of typical phase plane portraits that gives, 
in essence, a complete catalog of the geometric behaviors that the solutions of a 
2 x 2 homogeneous linear constant-coefficient system can exhibit. This will help us 
analyze not only systems of the form (1), but also more complicated systems that 
can be approximated by linear systems, a topic we explore in Section 6.2. 


Systems of Dimension n = 2 

Until stated otherwise, we henceforth assume that n = 2, so that the eigenvalues of 
the matrix A are 1; and A». As we noted in Section 5.2, if A, and A> are distinct, 
then the associated eigenvectors v, and v2 of A are linearly independent. In this 
event, the general solution of the system (1) is given by 


Ait 4 esye? (4) 


x(t) = c1V1e 
if A, and Az are real, and by 


x(t) = ce?" (acos qt — bsinqt) + coe?! (bcosqt + asinqt) (5) 
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if A; and A» are the complex conjugate numbers p + iq; here the vectors a and b are 
the real and imaginary parts, respectively, of a (complex-valued) eigenvector of A 
associated with the eigenvalue p + iq. If instead A, and A are equal (to a common 
value A, say), then as we will see in Section 5.5, the matrix A may or may not have 
two linearly independent eigenvectors v, and v2 . If it does, then the eigenvalue 
method of Section 5.2 applies once again, and the general solution of the system (1) 
is given by the linear combination 


x(t) = civie^!  covoe^ (6) 


as before. If A does not have two linearly independent eigenvectors, then—as we 
will see—we can find a vector v5 such that the general solution of the system (1) is 
given by 

x(t) = civie^! + co(vit + va)e^', (7) 


where v, is an eigenvector of A associated with the lone eigenvalue A. The nature 
of the vector v? and other details of the general solution in (7) will be discussed in 
Section 5.5, but we include this case here in order to make our gallery complete. 

With this algebraic background in place, we begin our analysis of the solution 
curves of the system (1). First we assume that the eigenvalues A, and A» of the ma- 
trix A are real, and subsequently we take up the case where A; and Az are complex 
conjugates. 


Real Eigenvalues 
We will divide the case where A, and A» are real into the following possibilities: 
Distinct eigenvalues 


e Nonzero and of opposite sign (A; < 0 < A3) 
e Both negative (A; < A2 < 0) 

e Both positive (0 < A5 < A1) 

e One zero and one negative (A, < Az = 0) 

e One zero and one positive (0 = Az < A1) 


Repeated eigenvalue 


e Positive (Ay = A» > 0) 
e Negative (Ay = Az < 0) 
e Zero (Ay = Az = 0) 


Saddle Points 


NONZERO DISTINCT EIGENVALUES OF OPPOSITE SIGN: The key observa- 
tion when A, < 0 < A, is that the positive scalar factors e+!’ and e^?' in the general 
solution 


Ait 


x(t) = c1V1e + c5v5e^?t (4) 


of the system x' — Ax move in opposite directions (on the real line) as t varies. For 
example, as £ grows large and positive, e^t grows large, because A» > 0, whereas 
e^it approaches zero, because A; < 0; thus the term cV v1e^!! in the solution x(t) 
in (4) vanishes and x(t) approaches c2 v2e^?'. If instead t grows large and negative, 
then the opposite occurs: The factor e^!* grows large whereas e^?' becomes small, 
and the solution x(t) approaches c1 v1 e?!!. If we assume for the moment that both c, 
and c» are nonzero, then loosely speaking, as t ranges from —oo to 4-co, the solution 
x(t) shifts from being “mostly” a multiple of the eigenvector v, to being “mostly” a 
multiple of v2. 
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X2 


cı<0, c520 


P c,«0,c5«0| ! 


Geometrically, this means that all solution curves given by (4) with both cı 
and c2 nonzero have two asymptotes, namely the lines /; and /2 passing through the 
origin and parallel to the eigenvectors v; and v», respectively; the solution curves 
approach /; as f — —oo and l2 as t — -Foo. Indeed, as Fig. 5.3.1 illustrates, the 
lines /, and /» effectively divide the plane into four “quadrants” within which all 
solution curves flow from the asymptote /; to the asymptote l2 as t increases. (The 
eigenvectors shown in Fig. 5.3.1—and in other figures—are scaled so as to have 
equal length.) The particular quadrant in which a solution curve lies is determined 
by the signs of the coefficients c; and c2. If cı and ca are both positive, for example, 
then the corresponding solution curve extends asymptotically in the direction of the 
eigenvector v, as £ — —oo, and asymptotically in the direction of vz as t > oo. 
If instead c; > 0 but c2 < 0, then the corresponding solution curve still extends 
asymptotically in the direction of vı as t — —oo, but extends asymptotically in the 
direction opposite v? as t — --oo (because the negative coefficient cz causes the 
vector c5 v5 to point “backwards” from v»). 

If cı or c2 equals zero, then the solution curve remains confined to one of the 
lines /; and l2. For example, if cı zz 0 but c2 = 0, then the solution (4) becomes 
x(t) = cv1e^!!, which means that the corresponding solution curve lies along the 


xy 


FIGURE 5.3.1. Solution curves 
x(t) = cyvje*!! + covoe??! for the 
system x’ = Ax when the eigenvalues 
A,, À2 of A are real with 

À1«0 « 42. 


line /4. It approaches the origin as f — +00, because A; < 0, and recedes farther 
and farther from the origin as t — —oo, either in the direction of vı (if cı > 0) or 
the direction opposite v; (if cı < 0). Similarly, if cı = 0 and c2 Z 0, then because 
A2 > 0, the solution curve flows along the line /? away from the origin as t + +00 
and toward the origin as t — —oo. 

Figure 5.3.1 illustrates typical solution curves corresponding to nonzero val- 
ues of the coefficients c; and c5. Because the overall picture of the solution curves 
is suggestive of the level curves of a saddle-shaped surface (like z — xy), we call 
the origin a saddle point for the system x' — Ax. 


The solution curves in Fig. 5.3.1 correspond to the choice 


4 1 
IP Ed (8) 


in the system x’ = Ax; as you can verify, the eigenvalues of A are A; = —2 and A2 = 5 (thus 
À1 < 0 < 25), with associated eigenvectors 


EE Em 


According to Eq. (4), the resulting general solution is 


xo-a| g tea] 5 Je, (9) 


or, in scalar form, 


xilt) = —c1e 7! + co ef, 


(10) 
x2(t) = 6c1e ?! + cae?! , 


Our gallery Fig. 5.3.16 at the end of this section shows a more complete set of solution curves, 
together with a direction field, for the system x’ = Ax with A given by Eq. (8). (In Problem 
29 we explore “Cartesian” equations for the solution curves (10) relative to the “axes” defined 
by the lines /; and /2, which form a natural frame of reference for the solution curves.) [| 


ij! 
LN 
b 


c1»0, c5«0 


c, «0, c5«0 


c1»0, c520 


ES c4«0, c520 


N 
N 
N 


x} 


FIGURE 5.3.2. Solution curves 
x(t) = c1v1e^1! + covoe??! for the 
system x’ = Ax when the eigenvalues 
A,, À2 of A are real with 


Ay <A <0. 


Example 2 
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Nodes: Sinks and Sources 


When A; <A> < 0, the factors e^! and 
^2! approach 


DISTINCT NEGATIVE EIGENVALUES: 
e^?! both decrease as t increases. Indeed, as t — +00, both eĉ!* and e 
zero, which means that the solution curve 


x(t) = cyvye*!! + covo e^?! (4) 


Ait Aot 


approaches the origin; likewise, as t — —oo, both e^!" and e^?' grow without bound, 
and so the solution curve “goes off to infinity.’ Moreover, differentiation of the 
solution in (4) gives 


(41) 


This shows that the tangent vector x’(t) to the solution curve x(t) is a scalar mul- 
tiple of the vector c1À4v1e 012! 4 0515 v5, which approaches the fixed nonzero 
multiple c2A2V2 of the vector v2 as t — +00 (because gU1-^2t approaches zero). It 
follows that if c2 Æ 0 , then as t > +0, the solution curve x(t) becomes more and 
more nearly parallel to the eigenvector v? . (More specifically, note that if c2 > 0, 
for example, then x(t) approaches the origin in the direction opposite to v2, because 
the scalar c3A5 is negative.) Thus, if c2 Z 0 , then with increasing ¢ the solution 
curve approaches the origin and is tangent there to the line l2 passing through the 
origin and parallel to v2. 

If c? — 0, on the other hand, then the solution curve x(t) flows similarly along 
the line /, passing through the origin and parallel to the eigenvector vı. Once again, 
the net effect is that the lines /, and /, divide the plane into four “quadrants” as 
shown in Figure 5.3.2, which illustrates typical solution curves corresponding to 
nonzero values of the coefficients c, and c5. 

To describe the appearance of phase portraits like Fig. 5.3.2, we introduce 
some new terminology, which will be useful both now and in Chapter 6, when we 
study nonlinear systems. In general, we call the origin a node of the system x’ = Ax 
provided that both of the following conditions are satisfied: 


x (t) = ei v1e ^tt + C2A2v2e42! = e^t [eii ente T cava | s 


e Either every trajectory approaches the origin as f — +00 or every trajectory 
recedes from the origin as f — +00; 

e Every trajectory is tangent at the origin to some straight line through the ori- 
gin. 


Moreover, we say that the origin is a proper node provided that no two different 
pairs of "opposite" trajectories are tangent to the same straight line through the 
origin. This is the situation in Fig. 5.3.6, in which the trajectories are straight lines, 
not merely tangent to straight lines; indeed, a proper node might be called a “star 
point.” However, in Fig. 5.3.2, all trajectories—apart from those that flow along the 
line /,—are tangent to the line /2; as a result we call the node improper. 

Further, if every trajectory for the system x' — Ax approaches the origin as 
t — +00 (as in Fig. 5.3.2), then the origin is called a sink; if instead every tra- 
jectory recedes from the origin, then the origin is a source. Thus we describe the 
characteristic pattern of the trajectories in Fig. 5.3.2 as an improper nodal sink. 


The solution curves in Fig. 5.3.2 correspond to the choice 
—8 3 
= | 2 -13 | 
in the system x’ = Ax. The eigenvalues of A are A, = —14 and A5 = —7 (and thus Ay < A2 < 
0), with associated eigenvectors 


ERE 


(12) 
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Example 3 


Equation (4) then gives the general solution 


—1 NS 3v rs 
x) = a1] jJ. is | 2 n (13) 
or, in scalar form, 
x1(t) = zgje 1t + Bene 7, 
x2(t) = 2c1e M 4 coe. 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x’ = Ax with A given by Eq. (12). E 
The case of distinct positive eigenvalues mirrors that of distinct negative eigen- 
values. But instead of analyzing it independently, we can rely on the following 
principle, whose verification is a routine matter of checking signs (Problem 30). 


PRINCIPLE Time Reversal in Linear Systems 


Let x(t) be a solution of the 2-dimensional linear system 
x = Ax (1) 
Then the function x(t) = x(—1) is a solution of the system 


X = —AX. (14) 


We note furthermore that the two vector-valued functions x(t) and x(t) for 
—oo « t < oo have the same solution curve (or image) in the plane. However, 
the chain rule gives X'(f) = —x'(t); since x(t) and x(—r) represent the same point, it 
follows that at each point of their common solution curve the velocity vectors of the 
two functions x(t) and x(t) are negatives of each other. Therefore the two solutions 
traverse their common solution curve in opposite directions as t increases—or, al- 
ternatively, in the same direction as ¢ increases for one solution and decreases for 
the other. In short, we may say that the solutions of the systems (1) and (14) corre- 
spond to each other under “time reversal,” since we get the solutions of one system 
by letting time "run backwards" in the solutions of the other. 


DISTINCT POSITIVE EIGENVALUES: If the matrix A has positive eigenvalues 
with 0 < Az < Aj, then as you can verify (Problem 31), the matrix —A has negative 
eigenvalues —A; < —45 < 0 but the same eigenvectors v; and v2. The preceding case 
then shows that the system x' — —Ax has an improper nodal sink at the origin. But 
the system x’ = Ax has the same trajectories, except with the direction of motion 
(as t increases) along each solution curve reversed. Thus the origin is now a source, 
rather than a sink, for the system x’ = Ax, and we call the origin an improper nodal 
source. Figure 5.3.3 illustrates typical solution curves given by x(t) = cive*!! + 
c2 v5e^2t corresponding to nonzero values of the coefficients c; and cp. 


The solution curves in Fig. 5.3.3 correspond to the choice 
—8 3 8 —3 
a=-[ 2 EE 5] (15) 
in the system x’ = Ax ; thus A is the negative of the matrix in Example 2. Therefore we 


can solve the system x' — Ax by applying the principle of time reversal to the solution in 
Eq. (13): Replacing t with —r in the righthand side of (13) leads to 


x(t) = cy aie taji |e” (16) 


ET c4«0, c520 


N 
N 
X 
\ 


x, 


FIGURE 5.3.3. Solution curves 
x(t) = c1v1e^!! + covoe??! for the 
system x’ = Ax when the eigenvalues 
A,, À2 of A are real with 


0<A2<A\. 
1 
by 
fe \ 
c1»0, c5«0 y 
2 c1>0, c520 
e Lino 3 
^ 
Nj ——--l 
c4«0, c5«0 \ L 
c, <0, c520 


FIGURE 5.3.4. Solution curves 
x(t) = c1v1e^1! + cove for the 
system x’ = Ax when the eigenvalues 
A,, À2 of A are real with 

Ay < Ao =0. 
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Of course, we could also have “started from scratch" by finding the eigenvalues A1, Az and 
eigenvectors V1, v2 of A. These can be found from the definition of eigenvalue, but it is easier 
to note (see Problem 31 again) that because A is the negative of the matrix in Eq. (12), A1 
and 2» are likewise the negatives of their values in Example 2, whereas we can take v; and 
V2 to be the same as in Example 2. By either means we find that A; = 14 and A2 = 7 (so that 
0 < Az < A1), with associated eigenvectors 


me d at eel 


From Eq. (4), then, the general solution is 


—1 3 
Osal TGE H G 


(in agreement with Eq. (16)), or, in scalar form, 


xit) = —c1el^! + 3c5 e, 


14t 7t 


x2(t) = 2ce " +c2e". 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x’ = Ax with A given by Eq. (15). a 


Zero Eigenvalues and Straight-Line Solutions 


ONE ZERO AND ONE NEGATIVE EIGENVALUE: 
eral solution (4) becomes 


When A, < Az = 0, the gen- 


x(t) = cyvye*!! + cava. (17) 
For any fixed nonzero value of the coefficient cı, the term cyv,e*!" in Eq. (17) is 
a scalar multiple of the eigenvector vı, and thus (as ¢ varies) travels along the line 
lı passing through the origin and parallel to vı; the direction of travel is toward the 
origin as £ — +00 because A; < 0. If cı > 0 , for example, then c1 v1 e?! extends 
in the direction of vı, approaching the origin as t increases, and receding from the 
origin as t decreases. If instead c} < 0 , then cvet extends in the direction 
opposite vı while still approaching the origin as ¢ increases. Loosely speaking, we 
can visualize the flow of the term c; v, e^! taken alone as a pair of arrows opposing 
each other head-to-head at the origin. The solution curve x(t) in Eq. (17) is simply 
this same trajectory ci v1 &?!, then, shifted (or offset) by the constant vector c2va. 
Thus in this case the phase portrait of the system x' — Ax consists of all lines 
parallel to the eigenvector vı, where along each such line the solution flows (from 
both directions) toward the line /? passing through the origin and parallel to vı. 
Figure 5.3.4 illustrates typical solution curves corresponding to nonzero values of 
the coefficients c, and c2. 

Itis noteworthy that each single point represented by a constant vector b lying 
on the line /? represents a constant solution of the system x’ = Ax. Indeed, if b lies 
on l2, then b is a scalar multiple k - v2 of the eigenvector v2 of A associated with the 
eigenvalue A2 = 0. In this case, the constant-valued solution x(t) = b is given by 
Eq. (17) with c; = 0 and cz = k. This constant solution, with its "trajectory" being 
a single point lying on the line /5, is then the unique solution of the initial value 
problem 


/ 


X = Ax, x(0)=b 


guaranteed by Theorem | of Section 4.1. Note that this situation is in marked con- 
trast with the other eigenvalue cases we have considered so far, in which x(t) = 0 
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FIGURE 5.3.5. Solution curves 
x(t) = civi e?! + cov for the 
system x’ = Ax when the eigenvalues 
A,, À2 of A are real with 


0 
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is the only constant solution of the system x' — Ax. (In Problem 32 we explore the 
general circumstances under which the system x’ = Ax has constant solutions other 
than x(t) = 0.) 


The solution curves in Fig. 5.3.4 correspond to the choice 
—36 


[s d 


in the system x’ = Ax. The eigenvalues of A are A; 


eigenvectors 
6 1 
v=] and »-[4]. 


Based on Eq. (17), the general solution is 
6| _ 1 
x(t) = c NM stol 1]. 


—35t 


(18) 


—35 and À5 = 0, with associated 


(19) 


or, in scalar form, 


x1(f) = 6c1e t c2, 


xX2(t) = —cye >! — 6c3. 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x' 2 Ax with A given by Eq. (18). E 
ONE ZERO AND ONE POSITIVE EIGENVALUE: When 0= 45 <j, the solution 
of the system x’ = Ax is again given by 
x(t) = cyvye*!! + cava. (17) 
By the principle of time reversal, the trajectories of the system x’ = Ax are identical 
to those of the system x’ = —Ax, except that they flow in the opposite direction. 
Since the eigenvalues —A, and —A of the matrix —A satisfy —A1 < —A2 = 0, by 
the preceding case the trajectories of x’ = —Ax are lines parallel to the eigenvector 
vı and flowing toward the line /; from both directions. Therefore the trajectories 
of the system x’ = Ax are lines parallel to v; and flowing away from the line l2. 
Figure 5.3.5 illustrates typical solution curves given by x(t) = c; ve^! + cov» cor- 
responding to nonzero values of the coefficients cı and c5. 
The solution curves in Fig. 5.3.5 correspond to the choice 


Un a 


in the system x’ = Ax; thus A is the negative of the matrix in Example 4. Once again we can 
solve the system using the principle of time reversal: Replacing t with —t in the right-hand 
side of the solution in Eq. (19) of Example 4 leads to 


1 
35t 
le +e] s]. 


Alternatively, directly finding the eigenvalues and eigenvectors of A leads to Ay = 35 and 
A2 = 0, with associated eigenvectors 


ae ies | 


—36 -—6 
6 1 


36 


= (20) 


6 


x(t) = cy È (21) 
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Equation (17) gives the general solution of the system x' — Ax as 


Osal Te +e] g] 


(in agreement with Eq. (21)), or, in scalar form, 


35t 


x(t) = 6c1e^* + c5, 


x2(t) = —~cye?! — 6c3. 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x' — Ax with A given by Eq. (20). a 


Repeated Eigenvalues; Proper and Improper Nodes 


REPEATED POSITIVE EIGENVALUE: As we noted earlier, if the matrix A has 
one repeated eigenvalue, then A may or may not have two associated linearly inde- 
pendent eigenvectors. Because these two possibilities lead to quite different phase 
portraits, we will consider them separately. We let à denote the repeated eigenvalue 
of A with A > 0. 

With two independent eigenvectors: First, if A does have two linearly inde- 
pendent eigenvectors, then it is easy to show (Problem 33) that in fact every nonzero 
vector is an eigenvector of A, from which it follows that A must be equal to the 
scalar A times the identity matrix of order two, that is, 


1 0 À 0 
a-a[i ST- [3 9]. m 


Therefore the system x' — Ax becomes (in scalar form) 


xi (t) = àx (t), 


23 
x(t) = Axati). (23) 
The general solution of Eq. (23) is 
Àt 
xi1(t) = c1e 
1( 260 Q4) 
x2(t) = cae, 
or in vector format, 
x(t) = e^! L | , (25) 
C2 


We could also have arrived at Eq. (25) by starting, as in previous cases, from our 
general solution (4): Because all nonzero vectors are eigenvectors of A, we are 
free to take v; = [1 0 ld andv; — [0 1 jd as a representative pair of linearly 
independent eigenvectors, each associated with the eigenvalue A. Then Eq. (4) leads 
to the same result as Eq. (25): 


c 
x(t) = civie! + cov2e™ = e? (evi + c2V2) = e^ E | ; 
2 
Either way, our solution in Eq. (25) shows that x(t) is always a positive scalar 


multiple of the fixed vector [ C1 © I. Thus apart from the case c, = c» = 0, the 
trajectories of the system (1) are half-lines, or rays, emanating from the origin and 
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c1 «0, c520 c1»0, c520 


X2 


c, <0, c3<0 c1»0, c3«0 


x 
FIGURE 5.3.6. Solution curves 
x(t) = e^! P for the system 


x’ = Ax when A has one repeated 
positive eigenvalue and two linearly 
independent eigenvectors. 


(because A > 0) flowing away from it. As noted above, the origin in this case repre- 
sents a proper node, because no two pairs of "opposite" solution curves are tangent 
to the same straight line through the origin. Moreover the origin is also a source 
(rather than a sink), and so in this case we call the origin a proper nodal source. 
Figure 5.3.6 shows the "exploding star" pattern characteristic of such points. 


The solution curves in Fig. 5.3.6 correspond to the case where the matrix A is given by 
Eq. (22) with A = 2: 


2 0 
REA Q6) 
Equation (25) then gives the general solution of the system x’ = Ax as 
x(t) = e” | A | Q7) 
c2 


or, in scalar form, 


xi(t) = cie”, 


x2(t) = cae?! . 
Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x’ = Ax with A given by Eq. (26). a 
Without two independent eigenvectors: The remaining possibility is that 
the matrix A has a repeated positive eigenvalue yet fails to have two linearly inde- 
pendent eigenvectors. In this event the general solution of the system x’ = Ax is 
given by Eq. (7) above: 


x(t) = cvie^! + co(vit + va)e™. (7) 


Here v, is an eigenvector of the matrix A associated with the repeated eigenvalue A 
and v; is a (nonzero) “generalized eigenvector” that will be described more fully in 
Section 5.5. To analyze this trajectory, we first distribute the factor eĉ! in Eq. (7), 
leading to 

x(t) = cyvye*? + co(vite^! + vae?). (28) 


Our assumption that A > 0 implies that both e^ and te^' approach zero as t — —oo, 
and so by Eq. (28) the solution x(t) approaches the origin as  — —oo. Except for 
the trivial solution given by c4 = c2 = 0, all trajectories given by Eq. (7) “emanate” 
from the origin as ¢ increases. 

The direction of flow of these curves can be understood from the tangent vec- 
tor x'(t). Rewriting Eq. (28) as 


x(t) = e^! [c1V1 + c2(V1t + v2)] 


and applying the product rule for vector-valued functions gives 


x (0) = e" cav; + Ae [evi + co(vit + v2)] (29) 
= p? (c2V1 + ACV + Àc3V,t + AC2V2). 
For t Z 0, we can factor out t in Eq. (29) and rearrange terms to get 
1 
x (t) = te^ [iem 4 Ge + Àc2v3 + evo] : (30) 


Equation (30) shows that for t Z 0, the tangent vector x’(f) is a nonzero scalar mul- 
tiple of the vector Acov; + L(Aecvi + Ac2V2 + c2V1), which, if c2 ZZ 0, approaches 


X2 


NU cı<0 


c5«0 


DN 


x 


FIGURE 5.3.7. Solution curves 
x(t) = civie^! + co(vit + v2)e^! 
for the system x’ = Ax when A has 
one repeated positive eigenvalue A 
with associated eigenvector vı and 
“generalized eigenvector” v2. 
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the fixed nonzero multiple Ac2v; of the eigenvector vı as t > +00 or as t > —oo. In 
this case it follows that as ¢ gets larger and larger numerically (in either direction), 
the tangent line to the solution curve at the point x(¢)— since it is parallel to the tan- 
gent vector x’(t) which approaches Ac2v;—becomes more and more nearly parallel 
to the eigenvector vı. In short, we might say that as t increases numerically, the 
point x(t) on the solution curve moves in a direction that is more and more nearly 
parallel to the vector vı, or still more briefly, that near x(t) the solution curve itself 
is virtually parallel to vı. 

We conclude that if c2 Z 0, then as t > —oo the point x(t) approaches the ori- 
gin along the solution curve which is tangent there to the vector vı. But as t > +00 
and the point x(t) recedes further and further from the origin, the tangent line to the 
trajectory at this point tends to differ (in direction) less and less from the (moving) 
line through x(f) that is parallel to the (fixed) vector vı. Speaking loosely but sug- 
gestively, we might therefore say that at points sufficiently far from the origin, all 
trajectories are essentially parallel to the single vector v;. 

If instead cz = 0, then our solution (7) becomes 


x(t) = cvie^', (9n 


and thus runs along the line /; passing through the origin and parallel to the eigen- 
vector vı. Because A > 0, x(t) flows away from the origin as t increases; the flow is 
in the direction of vı if cı > 0, and opposite vı if cı < 0. 

We can further see the influence of the coefficient c2 by writing Eq. (7) in yet 
a different way: 


x(t) = civie^! + co(vit + va)e^! = (c1 + cot)vie^! + covae^. (32) 


It follows from Eq. (32) that if c2 # 0, then the solution curve x(t) does not cross 
the line /,. Indeed, if c2 > 0, then Eq. (32) shows that for all t, the solution curve 
x(t) lies on the same side of /; as v2, whereas if c2 < 0, then x(t) lies on the opposite 
side of /1. 

To see the overall picture, then, suppose for example that the coefficient 
C2 > 0. Starting from a large negative value of t, Eq. (30) shows that as ¢ increases, 
the direction in which the solution curve x(t) initially proceeds from the origin is 
roughly that of the vector te^ ÀAcov,. Since the scalar te^! Acz is negative (because 
t < 0 and Ac» > 0), the direction of the trajectory is opposite that of vı. For large 
positive values of t, on the other hand, the scalar te^ Ac; is positive, and so x(t) 
flows in nearly the same direction as vı. Thus, as ¢ increases from —oo to +00, 
the solution curve leaves the origin flowing in the direction opposite vı, makes a 
“U-turn” as it moves away from the origin, and ultimately flows in the direction of 
Vi: 

Because all nonzero trajectories are tangent at the origin to the line /;, the ori- 
gin represents an improper nodal source. Figure 5.3.7 illustrates typical solution 
curves given by x(t) = ciV1e^ + co(vit + v2)e^ for the system x’ = Ax when A 
has a repeated eigenvalue but does not have two linearly independent eigenvectors. 


The solution curves in Fig. 5.3.7 correspond to the choice 


1 -3 
a=[} J (33) 


in the system x’ = Ax. In Examples 2 and 3 of Section 5.5 we will see that A has the repeated 
eigenvalue A = 4 with associated eigenvector and generalized eigenvector given by 


n-[1| and alil (34) 
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respectively. According to Eq. (7) the resulting general solution is 


x(t) 2 €1 | E | et 4 cy ke. ! i (35) 


or, in scalar form, 
x1(t) = (—3cat —3c4 + ca)e^!, 
x2(t) = (3cot + 3c1)e**. 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x’ = Ax with A given by Eq. (33). E 


REPEATED NEGATIVE EIGENVALUE: Once again the principle of time reversal 
shows that the solutions x(t) of the system x’ = Ax are identical to those of x’ = —Ax 
with t replaced by —t; hence these two systems share the same trajectories while 
flowing in opposite directions. Further, if the matrix A has the repeated negative 
eigenvalue A, then the matrix —A has the repeated positive eigenvalue —A (Problem 
31 again). Therefore, to construct phase portraits for the system x’ = Ax when A has 
a repeated negative eigenvalue, we simply reverse the directions of the trajectories in 
the phase portraits corresponding to a repeated positive eigenvalue. These portraits 
are illustrated in Figs. 5.3.8 and 5.3.9. In Fig. 5.3.8 the origin represents a proper 
nodal sink, whereas in Fig. 5.3.9 it represents an improper nodal sink. 


c1 «0, c520 c1>0, c520 


x2 


c1 <0, c5«0 c1>0, c5«0 
c9»0 NW 
C520, c «0 N I 
ES 
x, xl 
FIGURE 5.3.8. Solution curves FIGURE 5.3.9. Solution curves 


x(t) = c1vie^! + eo(vit + vo)e^! 


Lg | A 
=e | c2 | Torne gysten for the system x’ = Ax when A has 


x’ = Ax when A has one repeated one repeated negative eigenvalue A 
negative eigenvalue A and two linearly with associated eigenvector vı and 
independent eigenvectors. “generalized eigenvector” v2. 


The solution curves in Fig. 5.3.8 correspond to the choice 
2 0 =2 0 
A--[; > |=| 0 E (36) 
in the system x’ = Ax; thus A is the negative of the matrix in Example 6. We can solve this 


system by applying the principle of time reversal to the solution found in Eq. (27): Replacing 
t with —: in the right-hand side of Eq. (27) leads to 


x(t) = e^?! | ps | (37) 
c2 
or, in scalar form, 
3i) = cae”, 


x2(t) = cae”, 
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Alternatively, because A is given by Eq. (22) with A = —2 , Eq. (25) leads directly to the 
solution in Eq. (37). Our gallery Fig. 5.3.16 shows a more complete set of solution curves, 
together with a direction field, for the system x’ = Ax with A given by Eq. (36). a 


The solution curves in Fig. 5.3.9 correspond to the choice 


1 =3 =I 3 
a=-|; jd-[3 3 (a8) 
in the system x’ = Ax. Thus A is the negative of the matrix in Example 7, and once again we 


can apply the principle of time reversal to the solution found in Eq. (35): Replacing t with —t 
in the right-hand side of Eq. (35) yields 


x(t) 2 c1 | = | e^ te | ps | e^t. (39) 


We could also arrive at an equivalent form of the solution in Eq. (39) in the following way. 
You can verify that A has the repeated eigenvalue à = —2 with eigenvector v; given by 


Eq. (34), that is, 
_|-3 
v1 = CBE 


However, as the methods of Section 5.5 will show, a generalized eigenvector v2 associated 
with v; is now given by 
= 1 — -1 . 
»=-[o]= [0] 


that is, v2 is the negative of the generalized eigenvector in Eq. (34). Equation (7) then gives 
the general solution of the system x' = Ax as 


e-[iemeWem 9 
or, in scalar form, 

xı (f£) = (—3c2t — 3cy — c3)e ^, 

x2(t) = (3cat + 3c1)e 7“. 
Note that replacing cz with —c2 in the solution (39) yields the solution (40), thus confirming 
that the two solutions are indeed equivalent. Our gallery Fig. 5.3.16 shows a more complete 


set of solution curves, together with a direction field, for the system x’ = Ax with A given by 
Eq. (38). a 


The Special Case of a Repeated Zero Eigenvalue 


REPEATED ZERO EIGENVALUE: Once again the matrix A may or may not have 
two linearly independent eigenvectors associated with the repeated eigenvalue 
A = 0. If it does, then (using Problem 33 once more) we conclude that every nonzero 
vector is an eigenvector of A, that is, that Av = 0- v = 0 for all two-dimensional 
vectors v. It follows that A is the zero matrix of order two, that is, 


0 0 
kefi o]: 
Therefore the system x’ = Ax reduces to x(t) = x5(t) = 0, which is to say that 


x(t) and x2(t) are each constant functions. Thus the general solution of x’ = Ax is 
simply 


= E | l 41) 


where cı and c» are arbitrary constants, and the “trajectories” given by Eq. (41) are 
simply the fixed points (c1, c2) in the phase plane. 
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c1>0, c520 


c1 «0, c520 


c1>0, c5«0 
: 2 c1 «0, c3<0 


x} 


FIGURE 5.3.10. Solution curves 
x(t) = (c1v1 + c2v2) + covit for the 
system x’ = Ax when A has a repeated 
zero eigenvalue with associated 
eigenvector vı and “generalized 
eigenvector” v2. The emphasized point 
on each solution curve corresponds to 


t=0. 
Example 10 


If instead A does not have two linearly independent eigenvectors associated 
with A = 0, then the general solution of the system x’ = Ax is given by Eq. (7) with 
A= 0: 

X(t) = c1V1 + Co(Vit + V2) = (C1V1 + C2V2) + Covit. (42) 


Once again vı denotes an eigenvector of the matrix A associated with the repeated 
eigenvalue A = 0 and v2 denotes a corresponding nonzero “generalized eigenvector.” 
If c2 Æ 0, then the trajectories given by Eq. (42) are lines parallel to the eigenvector 
vı and "starting" at the point c; v4 + C2V2 (when t = 0). When c2 > 0 the trajectory 
proceeds in the same direction as vı, whereas when c5 < 0 the solution curve flows 
in the direction opposite vı. Once again the lines /; and / passing through the origin 
and parallel to the vectors vı and v», respectively, divide the plane into “quadrants” 
corresponding to the signs of the coefficients c; and c5. The particular quadrant in 
which the “starting point" c;v; + c2V2 of the trajectory falls is determined by the 
signs of c, and c2. Finally, if c; = 0, then Eq. (42) gives x(t) = c,v for all t, which 
means that each fixed point c;v; along the line /; corresponds to a solution curve. 
(Thus the line /; could be thought of as a median strip dividing two opposing lanes 
of traffic.) Figure 5.3.10 illustrates typical solution curves corresponding to nonzero 
values of the coefficients c, and c2. 


The solution curves in Fig. 5.3.10 correspond to the choice 
2 4 
A= | EN | (43) 


in the system x’ = Ax. You can verify that v; = [ 2 -1 ru is an eigenvector of A associated 
with the repeated eigenvalue A = 0. Further, using the methods of Section 5.5 we can show 


thatvo [1 0 d is a corresponding “generalized eigenvector” of A. According to Eq. (42) 
the general solution of the system x’ = Ax is therefore 


e-eQnep 


x1(t) = 2c1 + Qt + Neo, 
x2(t) = —c1 — tca. 


or, in scalar form, 


Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together with a direc- 
tion field, for the system x’ = Ax with A given by Eq. (43). a 


Complex Conjugate Eigenvalues and Eigenvectors 


We turn now to the situation in which the eigenvalues A; and A25 of the matrix A 
are complex conjugate. As we noted at the beginning of this section, the general 
solution of the system x’ = Ax is given by Eq. (5): 


x(t) = c1eP'(acosqt — bsinqt) + coe?! (bcos qt + asinqt). (5) 


Here the vectors a and b are the real and imaginary parts, respectively, of a (complex- 
valued) eigenvector of A associated with the eigenvalue A, = p 4- ig. We will divide 
the case of complex conjugate eigenvalues according to whether the real part p of 
A; and À» is zero, positive, or negative: 


e Pure imaginary (A1, Az = tiq with q # 0) 
e Complex with negative real part (41, 42 = p t iq with p < 0 and q Z 0) 
e Complex with positive real part (41, A2 = p + iq with p > 0 and q # 0) 
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Solution 


FIGURE 5.3.11. Solution curve 
x1(t) = 4cos 10f — sin 10f, 

x2 (t) = 2cos 10t + 2sin 10f for the 
initial value problem in Eq. (46). 
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Pure Imaginary Eigenvalues: Centers and Elliptical Orbits 


PURE IMAGINARY EIGENVALUES: Here we assume that the eigenvalues of the 
matrix A are given by A; À5 = iq with q # 0. Taking p = 0 in Eq. (5) gives the 
general solution 


x(t) = c1(acosqt — bsinqt) + co(bcosqt + asinqt) (45) 


for the system x’ = Ax. Rather than directly analyze the trajectories given by 
Eq. (45), as we have done in the previous cases, we begin instead with an exam- 
ple that will shed light on the nature of these solution curves. 


Solve the initial value problem 


,_ f6 -17 f4 
ral s xo =|]. (46) 
The coefficient matrix 
Ael 47 
has characteristic equation 
| | 6-A —17 _ 42 = 
a-a =[ 8 eal + 100 = 0, 


and hence has the complex conjugate eigenvalues 4}, Az = +101. Ifv=[a b F is an 
eigenvector associated with A = 10i, then the eigenvector equation (A — AD)v = 0 yields 


Ed ce Ei aadh z B 


Upon division of the second row by 2, this gives the two scalar equations 


(6 — 10i)a — 17b — 0, 


4a — (3 + 5i)b = 0, ea 


each of which is satisfied by a = 3 + 5i and b = 4. Thus the desired eigenvector is v = 
[3+5i 4 Ý, with real and imaginary parts 


TIM and ZIHI (49) 


respectively. Taking g = 10 in Eq. (45) therefore gives the general solution of the system 
x — Ax: 


x(t) = cy (Li Jeostor - [5 [sin 10r) ee (| 6 Jeostor+ | § | into) 


_ | e1(3cos 10f — 5sin 107) + c2(5cos 10r + 3 sin 107) 
E 4c cos 10t + 4c2 sin 10t i 


(50) 


To solve the given initial value problem it remains only to determine values of the coefficients 
cı and c2. The initial condition x(0) = |4 2 [s readily yields cy = cz = 4, and with these 
values Eq. (50) becomes (in scalar form) 


x1(t) = 4cos 10r — sin 10r, 


. (51) 
x2(t) = 2cos 10t + 2sin 10ż. 


L| 
Figure 5.3.11 shows the trajectory given by Eq. (51) together with the initial 
point (4, 2). 
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FIGURE 5.3.12. Solution curve for 
the initial value problem in Eq. (46) 


showing the vectors a, b, à, and b. 


This solution curve appears to be an ellipse rotated counterclockwise by the 
angle 0 — arctan 2 & 0.4636. We can verify this by finding the equations of the 
solution curve relative to the rotated u- and v-axes shown in Fig. 5.3.11. By a 
standard formula from analytic geometry, these new equations are given by 


= cos 0 2 sin 0 = SS A. 
u x + X X + X2, 
1 J5 1 J5 
v= —X1 sin 0 + X2 COS 0 = 5) wa 


In Problem 34 we ask you to substitute the expressions for x; and x2 from Eq. (51) 
into Eq. (52), leading (after simplification) to 


u=2V/5cosl0t, v= W5sinlOt. (53) 


Equation (53) not only confirms that the solution curve in Eq. (51) is indeed an 
ellipse rotated by the angle 0 , but it also shows that the lengths of the semi-major 
and semi-minor axes of the ellipse are 24/5 and 4/5, respectively. 

Furthermore, we can demonstrate that any choice of initial point (apart from 

the origin) leads to a solution curve that is an ellipse rotated by the same angle 0 and 
"concentric" (in an obvious sense) with the trajectory in Fig. 5.3.11 (see Problems 
35-37). All these concentric rotated ellipses are centered at the origin (0, 0), which 
is therefore called a center for the system x’ = Ax whose coefficient matrix A has 
pure imaginary eigenvalues. Our gallery Fig. 5.3.16 shows a more complete set of 
solution curves, together with a direction field, for the system x’ = Ax with A given 
by Eq. (47). 
Further investigation: Geometric significance of the eigenvector. Our general 
solution in Eq. (50) was based upon the vectors a and b in Eq. (49), that is, the real 
and imaginary parts of the complex eigenvector v — | 3+5i 4 j. of the matrix A. 
We might therefore expect a and b to have some clear geometric connection to the 
solution curve in Fig. 5.3.11. For example, we might guess that a and b would be 
parallel to the major and minor axes of the elliptical trajectory. However, it is clear 
from Fig. 5.3.12—which shows the vectors a and b together with the solution curve 
given by Eq. (51)—that this is not the case. Do the eigenvectors of A, then, play 
any geometric role in the phase portrait of the system x' = Ax? 

The (affirmative) answer lies in the fact that any nonzero real or complex 
multiple of a complex eigenvector of the matrix A is still an eigenvector of A as- 
sociated with that eigenvalue. Perhaps, then, if we multiply the eigenvector v — 
[345i 4 i by a suitable nonzero complex constant z, the resulting eigenvector 
V will have real and imaginary parts à and b that can be readily identified with ge- 
ometric features of the ellipse. To this end, let us multiply v by the complex scalar 
z= ia + i). (The reason for this particular choice will become clear shortly.) The 
resulting new complex eigenvector v of the matrix A is 


? 1 . 3 4 5i —] + 4i 
Vaz-v=50+i)-| 4 l=] a 


and has real and imaginary parts 
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It is clear that the vector b is parallel to the major axis of our elliptical trajectory. 
Further, you can easily check that å- b = 0, which means that a is perpendicular 
to b, and hence is parallel to the minor axis of the ellipse, as Fig. 5.3.12 illustrates. 
Moreover, the length of b is twice that of à, reflecting the fact that the lengths of 
the major and minor axes of the ellipse are in this same ratio. Thus for a matrix A 
with pure imaginary eigenvalues, the complex eigenvector of A used in the general 
solution (45)—if suitably chosen—is indeed of great significance to the geometry 
of the elliptical solution curves of the system x’ = Ax. 

How was the value iu + i) chosen for the scalar z? In order that the real 
and imaginary parts à and b of ¥ = z - v be parallel to the axes of the ellipse, at a 
minimum à and b must be perpendicular to each other. In Problem 38 we ask you 
to show that this condition is satisfied if and only if z is of the form r(1 + i), where 
r is a nonzero real number, and that if z is chosen in this way, then à and b are in 
fact parallel to the axes of the ellipse. The value r — i then aligns the lengths of 
à and b with those of the semi-minor and -major axes of the elliptical trajectory. 
More generally, we can show that given any eigenvector v of a matrix À with pure 
imaginary eigenvalues, there exists a constant z such that the real and imaginary 
parts à and b of the eigenvector V = z - v are parallel to the axes of the (elliptical) 
trajectories of the system x' — Ax. 
Further investigation: Direction of flow. Figs. 5.3.11 and 5.3.12 suggest that the 
solution curve in Eq. (51) flows in a counterclockwise direction with increasing t. 
However, you can check that the matrix 


—6 17 
== | -8 6 | 
has the same eigenvalues and eigenvectors as the matrix A in Eq. (47) itself, and yet 
(by the principle of time reversal) the trajectories of the system x’ = —Ax are iden- 


tical to those of x’ = Ax while flowing in the opposite direction, that is, clockwise. 
Clearly, mere knowledge of the eigenvalues and eigenvectors of the matrix A is not 
sufficient to predict the direction of flow of the elliptical trajectories of the system 
x’ = Ax as t increases. How then can we determine this direction of flow? 

One simple approach is to use the tangent vector x' to monitor the direction in 
which the solution curves flow as they cross the positive x-axis. If s is any positive 
number (so that the point (5,0) lies on the positive x;-axis), and if the matrix A is 
given by 


then any trajectory for the system x' — Ax passing through (s, 0) satisfies 


j a b s as a 

vele allol-[e]-Le] 
at the point (s, 0). Therefore, at this point the direction of flow of the solution curve 
is a positive scalar multiple of the vector [a c I. Since c cannot be zero (see 
Problem 39), this vector either points “upward” into the first quadrant of the phase 
plane (if c > 0), or “downward” into the fourth quadrant (if c « 0). If upward, then 
the flow of the solution curve is counterclockwise; if downward, then clockwise. 
For the matrix A in Eq. (47), the vector[a c rl =[6 8 iia points into the first 
quadrant because c = 8 > 0, thus indicating a counterclockwise direction of flow 
(as Figs. 5.3.11 and 5.3.12 suggest). 
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Solution 


FIGURE 5.3.13. Solution curve 
x1(t) = e^! (4cos 10£ — sin 107), 
x(t) = e^! (2cos 10t + 2sin 107) 
for the initial value problem in 

Eq. (54). The dashed and solid portions 
of the curve correspond to negative and 
positive values of f, respectively. 


Complex Eigenvalues: Spiral Sinks and Sources 


COMPLEX EIGENVALUES WITH NEGATIVE REAL PART: Now we assume that 
the eigenvalues of the matrix A are given by A1, A2 = p + iq with q zz 0 and p < 0. 
In this case the general solution of the system x’ = Ax is given directly by Eq. (5): 


x(t) = ce?" (acosqt — bsinqt) + coe?! (bcosqt + asinqt), (5) 


where the vectors a and b have their usual meaning. Once again we begin with an 
example to gain an understanding of these solution curves. 


Solve the initial value problem 


,_[5 -17 | [4 
s eile xo - |;]. (54) 
The coefficient matrix 
5 =17 
A= | 8 —7 | (55) 
has characteristic equation 
je "c^ CU las 1000 
B 8 —-1-A| 07 
and hence has the complex conjugate eigenvalues Aj, Az = —1 10i. If v 2 [a.b 1 is 
an eigenvector associated with A = —1 + 10i, then the eigenvector equation (A — ADv = 0 


yields the same system (48) of equations found in Example 11: 


(6 — 10i)a — 17b = 0, 


4a — (3 + 5i)b = 0. (48) 


As in Example 11, each of these equations is satisfied by a = 3 + 5i and b = 4. Thus the 
desired eigenvector, associated with A; = —1 + 10i, is once again v = [ 3+5i 4 T with 


real and imaginary parts 
3 5 
a=] and palh (56) 


respectively. Taking p = —1 and q = 10 in Eq. (5) therefore gives the general solution of the 
system x’ = Ax: 


x(t) = ce~ (| i | cos 101 — o] sin D + zx ! | cos 10 + | i| sin D 


_ [ e1e * (cos 10t — 5sin 101) + coe * (5cos 10t + 3sin 107) 
= 4c1e™ cos 10t + 4c2e™ sin 10t ` 


(57) 


The initial condition x(0) = [ 4 2 iP gives cy = c2 = 4 once again, and with these values 
Eq. (57) becomes (in scalar form) 


x(t) = e ' (4cos 10r — sin 10r), 


. (58) 
x2(t) = e™ (2cos 10t + 2sin 102). 


a 

Figure 5.3.13 shows the trajectory given by Eq. (58) together with the initial 
point (4,2). It is noteworthy to compare this spiral trajectory with the elliptical 
trajectory in Eq. (51). The equations for x,(t) and x2(t) in (58) are obtained by 
multiplying their counterparts in (51) by the common factor e~’, which is positive 
and decreasing with increasing t. Thus for positive values of t, the spiral trajectory 
is generated, so to speak, by standing at the origin and “reeling in" the point on the 
elliptical trajectory (51) as it is traced out. When t is negative, the picture is rather 


Example 13 


Solution 


X 


FIGURE 5.3.14. Solution curve 

xı (t) = ef (4cos 10£ + sin 107), 

x2 (t) = e! (2cos 10£ — 2 sin 10t) for 
the initial value problem in Eq. (59). 
The dashed and solid portions of the 
curve correspond to negative and 
positive values of f, respectively. 
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one of "casting away" the point on the ellipse farther out from the origin to create 
the corresponding point on the spiral. 

Our gallery Fig. 5.3.16 shows a more complete set of solution curves, together 
with a direction field, for the system x' 2 Ax with A given by Eq. (55). Because the 
solution curves all "spiral into" the origin, we call the origin in this a case a spiral 
sink. 


COMPLEX EIGENVALUES WITH POSITIVE REAL PART: We conclude with the 
case where the eigenvalues of the matrix A are given by 41,42 = p + iq withq z 0 
and p > 0. Just as in the preceding case, the general solution of the system x’ = Ax 
is given by Eq. (5): 


x(t) = c1eP'(acosqt — bsinqt) + cae?! (bcosqt + asinqt). (5) 


An example will illustrate the close relation between the cases p > 0 and p « 0. 


Solve the initial value problem 


x-[3 E xo =| 5]. (59) 


Although we could directly apply the eigenvalue/eigenvector method as in previous cases 
(see Problem 40), here it is more convenient to notice that the coefficient matrix 


—5 17 
a=(73 5| (60) 


is the negative of the matrix in Eq. (55) used in Example 12. By the principle of time reversal, 
therefore, the solution of the initial value problem (59) is given by simply replacing t with —t 
in the right-hand sides of the solution (58) of the initial value problem in that example: 


x1(t) = e (4cos 10t + sin 107), 


z (61) 
x2 (t) = e' (2 cos 10t — 2 sin 107). 


L| 

Figure 5.3.14 shows the trajectory given by Eq. (61) together with the initial 
point (4, 2). Our gallery Fig. 5.3.16 shows this solution curve together with a direc- 
tion field for the system x’ = Ax with A given by Eq. (60). Because the solution 
curve “spirals away from" the origin, we call the origin in this case a spiral source. 


A 3-Dimensional Example 


Figure 5.3.15 illustrates the space trajectories of solutions of the 3-dimensional sys- 
tem x’ = Ax with constant coefficient matrix 


4 10 0 
A=|-5 -6 0|. (62) 
0 0 1 


To portray the motion in space of a point x(t) moving on a trajectory of this system, 
we can regard this trajectory as a necklace string on which colored beads are placed 
to mark its successive positions at fixed increments of time (so the point is moving 
fastest where the spacing between beads is greatest). In order to aid the eye in 
following the moving point's progress, the size of the beads decreases continuously 
with the passage of time and motion along the trajectory. 
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FIGURE 5.3.15. Three-dimensional trajectories for the system x’ = Ax 
with the matrix A given by Eq. (62). 


The matrix A has the single real eigenvalue —1 with the single (real) eigen- 
vector[0 0 1 ia and the complex conjugate eigenvalues —1 + 5i. The negative 
real eigenvalue corresponds to trajectories that lie on the x3-axis and approach the 
origin as t — 0 (as illustrated by the beads on the vertical axis of the figure). Thus 
the origin (0, 0, 0) is a sink that "attracts" all the trajectories of the system. 

The complex conjugate eigenvalues with negative real part correspond to tra- 
jectories in the horizontal x;x2-plane that spiral around the origin while approaching 
it. Any other trajectory—one which starts at a point lying neither on the z-axis nor in 
the x1x?-plane—combines the preceding behaviors by spiraling around the surface 
of a cone while approaching the origin at its vertex. 
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Gallery of Typical Phase Portraits for the System x’ = Ax: Nodes 


Proper Nodal Source: A repeated posi- Proper Nodal Sink: A repeated negative 
tive real eigenvalue with two linearly in- real eigenvalue with two linearly indepen- 
dependent eigenvectors. dent eigenvectors. 


Improper Nodal Source: Distinct positive real eigenvalues (left) or a repeated positive real 
eigenvalue without two linearly independent eigenvectors (right). 


Improper Nodal Sink: Distinct negative real eigenvalues (left) or a repeated negative real 
eigenvalue without two linearly independent eigenvectors (right). 


FIGURE 5.3.16. Gallery of typical phase plane portraits for the system x' — Ax. 
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Gallery of Typical Phase Portraits for the System x’ = Ax: 
Saddles, Centers, Spirals, and Parallel Lines 


Saddle Point: Real eigenvalues of oppo- 


site sign. 


Spiral Source: 
eigenvalues with 


Complex conjugate 
positive real part. 


‘pd 


I 


j 
l 


ttt 


= 


= 


Parallel Lines: 


One zero and one neg- 


ative real eigenvalue. (If the nonzero 
eigenvalue is positive, then the trajecto- 
ries flow away from the dotted line.) 


FIGURE 5.3.16. 


(Continued) 


Spiral Sink: Complex conjugate eigen- 
values with negative real part. 


Parallel Lines: A repeated zero eigen- 
value without two linearly independent 
eigenvectors. 
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| 53| Problems 


For each of the systems in Problems 1 through 16 in Section 
5.2, categorize the eigenvalues and eigenvectors of the coeffi- 
cient matrix A according to Fig. 5.3.16 and sketch the phase 
portrait of the system by hand. Then use a computer system or 
graphing calculator to check your answer. 


The phase portraits in Problem 17 through 28 corre- 
spond to linear systems of the form x' = Ax in which the matrix 
A has two linearly independent eigenvectors. Determine the 
nature of the eigenvalues and eigenvectors of each system. For 
example, you may discern that the system has pure imaginary 
eigenvalues, or that it has real eigenvalues of opposite sign; 
that an eigenvector associated with the positive eigenvalue is 


roughly [2 -1 T, etc. 


22. 


(yt YoY! E E E 
e E E ue E EA 
LJE M £k WV ME EJE J Ef 
V t 4 YF 4 fl oY E i «wn 
7 


Mont Fs fl Wr 3 
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28. 


N Y T 

[ 9 55 59 CS«SONA WS XV cd ] 
SES uS WR gg 

———— m I 
pec. = IfA 4 
e ZW A A 
A MEM A 
for fr nf NS AE 
? dt E — _ 
t | ror ocn 
Eo 3 NNS c TX 
EE MER LES Wo E" 
! A X = 


29. We can give a simpler description of the general solution 


xi) =e] “fem tea] | fe (9) 


of the system 
x = AE. X 
~|6 -1 


in Example 1 by introducing the oblique uv-coordinate 
system indicated in Fig. 5.3.17, in which the u-and v- 


axes are determined by the eigenvectors v; — | K | and 


v2 = | | respectively. 


FIGURE 5.3.17. The oblique uv-coordinate system 
determined by the eigenvectors vı and v2. 

The uv-coordinate functions u(t) and v(t) of the 
moving point x(t) are simply its distances from the origin 
measured in the directions parallel to vı and v2. It follows 
from (9) that a trajectory of the system is described by 


u(t) = uge 7", v(t) = voe” (63) 


where ug = u(0) and vo = v(0). (a) Show that if vg = 0, 
then this trajectory lies on the u-axis, whereas if ug = 0, 
then it lies on the v-axis. (b) Show that if uo and vo are 
both nonzero, then a “Cartesian” equation of the paramet- 
ric curve in Eq. (63) is given by v = Cu~5/?. 


30. Use the chain rule for vector-valued functions to verify the 


principle of time reversal. 
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In Problems 31—33 A represents a 2 x 2 matrix. 


31. 


32. 


33. 


34. 


Use the definitions of eigenvalue and eigenvector (Section 
5.2) to prove that if A is an eigenvalue of A with associ- 
ated eigenvector v, then —A is an eigenvalue of the ma- 
trix —A with associated eigenvector v. Conclude that if 
A has positive eigenvalues 0 < Az < A4 with associated 
eigenvectors v, and v2, then —A has negative eigenvalues 
—À| < —À2 < 0 with the same associated eigenvectors. 
Show that the system x’ = Ax has constant solutions other 
than x(t) = 0 if and only if there exists a (constant) vector 
X Æ 0 with Ax = 0. (It is shown in linear algebra that such 
a vector x exists exactly when det(A) — 0.) 

(a) Show that if A has the repeated eigenvalue A with two 
linearly independent associated eigenvectors, then every 
nonzero vector v is an eigenvector of A. (Hint: Express v 
as a linear combination of the linearly independent eigen- 
vectors and multiply both sides by A.) (b) Conclude that 
A must be given by Eq. (22). (Suggestion: In the equation 
Av = Av take v = [ 1 o]7 and v = [ 0 1]^» 

Verify Eq. (53) by substituting the expressions for xı (t) 
and x» (t) from Eq. (51) into Eq. (52) and simplifying. 


Problems 35—37 show that all nontrivial solution curves of the 
system in Example 11 are ellipses rotated by the same angle 
as the trajectory in Fig. 5.3.11. 


35. 


The system in Example 11 can be rewritten in scalar form 
as 


x, = 6x1 — 17x2, 
x4 = 8x4 — 6x2, 
leading to the first-order differential equation 


dx? — dx2/dt _ 
dx, dx1/dt 


8x1 = 6x2 
6x1 — 17x2 


or, in differential form, 

(6x2 — 8x1) dx, + (6x1 — 17x2) dx2 = 0. 
Verify that this equation is exact with general solution 
(64) 


17 
—4x? + 6x1 x2 — PEZ —k, 


where k is a constant. 


36. 


37. 


38. 


39. 


40. 
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In analytic geometry it is shown that the general quadratic 
equation 


Ax? + Bxyx2+ Cx =k (65) 


represents an ellipse centered at the origin if and only if 
Ak > 0 and the discriminant B? — 4AC < 0 . Show that 
Eq. (64) satisfies these conditions if k < 0, and thus con- 
clude that all nondegenerate solution curves of the system 
in Example 11 are elliptical. 

It can be further shown that Eq. (65) represents in general 
a conic section rotated by the angle 0 given by 


tan20 — "m 

A-C 
Show that this formula applied to Eq. (64) leads to the an- 
gle 0 = arctan i found in Example 11, and thus conclude 
that all elliptical solution curves of the system in Exam- 
ple 11 are rotated by the same angle 0. (Suggestion: You 
may find useful the double-angle formula for the tangent 
function.) 


Letv=[3+5i 4 LU be the complex eigenvector found 
in Example 11 and let z be a complex number. (a) Show 
that the real and imaginary parts à and b, respectively, 
of the vector V = z- v are perpendicular if and only if 
z = r(1+/) for some nonzero real number r. (b) Show 
that if this is the case, then à and b are parallel to the 
axes of the elliptical trajectory found in Example 11 (as 
Fig. 5.3.12 indicates). 

Let A denote the 2 x 2 matrix 


a b 
asf 3] 
(a) Show that the characteristic equation of A (Eq. (8), 
Section 5.2) is given by 


A? — (a + d)À + (ad — bc) = 0. 


(b) Suppose that the eigenvalues of A are pure imaginary. 
Show that the trace T(A) = a + d of A must be zero 
and that the determinant D(A) — ad — bc must be 
positive. Conclude that c Æ 0. 


Use the eigenvalue/eigenvector method to confirm the so- 
lution in Eq. (61) of the initial value problem in Eq. (59). 


EX Yeleliferetile Dynamic Phase Plane Graphics 


Using computer systems we can "bring to life" the static gallery of phase portraits 
in Fig. 5.3.16 by allowing initial conditions, eigenvalues, and even eigenvectors to 
vary in "real time" Such dynamic phase plane graphics afford additional insight 
into the relationship between the algebraic properties of the 2 x 2 matrix A and the 
phase plane portrait of the system x' — Ax. 
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k: 
-20 -10 00 10 


FIGURE 5.3.18. Interactive display 
of the solution curves in Eq. (1). Using 
the slider, the value of k can be varied 


continuously from —2 to 2. 


For example, the basic linear system 


dx, 

—— = —X,, 

dt j 

dx 

ue = —kx3 (k anonzero constant), 


has general solution 
x(t) =ae™, x(t) = be^", 


where (a, b) is the initial point. If a Z 0, then we can write 
—kt b —t k 
X2 = be = FI )2exi, (1) 


where c = b/a*. A version of the Maple commands 


with (plots): 
createPlot := proc(k) 
soln := plot([exp(-t), exp(-k*t), 


t = -10..10], x = -5..5, y = -5..5): 
return display(soln): 
end proc: 
Explore(createPlot(k), 
parameters = [k = -2.0..2.0]) 


produces Fig. 5.3.18, which allows the user to vary the parameter k continuously 
from k = —2 to k = 2, thus showing dynamically the changes in the solution curves 
(1) in response to changes in k. 

Figure 5.3.19 shows snapshots of the interactive display in Fig. 5.3.18 corre- 
sponding to the values —1 , 4, and 2 for the parameter k. Based on this progression, 
how would you expect the solution curves in Eq. (1) to look when k = 1? Does 
Eq. (1) corroborate your guess? 
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FIGURE 5.3.19. Snapshots of the interactive display in Fig. 5.3.18 with the initial conditions held 
fixed and the parameter k equal to —1 , i and 2, respectively. 


As another example, a version of the Mathematica commands 


a = {{-5, 17), {-8, 71); 
x[t ] := {xl[t], x2[t]}; 
Manipulate[ 
soln = DSolve[{x’ [t] == a.xItl, 
x[0] == pt[[111), x[t], tl; 
ParametricPlot[x[t]/.soln, {t, -3.5, 10}, 
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PlotRange -> 5], 
(ipt, {{4, 2}}}, Locator}] 


was used to generate Fig. 5.3.20, which (like Figs. 5.3.13 and 5.3.14) shows the 
solution curve of the initial value problem 


v= [75 Ap xo - 5] (2) 


from Example 13 of the preceding section. However, in Fig. 5.3.20 the initial condi- 
tion (4, 2) is attached to a “locator point” which can be freely dragged to any desired 
position in the phase plane, with the corresponding solution curve being instantly 
redrawn—thus illustrating dynamically the effect of varying the initial conditions. 


kQ 
AF 


FIGURE 5.3.20. Interactive display FIGURE 5.3.21. Interactive display 
of the initial value problem in Eq. (2). of the initial value problem x’ = Ax 
As the “locator point” is dragged to with A given by Eq. (3). Both the 
different positions, the solution curve is initial conditions and the value of the 
immediately redrawn, showing the parameter k can be varied 

effect of changing the initial conditions. dynamically. 


Finally, Fig. 5.3.21 shows a more sophisticated, yet perhaps more revealing, 
demonstration. As you can verify, the matrix 
1 | k+9 3-3k 
A= 5 FA e 


has the variable eigenvalues 1 and k but with fixed associated eigenvectors [ 3 1 7 


and [ 1 -3 ls respectively. Figure 5.3.21, which was generated by a version of 
the Mathematica commands 


a[k ] := (1/10) (ík + 9, 3 - 3k}, {3 - 3k, 9k + 1}} 
x[t ] := {x1[t], x2[t]} 
Manipulate[ 
soln[k_] = DSolve[íx'[t] == a[k].x[tl, 
x[0] == #}, xI[t], t]&/@pt; 
curve = ParametricPlot 
[Evaluate[x[t]/.soln[k]], {t, -10, 10}, 
PlotRange -> 4], {k, -1, 1}, 
(tpt, {{2, -1}, {1, 2}, {-1, -2}, {-2, 1}}}, 
Locator} ] 
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shows the phase portrait of the system x’ = Ax with A given by Eq. (3). Not only are 
the initial conditions of the individual trajectories controlled independently by the 
“locator points,” but using the slider we can also vary the value of k continuously 
from —1 to 1, with the solution curves being instantly redrawn. Thus for a fixed 
value of k we can experiment with changing initial conditions throughout the phase 
plane, or, conversely, we can hold the initial conditions fixed and observe the effect 
of changing the value of k. 

As a further example of what such a display can reveal, Fig. 5.3.22 consists 
of a series of snapshots of Fig. 5.3.21 where the initial conditions are held fixed and 
k progresses through the specific values —1, —0.25, 0, 0.5, 0.65, and 1. The result 
is a “video” showing stages in a transition from a saddle point with “hyperbolic” 
trajectories, to a pair of parallel lines, to an improper nodal source with “parabolic” 
trajectories, and finally to the exploding star pattern of a proper nodal source with 
straight-line trajectories. Perhaps these frames provide a new interpretation of the 
description “dynamical system" for a collection of interdependent differential equa- 
tions. 


FIGURE 5.3.22. Snapshots of the interactive display in Fig. 5.3.21 with the initial conditions held 
fixed and the parameter k increasing from —1 to 1. 


Second-Order Systems and Mechanical Applications’ 


In this section we apply the matrix methods of Sections 5.1 and 5.2 to investigate 
the oscillations of typical mass-and-spring systems having two or more degrees of 
freedom. Our examples are chosen to illustrate phenomena that are generally char- 
acteristic of complex mechanical systems. 


* This optional section may be omitted without loss of continuity. It provides a sample of the more 
technical applications of eigenvalues to physics and engineering problems. 
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Figure 5.4.1 shows three masses connected to each other and to two walls by 
the four indicated springs. We assume that the masses slide without friction and 


- " a that each spring obeys Hooke’s law—its extension or compression x and force F 

"1 *2 *3 of reaction are related by the formula F = —kx. If the rightward displacements x, 
FIGURE 5.4.1. Three x2, and x3 of the three masses (from their respective equilibrium positions) are all 
spring-coupled masses. positive, then 


e The first spring is stretched the distance x1; 

e The second spring is stretched the distance x2 — x1; 
e The third spring is stretched the distance x3 — x2; 

e The fourth spring is compressed the distance x3. 


Therefore, application of Newton's law F — ma to the three masses (as in Example 
1 of Section 4.1) yields their equations of motion: 


mix, = —kı xı + ka(x2 — X1), 
m5X5 = —ka(xa — xi) + ka(xa — x2), (1) 
m3x3 = —ka(xa — x2) — kaxa. 


Although we assumed in writing these equations that the displacements of the 
masses are all positive, they actually follow similarly from Hooke's and Newton's 
laws, whatever the signs of these displacements. 


: T : 
In terms of the displacement vector x = | xı x? x3 |, the mass matrix 


mi 0 0 
M=| 0 m O0 (2) 
0 0 ma 
and the stiffness matrix 
—(k1 + k2) k2 0 
K= k2 —(Ka + k3) k3 > (3) 
0 k3 —(k3 + ka) 


the system in (1) takes the matrix form 


ky, [m 
» Mx" — Kx. (4) 
PA x, 
FIGURE 5.4.2. A system of n The notation in Eqs. (1) through (4) generalizes in a natural way to the system 
spring-coupled masses. of n spring-coupled masses shown in Fig. 5.4.2. We need only write 

mi 0 0 

0 m» . 0 
M=| . : (5) 
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and 
—(ki1 + k2) k2 0 0 
k2 —(k2 + k3) k3 0 
0 k3 —(k3 + k4) 0 
K= 0 0 k4 0 (6) 
0 0 ee —(kn—1 + kn) kn 
0 0 aues Kn —(kn + kn+41) 


for the mass and stiffness matrices in Eq. (4). 

The diagonal matrix M is obviously nonsingular; to get its inverse M^! we 
need only replace each diagonal element with its reciprocal. Hence multiplication 
of each side in Eq. (4) by M^! yields the homogeneous second-order system 


» x” = Ax, (7) 


where A = M^!K. There is a wide variety of frictionless mechanical systems for 
which a displacement or position vector X, a nonsingular mass matrix M, and a 
stiffness matrix K satisfying Eq. (4) can be defined. 


Solution of Second-Order Systems 


To seek a solution of Eq. (7), we substitute (as in Section 5.2 for a first-order system) 
a trial solution of the form 


x(t) = ve**, (8) 


where v is a constant vector. Then x” = o?ve*', so substitution of Eq. (8) in (7) 
gives 
o? ve?! = Ave“, 


which implies that 


Av = o? v. (9) 


Therefore x(t) = ve% is a solution of x" = Ax if and only if a? = A, an eigenvalue 
of the matrix A, and v is an associated eigenvector. 

If x" = Ax models a mechanical system, then it is typical that the eigenvalues 
of A are negative real numbers. If 


a?—A-2-—o?«0, 

then o = +wi. In this case the solution given by Eq. (8) is 
x(t) = v = v(coswt +i sinot). 

The real and imaginary parts 


xi(t)=vcoswt and x(t) = vsinwt (10) 


of x(t) are then linearly independent real-valued solutions of the system. This anal- 
ysis leads to the following theorem. 


Example 1 


ki - 0  - 
TAAA] 772 BARARARARARAAI] Ma 


x1 (0) x9(0) 


Equilibrium positions 


FIGURE 5.4.3. The mass-and- 
spring system of Example 1. 
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THEOREM 1 Second-Order Homogeneous Linear Systems 


If the n x n matrix A has distinct negative eigenvalues —o2, —o2, ME —w? with 
associated [real] eigenvectors V1, v5, ..., Vn, then a general solution of 
> x” = Ax 
is given by 
n 
> x(t) = Y (a; cos wjt + bi sin ajt)v; (11) 


i=1 


with a; and b; arbitrary constants. In the special case of a nonrepeated zero 
eigenvalue Ao with associated eigenvector vo, 


Xo(t) = (ao + bot)vo (12) 


is the corresponding part of the general solution. 


Remark The nonzero vector vo is an eigenvector corresponding to Ag = 0 provided that 
Avo = 0. If x(t) = (ag + bot)vo, then 

x" = 0- vo = (ao + bot) -0 = (ag + bot) - (Avo) = Ax, 
thus verifying the form in Eq. (12). a 
Consider the mass-and-spring system with n = 2 shown in Fig. 5.4.3. Because there is no 


third spring connected to a right-hand wall, we set ka = 0. If m1 = 2, m2 = 1, kı = 100, and 
k2 = 50, then the equation Mx” = Kx is 


2 0], [-150 50 
[s d =l 50 EI (13) 


which reduces to x” = Ax with 


The characteristic equation of A is 


(—15 —A)(—50 — A) — 50-25 = A? + 1252 + 2500 
= (A +25)(A + 100) = 0, 


so A has the negative eigenvalues 4; = —25 and Az = —100. By Theorem 1, the system in 
(13) therefore has solutions with [circular] frequencies w; = 5 and w2 = 10. 


CASE 1: 4; = —25. The eigenvector equation (A — AD)v = 0 is 


[so -25|[5]=[o] 


so an eigenvector associated with A; = —25 is v1 = [ 1 2 ie 
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x-xy(t) 


FIGURE 5.4.4. Oscillations in the 
same direction with frequency o, = 5; 
the amplitude of motion of mass 2 is 
twice that of mass 1. 


X=x,(t) 


0 T/2 T 37/2 


FIGURE 5.4.5. Oscillations in 
opposite directions with frequency 

@2 = 10; the amplitudes of motion of 
the two masses are the same. 


Example 2 


FIGURE 5.4.6. The three railway 
cars of Example 2. 


CASE 2: Az = —100. The eigenvector equation (A — AI)v = 0 is 


25 25][a] [0 
50 50 b| | oO]? 
so an eigenvector associated with Az = —100 is vo = [ 1 -1 ie 


By Eq. (11) it follows that a general solution of the system in (13) is given by 
x(t) = (a4 cos 5t + by sin 5t)vı + (a2 cos 10t + b2 sin 107)va. (14) 


As in the discussion of Example 3 of Section 4.2, the two terms on the right in Eq. (14) 
represent free oscillations of the mass-and-spring system. They describe the physical sys- 
tem’s two natural modes of oscillation at its two [circular] natural frequencies w; = 5 and 
@2 = 10. The natural mode 


xı (t) = (a1 cos 5t + b, sin 5t)vy = c1 cos(5t — o) | J 


(with cy = ya? + bg, cosa, = a1 /c1, and sina; = bı /c1) has the scalar component equa- 
tions 
xı(t) = cı cos(5t — o1), 


(15) 
X2(t) = 2c1 cos(5t — a1), 


and therefore describes a free oscillation in which the two masses move in synchrony in the 
same direction and with the same frequency w; = 5, but with the amplitude of motion of m2 
twice that of mı (see Fig. 5.4.4). The natural mode 


X2 (t) = (a2 cos 10t + b2 sin 10t)v2 = ca cos(10t — a2) | E | 


has the scalar component equations 


x1(t) = c2cos(10ft — a), (16) 
X2(t) = —c2 cos(10t — a2), 


and therefore describes a free oscillation in which the two masses move in synchrony in 
opposite directions with the same frequency w2 = 10 and with equal amplitudes of oscillation 
(see Fig. 5.4.5). a 


Figure 5.4.6 shows three railway cars connected by buffer springs that react when com- 
pressed, but disengage instead of stretching. With n = 3, k2 = k3 =k, and kı = k4 = 0 in 
Eqs. (2) through (4), we get the system 


mi o0 0 —k k 0 
0 m O0 Ix'— k —2k k |x, (17) 
0 O0 m3 0 k —k 
which is equivalent to 
—€| C1 0 
x’ = C2. —2€2 c2 |x (18) 
0 C3 —C3 
with 
k 
c =— (212,3). (19) 


mi 
If we assume further that mı = m3, so that c = c3, then a brief computation gives 


—A(A + c1)(A Tid 2c2) =0 (20) 


5.4 Second-Order Systems and Mechanical Applications 327 


for the characteristic equation of the coefficient matrix A in Eq. (18). Hence the matrix A has 
eigenvalues 


A120, A2—-cj, A3 = -c1 —2c2 (21a) 


corresponding to the natural frequencies 


01 =0, a= Je, 03 = Vey + 202 (21b) 


of the physical system. 

For a numerical example, suppose that the first and third railway cars weigh 12 tons 
each, that the middle car weighs 8 tons, and that the spring constant is k = 1.5 tons/ft; i.e., 
k = 3000 lb/ft. Then, using fps units with mass measured in slugs (a weight of 32 pounds 
has a mass of 1 slug), we have 


mı = m3 = 750, mz = 500, 


and 
| 3000 — | 3000 — 
a= 759 Tt 0773-9 
Hence the coefficient matrix A is 
—4 4 0 
A=| 6-12 6l, (22) 
0 4 —4 


and the eigenvalue-frequency pairs given by (21a) and (21b) are A; = 0, 91 = 0; A2 = —4, 
@2 = 2; and A3 = —16, v3 = 4. 


CASE 1: 41 = 0,04 = 0. The eigenvector equation (A — AI)v = 0 is 


—4 4 0 a 0 
Av = 6 —12 6 bi-|o 
0 4 —4 c 0 


so it is clear that vı = [1 1 1 F is an eigenvector associated with A; = 0. According to 
Theorem 1, the corresponding part of a general solution of x” = Ax is 


xı (t) = (a1 + bıt)vı. 


CASE 2: Az = —4, œ = 2. The eigenvector equation (A — AD)v = 0 is 


0 4 0 a 0 
(A+4Dv=|6 -8 6||b | =| 0 
0 4 0 c 0 
so it is clear that v2 = | 1 0 -l r is an eigenvector associated with Az = —4. According 


to Theorem 1, the corresponding part of a general solution of x” = Ax is 


X2(t) = (a2 cos 2t + bz sin 2t )v2. 


CASE 3: A3 = —16,w3 = 4. The eigenvector equation (A — AI)v = 0 is 


12 4 0 a 0 
(A + 16Dv = 6 4 6 b|=|0 
0 4 12 c 0 
so it is clear that v3 = [ 1 -3 1 I" is an eigenvector associated with 43 — —16. Accord- 


ing to Theorem 1, the corresponding part of a general solution of x" — Ax is 


Xa(t) = (aa cos 4t + ba sin 4t)va. 
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The general solution x = x, + X2 + x3 of x" = Ax is therefore given by 


1 1 
x(t) =a, } 1 | +bıt| 1 | +a2 0 | cos2t 
1 1 —1 


1 1 1 
+ bo 0 | sin2¢+a3] —3 |cos4t t- b3 | —3 | sin4t. (23) 
—1 1 1 


To determine a particular solution, let us suppose that the leftmost car is moving to the right 
with velocity vo and at time ¢ = 0 strikes the other two cars, which are together but at rest. 
The corresponding initial conditions are 


x1(0) = x2(0) = x3(0) = 0, (24a) 
xi (0) = vo. x5(0) = x3(0) = 0. (24b) 


Then substitution of (24a) in (23) gives the scalar equations 


aı +42 + a3 =0, 
ay — 3a3 = 0, 
a, — a2 + a3=0, 


which readily yield aj = az = a3 = 0. Hence the position functions of the three cars are 


x1(t) = byt + bo sin2t + b3sin4t, 
x2(t) = bit — 3b3 sin 4t, (25) 
x3(t) = byt — b2 sin2t + b3sin4t, 


and their velocity functions are 


x(t) = bı + 2b5 cos 2t + 4b3 cos At, 
x5(t) = by — 12b3 cos 4t, (26) 
x(t) = bı — 2b5 cos2t + 4b3 cos 4t. 


Substitution of (24b) in (26) gives the equations 


by + 2b2 + 4b3 = vo, 
by —12b3= 0, 
by —2b2+ 4b3= 0 


that readily yield by = $ vo, b2 = lvo, and b3 = ab Up. Finally, the position functions in (25) 
are 


x1(t) = 35 vo(121 + 8sin2t + sin 4r), 
x2(t) = zy v0 (120 —3sin4r), (27) 
x3(t) = d5vo(12t — 8sin2¢+ sin4t). 


But these equations hold only so long as the two buffer springs remain compressed; 
that is, while both 


x2— xı «0 and x3—x2 <0. 


To discover what this implies about t, we compute 


x2(t) — x1 (t) = 45 vo (-8sin2t — 4 sin 4t) 


= -d5vo(8 sin 2t + 8 sin 2t cos 2t ) 


= —}vo(sin 2r)(1 + cos 2t) 
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and, similarly, 
x3(t) — x2(t) = —1vo(sin21)(1 — cos21). 


It follows that xo — x1 < 0 and x3 — x2 < O until t = 2/2 ~ 1.57 (seconds), at which time 
the equations in (26) and (27) give the values 


"()e26)-56)- ^- 


TOETOE 


We conclude that the three railway cars remain engaged and moving to the right until dis- 
engagement occurs at time t = 2/2. Thereafter, cars 1 and 2 remain at rest (!), while car 3 
continues to the right with speed vo. If, for instance, vo — 48 feet per second (about 33 miles 
per hour), then the three cars travel a distance of 92 ~ 28.27 (ft) during their 1.57 seconds of 
engagement, and 


x1(t) = x2(t) = 90, xa(t) = 48t — 15x (27) 
for t > 2/2. Figure 5.4.7 illustrates the “before” and "after" situations, and Fig. 5.4.8 shows 
the graphs of the functions x4 (t), x2(t), and x3(t) in Eqs. (27) and (27^). [| 

ru 75 i 
i o OL Ko o0] Tx X |. Car 3 
At rest soL continues | 
(a) Cars | and 2 
A stop here 
25 
At rest 0 
0 05 10 15 20 2.5 
(b) t 
FIGURE 5.4.7. (a) Before; (b) after. FIGURE 5.4.8. Position functions 


of the three railway cars of Example 2. 


Forced Oscillations and Resonance 


Suppose now that the 7th mass of the mass-and-spring system in Fig. 5.4.2 is subject 
to an external force F; (i = 1,2,...,7) in addition to the forces exerted by the 
springs attached to it. Then the homogeneous equation Mx" — Kx is replaced with 
the nonhomogeneous equation 


Mx" = Kx +F, (28) 
whereF=[F, Fy ... Fh lu is the external force vector for the system. Mul- 
tiplication by M^! yields 

x” = Ax + f, (29) 


where f is the external force vector per unit mass. We are especially interested in 
the case of a periodic external force 


f(t) = Fo cos øt (30) 
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Example 3 


FIGURE 5.4.9. The forced 
mass-and-spring system of Example 3. 
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FIGURE 5.4.10. Frequency- 
amplitude plot for Example 3. 


(where Fo is a constant vector). We then anticipate a periodic particular solution 
Xp(t) = ccos wt (31) 


with the known external frequency w and with a coefficient vector c yet to be deter- 
mined. Because x), = —wecos ot, substitution of (30) and (31) in (29), followed 
by cancellation of the common factor cos wt, gives the linear system 


(A + o?Dc = -Fo (32) 


to be solved for c. 

Observe that the matrix A + w7I is nonsingular—in which case Eq. (32) can 
be solved for c—unless —m? = A, an eigenvalue of A. Thus a periodic particular 
solution of the form in Eq. (31) exists provided that the external forcing frequency 
does not equal one of the natural frequencies w1, v2, . . . , c, of the system. The case 
in which o is a natural frequency corresponds to the phenomenon of resonance 
discussed in Section 3.6. 


Suppose that the second mass in Example 1 is subjected to the external periodic force 
50coswt. Then with m; 2, m2 l, ki 100, k2 = 50, and Fo = 50 in Fig. 5.4.9, 
Eq. (29) takes the form 


4) em. 25 0 
x = | S0 —50 x+ so | COS ot, (33) 
and the substitution x = c cos wt leads to the equation 
2 
w* — 75 25 0 
| 50 p50 |= E em 


for the coefficient vector c — [ C1 C2 |’. This system is readily solved for 


1250 50(o? — 75) (35) 
= , Q= . 
1 (92—25)(92—100) ^"? (@2 — 25)(@2 — 100) 
For instance, if the external squared frequency is w? = 50, then (35) yields cy = —1, 
c2 = —1. The resulting forced periodic oscillation is described by 


x1(f) 2 —cosot, Xx2(t) =—cosat. 


Thus the two masses oscillate in synchrony with equal amplitudes and in the same direction. 
If the external squared frequency is œ? = 125, then (35) yields c; = 1, c2 = —1. The 
resulting forced periodic oscillation is described by 


x1(t) = 1 cos ot, x2(t) = — cos ot, 


and now the two masses oscillate in synchrony in opposite directions, but with the amplitude 
of motion of m» twice that of m. 

It is evident from the denominators in (35) that cy and c2 approach +00 as œw ap- 
proaches either of the two natural frequencies wy = 5 and w2 = 10 (found in Example 
1) Figure 5.4.10 shows a plot of the amplitude \/c? + c2 of the forced periodic solution 
x(t) = ccos ot as a function of the forced frequency w. The peaks at w2 = 5 and w2 = 10 
exhibit visually the phenomenon of resonance. E 
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Periodic and Transient Solutions 


It follows from Theorem 4 of Section 5.1 that a particular solution of the forced 
system 


x" = Ax + Fo cos wt (36) 
will be of the form 
» x(t) = Xc(t) + Xp(t), (37) 
where x, (t) is a particular solution of the nonhomogeneous system and x,(f) is a 
solution of the corresponding homogeneous system. It is typical for the effects of 
frictional resistance in mechanical systems to damp out the complementary function 
solution x, (1), so that 
X.(f) ~0 as t +o. (38) 
Hence x, (t) is a transient solution that depends only on the initial conditions; it 
dies out with time, leaving the steady periodic solution x, (/) resulting from the 
external driving force: 


x(t) > Xp(t) as t— +00. (39) 


As a practical matter, every physical system includes frictional resistance (however 
small) that damps out transient solutions in this manner. 


Problems 


Problems 1 through 7 deal with the mass-and-spring system 
shown in Fig. 5.4.11 with stiffness matrix 


_ | —(k1 + ka) ko 
K=| ke "E m 


and with the given mks values for the masses and spring con- 
stants. Find the two natural frequencies of the system and de- 
scribe its two natural modes of oscillation. 


FIGURE 5.4.11. The 

mass-and-spring system for Problems 1 

through 6. 
m; =m2 = l; ky =0,k2 = 2, ka = 0 (no walls) 
mı =m2 = l; kı = 1, k2 = 4, k3 
mı =1,m2=2; kı 1, k2 = k3 
my=m =l; kı 1,k2 = 2,k3 
My m2 1: ky 2. ko 1, k3 
mı = l,m = 2; kı =2, k2 = ka 
mı m2 1: ky 4, ko 6, k3 


NAW WN 
BRN NR 


In Problems 8 through 10 the indicated mass-and-spring sys- 
tem is set in motion from rest (x, (0) = x4(0) = 0) in its equi- 


librium position (x1(0) = x2(0) = 0) with the given external 
forces Fi(t) and F(t) acting on the masses m, and mn, re- 
spectively. Find the resulting motion of the system and de- 
scribe it as a superposition of oscillations at three different 
frequencies. 


8. The mass-and-spring system of Problem 2, with F;(t) = 
96 cos 5t, Fo(t) =0 
9. The mass-and-spring system of Problem 3, with F; (t) = 0, 
F(t) = 120cos3t 
10. The mass-and-spring system of Problem 7, with F; (t) = 
30cost, F5(t) = 60cost 
11. Consider a mass-and-spring system containing two 
masses m, = 1 and m2 = 1 whose displacement functions 
x(t) and y(t) satisfy the differential equations 


x" = —40x + 8y, 
y" = 12x — 60y. 
(a) Describe the two fundamental modes of free oscilla- 


tion of the system. (b) Assume that the two masses start 
in motion with the initial conditions 


x(0)=19, x'(0)- 12 


and 


»(0 =3, y'(0-6 
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and are acted on by the same force, Fi(t) = Fo(t) = 
—195 cos 7t. Describe the resulting motion as a superpo- 
sition of oscillations at three different frequencies. 


In Problems 12 and 13, find the natural frequencies of the 
three-mass system of Fig. 5.4.1, using the given masses and 
spring constants. For each natural frequency c, give the ra- 
tio a1:d5:a3 of amplitudes for a corresponding natural mode 
X] = d COS Of, X2 = a2 COS Of, X3 = a3 COS at. 


12. m, = m2 = m3 = l; ky = k2 = ka = k4 

13. mi =m. = ma = 1; kj —ko =k3 =kg =2 
(Hint: One eigenvalue is A = —4.) 

14. In the system of Fig. 5.4.12, assume that mı = 1, kı = 50, 
k2 = 10, and Fp = 5 in mks units, and that œ = 10. Then 
find m» so that in the resulting steady periodic oscillations, 
the mass mı will remain at rest(!). Thus the effect of the 
second mass-and-spring pair will be to neutralize the ef- 
fect of the force on the first mass. This is an example of 
a dynamic damper. It has an electrical analogy that some 
cable companies use to prevent your reception of certain 
cable channels. 


F(t) = Fo cos wt 


FIGURE 5.4.12. The mechanical system 
of Problem 14. 


15. Suppose that mı = 2, m2 = 1, kı =75, kz = 25, Fo = 100, 
and w = 10 (all in mks units) in the forced mass-and- 
spring system of Fig. 5.4.9. Find the solution of the sys- 
tem Mx” = Kx + F that satisfies the initial conditions 
x(0) = x'(0) = 0. 

16. Figure 5.4.13 shows two railway cars with a buffer spring. 
We want to investigate the transfer of momentum that oc- 
curs after car 1 with initial velocity vg impacts car 2 at 
rest. The analog of Eq. (18) in the text is 


=¢ ré 
x!" = | 1 1 IE 
c2 —c2 


with c; = k/mj for i = 1, 2. Show that the eigenvalues 

of the coefficient matrix A are A; = 0 and 45 = —cy — c5, 

with associated eigenvectors vj = [1 1 F and v2 = 
T 

[n -e] 


FIGURE 5.4.13. The two railway cars of 
Problems 16 through 19. 


17. If the two cars of Problem 16 both weigh 16 tons (so that 
mı = mz = 1000 (slugs)) and k = 1 ton/ft (that is, 2000 


lb/ft), show that the cars separate after 2/2 seconds, and 
that x1 (f) = 0 and x2 (t) = vo thereafter. Thus the original 
momentum of car 1 is completely transferred to car 2. 

18. If cars 1 and 2 weigh 8 and 16 tons, respectively, and 
k = 3000 lb/ft, show that the two cars separate after 2/3 
seconds, and that 


1 2 
xj(f — —4vo and = x5(t) = + $vo 


thereafter. Thus the two cars rebound in opposite direc- 
tions. 

19. If cars 1 and 2 weigh 24 and 8 tons, respectively, and 
k = 1500 lb/ft, show that the cars separate after 7/2 sec- 
onds, and that 


x4 (t) = tivo and x5(t)= +2vo 


thereafter. Thus both cars continue in the original direc- 
tion of motion, but with different velocities. 


Problems 20 through 23 deal with the same system of three 
railway cars (same masses) and two buffer springs (same 
spring constants) as shown in Fig. 5.4.6 and discussed in 
Example 2. The cars engage at time t = 0 with xı (0) = 
x2 (0) = x3 (0) = 0 and with the given initial velocities (where 
vo = 48 ft/s). Show that the railway cars remain engaged until 
t = n/2 (s), after which time they proceed in their respective 
ways with constant velocities. Determine the values of these 
constant final velocities x| (t), x5(t), and x4(t) of the three 
cars for t > 1/2. In each problem you should find (as in Exam- 
ple 2) that the first and third railway cars exchange behaviors 
in some appropriate sense. 


20. x1 (0) = vo, x4 (0) = 0, x4(0) = —vo 

21. xi (0) = 2vg, x5(0) = 0, x4(0) = —vo 

22. x} (0) = vo, x,(0) = vo, x5(0) = —2vo 

23. xj (0) = 3v0, x5 (0) = 2vo, x4(0) = 2vo 

24. In the three-railway-car system of Fig. 5.4.6, suppose that 
cars | and 3 each weigh 32 tons, that car 2 weighs 8 tons, 
and that each spring constant is 4 tons/ft. If x} (0) = vo 
and x2 (0) = x4 (0) = 0, show that the two springs are com- 
pressed until t = 2/2 and that 


xi(t)=—}v9 and xj(02x$()- +89 


thereafter. Thus car 1 rebounds, but cars 2 and 3 continue 
with the same velocity. 


The Two-Axle Automobile 


In Example 4 of Section 3.6 we investigated the vertical oscil- 
lations of a one-axle car—actually a unicycle. Now we can 
analyze a more realistic model: a car with two axles and with 
separate front and rear suspension systems. Figure 5.4.14 rep- 
resents the suspension system of such a car. We assume that 
the car body acts as would a solid bar of mass m and length 
L = Lı + Lo». It has moment of inertia I about its center of 
mass C, which is at distance L, from the front of the car. The 
car has front and back suspension springs with Hooke's con- 
stants kı and k2, respectively. When the car is in motion, let 
x(t) denote the vertical displacement of the center of mass of 
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the car from equilibrium; let 0(t) denote its angular displace- 
ment (in radians) from the horizontal. Then Newton's laws of 
motion for linear and angular acceleration can be used to de- 
rive the equations 


mx" — —(ky + k2)x + (kı Lı — k2L2)0, 


40 
16" = (kı Lı —koLo)x — (kı L? + k2 L3)0. ma 


> Equilibrium 
position 


FIGURE 5.4.14. Model of the 
two-axle automobile. 

25. Suppose that m = 75 slugs (the car weighs 2400 Ib), 
Lı =7 ft, L2 = 3 ft (it’s a rear-engine car), kı = k2 = 2000 
lb/ft, and J = 1000 ft-lb-s?. Then the equations in (40) 
take the form 


75x" + 4000x — 80006 = 0, 


10000" — 8000x + 116,0000 = 0. 


(a) Find the two natural frequencies c, and w2 of the car. 
(b) Now suppose that the car is driven at a speed of v feet 
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per second along a washboard surface shaped like a sine 
curve with a wavelength of 40 ft. The result is a periodic 
force on the car with frequency o = 2zv/40 = zv/20. 
Resonance occurs when c = «4 or œw = «3. Find the 
corresponding two critical speeds of the car (in feet per 
second and in miles per hour). 

Suppose that kı = k2 k and Lj Lz iL in 
Fig. 5.4.14 (the symmetric situation). Then show that ev- 
ery free oscillation is a combination of a vertical oscilla- 
tion with frequency 


26. 


wy = y2k/m 


and an angular oscillation with frequency 


92 = fkL2/(21). 


In Problems 27 through 29, the system of Fig. 5.4.14 is taken 
as a model for an undamped car with the given parameters in 
fps units. (a) Find the two natural frequencies of oscillation 
(in hertz). (b) Assume that this car is driven along a sinu- 
soidal washboard surface with a wavelength of 40 ft. Find the 
two critical speeds. 


27. m = 100,7 = 800, Lı = La = 5, ky 2000 
28. m = 100, J = 1000, Lı = 6, L2 = 4, ky = k2 = 2000 
29. m = 100, I = 800, Lı = L2 = 5, kı = 1000, k2 = 2000 


k2 


EFNet] Earthquake-Induced Vibrations of Multistory Buildings 


In this application you are to investigate the response to transverse earthquake 


io ground oscillations of the seven-story building illustrated in Fig. 5.4.15. Suppose 
sete) that each of the seven (above-ground) floors weighs 16 tons, so the mass of each is 
X5(t) m = 1000 (slugs). Also assume a horizontal restoring force of k = 5 (tons per foot) 
x4(t) between adjacent floors. That is, the internal forces in response to horizontal dis- 
nø placements of the individual floors are those shown in Fig. 5.4.16. It follows that the 
free transverse oscillations indicated in Fig. 5.4.15 satisfy the equation Mx” = Kx 
x0 with n = 7, m; = 1000 (for each i), and k; = 10,000 (lb/ft) for 1 < i € 7. The 
x(t) system then reduces to the form x” = Ax with 
Ground 
Earthquake 
oscillation —20 10 0 0 0 0 0 
FIGURE 5.4.15. The seven-story = IU : 7 9 o 
build 0 10 —20 10 0 0 0 
A= 0 0 10 —20 10 0 0 (1) 
0 0 0 10 —20 10 0 
0 0 0 0 10 —20 10 
0 0 0 0 0 10 -I10 


a ag 1-7xj) 


FIGURE 5.4.16. Forces on the ith 
floor. 


Once the matrix A has been entered, the TI-Nspire command eigV1 (A) 
instantly computes the seven eigenvalues shown in the A-column of the table in 


Fig. 5.4.17. Alternatively, you can use the Maple command eigenvals (A), the 
MATLAB command eig (A), or the Mathematica command Eigenvalues [A]. 
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Maximal amplitude 


0 1 2 3 4 5 


Period (s) 


FIGURE 5.4.18. Resonance 
vibrations of a seven-story 
building—maximal amplitude as a 
function of period. 


Chapter 5 Linear Systems of Differential Equations 


Eigenvalue Frequency Period 
2 
i à 9 -—4—AÀ poc (sec) 
@ 
1 —38.2709 6.1863 1.0157 
2 —33.3826 5.7778 1.0875 
3 —26.1803 5.1167 1.2280 
4 —17.9094 4.2320 1.4847 
5 —10.0000 3.1623 1.9869 
6 —3.8197 1.9544 3.2149 
7 —0.4370 0.6611 9.5042 


FIGURE 5.4.17. Frequencies and periods of natural oscillations of the 
seven-story building. 


Then calculate the entries in the remaining columns of the table showing the nat- 
ural frequencies and periods of oscillation of the seven-story building. Note that a 
typical earthquake producing ground oscillations with a period of 2 seconds is un- 
comfortably close to the fifth natural frequency (with period 1.9869 seconds) of the 


building. 
A horizontal earthquake oscillation E cos wt of the ground, with amplitude £ 
and acceleration a = — Eo? cos ot, produces an opposite inertial force F = ma = 


mEo? cos ot on each floor of the building. The resulting nonhomogeneous system 
is 


x” = Ax + (Eo? cos wt )b, (2) 


whereb=|1 1 1 1 1 1 1 iia and A is the matrix of Eq. (1). Figure 5.4.18 
shows a plot of maximal amplitude (for the forced oscillations of any single floor) 
versus the period of the earthquake vibrations. The spikes correspond to the first 
six of the seven resonant frequencies. We see, for instance, that whereas an earth- 
quake with period 2 (s) likely would produce destructive resonance vibrations in 
the building, it probably would be unharmed by an earthquake with period 2.5 (s). 
Different buildings have different natural frequencies of vibration, and so a given 
earthquake may demolish one building but leave untouched the one next door. This 
seeming anomaly was observed in Mexico City after the devastating earthquake of 
September 19, 1985. 

For your personal seven-story building to investigate, let the weight (in tons) 
of each story equal the largest digit of your student ID number and let k (in tons/ft) 
equal the smallest nonzero digit. Produce numerical and graphical results like those 
illustrated in Figs. 5.4.17 and 5.4.18. Is your building susceptible to likely damage 
from an earthquake with period in the 2- to 3-second range? 

You might like to begin by working manually the following warm-up prob- 
lems. 


1. Find the periods of the natural vibrations of a building with two above-ground 
floors, each weighing 16 tons and with each restoring force being k = 5 
tons/ft. 

2. Find the periods of the natural vibrations of a building with three above- 
ground floors, with each weighing 16 tons and with each restoring force being 
k = 5 tons/ft. 
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3. Find the natural frequencies and natural modes of vibration of a building with 
three above-ground floors as in Problem 2, except that the upper two floors 
weigh 8 tons each instead of 16. Give the ratios of the amplitudes A, B, and 
C of oscillations of the three floors in the form A: B:C with A = 1. 

4. Suppose that the building of Problem 3 is subject to an earthquake in which 
the ground undergoes horizontal sinusoidal oscillations with a period of 3 s 
and an amplitude of 3 in. Find the amplitudes of the resulting steady periodic 
oscillations of the three above-ground floors. Assume the fact that a motion 
E sinot of the ground, with acceleration a = —Ew? sin wt, produces an op- 
posite inertial force F = —ma = m Eo? sin wt on a floor of mass m. 


WEX3 Multiple Eigenvalue Solutions 


Example 1 


In Section 5.2 we saw that if the n x n matrix A has n distinct (real or complex) 
eigenvalues A1, A2, ..., An with respective associated eigenvectors V1, V2, ..., Vn, 
then a general solution of the system 


Z = AX (1) 
is given by 
x(t) = civie^! + cavae?! + +++ + cs vent (2) 
with arbitrary constants c4, c2. ..., Cn. In this section we discuss the situation when 
the characteristic equation 
[A — AI| = 0 (3) 


does not have n distinct roots, and thus has at least one repeated root. 
An eigenvalue is of multiplicity k if it is a k-fold root of Eq. (3). For each 
eigenvalue 1, the eigenvector equation 


(A—ADv=0 (4) 


has at least one nonzero solution v, so there is at least one eigenvector associated 
with A. But an eigenvalue of multiplicity k > 1 may have fewer than k linearly 
independent associated eigenvectors. In this case we are unable to find a “complete 
set" of n linearly independent eigenvectors of A, as needed to form the general 
solution in (2). 

Let us call an eigenvalue of multiplicity k complete if it has k linearly in- 
dependent associated eigenvectors. If every eigenvalue of the matrix A is com- 
plete, then—because eigenvectors associated with different eigenvalues are linearly 
independent—it follows that A does have a complete set of n linearly independent 
eigenvectors v4, V2, ..., Vn associated with the eigenvalues Aj, Az, ..., An (each 
repeated with its multiplicity). In this case a general solution of x' — Ax is still 
given by the usual combination in (2). 


Find a general solution of the system 


9 4 0 
x-2|-6 -1 0O|x. (5) 
6 4 3 
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Solution The characteristic equation of the coefficient matrix A in Eq. (5) is 
9—4 4 0 


|A—AIl=| -6 -1-A 0 
6 à 8A 


= (8 — AJ(9 — A)(—1 — A) + 24] 
= (3—A)(15— 8A + 22) 
= (5—A)(3—A)? =0. 


Thus A has the distinct eigenvalue A; = 5 and the repeated eigenvalue A2 = 3 of multiplicity 
k —2. 


CASE 1: A; — 5. The eigenvector equation (A — AI)v = 0, where v = [a b cl’, is 


4 4 olfa 0 
(A-5Dv-|-6 -6 ol||b5|-|o 
6 4 -2|tc 0 


Each of the first two equations, 4a + 4b = 0 and —6a — 6b = 0, yields b = —a. Then the third 
equation reduces to 2a — 2c — 0, so that c — a. The choice a — 1 then yields the eigenvector 


vài-[1 -1 17 


associated with the eigenvalue A; = 5. 


CASE 2: Az = 3. Now the eigenvector equation is 


6 4 olfa 0 
(A-3Dv2|-6 -4 o0ol|b|-2|o0 
6 4 Olle 0 


so the nonzero vectorv=[a b c r is an eigenvector if and only if 
6a + 4b = 0; (6) 


that is, b = —3a. The fact that Eq. (6) does not involve c means that c is arbitrary, subject to 
the condition v Z 0. If c = 1, then we may choose a = b = 0; this gives the eigenvector 


vo-[0 0 1]* 


associated with Az = 3. If c = 0, then we must choose a to be nonzero. For instance, if a = 2 
(to avoid fractions), then b = —3, so 


va-[2 -3 0] 


is a second linearly independent eigenvector associated with the multiplicity 2 eigenvalue 
A2 —3. 

Thus we have found a complete set v1, v2, v3 of three eigenvectors associated with the 
eigenvalues 5, 3, 3. The corresponding general solution of Eq. (5) is 


x(t) = c1v1e?! + covoe?! + cavae?! (7) 
0 2 
= Cj 1 et. c2 | 0 e?! +63 3 et, 
1 0 


with scalar component functions given by 


x(t) = cie?! + 2cae, 
x2(t) = —c1e” 


x3(t) = cre 4 cae?! ji] 


Example 2 
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Remark Our choice in Example 1 of the two eigenvectors 
vo=[0 0 1]" and v3=[2 -3 0] 


associated with the repeated eigenvalue Az = 3 bears comment. The fact that b = —3a for 
any eigenvector associated with A2 = 3 means that any such eigenvector can be written as 


a 0 2 
v2| 3a |2cl 0| lal —3 | = eva + lav 
2 2 2 203, 
C 1 0 


and thus is a linear combination of v2 and v3. Therefore, given a and c not both zero, we 
could choose v rather than v3 as our third eigenvector, and the new general solution 


x(t) = civie” + cavae?! + cave?! 


would be equivalent to the one in Eq. (7). Thus we need not worry about making the “right” 
choice of independent eigenvectors associated with a multiple eigenvalue. Any choice will 
do; we generally make the simplest one we can. E 


Defective Eigenvalues 


The following example shows that—unfortunately—not all multiple eigenvalues are 
complete. 


The matrix 


1 -3 
oe 4 (8) 


1-A -3 
3 7—À 


has characteristic equation 
[A — AI| = | 


-(1-2)7-2) 49 
= à? — 84 + 16 = (à — 4}? = 0. 


Thus A has the single eigenvalue A; = 4 of multiplicity 2. The eigenvector equation 


(A - 4v - | 3 Sll- [o] 


then amounts to the equivalent scalar equations 
—3a —3b = 0, 3a+3b=0. 


Hence b = —a ifv = [a b ig is to be an eigenvector of A. Therefore any eigenvector 
associated with A; = 4 is a nonzero multiple of v = [1 —1 | Thus the multiplicity 2 
eigenvalue A; = 4 has only one independent eigenvector, and hence is incomplete. a 

An eigenvalue À of multiplicity k > 1 is called defective if it is not complete. 
If A has only p < k linearly independent eigenvectors, then the number 


d —k—p (9) 


of "missing" eigenvectors is called the defect of the defective eigenvalue A. Thus 
the defective eigenvalue A; = 4 in Example 2 has multiplicity k = 2 and defect 
d = 1, because we saw that it has only p = 1 associated eigenvector. 

If the eigenvalues of the n x n matrix A are not all complete, then the eigen- 
value method as yet described will produce fewer than the needed n linearly inde- 
pendent solutions of the system x’ = Ax. We therefore need to discover how to find 
the “missing solutions" corresponding to a defective eigenvalue A of multiplicity 
k>l1l. 
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The Case of Multiplicity k = 2 


Let us begin with the case k — 2, and suppose that we have found (as in Example 2) 
that there is only a single eigenvector vı associated with the defective eigenvalue A. 
Then at this point we have found only the single solution 


> xi (t) = vie" (10) 
of x’ = Ax. By analogy with the case of a repeated characteristic root for a single 


linear differential equation (Section 3.3), we might hope to find a second solution 
of the form 


X(t) = (vat)e" = vate”. (11) 
When we substitute x = vote*! in x’ = Ax, we get the equation 
voe™" + Avate^' = Avate^ , 
But because the coefficients of both e^! and te^! must balance, it follows that v; = 0, 
and hence that x2(t) = 0. This means that—contrary to our hope—the system 
x’ = Ax does not have a nontrivial solution of the form assumed in (11). 
Instead of simply giving up on the idea behind Eq. (11), let us extend it slightly 


and replace vat with vıź + v2. Thus we explore the possibility of a second solution 
of the form 


> xo(f) = (vit + v3)e^! = vyte^! + voe?! (12) 


where v, and v; are nonzero constant vectors. When we substitute x = vite^! + 
v2e^! in x’ = Ax, we get the equation 


vie" + Avite + Avoe*! = Avite^! + Avo e^t, (13) 

We equate coefficients of e^' and te^' here, and thereby obtain the two equations 
(A—ADvi = 0 (14) 

and 

(A—ADvo— vi (15) 
that the vectors vı and v2 must satisfy in order for (12) to give a solution of x’ = Ax. 
Note that Eq. (14) merely confirms that v, is an eigenvector of A associated 

with the eigenvalue A. Then Eq. (15) says that the vector v» satisfies the equation 

(A — AD?v; = (A — AD[(A — ADv2] = (A — ADv, = 0. 

It follows that, in order to solve simultaneously the two equations in (14) and (15), 
it suffices to find a solution v2 of the single equation (A — AD?v; = 0 such that the 
resulting vector v; = (A — ADv» is nonzero. It turns out that this is always possible 
if the defective eigenvalue A of A is of multiplicity 2. Consequently, the procedure 


described in the following algorithm always succeeds in finding two independent 
solutions associated with such an eigenvalue. 


Example 3 


Solution 
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ALGORITHM Defective Multiplicity 2 Eigenvalues 


1. First find a nonzero solution v2 of the equation 
(A — AD?v; = 0 (16) 
such that 
(A—ADv2 = vi (17) 


is nonzero, and therefore is an eigenvector v, associated with À. 
2. Then form the two independent solutions 


xı (t) = vie! (18) 
and 
x2 (t) = (vit + v2)e^* (19) 


of x’ = Ax corresponding to À. 


Find a general solution of the system 


ues [i E (20) 


In Example 2 we found that the coefficient matrix A in Eq. (20) has the defective eigenvalue 
À — 4 of multiplicity 2. We therefore begin by calculating 


3 e 3 -3 0 0 
a-m =|; TE Jal J 


0 0 
E oe 


and therefore is satisfied by any choice of v2. In principle, it could happen that (A — 4I)v2 is 


Hence Eq. (16) is 


nonzero (as desired) for some choices of v2 though not for others. If we try vo = [ 1 0 ia 


we find that 
—3 -3 1 —3 
a-ms-[ 3 i|e]*[ s]7" 


is nonzero, and therefore is an eigenvector associated with A = 4. (It is —3 times the eigen- 
vector found in Example 2.) Therefore the two solutions of Eq. (20) given by Eqs. (18) and 
(19) are 


x,(t) = vje” = E | gri 


—3t +1 4t 
aa 


xo(r) = (vil + v2)e“ = | 
The resulting general solution 
x(t) = c1X1 (t) + c2xo(r) 
has scalar component functions 
x1(t) = (—3c2t + c2 — 3c1)e*, 


x2(t) = (3cot + 3cy)e*". 
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FIGURE 5.5.1. Direction field and 
solution curves for the linear system 
xi = xq — 3x2, x^ = 3x1 + 7x2 of 
Example 3. 


With c2 = 0 these solution equations reduce to the equations x;(t) = —3c, e*t, x2(t) = 
3cje*!, which parametrize the line x; = —x2 in the x;.x2-plane. The point (x1 (t), x2(t)) then 
recedes along this line away from the origin as £ — +00, to the northwest if c1 > 0 and to 
the southeast if cy < 0. As indicated in Fig. 5.5.1, each solution curve with c2 # 0 is tangent 
to the line xı = —x» at the origin; the point (x1 (t), x2(¢)) approaches the origin as £ > —oo 
and approaches 4-oo along the solution curve as £ — +00. a 


Generalized Eigenvectors 


The vector v5 in Eq. (16) is an example of a generalized eigenvector. If A is an 
eigenvalue of the matrix A, then a rank r generalized eigenvector associated with 
À is a vector v such that 


» (A—AD'v—20 but (A—AD' !v #0. (21) 


If r = 1, then (21) simply means that v is an eigenvector associated with A (recalling 
the convention that the Oth power of a square matrix is the identity matrix). Thus a 
rank 1 generalized eigenvector is an ordinary eigenvector. The vector v2 in (16) is a 
rank 2 generalized eigenvector (and not an ordinary eigenvector). 

The multiplicity 2 method described earlier boils down to finding a pair 
Ívi, V2} of generalized eigenvectors, one of rank 1 and one of rank 2, such that 
(A —ADv2 = vi. Higher multiplicity methods involve longer "chains" of gener- 
alized eigenvectors. A length k chain of generalized eigenvectors based on the 
eigenvector v, is a set (v1, V2,..., Vx} of k generalized eigenvectors such that 


(A — ADV; = Vk. 
(A — ADv&-1 = Vk-2. 
» (22) 
(A = ADv2 = VI. 


Because v, is an ordinary eigenvector, (A — AI)v; = 0. Therefore, it follows from 
(22) that 


(A — AD*v, = 0. 23) 


If (v1, V2, V3) is a length 3 chain of generalized eigenvectors associated with 
the multiple eigenvalue A of the matrix A, then it is easy to verify that three linearly 
independent solutions of x' 2 Ax are given by 


xi (t) = vie”, 
» xo(t) = (vit + va)e^', (24) 
X3(t) = (ivit? + vot + v3) ert. 
For instance, the equations in (22) give 
Av3 = V2 +Av3, Av = V, +Avo, Av; = Àv}, 


SO 


Axs = [IAvit? + Avot + Av3] gt 
= [LAvit? + (vi + Ava)t + (v2 + Av3)] e* 
= (vit + va)e^ + A (1vit? + vat + v3) e?! 
ex. 


Therefore, x5 (1) in (24) does, indeed, define a solution of x’ = Ax. 


Example 4 


Solution 
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Consequently, in order to “handle” a multiplicity 3 eigenvalue 1, it suffices 
to find a length 3 chain (vi, V2, v3} of generalized eigenvalues associated with À. 
Looking at Eq. (23), we see that we need only find a solution v3 of 


(A —AD?v4 = 0 
such that the vectors 
v —(A—ADv, and vı = (A—AlD)v2 


are both nonzero (although, as we will see, this is not always possible). 


Find three linearly independent solutions of the system 
0 1 2 
x =| -5 -3 -7 |x. (25) 
1 0 0 
The characteristic equation of the coefficient matrix in Eq. (25) is 


exo 1 2 
j= AT =| 5 -3-X 7 
1 i =A 


= 1- [-7 -2 (-3 - A] + (CAJ[CCA) (3 — A) + 5] 
= —\3 342-34 -1=-(A+ 1? =0, 


and thus A has the eigenvalue A = —1 of multiplicity 3. The eigenvector equation (A — AI)v = 
0 for an eigenvectorv=[a b c j is 


1 1 2)fa 0 
A+Dv=]| -5 -2 -7]/|o]/=] 0]. 
1 0 d] Le 0 


The third row a + c = 0 gives c = —a, then the first row a + b + 2c = 0 gives b = a. Thus, to 
within a constant multiple, the eigenvalue 4 = —1 has only the single associated eigenvector 


v=[a a —a F with a Æ 0, and so the defect of A = —1 is 2. 
To apply the method described here for triple eigenvalues, we first calculate 


1 1 2 =2 =l -3 
2 T f=) =2. =f 3 
1 2 1 3 
0 0 0 
={/0 0 0}. 
0 0 0 


Thus any nonzero vector v3 will be a solution of the equation (A + D?vs = 0. Beginning 
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with v3 = [ 1 0 0 s for instance, we calculate 


1 1 2 1 1 

v2 = (A + Dyz = | -5 -2 -7 0|2|-5]|, 
1 0 1 0 1 
1 1 2 1 —2 

vı = (A+ Dv5 = 5 2 7 5|- 2. |. 
1 0 1 1 2 


Note that v; is the previously found eigenvector v with a = —2; this agreement serves as a 
check of the accuracy of our matrix computations. 
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Thus we have found a length 3 chain (v1, v2. v3} of generalized eigenvectors associated 
with the triple eigenvalue à = —1. Substitution in (24) now yields the linearly independent 


solutions 
—2 
xı (t) = vie™ =| —2 Je, 
2 
—2t + 1 
Xo(t) = (vit - v3)e ! = | —2t—5 |e, 
2t+1 
-? +t+1 
x3 (t) = (yi? + vat + vs) et=] -2-5 let 
DL 
of the system x’ = Ax. E 


The General Case 


A fundamental theorem of linear algebra states that every n x n matrix A has n 
linearly independent generalized eigenvectors. These n generalized eigenvectors 
may be arranged in chains, with the sum of the lengths of the chains associated 
with a given eigenvalue A equal to the multiplicity of A. But the structure of these 
chains depends on the defect of A, and can be quite complicated. For instance, a 
multiplicity 4 eigenvalue can correspond to 


e Four length 1 chains (defect 0); 

e Two length 1 chains and a length 2 chain (defect 1); 
e Two length 2 chains (defect 2); 

e A length 1 chain and a length 3 chain (defect 2); or 
e A length 4 chain (defect 3). 


Note that, in each of these cases, the length of the longest chain is at most d + 1, 
where d is the defect of the eigenvalue. Consequently, once we have found all the 
ordinary eigenvectors associated with a multiple eigenvalue A, and therefore know 
the defect d of A, we can begin with the equation 


> (A — AD^*!u = 0 (26) 
to start building the chains of generalized eigenvectors associated with A. 


ALGORITHM Chains of Generalized Eigenvectors 


Begin with a nonzero solution u; of Eq. (26) and successively multiply by the 
matrix A — AI until the zero vector is obtained. If 


(A — ADu, = w 0, 


(A — ADus-, = uy Æ 0, 
but (A — A Du; = 0, then the vectors 
ivi. V2, . VIO = fui, uj ,.. . ,U2,U1j 


(listed in reverse order of their appearance) form a length k chain of generalized 
eigenvectors based on the (ordinary) eigenvector vı. 


Example 5 


FIGURE 5.5.2. The railway cars of 
Example 6. 
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Each length k chain (vi, V2,..., Vi) of generalized eigenvectors (with v; an 
ordinary eigenvector associated with A) determines a set of k independent solutions 
of x’ = Ax corresponding to the eigenvalue À: 


xi (t) = viet, 


X2(t) = (vit + va)e^!, 


x3(t) = (3vit? + vat + va) e”, 
> . (27) 


k-1 2 
Vil Ve—2t 
xo (BO tes = 


+ Vat + «Jet 


Note that (27) reduces to Eqs. (18) through (19) and (24) in the cases k — 2 and 
k — 3, respectively. 

To ensure that we obtain n generalized eigenvectors of the n x n matrix A that 
are actually linearly independent, and therefore produce a complete set of n linearly 
independent solutions of x’ = Ax when we amalgamate all the “chains of solutions" 
corresponding to different chains of generalized eigenvectors, we may rely on the 
following two facts: 


e Any chain of generalized eigenvectors constitutes a linearly independent set 
of vectors. 

e If two chains of generalized eigenvectors are based on linearly independent 
eigenvectors, then the union of these two chains is a linearly independent set 
of vectors (whether the two base eigenvectors are associated with different 
eigenvalues or with the same eigenvalue). 


Suppose that the 6 x 6 matrix A has two multiplicity 3 eigenvalues 4; = —2 and Az = 3 
with defects 1 and 2, respectively. Then A; must have an associated eigenvector uy and a 
length 2 chain (v1. v2} of generalized eigenvectors (with the eigenvectors uy and v, being 
linearly independent), whereas A2 must have a length 3 chain (wi, W2, w3} of generalized 
eigenvectors based on its single eigenvector wi. The six generalized eigenvectors uj, V1, 
V2, W1, W2, and w3 are then linearly independent and yield the following six independent 
solutions of x’ = Ax: 


xi(f) = ue”, 


x2(t) = vye”, 


x3 (t) = (vit + va)e 7", 
x4(t) = wie”, 
x5 (t) = (wit + wa)e?!, 


X6(t) = (iwit? + wor + ws) e, E 


As Example 5 illustrates, the computation of independent solutions corre- 
sponding to different eigenvalues and chains of generalized eigenvalues is a routine 
matter. The determination of the chain structure associated with a given multiple 
eigenvalue can be more interesting (as in Example 6). 


An Application 


Figure 5.5.2 shows two railway cars that are connected with a spring (permanently 
attached to both cars) and with a damper that exerts opposite forces on the two cars, 
of magnitude c (x| — x5) proportional to their relative velocity. The two cars are also 
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Example 6 


subject to frictional resistance forces cx and c2x/ proportional to their respective 
velocities. An application of Newton's law ma — F (as in Example 1 of Section 
4.1) yields the equations of motion 


mix, = k(x2 — x1) = cı xi = c(x1 — x5), (28) 


max, = k(x1 — x2) — C2x4 — c(x5 — x). 


» T : 
In terms of the position vector x(t) = [ x1(t) x2(t) | , these equations can be 
written in the matrix form 


Mx” = Kx + Ry’, (29) 


where M and K are mass and stiffness matrices (as in Eqs. (2) and (3) of Section 


5.4), and 
|| -(e+¢1) C 
E- | c —(c + c2) 
is the resistance matrix. Unfortunately, because of the presence of the term involv- 
ing x’, the methods of Section 5.4 cannot be used. 
Instead, we write (28) as a first-order system in the four unknown functions 
xı (t), x2(t), x3(t) = x} (t), and x4(t) = x4(t). If mı = ma = 1 we get 


x’ = Ax, (30) 
where now x 2[xi X2 xs x4 P and 
0 0 1 0 
= E: ! EN : e) 
k =k c —(c + c2) 


With mı = m2 = c = 1 and k = cy = c2 = 2, the system in Eq. (30) is 


0 0 1 0 
|] 0 0 0 I! 
DM uL (32) 


2 —2 ] 33 


It is not too tedious to calculate manually—although a computer algebra system such as 
Maple, Mathematica, or MATLAB is useful here—the characteristic equation 


A4 4-819 41207 +84 =A 4-2)" =0 
of the coefficient matrix A in Eq. (32). Thus A has the distinct eigenvalue Ag = 0 and the 


triple eigenvalue A; = —2. 


CASE 1: Ao = 0. The eigenvalue equation (A — ADv = 0 for the eigenvector v = 
[a b c dl is 


0 0 1 olfa 0 
0 0 0 I1|lb 0 
Ave | a 4 l c|l-|o0 
3 x» d wx 0 


The first two rows give c = d = 0, then the last two rows yield a = b. Thus 
vo=[1 1 0 0] 


is an eigenvector associated with Ag = 0. 
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CASE 2: A; = —2. The eigenvalue equation (A — AD)v = 0 is 


2 0 1 O0][a 0 
0 2 0 I1||b 0 
FO | ao. S em do sed eg 
222 -1}Ld 0 


The third and fourth scalar equations here are the differences of the first and second equations, 
and therefore are redundant. Hence v is determined by the first two equations, 


2a+c=0 and 2b+d=0. 


We can choose a and b independently, then solve for c and d. Thereby we obtain two eigen- 
vectors associated with the triple eigenvalue A; = —2. The choice a = 1, b = 0 yields c = —2, 
d = 0 and thereby the eigenvector 


u-[1 0 — o]. 
The choice a — 0, b — 1 yields c — 0, d — —2 and thereby the eigenvector 
w=[0 1! 0 -]. 


Because A; = —2 has defect 1, we need a generalized eigenvector of rank 2, and hence 
a nonzero solution v» of the equation 


(A + 2D?v5 = v2 = 0. 


CO Oo rr 
Coon hy 
O O m m. 
(= E e E E 


Obviously, 
v-[o0 0 1 aJ 


is such a vector, and we find that 
(A + 2I)v2 = —2 E 1 
2 — ] — 


is nonzero, and therefore is an eigenvector associated with 4; = —2. Then (vi. V2} is the 
length 2 chain we need. 

The eigenvector v; just found is neither of the two eigenvectors u; and uz found pre- 
viously, but we observe that vı = u; — u2. For a length 1 chain w; to complete the picture 
we can choose any linear combination of u; and uz that is independent of vı. For instance, 
we could choose either w1 = u; or w1 = uo». However, we will see momentarily that the 
particular choice 


Wwi=uj+u=[1 1 -2 e 


yields a solution of the system that is of physical interest. 
Finally, the chains {vo}, {wi}, and (v1, v2) yield the four independent solutions 


xi(t)=voe? 2[1 1 0 of, 
x(t) - wie? =[1 1 -2 -2] e, 
x(t) = ve -[1 -1 -2 2]! et, (33) 
x4(t) = (vit + va)e 7 
-[t -t -2+1 p] e” 


of the system x’ = Ax in (32). 
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EX Problems 


Find general solutions of the systems in Problems 1 through lx = | -2 1 IE 2.x = | 3. c | x 
22. In Problems 1 through 6, use a computer system or graph- 1 

ing calculator to construct a direction field and typical solution 
curves for the given system. 


Chapter 5 Linear Systems of Differential Equations 


The four scalar components of the general solution 
X(t) = c1X1 (t) + c2X2 (t) + c3X3 (t) + caxa(t) 


are described by the equations 


xi(t) = c1 t e ? (c2 + c3 + cat), 


x2(t) = c1 + e (c — c4 — c4t), (34) 
x3(t) = e 7! (-2c5 — 2€3 + c4 — 2c4t), 


721 (265 + 2¢3 — c4 + 2cat). 


xa(t) =e 
Recall that x (t) and x2 (1) are the position functions of the two masses, whereas x3(t) = x4 (t) 
and x4(t) = x4(¢) are their respective velocity functions. 
For instance, suppose that x1 (0) = x2(0) = 0 and that x} (0) = x5(0) = vo. Then the 
equations 


x1(0) 2 c1 + co2+ c3 = 0, 
x2(0) =c1 + c2— ca = 0, 
x,(0 = —2c2 —2c3 + c4 = vo, 
x4(0) =  —2c2 *2c3 — c4 = vo 
are readily solved for cy = tvo, C2 — -lvo, and c3 = c4 = 0, so 


—2t 
x1(t) = x2(t) = lvo (1 e k 
x (t) = x5(t) = voe ^. 
In this case the two railway cars continue in the same direction with equal but exponentially 
damped velocities, approaching the displacements x1 = x2 = lvo ast — +00. 
It is of interest to interpret physically the individual generalized eigenvector solutions 
given in (33). The degenerate (Ag = 0) solution 


x()-[1 1 0 0] 
describes the two masses at rest with position functions x; (t) = 1 and x2(t) = 1. The solution 
xo(t)=[1 1 -2 -2] e 


corresponding to the carefully chosen eigenvector w; describes damped motions xı (t) = 
e?! and xo (t) = e 2! of the two masses, with equal velocities in the same direction. Finally, 
the solutions x3 (t) and x4(t) resulting from the length 2 chain (v1, v2} both describe damped 
motion with the two masses moving in opposite directions. a 

The methods of this section apply to complex multiple eigenvalues just as to 
real multiple eigenvalues (although the necessary computations tend to be somewhat 
lengthy). Given a complex conjugate pair o + fi of eigenvalues of multiplicity k, 
we work with one of them (say, œ — pi) as if it were real to find k independent 
complex-valued solutions. The real and imaginary parts of these complex-valued 
solutions then provide 2k real-valued solutions associated with the two eigenvalues 
A = a — fi and à = a + fi each of multiplicity k. See Problems 33 and 34. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


x = 7 l X 
-|-4 3 
2 0 
x’ =| -7 9 
0 0 
25 12 
x = | —18 —5 
6 6 
—19 12 
x= 0 5 
-8 4 
—13 40 
y= —8 23 
0 0 
—3 0 
x-|-1 -I 
1 0 
—1l 0 
x = 0 -1 
1 -l 
—1l 0 
x = 0 1 
0 1 
0 0 
x =| -5 -1 
4 1 
—2 -9 
x = 1 4 
1 3 
1 0 
x-2|-2 -2 - 
2 3 
0 
x = 18 7 
—27 —9 
1 0 
x = 1 3 
—2 —4 
1 -4 
dej 3 
~ | 6 -12 
0 —4 
2 1 0 
"-" 2 l 
~ | 0 0 2 
0 0 0 
at «i 
1 3 
Po, 
TP a 
0 1 


O=- 0O 0O 
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1 3 7 0 
0 -=l —4 0 
— 
22. x = 0 1 3 0 X 
0 —6 -—14 1 


In Problems 23 through 32 the eigenvalues of the coefficient 
matrix A are given. Find a general solution of the indicated 
system x! = Ax. Especially in Problems 29 through 32, use of 
a computer algebra system (as in the application material for 
this section) may be useful. 


39 8 —16 
23. Xx = | -36 —5 16 |x; A=-1,3,3 
72 16 —29 
28 50 100 
24. Y = 15 33 60 |x; A=-—2,3,3 
-15 -—30  —57 
-2 17 4 
25. x = | —1 6 1 |x; A=2,2,2 
0 1 2 
5 =l 1 
26. x’ = 1 3 0|x; A=3,3,3 
=3 2 1 
—3 3 =5 
27. x = 3 =l 3x; A=2,2,2 
8 —8 10 
=15 —7 4 
28. x’ = 34 16 -1l |x; A=2,2,2 
17 7 5 
-1 1 T- =2 
29. x! = ! 2 E. e X; A-2-L-12,2 
6 =2 -2 6 
2 1 =2 1 ] 
0 3. =5 3 
30. x = 0-13 2 -p |¥ A=-1,-1,2,2 
0 -27 45 E 
35  —12 4 30 
31. x = NS E : k x, A=1,1,1,1 
—27 9. 23..—23 
1l] -1 26 6 —3 
0 3 0 0 0 | 
32. x=] -9 0 -4 -6 3]|x 
3 0 9 5-1 
48 3 138 30 18 
À—2,2,3,3,3 
33. The characteristic equation of the coefficient matrix A of 
the system 
3 —4 1 0 
talt E MI" 
0 0 3 —4 
0 0 4 3 


pA) = (A? — 6A 4-25? = 0. 
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34. 


Therefore, A has the repeated complex conjugate pair 
3 + 4i of eigenvalues. First show that the complex vec- 
tors 


vi=[1 i 0 0f and vo2[0 0 1 i] 


form a length 2 chain (v1. v2} associated with the eigen- 
value à = 3 — 4i. Then calculate the real and imaginary 
parts of the complex-valued solutions 


At 


vje and (vit + ve^ 


to find four independent real-valued solutions of x’ = Ax. 


The characteristic equation of the coefficient matrix A of 
the system 


is 
$0) = (A? — 4A + 13)? 2 0. 


35. 


36. 
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Therefore, A has the repeated complex conjugate pair 
2 + 3i of eigenvalues. First show that the complex vec- 
tors 

iT, 


vi-[-i 3+3i 


vo-[3 -10+9 -i oj? 
form a length 2 chain {v1, V2} associated with the eigen- 
value A = 2 + 3i. Then calculate (as in Problem 33) four 
independent real-valued solutions of x’ = Ax. 
Find the position functions x, (t) and x2(t) of the railway 


cars of Fig. 5.5.2 if the physical parameters are given by 


my =mi = êi =C2 =c=k=1 


and the initial conditions are 


x1(0) = x2(0) = 0, x^ (0) = x4 (0) = Uo. 

How far do the cars travel before stopping? 

Repeat Problem 35 under the assumption that car 1 is 
shielded from air resistance by car 2, so now c1 = 0. Show 
that, before stopping, the cars travel twice as far as those 
of Problem 35. 


LM. Yelellfefetie I] Defective Eigenvalues and Generalized Eigenvectors 


A typical computer algebra system can calculate both the eigenvalues of a given 
matrix A and the linearly independent (ordinary) eigenvectors associated with each 
eigenvalue. For instance, consider the 4 x 4 matrix 


of Problem 31 in this section. 


calculation 


with(linalg): 
{ PeT; 


[1, 4, 


A= 


35 —12 4 30 
22  —8 3 19 
—10 3 0 —9 
=27 9 —3 —23 


(1) 


When the matrix A has been entered, the Maple 


eigenvectors (A); 
1, 


1], [0, 1, 3, 017] 


or the Mathematica calculation 


Eigensystem [A] 


{{1,1,1,1}, 


{{-3,-1,0,3}, 


{0,1,3,0}, 


{0,0,0,0}, {0,0,0,0}}} 


reveals that the matrix A in Eq. (1) has the single eigenvalue à = 1 of multiplic- 
ity 4 with only two independent associated eigenvectors vı and v2. The MATLAB 


command 


[V, D] = 


eig (sym(A)) 


provides the same information. The eigenvalue A = 1 therefore has defect d = 2. If 
B = A — (I)L you should find that B? Æ 0 but B? = 0. If 


u;=[1 0 0 0J”, u =Bu,, w = Bu; 
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then (u;, u2, u3} should be a length 3 chain of generalized eigenvectors based on 
the ordinary eigenvector u3 (which should be a linear combination of the original 
eigenvectors v, and v2). Use your computer algebra system to carry out this con- 
struction, and finally write four linearly independent solutions of the linear system 
x’ = Ax. 

For a more exotic matrix to investigate, consider the MATLAB’s gallery (5) 
example matrix 


—9 11 —21 63 —252 
70 —69 141 —421 1684 
A=] —575 575 —1149 3451 —13801 |. (2) 


3891 —3891 7782 —23345 93365 
1024 —1024 2048  —6144 24572 


Use appropriate commands like those illustrated here to show that A has a single 
eigenvalue à = 0 of multiplicity 5 and defect 4. Noting that A — (0)I = A, you 
should find that A^ Z 0 but that A> = 0. Hence calculate the vectors 


u; =[1 0 0 0 ol, u = Au, u = Aus, w=Au, Us = AW. 


You should find that us is a nonzero vector such that Aus = 0, and is there- 
fore an (ordinary) eigenvector of A associated with the eigenvalue A = 0. Thus 
fu, u5, U3, U4, Us} is a length 5 chain of generalized eigenvectors of the matrix A 
in Eq. (2), and you can finally write five linearly independent solutions of the linear 
system x’ = Ax. 


BEX Matrix Exponentials and Linear Systems 


The solution vectors of an n x n homogeneous linear system 
» X = Ax (1) 


can be used to construct a square matrix X = ®(r) that satisfies the matrix differen- 
tial equation 


XxX’ = AX (1^) 


associated with Eq. (1). Suppose that xi (t), X2(t),...,X,(t) are n linearly indepen- 
dent solutions of Eq. (1). Then the n x n matrix 


» 9()-|»x() x(() +++ Xn(t) |e (2) 


having these solution vectors as its column vectors, is called a fundamental matrix 
for the system in (1). 
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Fundamental Matrix Solutions 


Because the column vector x = x; (t) of the fundamental matrix 6 (t) in (2) satisfies 
the differential equation x’ = Ax, it follows (from the definition of matrix multi- 
plication) that the matrix X = 6 (t) itself satisfies the matrix differential equation 
X' — AX. Because its column vectors are linearly independent, it also follows that 
the fundamental matrix (7) is nonsingular, and therefore has an inverse matrix 
$(r) !. Conversely, any nonsingular matrix solution W(t) of Eq. (1^) has linearly 
independent column vectors that satisfy Eq. (1), so V (t) is a fundamental matrix for 
the system in (1). 
In terms of the fundamental matrix 6 (7) in (2), the general solution 


» X(t) = c1X1 (t) + coxo(t) + --- + CnXn (t) (3) 
of the system x’ = Ax can be written in the form 

> x(t) = 9(r)c (4) 
where c€ = [cy co... pn]? is an arbitrary constant vector. If W(t) is any other 
fundamental matrix for (1), then each column vector of W(t) is a linear combination 
of the column vectors of 6 (t), so it follows from Eq. (4) that 


W(t) = 9(0)C (4^) 


for some n x n matrix C of constants. 
In order that the solution x(t) in (3) satisfy a given initial condition 


x(0) = Xo, (5) 
it suffices that the coefficient vector c in (4) be such that 6 (0)c = xo; that is, that 
c = $(0) !x,. (6) 


When we substitute (6) in Eq. (4), we get the conclusion of the following theorem. 


THEOREM 1 Fundamental Matrix Solutions 


Let ®(t) be a fundamental matrix for the homogeneous linear system x’ = Ax. 
Then the [unique] solution of the initial value problem 


» X = Ax, x(0) = xg (7) 
is given by 
» x(t) = (H) (0) txo. (8) 


Section 5.2 tells us how to find a fundamental matrix for the system 
» X — Ax (9) 


with constant n x n coefficient matrix A, at least in the case where A has a com- 
plete set of n linearly independent eigenvectors vi, V2, ..., Vn associated with the 


Example 1 


Solution 
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(not necessarily distinct) eigenvalues A1, Az, ..., An, respectively. In this event the 
corresponding solution vectors of Eq. (9) are given by 


x; (t) = ve^! 
fori = 1,2,...,n. Therefore, the n x n matrix 
> (t) = vjet v; e^2t Sues v, e^t (10) 
having the solutions X1, X2, ..., Xn as column vectors is a fundamental matrix for 


the system x' — Ax. 
In order to apply Eq. (8), we must be able to compute the inverse matrix 
$ (0)^!. The inverse of the nonsingular 2 x 2 matrix 


1 d —b 
=i 7 
A- = | : | an 
where A = det(A) = ad — bc # 0. The inverse of the nonsingular 3 x 3 matrix 
A = [aij] is given by 
T 
du ~Ar ia 


a 1 
A zia —A»i1 +A22 —423 , (12) 


+431 —A32 +433 


where A = det(A) Z 0 and Aj; denotes the determinant of the 2 x 2 submatrix of A 
obtained by deleting the ith row and jth column of A. (Do not overlook the symbol 
T for transpose in Eq. (12).) The formula in (12) is also valid upon generalization to 
n x n matrices, but in practice inverses of larger matrices are usually computed in- 
stead by row reduction methods (see any linear algebra text) or by using a calculator 
or computer algebra system. 
Find a fundamental matrix for the system 

E Ay 

T = 4x + 2y, (13) 
y =3x- y, 


and then use it to find the solution of (13) that satisfies the initial conditions x(0) = 1, y(0) = 
—]. 


The linearly independent solutions 


e 2e?! 
xi(t) = Es | and x2(t) = | oot | 
found in Example 1 of Section 5.2 yield the fundamental matrix 


e ?t 2e*t | 


$(r) — Ee E (14) 
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*0-| j iJ 


and the formula in (11) gives the inverse matrix 


Then 


<4. Afi. <2 
(0) =; i (15) 


Hence the formula in (8) gives the solution 


e?! re |f1N[1 = 1 1 e?! Qe 113 
x(t) = —3e-?t e^t 7 3 1 =| = 7 —3e-2t e?t 2l 
and so 


(- l| 3e-? + 4e% 
NS = 7| —9e^?t 4.2658 |" 


Thus the solution of the original initial value problem is given by 


x(t) = 3e ?t + det, y(t) = -3e ^?! + Ze”, a 


Remark An advantage of the fundamental matrix approach is this: Once we know the fun- 
damental matrix (f) and the inverse matrix ®(0)~!, we can calculate rapidly by matrix 
multiplication the solutions corresponding to different initial conditions. For example, sup- 
pose that we seek the solution of the system in (13) satisfying the new initial conditions 
x(0) — 77, y(0) — 49. Then substitution of (14) and (15) in (8) gives the new particular 


solution 
d e?! 2e9*][1 -2 
x)= z| 4-2 pst || 3 1| 


Exponential Matrices 


We now discuss the possibility of constructing a fundamental matrix for the 
constant-coefficient linear system x' — Ax directly from the coefficient matrix A— 
that is, without first applying the methods of earlier sections to find a linearly inde- 
pendent set of solution vectors. 

We have seen that exponential functions play a central role in the solution of 
linear differential equations and systems, ranging from the scalar equation x' — kx 
with solution x(t) = xoe** to the vector solution x(t) = ve^ of the linear system 
x’ = Ax whose coefficient matrix A has eigenvalue 4 with associated eigenvector v. 
We now define exponentials of matrices in such a way that 


X(t) = e^! 
is a matrix solution of the matrix differential equation 
X' = AX 


with n x n coefficient matrix A—in analogy with the fact that the ordinary expo- 

nential function x(t) = e% is a scalar solution of the first-order differential equation 
f 

x'— ax. 


Example 2 
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The exponential e* of the complex number z may be defined (as in Section 
3.3) by means of the exponential series 


2 3 n 


Z Z 
Aaa eps a ie (16) 


Similarly, if A is an n x n matrix, then the exponential matrix e^ is the n x n matrix 
defined by the series 


A2 A^ 
> i puede ceste (17) 


where I is the identity matrix. The meaning of the infinite series on the right in (17) 
is given by 


oo k 
LL «( x) 
o» L (18) 
0 n! nu nao n! 
where A? = I, A? = AA, A? = AA?, and so on; inductively, A”+! = AA" ifn = 0. 


It can be shown that the limit in (18) exists for every n x n square matrix A. That is, 
the exponential matrix e“ is defined (by Eq. (17)) for every square matrix A. 


Consider the 2 x 2 diagonal matrix 


Then it is apparent that 


for each integer n 2 1. It therefore follows that 


A? 
gm Id A te 
1 0 a 0 a?/2» 0 
= + + " + 
0 1 0 b 0 DM 
d 1aca?f2b 0 
i 0 i4dp25 Olan | 


Thus 


so the exponential of the diagonal 2 x 2 matrix A is obtained simply by exponentiating each 
diagonal element of A. E 

The n x n analog of the 2 x 2 result in Example 2 is established in the same 
way. The exponential of the n x n diagonal matrix 


a O = d 
O @ se Ü 
D = . . (19) 
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is the n x n diagonal matrix 


e"! 0 0 
0 e2 .. Q0 
eP=| . . < [4 (20) 
0 0 en 


obtained by exponentiating each diagonal element of D. 

The exponential matrix e^ satisfies most of the exponential relations that are 
familiar in the case of scalar exponents. For instance, if 0 is the n x n zero matrix, 
then Eq. (17) yields 

e? =I, (21) 


the n x n identity matrix. In Problem 31 we ask you to show that a useful law of 
exponents holds for n x n matrices that commute: 


If AB = BA, then e^™ = e^eP, (22) 
In Problem 32 we ask you to conclude that 
-1 
(a) eet (23) 


In particular, the matrix e^ is nonsingular for every n x n matrix A (reminiscent of 


the fact that e7 # 0 for all z). It follows from elementary linear algebra that the 
column vectors of e^ are always linearly independent. 
If ¢ is a scalar variable, then substitution of At for A in Eq. (17) gives 


t? i" 
P aI Ar pA porq spese (24) 


(Of course, Af is obtained simply by multiplying each element of A by t.) 
If 


then 


so A" = 0 for n 2 3. It therefore follows from Eq. (24) that 
e^! —14+Ar+ 1A? 2 


that is, 
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Remark If A" = 0 for some positive integer n, then the exponential series in (24) terminates 
after a finite number of terms, so the exponential matrix e^ (or e^t) is readily calculated as 
in Example 3. Such a matrix—with a vanishing power—is said to be nilpotent. E 


Example 4 If 


then 


where D = 2L is a diagonal matrix and B is the nilpotent matrix of Example 3. Therefore, 


(20) and (22) give 
e 0 0 1 3t At 9r? 
e^t = eD+B)t = eDt eBt = 0 e2t 0 0 1 6t : 
0 0 e? 0 0 1 
thus 
e?! 3te?! (4t + 9(2)e?t 
et =| 0 gt 6te2! f m 
0 0 e?t 


Matrix Exponential Solutions 


It happens that term-by-term differentiation of the series in (24) is valid, with the 


result 
d (x 2 ,U _ ot? . 
7 (e ) 5A +A? FAIT += A I+Art at. Js 
that is, 
> Ca (e^) = Ae Q5) 
dt i 


in analogy to the formula D; (ekt ) = ke** from elementary calculus. Thus the 
matrix-valued function 


» X(t) = e^ 
satisfies the matrix differential equation 
> X' = AX. 


Because the matrix e^ is nonsingular, it follows that the matrix exponential e™ is a 


fundamental matrix for the linear system x’ = Ax. In particular, it is the fundamental 
matrix X(t) such that X(0) = I. Therefore, Theorem 1 implies the following result. 
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Example 6 


Solution 


THEOREM 2 Matrix Exponential Solutions 


If A is an n x n matrix, then the solution of the initial value problem 


» XS MAXI x(0) = Xo (26) 
is given by 
> x(t) = e^'xo, (27) 


and this solution is unique. 


Thus the solution of homogeneous linear systems reduces to the task of com- 
puting exponential matrices. Conversely, if we already know a fundamental matrix 
$ (1) for the linear system x’ = Ax, then the facts that e^^ = (7)C (by Eq. (4’)) and 
e^? — e? = I (the identity matrix) yield 


e^ = $(r)(0)^!. (28) 


So we can find the matrix exponential e^' by solving the linear system x' — Ax. 


In Example 1 we found that the system x’ = Ax with 
4 2 
DEl 


eT?! 2e% : = 1 -2 
od xa ca | with *o7 - 4 al 


Ae 234 e?! pTi = 
€ 77l1-3e?! $5|!3 1 


e ?t + 6e*t —2e-2t + 2e*t 
—3e-?t + 3e*t 6e?! + e*t 


has fundamental matrix 


Hence Eq. (28) gives 


—1 
~ 7 


Use an exponential matrix to solve the initial value problem 


23 4 19 
x=|0 2 6|[x xo =| 29]. (29) 
002 39 


The coefficient matrix A in (29) evidently has characteristic equation (2 — A)? — 0 and thus 
the triple eigenvalue A = 2, 2, 2. It is easy to see that the eigenvector equation 


0. 3 4][a 0 
(A-2v=]0 0 6||b|-|0 
000]lc 0 


has (to within a constant multiple) the single solution v 2 [1 0 0 Y. Thus there is only a 
single eigenvector associated with the eigenvalue A = 2, and so we do not yet have the three 
linearly independent solutions needed for a fundamental matrix. But we note that A is the 
same matrix whose matrix exponential 


e?! 3te” (at + 9(2)e?t 


ALL 9 e?t 61e?! 


0 0 e?t 
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was calculated in Example 4. Hence, using Theorem 2, the solution of the initial value 
problem in (29) is given by 


e?! 3te?!.— (4t + 92)e?t 19 
x()2eMx()2| 0 e% 6te?! 29 
0 0 e?t 39 


(19 + 243t + 35112)e?t 
B (29 + 2341)e?! : El 
39e?! 


Remark The same particular solution x(t) as in Example 6 could be found using the gener- 
alized eigenvector method of Section 5.5. One would start by finding the chain of generalized 


eigenvectors 
18 4 0 
Vi=}] 0}, vo=]6], v3=] 0 
0 0 1 


corresponding to the triple eigenvalue A = 2 of the matrix A. Then one would—using 
Eqs. (27) in Section 5.5—assemble the linearly independent solutions 


2t 2t 


xi) = vie, xy) = (vit + vae”, x) = (Fvit + vor + va)e 
of the differential equation x’ = Ax in (29). The final step would be to determine values of 
the coefficients c1, c2, c3 so that the particular solution x(t) = c1X1 (t) + c2x2(t) + caxa(t) 
satisfies the initial condition in (29). At this point it should be apparent that—especially if the 
matrix exponential e^' is readily available (for instance, from a computer algebra system)— 
the method illustrated in Example 6 can well be more “computationally routine" than the 
generalized eigenvector method. 


General Matrix Exponentials 


The relatively simple calculation of e^' carried out in Example 4 (and used in Ex- 
ample 6) was based on the observation that if 


23 4 
A=|]0 2 6 
0 0 2 
then A — 2I is nilpotent: 
3 
03 4 0 0 0 
(A-2) =|0 0 6] =|0 0 0} =0. (30) 
0 0 0 0 0 0 


A similar result holds for any 3 x 3 matrix A having a triple eigenvalue r, in 
which case its characteristic equation reduces to (A — r)? = 0. For such a matrix, an 
explicit computation similar to that in Eq. (30) will show that 


(A — rD? =0. (31) 


(This particular result is a special case of the Cayley-Hamilton theorem of advanced 
linear algebra, according to which every matrix satisfies its own characteristic equa- 
tion.) Thus the matrix A — rI is nilpotent, and it follows that 


e^ = o UHACTDI = erk uc — erp [T4 (A—rDt + 2(A —rD?r?],. (32) 
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the exponential series here terminating because of Eq. (31). In this way, we can 
rather easily calculate the matrix exponential e^' for any square matrix having only 
a single eigenvalue. 

The calculation in Eq. (32) motivates a method of calculating e^' for any n x n 
matrix A whatsoever. As we saw in Section 5.5, A has n linearly independent gen- 
eralized eigenvectors U1, U2, ..., Un. Each generalized eigenvector u is associated 
with an eigenvalue À of A and has a rank r Z 1 such that 


(A—AD'u- 0 but (A — AD" ^!u Z 0. (33) 


(If r = 1, then u is an ordinary eigenvector such that Au = Au.) 

Even if we do not yet know e^' explicitly, we can consider the function x(t) = 
u, which is a linear combination of the column vectors of e^ and is therefore 
a solution of the linear system x’ = Ax with x(0) = u. Indeed, we can calculate x 
explicitly in terms of A, u, A, and r: 


e^ 


x(t) = ety = eO A-Drg = Alt (-ADty 
rl 
e gE EK DER ee qe (A XD he |, 
(r — 1)! 
so 
12 
x(t) = e^! E + (A — ADur + (A — ADp^uz Lee 
4 Ling! 
+ (A-ÀD "c (4) 
using (33) and the fact that eĉ! = e*I. 
If the linearly independent solutions xi (1), X2(t), ..., Xn(t) of x’ = Ax are 


calculated using (34) with the linearly independent generalized eigenvectors u1, U2, 
..., Uy, then the n x n matrix 


$()-[xit) x) -- X(t) | (35) 


is a fundamental matrix for the system x' — Ax. Finally, the specific fundamental 
matrix X(t) = ®(t)®(0)~! satisfies the initial condition X(0) = I, and thus is the 
desired matrix exponential e^'. We have therefore outlined a proof of the following 
theorem. 


THEOREM3 Computation of e^! 


Let uj, u5, ..., u ben linearly independent generalized eigenvectors of the n x n 
matrix A. For each i, 1 < i € n, let x; (t) be the solution of x’ = Ax given by (34), 
substituting u = u; and the associated eigenvalue A and rank r of the generalized 
eigenvector u;. If the fundamental matrix € (t) is defined by (35), then 


» e^ = $(r)(0)^!. (36) 


5 
4 |. (37) 
3 


Find e! if 
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Solution Theorem 3 would apply even if the matrix A were not upper triangular. But because A is 
upper triangular, this fact enables us to see quickly that its characteristic equation is 


(5— A) — A? — 0. 


Thus A has the distinct eigenvalue A1 = 5 and the repeated eigenvalue Az = 3. 


CASE 1: A; — 5. The eigenvector equation (A — ADu = 0foru- [a b c ] is 


-2 4 5]ļfa 0 
(A-5Du-| 0 0 a4 ||b|-[|o|. 
0 0 alle 0 


The last two scalar equations 4c = 0 and —2c = 0 give c = 0. Then the first equation 
—2a + 4b = Ois satisfied by a = 2 and b = 1. Thus the eigenvalue A; = 5 has the (ordinary) 
eigenvectoru; =[2 1 0 Y. The corresponding solution of the system x' = Ax is 
T 


x(t) 2 eu; 2e [2 1 0] (38) 


CASE 2: Az —3. The eigenvector equation (A - ADu = 0foru- [a b c T is 


0 4 S][a 0 
(A-3Du—2|0 2 4|| b | 2| 0 |. 
000]lc 0 


The first two equations 4b + 5c = 0 and 2b + 4c = 0 imply that b = c = 0, but leave a arbitrary. 


Thus the eigenvalue A2 = 3 has the single (ordinary) eigenvector uz = [1 0 0 I. The 
corresponding solution of the system x’ = Ax is 


xo(t) = eu 2e* [1 0 o]. (39) 


To look for a generalized eigenvector of rank r = 2 in Eq. (33), we consider the equation 


0 8 l6][a 0 
(A-—317u=|0 4 8 bi-|ol. 
00 0 c 0 


The first two equations 8b + 16c = 0 and 4b + 8c = 0 are satisfied by b = 2 and c = —1, 
but leave a arbitrary. With a = 0 we get the generalized eigenvector u3 =[0 2 -1 ] of 


rank r = 2 associated with the eigenvalue A = 3. Because (A — 3D?u = 0, Eq. (34) yields 
the third solution 


x3(t) = e% [us + (A — 3Duat] 


0 04 5 0 3t 
= e” 2/+]0 2 4 2};t)ae*] 2|. (40) 
-1 o0 9 oO |i = 


With the solutions listed in Eqs. (39) and (40), the fundamental matrix 
$()-[xi() xA) xa] 
defined by Eq. (35) is 


2e?t et ate?! 0 1 2 
9$()—| e 0 2e* | with (0!-2|1 -2 —4 |. 


0 0 -eà* 


360 Chapter 5 Linear Systems of Differential Equations 


Hence Theorem 3 finally yields 


e^ 


Remark As in Example 7, Theorem 3 suffices for the computation of e^' 


$()9(0)! 
2e% e 3te” 0 1 2 
ef Q0 2e% ||} 1 -2 -4 
0 0  -e3 0 0 -1 
e9 2e% — 2e? — (4 + 3t)e?t 
0 e?t 2e5t —2g3t |. [| 
0 0 et 


provided that a 


basis consisting of generalized eigenvectors of A can be found. Alternatively, a computer 
algebra system can be used as indicated in the project material for this section. E 


EZ Problems 


Find a fundamental matrix of each of the systems in Problems 
1 through 8, then apply Eq. (8) to find a solution satisfying the 
given initial conditions. 


—1 
2 
,_ [2 = [0 
dl 3| xo - |^] 
Pol €* sd fi 
axel IE xo - [5| 
ke 2 u 1 
5. x’ =| 9 d xo-| 1| 
o7 s _ | 2 
6 z=; F xo - [5| 
5 0 —6 2 
7. * |2 -1 -2|x, x(0)2|1 
d: ocu 0 
3 2 2 1 
8. x =| -5 -4 -2]x, x(0)= 0 
5 5 3 —1 


Compute the matrix exponential e^ for each system x! = Ax 
given in Problems 9 through 20. 


9. xi = 5x1 — 4x2, x4 = 2x1 — x2 
10. x, = 6x1 — 6x2, x4 = 4x1 — 4x2 
1l. x} = 5x1 — 3x2, x} = 2x1 

12. x = 5x1 — 4x2, x) = 3x1 — 2x2 
13. x, = 9x1 — 8x2, x5 = 6x1 — 5x2 
14. x, = 10x1 — 6x2, x4 = 12x1 — 7x2 
15. x = 6x1 — 10x2, x4 = 2x1 — 3x2 
16. x, = 11x1 — 15x2, x5 = 6x1 — 8x2 
17. x, = 3x1 + x2, x) = x1 + 3x2 

18. x, = 4x1 + 2x2, x4 = 2x1 + 4x2 
19. x, = 9x1 + 2x2, x = 2x1 + 6x2 
20. x', = 13x1 + 4x2, x4 = 4x1 + 7x2 


In Problems 21 through 24, show that the matrix A is nilpo- 
tent and then use this fact to find (as in Example 3) the matrix 


exponential e*t 
1 -1 6 4 

a. A=| { gj 2. A-| 5 | 
1 -1 -1 3 0 -3 

23. A=|1 -i 1 24. A= 0 7 

0 -3 


© 
© 
© 
Ww tA 


Each coefficient matrix A in Problems 25 through 30 is the 
sum of a nilpotent matrix and a multiple of the identity matrix. 
Use this fact (as in Example 6) to solve the given initial value 
problem. 


25. ii ae 


5 
7 E — 
2 Y -[ 1 d xo - | 45] 
12 3 4 
27.x 210 1 2]x, x(002/|5 
0 0 1 6 
5 0 0 40 
28. x =| 10 5 Ox x(02-2| 50 
20 30 5 60 
12 3 4 1 
0 1 6 3 1 
gn a 
0 0 0 1 1 
3 0 0 0 1 
6 3 0 0 1 
tt = 
30. x’ = 9 63 01l* x(0) = 1 
12 9 6 3 1 


31. Suppose that the n x n matrices A and B commute; that 
is, that AB = BA. Prove that e&* B = eAeB, (Suggestion: 
Group the terms in the product of the two series on the 
right-hand side to obtain the series on the left.) 
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32. Deduce from the result of Problem 31 that, for ev- Show that e^! = Icos2t + 1A sin2t. Apply this fact to 
ery square matrix A, the matrix e^ is nonsingular with find a general solution of x' — Ax, and verify that it is 
(e D =l Lg equivalent to the solution found by the eigenvalue method. 
33. Suppose that Apply Theorem 3 to calculate the matrix exponential e*' for 
A= | : ; | each of the matrices in Problems 35 through 40. 
12 3 
2n _ 2nckl _ 4A ifpi iti 
Show that A^" = I and that A = A if n is a positive 35. A= 3 4 a6 Kah. 1 4 
integer. Conclude that 0 3 0 0 I1 
e^! = Icosht + Asinht, [2 3 4 5 20 30 
and apply this fact to find a general solution of x’ = Ax. 37. A=|0 1 3 | 38. A = | 0 10 20 | 
Verify that it is equivalent to the general solution found by Lo 0 1 0 0 5 
the eigenvalue method. [d 333 3 2 4 4 4 
34. Suppose that - [uox La 3 10244 
A= 0 2 i lm 0.02 3 MAS 002 4 
1-2 0 0.002 000 3 


EN-WiYelelllefejie Automated Matrix Exponential Solutions 


If A is ann x n matrix, then a computer algebra system can be used first to calculate 
the fundamental matrix e^' for the system 


x — Ax, (1) 


then to calculate the matrix product x(t) = e^'xo to obtain a solution satisfying the 
initial condition x(0) — xo. For instance, suppose that we want to solve the initial 
value problem 


xi = 13x1 + 4x5, 


Xp = 4x1, + 7x2; 
11, x2(0) = 23. 


SEES : 


have been entered, either the Maple command 


= 
— 
[e] 
a= 
Il 


After the matrices 


with(linalg): exponential (Axt) 
the Mathematica command 

MatrixExp[A t] 
or the MATLAB command 

syms t, expm(Axt) 


yields the matrix exponential 


e*t + 4e 5t —2e?t + 2e1*t 
expAt — i l ] 


—26e?! + 2el*t 4e?! + el! 
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FIGURE 5.6.1. 
the linear system (1). As the "locator 
points" are dragged to different 
positions, the solution curves are 
immediately redrawn, illustrating the 
behavior of the system. 


Interactive display of 
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Then either the Maple product multiply (expAt, x0), the Mathematica product 
expAt.x0, or the MATLAB product expAt «x0 gives the solution vector 


x- —7e% + 18e?! 
© | Me? + 9el5r |` 
Obviously this, finally, is the way to do it! 


Matrix exponentials also allow for convenient interactive exploration of the 
system (1). For example, a version of the Mathematica commands 


4), (4, 7)); 
field = VectorPlot[A.íx, yl, 
ivy, -25, 25]]; 
Manipulate[ 
curves - ParametricPlot[ 
MatrixExp[A t, #]&/@pt, 
PlotRange -» 25]; 
Show[curves, field], 
{{pt, {{11, 23}, (20, 
{-20, 10}}}, Locator}] 


was used to generate Fig. 5.6.1, which shows four solution curves of the system 
(1) with the matrix A chosen as in Eq. (2). The initial conditions for each solution 
curve—one of which initially passes through the point (11, 23) of our initial value 
problem, while the other three pass through the points (20, —10), (—20, —10), and 
(20, 10)—are specified by a "locator point" which can be freely dragged to any 
desired position in the phase plane, with the corresponding solution curve being 
instantly redrawn. 

Experimenting with such interactive displays can shed considerable light on 
the behavior of linear systems. For example, notice the straight line solution in 
Fig. 5.6.1; if you could drag the corresponding locator point around the phase plane, 
what other straight line solution could you find? How could you have predicted this 
by examining the matrix A? 

For a three-dimensional example, solve the initial value problem 


A= {{13, 


{x, 225, 25}, 


{t, zl, 1}, 


-10}, {-20, =10}, 


xi = —149x, — 50x2 — 154x3, 
x5 = 537x, + 180x2 + 546x3, 
x4 = —27xı — 9x2 — 25x3; 
xı(0) = 17, x2(0) = 43, x3(0) = 79. 
And here’s a four-dimensional problem: 
xi = 4x + x2+ x3 + 7x4, 
xh = xı + 4x2 + 10x3 + x4, 
x4 = xı + 10x2 + 4x3 + Xa, 
x. —'xQd o xX2d x3 + 4x4; 
x1(0) = 15, x2(0) = 35, x3(0)= 55, x4(0)- 75. 


If at this point you're having too much fun with matrix exponentials to stop, 
make up some problems of your own. For instance, choose any homogeneous linear 
system appearing in this chapter and experiment with different initial conditions. 
The exotic 5 x 5 matrix A of the Section 5.5 application may suggest some interest- 
ing possibilities. 
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Nonhomogeneous Linear Systems 


Example 1 


Solution 


In Section 3.5 we exhibited two techniques for finding a single particular solution 
of a single nonhomogeneous nth-order linear differential equation—the method of 
undetermined coefficients and the method of variation of parameters. Each of these 
may be generalized to nonhomogeneous linear systems. In a linear system mod- 
eling a physical situation, nonhomogeneous terms typically correspond to external 
influences, such as the inflow of liquid to a cascade of brine tanks or an external 
force acting on a mass-and-spring system. 
Given the nonhomogeneous first-order linear system 


> x’ = Ax + f(t) (1) 


where A is an n x n constant matrix and the “nonhomogeneous term" f(t) is a given 
continuous vector-valued function, we know from Theorem 4 of Section 5.1 that a 
general solution of Eq. (1) has the form 


d X(t) = xc(t) + Xp(t), (2) 


where 


e Xc(f) = cyX1(t) + coxo(t) + --- + CnXn (t) is a general solution of the associ- 
ated homogeneous system x' — Ax, and 
e Xp(t)isasingle particular solution of the original nonhomogeneous system in 


(1). 
Preceding sections have dealt with x; (t), so our task now is to find x; (t). 


Undetermined Coefficients 


First we suppose that the nonhomogeneous term f(t) in (1) is a linear combination 
(with constant vector coefficients) of products of polynomials, exponential func- 
tions, and sines and cosines. Then the method of undetermined coefficients for 
systems is essentially the same as for a single linear differential equation. We make 
an intelligent guess as to the general form of a particular solution x,, then attempt 
to determine the coefficients in x, by substitution in Eq. (1). Moreover, the choice 
of this general form is essentially the same as in the case of a single equation (dis- 
cussed in Section 3.5); we modify it only by using undetermined vector coefficients 
rather than undetermined scalars. We will therefore confine the present discussion 
to illustrative examples. 


Find a particular solution of the nonhomogeneous system 


«-[ ge] ° 


The nonhomogeneous term f = [ 3 2t y is linear, so it is reasonable to select a linear trial 
particular solution of the form 


i _| 4 by 
xp) =areb=[ i re]. (4) 
Upon substitution of x = xy in Eq. (3), we get 
a1| |3 2 aıt + bı 4 3 
a2 147 5 azt + b2 2t 


B 3a, + 2a2 " 3b, + 2b5 +3 
~ | Jay + 5az +2 7b, + 5b2 
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Example 2 


r (gal/min) 


FIGURE 5.7.1. The three brine 
tanks of Example 2. 


We equate the coefficients of t and the constant terms (in both x4- and x2-compon-ents) and 
thereby obtain the equations 


3a, + 2a» = 0, 
Ta, + 5a5 +2 = 0, 
3b, + 2b2 +3 = a4, ©) 
7b, + 5b, = ap. 
We solve the first two equations in (5) for a; = 4 and az = —6. With these values we can 
then solve the last two equations in (5) for b} = 17 and b? = —25. Substitution of these 


coefficients in Eq. (4) gives the particular solution x = [ X] X2 r of (3) described in scalar 
form by 


xi(f) 2. 4t 4 17, 
x9(t) = —6t — 25. E 


Figure 5.7.1 shows the system of three brine tanks investigated in Example 2 of Section 5.2. 
The volumes of the three tanks are Vj = 20, V2 = 40, and V3 = 50 (gal), and the common 
flow rate is r — 10 (gal/min). Suppose that all three tanks contain fresh water initially, but 
that the inflow to tank 1 is brine containing 2 pounds of salt per gallon, so that 20 pounds of 
salt flow into tank 1 per minute. Referring to Eq. (18) in Section 5.2, we see that the vector 
x(t) — [ xi1(f) xo(t) xa(t) ja of amounts of salt (in pounds) in the three tanks at time t 
satisfies the nonhomogeneous initial value problem 


" -05 0 0 20 0 

x 

FG =| 05 -035 0 [xt] 0|. x@) =] 0 |. (6) 
d 0 025 —02 0 0 


The nonhomogeneous term f = [20 0 0 ld here corresponds to the 20 Ib/min inflow of 
salt to tank 1, with no (external) inflow of salt into tanks 2 and 3. 

Because the nonhomogeneous term is constant, we naturally select a constant trial 
function xp = [ a, a2 a3 Fs for which Xp = 0. Then substitution of x = xy in (6) yields 
the system 


0 —0.5 0 0 ay 20 
|= 0.5 —0.25 0 a2 | + 0 
0 0 0.25 —0.2 d3 0 


that we readily solve for ay = 40, a2 = 80, and a3 = 100 in turn. Thus our particular solution 
isxp(t)=[40 80 100]. 
In Example 2 of Section 5.2 we found the general solution 


Xc(t) = cı | —6 gol? es 1 g t^ 4 es 0 |e 1/5 
5 —5 1 


of the associated homogeneous system, so a general solution x = x; + Xp of the nonhomo- 
geneous system in (6) is given by 


3 0 0 40 
x()=c1| -6 |e ten] 1 Je /4 403] 0 fe */S +] 80 |. (7) 
5 2s 1 100 


When we apply the zero initial conditions in (6), we get the scalar equations 


3c1 + 4020, 
—6c| + c3 + 80-0, 
5c, — 5c2 + c3 + 100-0 


120 T T T T T 
x3(#) + 100 


100[--------- 


x(t) 40 


| l | l l 
0 10 20 30 40 50 60 
t 


FIGURE 5.7.2. Solution curves for 
the amount of salt defined in (8). 


Example 3 
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that are readily solved for cy = -20, c2 = —160, and c3 = 5 . Substituting these 
coefficients in Eq. (7), we find that the amounts of salt in the three tanks at time ¢ are given 


by 
x1(t) = 40 — 40e7!/2, 
xa(t) = 80 + 80e™*/2 — 160e ™/4, (8) 
xs(r) = 100 + 190 (—2671/2 + 246714 — 2567115). 


As illustrated in Fig. 5.7.2, we see the salt in each of the three tanks approaching, as t > +00, 
a uniform density of 2 Ib/gal—the same as the salt density in the inflow to tank 1. a 

In the case of duplicate expressions in the complementary function and the 
nonhomogeneous terms, there is one difference between the method of undeter- 
mined coefficients for systems and for single equations (Rule 2 in Section 3.5). For 
a system, the usual first choice for a trial solution must be multiplied not only by 
the smallest integral power of t that will eliminate duplication, but also by all lower 
(nonnegative integral) powers of ¢ as well, and all the resulting terms must be in- 
cluded in the trial solution. 


Consider the nonhomogeneous system 


,_ f4 2 151. a 
SF i) E ; (9) 
In Example 1 of Section 5.2 we found the solution 
xc(t) = cy [altei] (10) 


of the associated homogeneous system. A preliminary trial solution x p(t) = ate?! + be ?' 
exhibits duplication with the complementary function in (10). We would therefore select 


2t 


Xp(t) — at2e 7! + bte ?! + ce 


as our trial solution, and we would then have six scalar coefficients to determine. It is simpler 
to use the method of variation of parameters, our next topic. a 


Variation of Parameters 


Recall from Section 3.5 that the method of variation of parameters may be applied 
to a linear differential equation with variable coefficients and is not restricted to 
nonhomogeneous terms involving only polynomials, exponentials, and sinusoidal 
functions. The method of variation of parameters for systems enjoys the same flexi- 
bility and has a concise matrix formulation that is convenient for both practical and 
theoretical purposes. 

We want to find a particular solution x, of the nonhomogeneous linear system 


> x’ = P(t)x + f(t), (11) 
given that we have already found a general solution 

> Xc(£) = c1X1(t) + C2X2(t) + +++ + CnXn (t) (12) 
of the associated homogeneous system 


> x’ = P(t)x. (13) 
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We first use the fundamental matrix (7) with column vectors X1, X2, ..., Xn 
to rewrite the complementary function in (12) as 


Xc(r) = 9(r)c. (14) 
where c denotes the column vector whose entries are the coefficients c1, c5, .... Cn. 
Our idea is to replace the vector "parameter" c with a variable vector u(t). Thus we 
seek a particular solution of the form 


> Xp(t) = @(t)u(t). (15) 


We must determine u(t) so that x, does, indeed, satisfy Eq. (11). 
The derivative of x, (t) is (by the product rule) 


x, (t) = 9'(r)u(t) + 6(ru'(t). (16) 
Hence substitution of Eqs. (15) and (16) in (11) yields 
9'(r)u(r) + e(r)u'(r) = POP Ou) + f). 7) 
But 
9'(r) = P(r)9() (18) 


because each column vector of 9 (t) satisfies Eq. (13). Therefore, Eq. (17) reduces 
to 


$ (r)u' (t) = f(t). (19) 
Thus it suffices to choose u(t) so that 
u(t) = DOTEA); (20) 


that is, so that 
u(t) = [ $7802. Q1) 


Upon substitution of (21) in (15), we finally obtain the desired particular solution, 
as stated in the following theorem. 


THEOREM 1 Variation of Parameters 


If (1) is a fundamental matrix for the homogeneous system x’ = P(r)x on some 
interval where P(t) and f(t) are continuous, then a particular solution of the non- 
homogeneous system 

x’ = P(t)x + f(t) 


is given by 


> x)= 20) | Buy ME dr. (22) 
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This is the variation of parameters formula for first-order linear systems. If 
we add this particular solution and the complementary function in (14), we get the 
general solution 


» x(t) = ®(t)e + 20) | eon d (23) 


of the nonhomogeneous system in (11). 

The choice of the constant of integration in Eq. (22) is immaterial, for we 
need only a single particular solution. In solving initial value problems it often is 
convenient to choose the constant of integration so that xp (a) = 0, and thus integrate 
from a to t: 


xp(t) = »o | $ (s) !f(s) ds. (24) 


If we add the particular solution of the nonhomogeneous problem 
x = P(t)x+ f(t), x(a) =0 


in (24) to the solution xe (t) = ®(t)®(a)~!x, of the associated homogeneous prob- 
lem x’ = P(t)x, x(a) = Xa, we get the solution 


x(t) = $(r)6(a) !x, + eof $ (s) !f(s)ds (25) 


of the nonhomogeneous initial value problem 
x =P()x+f@), x(a) = Xa. (26) 


Equations (22) and (25) hold for any fundamental matrix (t) of the homo- 
geneous system x’ = P(r)x. In the constant-coefficient case P(t) = A we can use 
for 6 (1) the exponential matrix e^' —that is, the particular fundamental matrix such 
that $(0) = I. Then, because (e4’)~! = e-^!, substitution of $(r) = e^ in (22) 
yields the particular solution 


Xp(t) = e™ J e ATE(t) dt (27) 


of the nonhomogeneous system x’ = P(t)x + f(t). Similarly, substitution of ® (t) = 
e^! in Eq. (25) with a = 0 yields the solution 


t 
> x(t) = e^'xo + e^ / e^Mf(r) dt (28) 
0 


of the initial value problem 
> x = P(t)x+ f(t), x(0) = Xo. (29) 


Remark If we retain t as the independent variable but use s for the variable of integration, 
then the solutions in (27) and (28) can be rewritten in the forms 


t 
Xp(t) = f r ds and x(t)= exo + f e ^6-0f(5) qs. E 
0 
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Example 4 


Solution 


Solve the initial value problem 


a aiee xo - |1]. (30) 


The solution of the associated homogeneous system is displayed in Eq. (10). It gives the 
fundamental matrix 
e ? 2g! . i- afi 2 
$(r) = pe ost | with | 9(0)! => | 33 | : 


It follows by Eq. (28) in Section 5.6 that the matrix exponential for the coefficient matrix A 


in (30) is 
e?! 2:99! | aTi = 
—3e 2! ee! 7|3 1 


1 e ?t + 6e^t —2e-?t + 2e5t 
—3 —3e^2t + 3¢5t 6e?! + e5t |: 


e^ = (t) (0)! 


Then the variation of parameters formula in Eq. (28) gives 


t 
e Mx(t) = xo + I e^ A5 f(s) ds 
0 
7 E e25 + 6e 55. —2e?5 4 2e 55 —15se 25 
Ra T 2s —5s 2s —5s —2s ds 
3 o 7 | —3e75 + 3e 6e?5 + e —4se 


7 tT -s — 14se775 
HE | 3s — dew] a 
7) 4 a [ ~4- 72 + 4e77 + 28107” 
14 | 24 2117 + 2e77 + e 


Therefore, 
ety) = d, 94— 71? + 4e—7! + 28te 7t 
14 | 40 + 2172 + 2e77! + 14te77! | 


Upon multiplication of the right-hand side here by e^', we find that the solution of the initial 
value problem in (30) is given by 


1 e^?! 4 6e% — —2e77t 42e% ] , [ 94— 71:2 + 4e77! 4 28te77t 
x(t) = 5 4 


—3e 2! (3e? — Ge 27 + e” 40 + 211? + 2e77! + 141277! 


EE | wee heared = 


~ 1M | (—4 + 14t + 2112)e7?! + 46e% 


In conclusion, let us investigate how the variation of parameters formula in 
(22) “reconciles” with the variation of parameters formula in Theorem 1 of Sec- 
tion 3.5 for the second-order linear differential equation 


y" + Py' * Oy = f(t). (31) 
If we write y = x1, y' = x, = x2, y" = x] = x5, then the single equation in (31) is 
equivalent to the linear system x, = x2, x = —Q xı — P x» + f(t), that is, 
x’ = P(t)x + f(t), (32) 
where 


| dul l|» E 0 1 z 0 
«e [z]-[z]. mo-[.2 i] aa vo» [45]. 


5.7 Nonhomogeneous Linear Systems 369 


Now two linearly independent solutions yı and y2 of the homogeneous system 
y" + P y! + Qy = Oassociated with (31) provide two linearly independent solutions 


yı y2 
X = and X= 
i 5] d H 


of the homogeneous system x’ = P(t)x associated with (32). Observe that the de- 
terminant of the fundamental matrix ® = [ X| Xo | is simply the Wronskian 


yı y2 
Yi Y» 


W = 


of the solutions yı and y2, so the inverse fundamental matrix is 


y =y2 
=y du 


$!-— 
W 


Therefore the variation of parameters formula x, =  / ^ !fqd: in (22) yields 
Yp | | ie »2 i y2 —» 0 Ls 
3» X» » Way Yee 
i= 
mE. » i L= |) ae 
Jp. -Y2 WwW nif 
The first component of this column vector is 


ye=[n nl fa] aon nn fn 


If, finally, we supply the independent variable t throughout, the final result on the 
right-hand side here is simply the variation of parameters formula in Eq. (33) of 
Section 3.5 (where, however, the independent variable is denoted by x). 


Problems 


Apply the method of undetermined coefficients to find a par- 10. x 2x -2y, y! 22x — y + æ sint 

ticular solution of each of the systems in Problems 1 through 11. x’ = 2x + 4y +2, y = x + 2y + 3; x(0) = 1, y(0) = -1 
14. If initial conditions are given, find the particular solution 12. 2x c y 2t, y! 2x - y -2t 

that satisfies these conditions. Primes denote derivatives with 13. x! =2x t y 4 2e! , y! =x + 2y — 3e! 


respect to t. 14. x! 22x + y t 1, y! 2 Ax  2y +e“! 


1. x’ =x4+2y4+3,y’ =2x+y-2 
2. x! 2 2x  3y 4 5, y! 2 2x + y - 2t Problems 15 and 16 are similar to Example 2, but with two 
3. x! = 3x + 4y, y! = 3x + 2y + £2; x(0) = y(0) =0 brine tanks (having volumes Vi and V2 gallons as in Fig. 5.7.1) 
dura ud We t: (0) (0) — 1 instead of three tanks. Each tank initially contains fresh water, 
s. M ian s. ; ug Sie ae mcm and the inflow to tank 1 at the rate of r gallons per minute has 
` M muda a > Jl mui. dmi : a salt concentration of co pounds per gallon. (a) Find the 
6. x = 9x + y + 2e y = —8x — 2y + te amounts x1(t) and x2(t) of salt in the two tanks after t min- 
7. x! = —3x + 4y + sint, y' = 6x — 5y; x(0) = 1, y(0) = 0 utes. (b) Find the limiting (long-term) amount of salt in each 
8. x! = x — 5y + 2sint, y' = x — y — 3 cost tank. (c) Find how long it takes for each tank to reach a salt 
9. x! = x — 5y  cos2t, y 2x — y concentration of 1 Ib/ gal. 
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15. Vi = 100, V; = 200, r = 10, co = 2 27. A= E 4] f(r) = po | x(0) — hi 
16. Vj = 200, V; = 100, r = 10, co = 3 1 -2 6t 0 
1+2t —4t 
In Problems 17 through 34, use the method of variation of pa- g^ us | t 1—2t | 
rameters (and perhaps a computer algebra system) to solve the dins 
initial value problem 28. Repeat Problem 27, but with f(t) = | n | and x(1) — 
x = Ax + f(t), x(a) = Xa. | 1 | 
e rr 
In each problem we provide the matrix exponential e*! as pro- 
vided by a computer algebra system 29. A— | Ee | f(t) = | Beer | x(0) — | o | 
EM DOT deje pow q op 
6 -7 60 0 : 
17. A= | } fo = | } xo = | I at _ | cost —sint 
d m : ^ 5| sint cost 
-t 5t -t 5t 
At i| -e~ 7e! Te t —7e | 0 —2 t cos 2t 0 
eM Lc _ E _ = — 
pia Tent — e5t 3. A-|3 o Me - mz oli]. 
18. Repeat Problem 17, but with f(t) replaced with | p | pat — | COS 2t  —sin2t 
"ue d n E ~ | sin2t  cos2t 
9. A- | MEI aasi]: 123 0 0 
3.A-|0 1 2]|,f)=| 0 |,x@=| 0 |, 
pat 1 | pan EE sis zd a” | 00 1 bet 0 
= 5| _5,-3¢ t —3t 
2e + 2e 4e +e -— e! 2te (3t + 212)e! 
20. Repeat Problem 19, but with f(t) replaced with | : ol gg æ d 
0 0 e 
E 2t 
2. A-|; 2 fo =| es xo - [5]. l x. ? ? 
E x 32. A=|0 1 3 ,fr)2| 0 |,x(0)=] 0], 
M E" | Lg 3 5e?t et — et | 0.0 2 2e?t 0 
—4 = 3t - 3 
4 —5e t 5e 5e Ie d ; et ate! (—13 — 9r)e! + 13e?! 
; np | 28e. et-2|o0 e —3e! + 3e?! 
22. Repeat Problem 21, but with f(t) replaced with É -— | H A E! 
3. A-|3 53 to - [5] xo- |i] 0.4 8 0 t 0 
aa à ° Bi cA ° ? 8| g=] lay |" 
ar [1+3 E. FÉ xk o o 4p 99 Togo DESEE op 
PUT dE Sm 0000 t 0 
2 2 3 
24. Repeat Problem 23, but with f(t) = | et | and x(1) — 1 4t Bt+6 3267 ae BE 
t EY 0 1 3t 8t + 6t? 
3 l0 0 1 4t 
7/ 0 0 0 1 
25. A- |? 3 1 =|“ x0 -|1]. 0 4 8 0 0 4 
1 -2 1 0 0.00 8 6t 2 
34. A= f(t) = ,Xx(0) = , 
Art _ | cost + 2sint —5sint 0024 E. 2 
{= sint cost — 2sint 0 0 0 2 e l 
. _ [4cost B 1 4t 4(—1 +e”) 16r(—1- e?!) 
26. Repeat Problem 25, but with f(t) = | bus | and x(0) — " 0 1 0 A(—1 + e?!) 
3 dim o et 4te2t 
5r 0 0 0 e?! 
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The application of the variation of parameters formula in Eq. (28) encourages so 
mechanical an approach as to encourage especially the use of a computer algebra 
system. The following Mathematica commands were used to check the results in 
Example 4 of this section. 
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A= {{4,2}, {3,-1}}; 

x0 ={{7}, (31); 

£[t_] := {{-15 t Exp[-2t]},{-4 t Exp[-2t]}}; 

exp[A ] := MatrixExp [A] 

x = exp[A«t].(x0 + Integrate[exp[-A«s].f[s], {s,0,t}]) 
The matrix exponential commands illustrated in the Section 5.6 application provide 


the basis for analogous Maple and MATLAB computations. You can then check 
routinely the answers for Problems 17 through 34 of this section. 


Nonlinear Systems 
and Phenomena 


IW] Stability and the Phase Plane 


372 


wide variety of natural phenomena are modeled by two-dimensional first-order 
systems of the form 


dx 
ue F(x,y), 
» r (1) 
y | 
En = G(x, y) 


in which the independent variable t does not appear explicitly. We usually think 
of the dependent variables x and y as position variables in the xy-plane and of t 
as a time variable. We will see that the absence of t on the right-hand sides in (1) 
makes the system easier to analyze and its solutions easier to visualize. Using the 
terminology of Section 2.2, such a system of differential equations in which the 
derivative values are independent (or *autonomous") of time t is often called an 
autonomous system. 

We generally assume that the functions F and G are continuously differen- 
tiable in some region R of the xy-plane. Then according to the existence and 
uniqueness theorems of the Appendix, given tọ and any point (xo, yo) of R, there is 
a unique solution x = x(t), y = y(t) of (1) that is defined on some open interval 
(a, b) containing to and satisfies the initial conditions 


X(fo) = Xo. y(to) = yo. (2) 


The equations x = x(t), y = y(t) then describe a parametrized solution curve in the 
phase plane. Any such solution curve is called a trajectory of the system in (1), and 
precisely one trajectory passes through each point of the region R (Problem 29). A 
critical point of the system in (1) is a point (x,, yx) such that 


» F(x,, y.) = G(x,, y.) = 0. (3) 


Example 1 


Solution 
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If (xx, y.) is a critical point of the system, then the constant-valued functions 


x()ex, y(t) = yx (4) 


have derivatives x'(t) = 0 and y’(t) = 0, and therefore automatically satisfy the 
equations in (1). Such a constant-valued solution is called an equilibrium solution 
of the system. Note that the trajectory of the equilibrium solution in (4) consists of 
the single point (xx, Vs). 

In some practical situations these very simple solutions and trajectories are 
the ones of greatest interest. For example, suppose that the system x’ = F(x, y), 
y! = G(x, y) models two populations x(t) and y(t) of animals that cohabit the same 
environment, and perhaps compete for the same food or prey on one another; x (t) 
might denote the number of rabbits and y (t) the number of squirrels present at time 
t. Then a critical point (x,, y.) of the system specifies a constant population x, of 
rabbits and a constant population y, of squirrels that can coexist with one another 
in the environment. If (xo, yo) is not a critical point of the system, then it is not 
possible for constant populations of xo rabbits and yo squirrels to coexist; one or 
both must change with time. 


Find the critical points of the system 


dx 


mm 14x — 2x? — Xy, 
dy 2 p 
um 16y — 2y* — xy. 
When we look at the equations 
14x — 2x? — xy = x(14 - 2x — y) = 0, 
16y — 2y? — xy = y(16-2y - x) 20 
that a critical point (x, y) must satisfy, we see that either 
x=0 or 14-2x-y=0, (6a) 
and either 
y=0 or 16-2y-x-0. (6b) 


If x = 0 and y ¥ 0, then the second equation in (6b) gives y = 8. If y = 0 and x Æ 0, 
then the second equation in (6a) gives x — 7. If both x and y are nonzero, then we solve the 
simultaneous equations 
2x+y=14, x+2y=16 

for x = 4, y = 6. Thus the system in (5) has the four critical points (0, 0), (0, 8), (7,0), and 
(4, 6). If x (t) and y(t) denote the number of rabbits and the number of squirrels, respectively, 
and if both populations are constant, it follows that the equations in (5) allow only three 
nontrivial possibilities: either no rabbits and 8 squirrels, or 7 rabbits and no squirrels, or 4 
rabbits and 6 squirrels. In particular, the critical point (4, 6) describes the only possibility for 
the coexistence of constant nonzero populations of both species. a 


Phase Portraits 


If the initial point (xo, yo) is not a critical point, then the corresponding trajectory is 
a curve in the xy-plane along which the point (x(t), y(t)) moves as t increases. It 
turns out that any trajectory not consisting of a single point is a nondegenerate curve 
with no self-intersections (Problem 30). We can exhibit qualitatively the behavior 
of solutions of the autonomous system in (1) by constructing a picture that shows 
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its critical points together with a collection of typical solution curves or trajectories 
in the xy-plane. Such a picture is called a phase portrait (or phase plane picture) 
because it illustrates “phases” or xy-states of the system, and indicates how they 
change with time. 

Another way of visualizing the system is to construct a slope field in the xy- 
phase plane by drawing typical line segments having slope 


dy y' _ G(x,y) 
dx x!  F(x,y) 


or a direction field by drawing typical vectors pointing the same direction at each 


point (x, y) as does the vector (F(x, y), G(x, y)). Such a vector field then indicates 


which direction along a trajectory to travel in order to “go with the flow" described 
by the system. 


Remark It is worth emphasizing that if our system of differential equations were not au- 


(0, 0) 


FIGURE 6.1.1. Direction field and 
phase portrait for the rabbit-squirrel 
system x’ = 14x — 2x? — xy, 

y’ = l6y -2y?- xy 

of Example 1. 


Example 2 


tonomous, then its critical points, trajectories, and direction vectors would generally be 
changing with time. In this event, the concrete visualization afforded by a (fixed) phase 
portrait or direction field would not be available to us. Indeed, this is a principal reason why 
an introductory study of nonlinear systems concentrates on autonomous ones. E 


Figure 6.1.1 shows a direction field and phase portrait for the rabbit-squirrel 
system of Example 1. The direction field arrows indicate the direction of motion of 
the point (x(t), y(t)). We see that, given any positive initial numbers xo zz 4 and 


yo # 6 of rabbits and squirrels, this point moves along a trajectory approaching the 
critical point (4, 6) as t increases. 


For the system 


x’ =x-y, 


7) 
y eex* i 


we see from the first equation that x = y and from the second that x = +1 at each critical 
point. Thus this system has the two critical points (—1, —1) and (1, 1). The direction field in 
Fig. 6.1.2 suggests that trajectories somehow “circulate” counterclockwise around the critical 
point (—1, —1), whereas it appears that some trajectories may approach, while others recede 


from, the critical point (1, 1). These observations are corroborated by the phase portrait in 
Fig. 6.1.3 for the system in (7). E 
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(rev plei 
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FIGURE 6.1.2. Direction field for 
the system in Eq. (7). 


FIGURE 6.1.3. Phase portrait for 
the system in Eq. (7). 


Remark One could carelessly write the critical points in Example 2 as (+1, +1) and then 
jump to the erroneous conclusion that the system in (7) has four rather than just two criti- 
cal points. When feasible, a sure-fire way to determine the number of critical points of an 


y 


G(x, y)=1-x2=0 


(-1,-D 
G(x, y)=1-x2=0 


FIGURE 6.1.4. The two critical 
points (—1, —1) and (+1, +1) in 
Example 2 as the intersection of the 
curves F(x, y) = x — y = 0 and 
G(x,y) =1—x2=0. 


FIGURE 6.1.5. Close-up view of 
Fig. 6.1.1 near the critical point (4, 6). 
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autonomous system is to plot the curves F(x, y) = 0 and G(x, y) = 0 and then note their 
intersections, each of which represents a critical point of the system. For instance, Fig. 6.1.4 


shows the curve (line) F(x, y) = x — y = 0 and the pair of lines x = +1 and x = —1 that 
constitute the “curve” G(x, y) = 1 — x? = 0. The (only) two points of intersection (—1, —1) 
and (4-1, +1) are then apparent. E 


Critical Point Behavior 


The behavior of the trajectories near an isolated critical point of an autonomous 
system is of particular interest. Figure 6.1.5 is a close-up view of Fig. 6.1.1 near the 
critical point (4, 6), and similarly Figs. 6.1.6 and 6.1.7 are close-ups of Fig. 6.1.3 
near the critical points (—1, —1) and (1, 1), respectively. We notice immediately that 
although the systems underlying these phase portraits are nonlinear, each of these 
three magnifications bears a striking resemblance to one of the cases in our "gallery" 
Fig. 5.3.16 of phase plane portraits for linear constant-coefficient systems. Indeed, 
the three figures strongly resemble a nodal sink, a spiral source, and a saddle point, 
respectively. 


IS 


—-0.5 


-1.5 1 0.5 

-1.5 -1 —0.5 0.5 1 1.5 
FIGURE 6.1.6. Close-up view of FIGURE 6.1.7. Close-up view of 
Fig. 6.1.3 near the critical point Fig. 6.1.3 near the critical point (1, 1). 
(-1, —1). 


These similarities are not a coincidence. Indeed, as we will explore in detail in 
the next section, the behavior of a nonlinear system near a critical point is generally 
similar to that of a corresponding linear constant-coefficient system near the origin. 
For this reason it is useful to extend the language of nodes, sinks, etc., introduced in 
Section 5.3 for linear constant-coefficient systems to the broader context of critical 
points of the two-dimensional system (1). 

In general, the critical point (xx, yx) of the autonomous system in (1) is called 
a node provided that 


e Either every trajectory approaches (xx, y.) as t — +00 or every trajectory 
recedes from (xx, y.) as t > +00, and 

e Every trajectory is tangent at (x,, y.) to some straight line through the critical 
point. 


As with linear constant-coefficient systems, a node is said to be proper pro- 
vided that no two different pairs of "opposite" trajectories are tangent to the same 
straight line through the critical point. On the other hand, the critical point (4, 6) of 
the system in Eq. (5), shown in Figs. 6.1.1 and 6.1.5, is an improper node; as those 
figures suggest, virtually all of the trajectories approaching this critical point share 
a common tangent line at that point. 

Likewise, a node is further called a sink if all trajectories approach the critical 
point, a source if all trajectories recede (or emanate) from it. Thus the critical point 
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Example 3 


(4, 6) in Figs. 6.1.1 and 6.1.5 is a nodal sink, whereas the critical point (—1, —1) in 
Figs. 6.1.3 and 6.1.6 is a source (more specifically, a spiral source). The critical 
point (1, 1) in Figs. 6.1.3 and 6.1.7, on the other hand, is a saddle point. 


Stability 


A critical point (xx, y.) of the autonomous system in (1) is said to be stable provided 
that if the initial point (xo, yo) is sufficiently close to (xx, yx), then (x(t), y(t)) re- 
mains close to (xx, yx) for all t > 0. In vector notation, with x(t) = (x(t), y (t)), the 
distance between the initial point xp = (Xo, yo) and the critical point x, = (Xx, y.) 
is 


[Xo — x.| = vV (Xo — xx)? + (o — y4)? . 


Thus the critical point x, is stable provided that, for each e > 0, there exists ô > 0 
such that 


> [Xo —Xs| <6 implies that |x(t)—x,| < € (8) 


for all t > 0. Note that the condition in (8) certainly holds if x(t) > x, as t > +00, 
as in the case of a nodal sink such as the critical point (4, 6) in Figs. 6.1.1 and 6.1.5. 
Thus this nodal sink can also be described as a stable node. 

The critical point (xx, y.) is called unstable if it is not stable. The two critical 
points at (—1, —1) and (1, 1) shown in Figs. 6.1.3, 6.1.6, and 6.1.7 are both unstable, 
because, loosely speaking, in neither of these cases can we guarantee that a trajec- 
tory will remain near the critical point simply by requiring the trajectory to begin 
near the critical point. 

If (xx, y.) is a critical point, then the equilibrium solution x(t) = xx, y(t) = 
y« is called stable or unstable depending on the nature of the critical point. In 
applications the stability of an equilibrium solution is often a crucial matter. For 
instance, suppose in Example 1 that x(t) and y(t) denote the rabbit and squirrel 
populations, respectively, in hundreds. We will see in Section 6.3 that the critical 
point (4,6) in Fig. 6.1.1 is stable. It follows that if we begin with close to 400 
rabbits and 600 squirrels—rather than exactly these equilibrium values—then for 
all future time there will remain close to 400 rabbits and close to 600 squirrels. Thus 
the practical consequence of stability is that slight changes (perhaps due to random 
births and deaths) in the equilibrium populations will not so upset the equilibrium 
as to result in large deviations from the equilibrium solutions. 

It is possible for trajectories to remain near a stable critical point without ap- 
proaching it, as Example 3 shows. 


Consider a mass m that oscillates without damping on a spring with Hooke's constant k, 
so that its position function x(t) satisfies the differential equation x" + w?x = 0 (where 
w? = k/m). If we introduce the velocity y = dx/dt of the mass, we get the system 


dx _ 
dt 
j (9) 
a =ü x 
with general solution 
x(t)= Acosæt+ Bsinot, (10a) 


y(t) = —Aw sinwt + Bo cosot. (10b) 


T TOT TT I S S 
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FIGURE 6.1.8. Direction field and 
elliptical trajectories for the system 
x =y,y= -ix. The origin is a 
stable center. 


FIGURE 6.1.9. If the initial point 
(xo, yo) lies within distance ó of the 
origin, then the point (x(t), y(t)) 
stays within distance e of the origin. 
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With C = 4 A? + B2, A = C cosa, and B = C sina, we can rewrite the solution in (10) in 
the form 


x(t) = 


y(t) = —oC sin(ot — a), 


C cos(ot — a), (11a) 


(11b) 


so it becomes clear that each trajectory other than the critical point (0,0) is an ellipse with 
equation of the form 


x2 y? 


@ we” d) 


As illustrated by the phase portrait in Fig. 6.1.8 (where w = 1 each point (xo, yo) other than 
the origin in the xy-plane lies on exactly one of these ellipses, and each solution (x (t), y(t)) 
traverses the ellipse through its initial point (xo, yo) in the clockwise direction with period 
P = 2zx/o. (It is clear from (11) that x(t + P) = x(t) and y(t + P) = y(t) for all t.) Thus 
each nontrivial solution of the system in (9) is periodic and its trajectory is a simple closed 
curve enclosing the critical point at the origin. E 

Figure 6.1.9 shows a typical elliptical trajectory in Example 3, with its minor 
semiaxis denoted by 5 and its major semiaxis by e. We see that if the initial point 
(xo, yo) lies within distance ô of the origin—so that its elliptical trajectory lies in- 
side the one shown—then the point (x (t), y (t)) always remains within distance e of 
the origin. Hence the origin (0,0) is a stable critical point of the system x' — y, 
y! = —o?x, despite the fact that no single trajectory approaches the point (0,0). A 
stable critical point surrounded by simple closed trajectories representing periodic 
solutions is called a (stable) center. 


Asymptotic Stability 


The critical point (x,, y.) is called asymptotically stable if it is stable and, more- 
over, every trajectory that begins sufficiently close to (xx, y.) also approaches 
(Xx, Yx) as t — -Foo. That is, there exists 6 > 0 such that 

» Ix—x,|<6 impliesthat lim x(t) = x,, (13) 
t—oo 

where Xo = (xo, Yo), X. = (Xx, Y+), and x(t) = (x(t), y(¢)) is a solution with x(0) = 
Xo. 

Remark The stable node shown in Figs. 6.1.1 and 6.1.5 is asymptotically stable because 
every trajectory approaches the critical point (4,6) as £ — +00. The center (0,0) shown 
in Fig. 6.1.8 is stable but not asymptotically stable, because however small an elliptical tra- 
jectory we consider, a point moving around this ellipse does not approach the origin. Thus 
asymptotic stability is a stronger condition than mere stability. " 


Now suppose that x(t) and y(t) denote coexisting populations for which 


(Xx, Yx) is an asymptotically stable critical point. Then if the initial populations 
Xo and yo are sufficiently close to x, and y,, respectively, it follows that both 


jim x(t) =x, and jim y(t) = yx. (14) 


That is, x(t) and y(t) actually approach the equilibrium populations x, and y, as 
t — +0, rather than merely remaining close to those values. 

For a mechanical system as in Example 3, a critical point represents an equi- 
librium state of the system—if the velocity y — x' and the acceleration y' — x" 
vanish simultaneously, then the mass remains at rest with no net force acting on 
it. Stability of a critical point concerns the question whether, when the mass is 
displaced slightly from its equilibrium, it 
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FIGURE 6.1.10. A stable spiral 
point and one nearby trajectory. 


Example 5 


1. Moves back toward the equilibrium point as t — +00, 
2. Merely remains near the equilibrium point without approaching it, or 
3. Moves farther away from equilibrium. 


In Case 1 the critical [equilibrium] point is asymptotically stable; in Case 2 
it is stable but not asymptotically so; in Case 3 it is an unstable critical point. A 
marble balanced on the top of a soccer ball is an example of an unstable critical 
point. A mass on a spring with damping illustrates the case of asymptotic stability 
of a mechanical system. The mass-and-spring without damping in Example 3 is an 
example of a system that is stable but not asymptotically stable. 


Suppose that m — 1 and k — 2 for the mass and spring of Example 3 and that the mass is 
attached also to a dashpot with damping constant c = 2. Then its displacement function x (t) 
satisfies the second-order equation 


x" (t) + 2x'(t) + 2x(t) = 0. (15) 
With y — x' we obtain the equivalent first-order system 


dx 
dt 
dy 


— ——2x 2 
dt £ " 


=y, 
(16) 


with critical point (0,0). The characteristic equation r? + 2r + 2 = 0 of Eq. (15) has roots 
—1 + i and —1 — i, so the general solution of the system in (16) is given by 


x(t) = e™ (Acost + B sint) = Ce cos(t — a), (17a) 
y(t) =e" [(B — A) cost — (A + B) sint] 


17b 
= -C Ve sin (t-a + 3x), (17b) 


where C = 4/4? + B? and a = tan 1 (B/A). We see that x(t) and y(t) oscillate between 
positive and negative values and that both approach zero as t > +-oo. Thus a typical trajectory 
spirals inward toward the origin, as illustrated by the spiral in Fig. 6.1.10. E 

It is clear from (17) that the point (x(t), y(t)) approaches the origin as t > 
--co, so it follows that (0, 0) is an asymptotically stable critical point for the system 
x! = y, y! = —2x — 2y of Example 4. Such an asymptotically stable critical point— 
around which the trajectories spiral as they approach it—is called a stable spiral 
point (or a spiral sink). In the case of a mass-spring-dashpot system, a spiral sink 
is the manifestation in the phase plane of the damped oscillations that occur because 
of resistance. 

If the arrows in Fig. 6.1.10 were reversed, we would see a trajectory spiraling 
outward from the origin. An unstable critical point—around which the trajectories 
spiral as they emanate and recede from it—is called an unstable spiral point (or 
a spiral source). Example 5 shows that it also is possible for a trajectory to spiral 
into a closed trajectory—a simple closed solution curve that represents a periodic 
solution (like the elliptical trajectories in Fig. 6.1.8). 


Consider the system 


d? 

2 = —ky + x(1 - x? — y?), 
(18) 

d 

T — kx + y — x? — y?). 


FIGURE 6.1.11. Spiral trajectories 
of the system in Eq. (18) with k — 5. 
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In Problem 21 we ask you to show that (0,0) is its only critical point. This system can be 
solved explicitly by introducing polar coordinates x = r cos 0, y = r sin 0, as follows. First 


note that Tm à S 
7 yy. Xy Say 
ur a (arctan -) POWER 
Then substitute the expressions given in (18) for x’ and y’ to obtain 
dO — k(x? 4- y?) = 
dt x? + y? 


It follows that 


O(t) = kt + 09, where 09 = 0(0). (19) 
Then differentiation of r? = x? + y? yields 
5, 2 23 dx +2 dy 
"di MT e 


= 2(x? + y?) -x? — y?) = 2r? - r2), 


so r — r(t) satisfies the differential equation 


d 
=r). 20) 
In Problem 22 we ask you to derive the solution 
r(t) = A (21) 


ro +(1- rd)e-2t 


where ro = r(0). Thus the typical solution of Eq. (18) may be expressed in the form 

x(t) = r(t) cos(kt + 09), 

y(t) = r(t) sin(kt + 09). 
If ro = 1, then Eq. (21) gives r(t) = 1 (the unit circle). Otherwise, if ro > 0, then Eq. (21) 
implies that r(t) — 1 as t > +00. Hence the trajectory defined in (22) spirals in toward the 
unit circle if ro > 1 and spirals out toward this closed trajectory if 0 < ro < 1. Figure 6.1.11 


shows a trajectory spiraling outward from the origin and four trajectories spiraling inward, 
all approaching the closed trajectory r(t) = 1. E 


(22) 


Under rather general hypotheses it can be shown that there are four possibili- 
ties for a nondegenerate trajectory of the autonomous system 


The four possibilities are these: 


(x(t), y(t)) approaches a critical point as  — +00. 
(x(t), y (t)) is unbounded with increasing t. 
(x (t), y (t)) is a periodic solution with a closed trajectory. 


Fehr 


(x(t), y (t)) spirals toward a closed trajectory as t — +00. 


As a consequence, the qualitative nature of the phase plane picture of the 
trajectories of an autonomous system is determined largely by the locations of its 
critical points and by the behavior of its trajectories near its critical points. We will 
see in Section 6.2 that, subject to mild restrictions on the functions F and G, each 
isolated critical point of the system x’ = F(x, y), y' = G(x, y) resembles qualita- 
tively one of the examples of this section—it is either a node (proper or improper), 
a saddle point, a center, or a spiral point. 
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In Problems 1 through 8, find the critical point or points of the 


EXI Problems 


system with 


given autonomous system, and thereby match each 
its phase portrait among Figs. 6.1.12 through 6.1.19. 
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dt 
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FIGURE 6.1.14. Saddle point (0, 0). 
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FIGURE 6.1.17. Spiral point 


(—1,—1), 
node (1 


1). 


$ 


FIGURE 6.1.16. Node (1 
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FIGURE 6.1.15. 
saddle points ( 


-6 


FIGURE 6.1.19. Stable center 
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dx dy 
7. — =x- — -4x-x? 

ED x —2y, d 4x —x 

dx dy 

— =x-— — 2 C SS = ff 2 
8. gr: 4 cen + xy, di y-x 


In Problems 9 through 12, find each equilibrium solution 
x(t) = xo of the given second-order differential equation 
x" + f(x,x') = 0. Use a computer system or graphing cal- 
culator to construct a phase portrait and direction field for the 
equivalent first-order system x' = y, y! = — f(x, y). Thereby 
ascertain whether the critical point (xo, 0) looks like a center, 
a saddle point, or a spiral point of this system. 


9, x’ +4x—x3 20 

10. x” +2x/+x4+4x3 20 
11. x" + 3x’ + 4sinx =0 
12. x” + (x?— Dx +x 20 


Solve each of the linear systems in Problems 13 through 20 to 
determine whether the critical point (0,0) is stable, asymptot- 
ically stable, or unstable. Use a computer system or graphing 
calculator to construct a phase portrait and direction field for 
the given system. Thereby ascertain the stability or instabil- 
ity of each critical point, and identify it visually as a node, a 
saddle point, a center, or a spiral point. 


dx d 
13. A = 2x, KZ — 
14. dr mx: d 2y 
15. di = hat =-y 
16. di =x, dr = 3y 
17. dt =y, a x 
18. dr =-y, gi = 4x 
19. dt = 2y, ii = —2x 
20. p t Ge 5x — 4y 


21. Verify that (0, 0) is the only critical point of the system in 
Example 6. 

22. Separate variables in Eq. (20) to derive the solution in 
(21). 


In Problems 23 through 26, a system dx/dt = F(x, y), dy/dt = 
G(x, y) is given. Solve the equation 


dy _ G(x.y) 
dx F(x,y) 


to find the trajectories of the given system. Use a computer sys- 
tem or graphing calculator to construct a phase portrait and 
direction field for the system, and thereby identify visually the 
apparent character and stability of the critical point (0,0) of 
the given system. 


dx dy 
23. d » qr x ; 

ex. 2,,, 2. 2442 
24. 4a ats + y^) ES x(1 4 x* + y^) 
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dx dy 
25. — = 24y), = = x? + y? 
a PURSE) x(1 + x? + y?) 
2 D = yrerty, Doten 


27. Let (x(t), y(t)) be a nontrivial solution of the nonau- 
tonomous system 


Suppose that $ (t) = x(t + y) and w(t) = y(t + y), where 
y # 0. Show that ($(t), V (t)) is not a solution of the sys- 
tem. 


Problems 28 through 30 deal with the system 


dx dy 

—=F(x,y), — = G(x, 

di Gy» a (x,y) 
in a region where the functions F and G are continuously dif- 
ferentiable, so for each number a and point (xo, yo), there is 
a unique solution with x(a) = xo and y(a) = yo. 


28. Suppose that (x(t), y(t)) is a solution of the autonomous 
system and that y z 0. Define $(t) = x(t + y) and 
w(t) = y(t + y). Then show (in contrast with the situ- 
ation in Problem 27) that ($(t), v(t)) is also a solution 
of the system. Thus autonomous systems have the simple 
but important property that a *t-translate" of a solution is 
again a solution. 

29. Let (x1(t), yi(t)) and (x2(t), y2(t)) be two solutions hav- 
ing trajectories that meet at the point (xo, yo); thus 
xı(a) = x2(b) = xg and y1(a) = y2(b) = yo for some 
values a and b of t. Define 


x3(t) 2 xo(t +y) and y3(t) = y2(t +y), 


where y = b — a, so (x2(t), y2(t)) and (xa(t), y3(¢)) have 
the same trajectory. Apply the uniqueness theorem to 
show that (x4 (t), y1(t)) and (xa(t), y3(t)) are identical so- 
lutions. Hence the original two trajectories are identical. 
Thus no two different trajectories of an autonomous sys- 
tem can intersect. 

30. Suppose that the solution (x1 (t), y1(t)) is defined for all t 
and that its trajectory has an apparent self-intersection: 


xı (a) = xi(a + P) 2 xo. y1(a) = y1(a + P) = yo 


for some P > 0. Introduce the solution 


xo(t) = xi(t + P), y2(t) = yi(t + P), 


and then apply the uniqueness theorem to show that 


xı(t + P)=x (t) and yı(t)= yı(t+ P) 


for all t. Thus the solution (x1 (t), y1(1)) is periodic with 
period P and has a closed trajectory. Consequently a so- 
lution of an autonomous system either is periodic with 
a closed trajectory, or else its trajectory never passes 
through the same point twice. 
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MP YeIeli[efeiife Phase Plane Portraits and First-Order Equations 


FIGURE 6.1.21. Phase portrait for 
the system in Eq. (4). 


Consider a first-order differential equation of the form 


dy | G(x,y) 
dx F(x,y) (Y 


which may be difficult or impossible to solve explicitly. Its solution curves can 
nevertheless be plotted as trajectories of the corresponding autonomous two-dimen- 
sional system 


dx dy 


ae = F(x,y), E? = G(x, y). (2) 


Most ODE plotters can routinely generate phase portraits for autonomous sys- 
tems. Many of those appearing in this chapter were plotted using (as illustrated 
in Fig. 6.1.20) John Polking’s MATLAB-based pplane program that is available 
free for educational use (math.rice.edu/-dfield). Another freely available 
and user-friendly MATLAB-based ODE package with similar graphical capabilities 
is Lode (www.math.uiuc.edu/iode). 


The differential equations. 


Parameters EE id | | = 
or | z E 
expressions H | | 


The display window. 
The minimum value of x = 


The maximum value of x = 


field points per 
row or column. 


The minimum value of y = 


The maximum value of y = 


FIGURE 6.1.20. MATLAB pplane menu entries to plot a direction field and phase 
portrait for the system x’ = y, y' = —4x (as shown in Fig. 6.1.8). 


For example, to plot solution curves for the differential equation 


y ad 3) 
dx | x2—2xy' 
we plot trajectories of the system 
dx 2 dy 2 
— —x^—2xy, — —2xy-y*. 4 
a M Lc 2 (4) 


The result is shown in Fig. 6.1.21. 


FIGURE 6.1.22. Phase portrait for 
the system corresponding to Eq. (5). 
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Plot similarly some solution curves for the following differential equations. 


1 dy | 4x—5y 
* dx 2x +3y 
2 dy _ 4x—5y 
"dax Ix =3y 
3 dy | 4x—3y 
Ue By 
4 dy _ 2xy 

"dx x2—y2 
5 dy _ x? +2xy 
“dx y2?+2xy 


Now construct some examples of your own. Homogeneous functions like 
those in Problems 1 through 5—rational functions with numerator and denominator 
of the same degree in x and y—work well. The differential equation 


dy | 25x y(l-x^—-y )4-—x*— y?) 
dx | —25y + x(1— x? — y2)(4 — x? — y?) 


(5) 


of this form generalizes Example 5 in this section but would be inconvenient to solve 
explicitly. Its phase portrait (Fig. 6.1.22) shows two periodic closed trajectories— 
the circles r = 1 andr = 2. Anyone want to try for three circles? 


EY Linear and Almost Linear Systems 


Example 1 


We now discuss the behavior of solutions of the autonomous system 


> m = f(x,y), a = g(x, y) (1) 
near an isolated critical point (xo, yo) where f'(xo. yo) = g(xo. yo) = 0. A critical 
point is called isolated if some neighborhood of it contains no other critical point. 
We assume throughout that the functions f and g are continuously differentiable in 
a neighborhood of (xo, yo). 

We can assume without loss of generality that xo — yo — 0. Otherwise, we 
make the substitutions u — x — xo, v — y — yo. Then dx/dt — du/dt and dy/dt — 
dv/dt, so (1) is equivalent to the system 


du 
d f(u + xo, v + yo) = filu, v), 
(2) 
dv 
e g(u + xo, v + yo) = gı (u, v) 
that has (0, 0) as an isolated critical point. 
The system 
dx 7 2 = 
di 3x —x^—xy = x(3—x-— y), 
(3) 
dy 


+ y? —3xy = y(1 — 3x + y) 


a 
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has (1, 2) as one of its critical points. We substitute u = x — 1, v = y —2; that is, x = u + 1, 
y =v + 2. Then 
3-—x-y=3-(u4+1)—(v4+2) = —u — v 


and 
1— 3x + y = 1 —3(u + 1) + (v + 2) = —3u + v, 
so the system in (3) takes the form 


d 
= u+ v) = —u— v u? uv, 


= (v + 2)(—3u + v) = —6u + 2v + v? — 3uv 

and has (0,0) as a critical point. If we can determine the trajectories of the system in (4) 
near (0, 0), then their translations under the rigid motion that carries (0,0) to (1,2) will be 
the trajectories near (1.2) of the original system in (3). This equivalence is illustrated by 
Fig. 6.2.1 (which shows computer-plotted trajectories of the system in (3) near the critical 
point (1, 2) in the x y-plane) and Fig. 6.2.2 (which shows computer-plotted trajectories of the 
system in (4) near the critical point (0, 0) in the uv-plane). E 


(4) 


(1, 2) 


= 3 oc. ——/— — —» —5 


FIGURE 6.2.1. The saddle point FIGURE 6.2.2. The saddle point 
(1, 2) for the system (0, 0) for the equivalent system 
x’ -23x— x? — xy, u’ = —u — v — u? — uv, 


y'— yc y?-3xy v’ = —6u + 2v + v? — 3uv. 
of Example 1. 


Figures 6.2.1 and 6.2.2 illustrate the fact that the solution curves of the xy- 
system in (1) are simply the images under the translation (u, v) > (u + xo. v + yo) 
of the solution curves of the uv-system in (2). Near the two corresponding critical 
points—(xo, yo) in the xy-plane and (0, 0) in the uv-plane—the two phase portraits 
therefore look precisely the same. 


Linearization Near a Critical Point 
Taylor's formula for functions of two variables implies that—if the function f(x, y) 
is continuously differentiable near the fixed point (xo, yo)—then 


f (xo +u, yo +v) = f(xo. yo) + fx(Xo. you + fy(xo. yo)v +r(u, v) 
where the “remainder term" r (u, v) satisfies the condition 
. r (u, v) 
lm  ————-20 
(u,v)(0,0) fy? + v? 


(Note that this condition would not be satisfied if r(u, v) were a sum containing 
either constants or terms linear in u or v. In this sense, r(u,v) consists of the 
“nonlinear part" of the function (xo + u, yo + v) of u and v.) 


Example 1 


Continued 
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If we apply Taylor's formula to both f and g in (2) and assume that (xo, yo) 
is an isolated critical point so f (xo, yo) = (xo. Yo) = 0, the result is 
du 
dt 
dv 


"a £x (Xo. Yo)u + gy(Xo, yo)u + s(u, v) 


= fx(Xo. You + fy (Xo. Yo)v + r(u, v), 
(5) 


where r (u, v) and the analogous remainder term s(u, v) for g satisfy the condition 


lim r(u,v) — im s(u,v) — 
(u,v)—>(0,0) VU? +u? — (uv) (0,0) /u2 + v? 
Then, when the values u and v are small, the remainder terms r (u, v) and s (u, v) are 
very small (being small even in comparison with u and v). 


If we drop the presumably small nonlinear terms r (u, v) and s(u, v) in (5), the 
result is the linear system 


(6) 


du 
Pr fx (Xo. Yo)u + fy (Xo. yo), 
» (7) 
dv 
"im £x (Xo. YoU + Zy (xo, yo)v 


whose constant coefficients (of the variables u and v) are the values fi(xo, yo), 
fy (Xo. yo) and gx (xo. yo). £y (Xo. yo) of the functions f and g at the critical point 
(Xo, yo). Because (5) is equivalent to the original (and generally) nonlinear system 
ul = f(xo + u, yo + v), v' = g(xo + u, yo + v) in (2), the conditions in (6) suggest 
that the linearized system in (7) closely approximates the given nonlinear system 
when (u, v) is close to (0, 0). 

Assuming that (0,0) is also an isolated critical point of the linear system, 
and that the remainder terms in (5) satisfy the condition in (6), the original system 
x’ = f(x, y), y' = g(x, y) is said to be almost linear at the isolated critical point 
(xo. yo). In this case, its linearization at (xo, yo) is the linear system in (7). In 
short, this linearization is the linear system u’ = Ju (where u = [ u v i ) whose 
coefficient matrix is the so-called Jacobian matrix 


Sx (Xo, yo) | 


&x(X0, Yo) £y(Xo. yo) (8) 


» J(Xo. yo) = | 


of the functions f and g, evaluated at the point (xo. yo). 
In (3) we have f(x, y) = 3x — x? — xy and g(x, y) = y + y? — 3xy. Then 


| [3-2x-y =X ai 
Jo. =[ -3y TOU "m 1.3 - [3 3 


Hence the linearization of the system x’ = 3x — x? — xy, y! = y + y? — 3xy at its critical 


point (1, 2) is the linear system 


d 


u =—u-— v, 
v! = —6u + 2v 
that we get when we drop the nonlinear (quadratic) terms in (4). " 


It turns out that in most (though not all) cases, the phase portrait of an al- 
most linear system near an isolated critical point (xo, yo) strongly resembles— 
qualitatively—the phase portrait of its linearization near the origin. Consequently, 
the first step toward understanding general autonomous systems is to characterize 
the isolated critical points of linear systems. 
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Isolated Critical Points of Linear Systems 


In Section 5.3 we used the eigenvalue-eigenvector method to study the 2 x 2 linear 


system 
x! a b x 
PERH o) 


with constant-coefficient matrix A. The origin (0, 0) is a critical point of the system 
regardless of the matrix A, but if we further require the origin to be an isolated 
critical point, then (by a standard theorem of linear algebra) the determinant ad — bc 
of A must be nonzero. From this we can conclude that the eigenvalues A1 and À» of 
A must be nonzero. Indeed, A, and À, are the solutions of the characteristic equation 


dat sais | am 
= (a—A)(d — à) — bc (10) 
— A? — (a + d)À + (ad — bc) 


=0, 


and the fact that ad — bc # 0 implies that A = 0 cannot satisfy Eq. (10); hence A; 
and A» are nonzero. The converse also holds: If the characteristic equation (10) has 
no zero solution—that is, if all eigenvalues of the matrix A are nonzero—then the 
determinant ad — bc is nonzero. Altogether, we conclude that the origin (0, 0) is an 
isolated critical point of the system in Eq. (9) if and only if the eigenvalues of A are 
all nonzero. Our study of this critical point can be divided, therefore, into the five 
cases listed in the table in Fig. 6.2.3. This table also gives the type of each critical 
point as found in Section 5.3 and shown in our gallery Fig. 5.3.16 of typical phase 
plane portraits: 


Eigenvalues of A Type of Critical Point 
Real, unequal, same sign Improper node 
Real, unequal, opposite sign Saddle point 
Real and equal Proper or improper node 
Complex conjugate Spiral point 
Pure imaginary Center 


FIGURE 6.2.3. Classification of the isolated critical point (0, 0) 
of the two-dimensional system x’ = Ax. 


Closer inspection of that gallery, however, reveals a striking connection be- 
tween the stability properties of the critical point and the eigenvalues A, and A5 
of A. For example, if 4; and A, are real, unequal, and negative, then the origin 
represents an improper nodal sink; because all trajectories approach the origin as 
t — +0, the critical point is asymptotically stable. Likewise, if A; and 2 are real, 
equal, and negative, then the origin is a proper nodal sink, and is again asymptot- 
ically stable. Further, if A; and A2 are complex conjugate with negative real part, 
then the origin is a spiral sink, and is once more asymptotically stable. All three of 
these cases can be captured as follows: Zf the real parts of A1 and À» are negative, 
then the origin is an asymptotically stable critical point. (Note that if A, and A» are 
real, then they are themselves their real parts.) 

Similar generalizations can be made for other combinations of signs of the real 
parts of A, and A5. Indeed, as the table in Fig. 6.2.4 shows, the stability properties 


A,=qi 


ouj-r-si 


oli? 7 r-si 


TENE d 


FIGURE 6.2.5. The effects of 
perturbation of pure imaginary roots. 
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of the isolated critical point (0,0) of the system in Eq. (9) are always determined 
by the signs of the real parts of A; and Az. (We invite you to use the gallery in 
Fig. 5.3.16 to verify the conclusions in the table.) 


Real Parts of à; and A5 Type of Critical Point Stability 
e Proper or improper . 
Both negative nodal sink, or Asymptotically 
i : stable 
e Spiral sink 
Both zero (i.e., Ay and Az are č Stable but 2. 
given by +iq with q Z 0) e Center or y 
e Proper or improper 
At least one positive nodal source, or Unstable 


Spiral source, or 
Saddle point 


FIGURE 6.2.4. Stability properties of the isolated critical point (0, 0) of the system in Eq. (9) with 
nonzero eigenvalues A; and A25. 


These findings are summarized in Theorem 1: 


THEOREM 1 Stability of Linear Systems 


Let A, and Az be the eigenvalues of the coefficient matrix A of the two- 
dimensional linear system 


dx — b 
Ae ys 

(11) 
Y rex dy 


with ad — bc # 0. Then the critical point (0, 0) is 


1. Asymptotically stable if the real parts of A4 and Az are both negative; 

2. Stable but not asymptotically stable if the real parts of A; and A» are both 
zero (so that 41, Az = +qi); 

3. Unstable if either A; or Az has a positive real part. 


It is worthwhile to consider the effect of small perturbations in the coefficients 
à, b, c, and d of the linear system in (11), which result in small perturbations of the 
eigenvalues A; and A5. If these perturbations are sufficiently small, then positive 
real parts (of A; and A25) remain positive and negative real parts remain negative. 
Hence an asymptotically stable critical point remains asymptotically stable and an 
unstable critical point remains unstable. Part 2 of Theorem 1 is therefore the only 
case in which arbitrarily small perturbations can affect the stability of the critical 
point (0,0). In this case pure imaginary roots A1, Ay = +qi of the characteristic 
equation can be changed to nearby complex roots 41, 4» = r + si, with r either 
positive or negative (see Fig. 6.2.5). Consequently, a small perturbation of the coef- 
ficients of the linear system in (11) can change a stable center to a spiral point that 
is either unstable or asymptotically stable. 
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y Hi Complex 
conjugate 
roots 
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-— 
E 
Distinct 
U29 real roots 


FIGURE 6.2.6. The effects of 
perturbation of real equal roots. 


There is one other exceptional case in which the type, though not the stability, 
of the critical point (0, 0) can be altered by a small perturbation of its coefficients. 
This is the case with Ay = Az, equal roots that (under a small perturbation of the 
coefficients) can split into two roots jz; and u2, which are either complex conjugates 
or unequal real roots (see Fig. 6.2.6). In either case, the sign of the real parts of the 
roots is preserved, so the stability of the critical point is unaltered. Its nature may 
change, however; the table in Fig. 6.2.3 shows that a node with A; = À»5 can either 
remain a node (if pı and u2 are real) or change to a spiral point (if uı and u2 are 
complex conjugates). 

Suppose that the linear system in (11) is used to model a physical situation. It 
is unlikely that the coefficients in (11) can be measured with total accuracy, so let 
the unknown precise linear model be 


dx " " 
md x+b*y, 
(11*) 
DINE 
dt /— P 


If the coefficients in (11) are sufficiently close to those in (11*), it then follows from 
the discussion in the preceding paragraph that the origin (0, 0) is an asymptotically 
stable critical point for (11) if it is an asymptotically stable critical point for (11*), 
and is an unstable critical point for (11) if it is an unstable critical point for (11*). 
Thus in this case the approximate model in (11) and the precise model in (11*) 
predict the same qualitative behavior (with respect to asymptotic stability versus 
instability). 


Almost Linear Systems 


Recall that we first encountered an almost linear system at the beginning of this 
section, when we used Taylor's formula to write the nonlinear system (2) in the 
almost linear form (5) which led to the linearization (7) of the original nonlinear 
system. In case the nonlinear system x’ = f(x, y), y' = g(x, y) has (0,0) as an 
isolated critical point, the corresponding almost linear system is 


dx 

a — ax +by +r(x,y), 

d (12) 
T = cx + dy + s(x, y). 


where a = fx(0,0), b = f,(0,0) and c = gx(0,0), d = g,(0,0); we assume also 
that ad — bc # 0. Theorem 2, which we state without proof, essentially implies 
that—with regard to the type and stability of the critical point (0, 0)—the effect of 
the small nonlinear terms r(x, y) and s(x, y) is equivalent to the effect of a small 
perturbation in the coefficients of the associated linear system in (11). 


THEOREM 2 Stability of Almost Linear Systems 


Let A; and 45 be the eigenvalues of the coefficient matrix of the linear system in 
(11) associated with the almost linear system in (12). Then 


1. If A41 = Az are equal real eigenvalues, then the critical point (0, 0) of (12) is 
either a node or a spiral point, and is asymptotically stable if A; = Az < 0, 
unstable if A; = Az > 0. 

2. If A, and A» are pure imaginary, then (0,0) is either a center or a spiral 
point, and may be either asymptotically stable, stable, or unstable. 


Example 2 


Solution 
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3. Otherwise—that is, unless A, and Az are either real equal or pure 
imaginary—the critical point (0,0) of the almost linear system in (12) is 
of the same type and stability as the critical point (0,0) of the associated 
linear system in (11). 


Thus, if A; Z Az and Re(A1) Z 0, then the type and stability of the critical point 
of the almost linear system in (12) can be determined by analysis of its associated 
linear system in (11), and only in the case of pure imaginary eigenvalues is the 
stability of (0, 0) not determined by the linear system. Except in the sensitive cases 
Ay = Az and Re(A;) = 0, the trajectories near (0,0) will resemble qualitatively 
those of the associated linear system—they enter or leave the critical point in the 
same way, but may be "deformed" in a nonlinear manner. The table in Fig. 6.2.7 
summarizes the situation. 


Eigenvalues 41, 12 Type of Critical Point of 
for the Linearized System the Almost Linear System 
À1«242«0 Stable improper node 
Ay =A2 <0 Stable node or spiral point 
41 <0<A>2 Unstable saddle point 
Ay =A2>0 Unstable node or spiral point 
Ay >Az>0 Unstable improper node 
À1,À2—acbi (a <0) Stable spiral point 
À1,À2—acbi (a>0) Unstable spiral point 
À1, À2 = bi Stable or unstable, center or spiral point 


FIGURE 6.2.7. Classification of critical points of an almost linear system. 


An important consequence of the classification of cases in Theorem 2 is that 
a critical point of an almost linear system is asymptotically stable if it is an asymp- 
totically stable critical point of the linearization of the system. Moreover, a critical 
point of the almost linear system is unstable if it is an unstable critical point of the 
linearized system. If an almost linear system is used to model a physical situation, 
then—apart from the sensitive cases mentioned earlier—it follows that the qualita- 
tive behavior of the system near a critical point can be determined by examining its 
linearization. 


Determine the type and stability of the critical point (0, 0) of the almost linear system 


d; 
= = 4x +2y + 2x? — ay", 
(13) 
G i= 
— = 4x — xy. 
di M y 


The characteristic equation for the associated linear system (obtained simply by deleting the 
quadratic terms in (13)) is 


(4-A)\(-3-A)-8 = (à — 5) +4) =0, 


so the eigenvalues A; = 5 and Az = —4 are real, unequal, and have opposite signs. By our 
discussion of this case we know that (0, 0) is an unstable saddle point of the linear system, 
and hence by Part 3 of Theorem 2, it is also an unstable saddle point of the almost linear 
system in (13). The trajectories of the linear system near (0,0) are shown in Fig. 6.2.8, and 
those of the nonlinear system in (13) are shown in Fig. 6.2.9. Figure 6.2.10 shows a phase 
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FIGURE 6.2.8. Trajectories of the FIGURE 6.2.9. Trajectories of the FIGURE 6.2.10. Phase portrait for 
linearized system of Example 2. original almost linear system of the almost linear system in Eq. (13). 


Example 3 


Solution 


Example 2. 


portrait of the nonlinear system in (13) from a “wider view.” In addition to the saddle point 
at (0, 0), there are spiral points near the points (0.279, 1.065) and (0.933, —1.057), and a node 
near (—2.354, —0.483). [| 


We have seen that the system x’ = f(x, y), y' = g(x, y) with isolated critical 
point (xo, yo) transforms via the substitution x = u + xo, y = v + yo to an equiv- 
alent uv-system with corresponding critical point (0,0) and linearization u' = Ju, 
whose coefficient matrix J is the Jacobian matrix in (8) of the functions f and g at 
(xo, yo). Consequently we need not carry out the substitution explicitly; instead, we 
can proceed directly to calculate the eigenvalues of J preparatory to application of 
Theorem 2. 


Determine the type and stability of the critical point (4,3) of the almost linear 
system 


ES cds aded? 
fe 
(14) 
EX. ie weg ed 
P X + 2y — xy. 


With f(x, y) = 33 — 10x — 3y + x?, g(x, y) = —18 + 6x + 2y — xy and xo = 4, yo = 3 we 
have 


—10 + 2» —3 —2 -3 
qsn-[ vw 5 e»-[3 3] 


The associated linear system 


du dy 4 
— = —2u — 3v, 
dt 
(15) 
dv T" 
— —3u-2v 
dt 
has characteristic equation (A + 2)? + 9 = 0, with complex conjugate roots à = —2 + 3i. 


Hence (0,0) is an asymptotically stable spiral point of the linear system in (15), so Theo- 
rem 2 implies that (4, 3) is an asymptotically stable spiral point of the original almost linear 
system in (14). Figure 6.2.11 shows some typical trajectories of the linear system in (15), 
and Fig. 6.2.12 shows how this spiral point fits into the phase portrait for the original almost 
linear system in (14). El 
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FIGURE 6.2.11. Spiral trajectories of the 


linear system in Eq. (15). 


EY! Problems 


In Problems 1 through 10, apply Theorem 1 to determine the 
type of the critical point (0,0) and whether it is asymptotically 
stable, stable, or unstable. Verify your conclusion by using a 
computer system or graphing calculator to construct a phase 
portrait for the given linear system. 


L Fa arty, P = x—2y 
2, C Lax y, D -aery 
3, S. I2, D axy 
4, Sa 3xty, D sxy 
5. ^ ox 2y, D = 2x 3y 
6. o os 3y, M 3x—y 
7. C oss 2y, P <x —y 
8. Z ox 3y, "LI 5y 
9. LIT 2y, P o x 2y 
10. S. = x—2y, = 5x 


Each of the systems in Problems 11 through 18 has a single 
critical point (xo, yo). Apply Theorem 2 to classify this crit- 
ical point as to type and stability. Verify your conclusion by 
using a computer system or graphing calculator to construct a 
phase portrait for the given system. 


dx dy 

11. =x-2 E 4 2 
Up C099 un TOW 
dx dy 

12. = 2 8 =x+4 10 
[Ta c EDE 
dx dy 

13. di 2x—y —2, ae 3x —2y -2 


FIGURE 6.2.12. Phase portrait for the 
almost linear system in Eq. (14). 


14. A. cry 7, EN y-5 
15. Z ox y. EE 3y-2 

16. O ax 2y tl, D x+y- 
17. Z ox 5y —5, LE y-3 
18. A D = 5x —4y +6 


d 


In Problems 19 through 28, investigate the type of the criti- 
cal point (0,0) of the given almost linear system. Verify your 
conclusion by using a computer system or graphing calculator 
to construct a phase portrait. Also, describe the approximate 
locations and apparent types of any other critical points that 
are visible in your figure. Feel free to investigate these addi- 
tional critical points; you can use the computational methods 
discussed in the application material for this section. 


19. & = x—3y + 2x, © = ax —by—xy 

20, = 6x —sy +22, D aye 

n. Fax p ry 4x2 ty, © ax —2y—3xy 
22. Party xy, ax yxy 

23, = 2x—sy +, © = ax —6y + y4 

24. » = 5x — 3y + y(x? + y2), T = 5x + y(x? + y2) 
25. = x—2y + 3xy, 2 2x 3y — x? — y? 

26. PEE 2y -x? — y?, T = 2x y—3xy 

7. S =x y+ xt- y?, D oxy tyt—x? 
28, aec y tat ty © = 13x —3y + 3xy 
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In Problems 29 through 32, find all critical points of the given 
system, and investigate the type and stability of each. Verify 
your conclusions by means of a phase portrait constructed us- 
ing a computer system or graphing calculator. 


-— 
30. ay 1, Pox y 
31. aay 1, 2 s y 
32, = xy-2, Z =x- 
Bifurcations 


The term bifurcation generally refers to something “splitting 
apart.” With regard to differential equations or systems involv- 
ing a parameter, it refers to abrupt changes in the character of 
the solutions as the parameter is changed continuously. Prob- 
lems 33 through 36 illustrate sensitive cases in which small 
perturbations in the coefficients of a linear or almost linear 
system can change the type or stability (or both) of a critical 
point. 


0.5 


0.0 


a 


-0.5 


-1.0 j 
-1.0 


FIGURE 6.2.13(a). 
€ = —0.2. 


Stable spiral with 
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33. Consider the linear system 


dx dy 


dt 


=x+eEy. 


Show that the critical point (0,0) is (a) a stable spiral 
point if e <0; (b) a center if e = 0; (c) an unstable spi- 
ral point if € > 0. Thus small perturbations of the system 
x! = —y, y! = x can change both the type and stability of 
the critical point. Figures 6.2.13(a)-(e) illustrate the loss 
of stability that occurs at e — 0 as the parameter increases 
from e < 0 to e > 0. 


34. Consider the linear system 
dx " dy 
— = =x €y, — —X— 
dt ? dt i 


Show that the critical point (0,0) is (a) a stable spiral 
point if € < 0; (b) a stable node if 0 < € < 1. Thus 
small perturbations of the system x’ = —x, y' = x — y can 
change the type of the critical point (0, 0) without chang- 
ing its stability. 


35. This problem deals with the almost linear system 


dx 


rm. + hx(x? + y”), = —x + hy(x? + y’), 


1.0 


0.5 


= 0.0 


FIGURE 6.2.13(b). 
€ = —0.05. 


Stable spiral with 


1.0 1.0 va Tin 
0.5 0.5 H 0.5L 
200 = 0.0 = 0.0 l 
-0.5 -0.5 - -0.5 
1.0 1.0 N B a Or a aca dur 
—1.0 -0.5 0.0 0.5 1.0 -]. -0.5 0.0 0.5 1.0 -10 -0.5 0.0 0.5 1.0 
x x x 
FIGURE 6.2.13(c). Stable center FIGURE 6.2.13(d). Unstable spiral FIGURE 6.2.13(e). Unstable spiral 
withe = 0. with e = 0.05. with e = 0.2. 


36. 


37. 


in illustration of the sensitive case of Theorem 2, in which 
the theorem provides no information about the stability of 
the critical point (0,0). (a) Show that (0, 0) is a center of 
the linear system obtained by setting h = 0. (b) Suppose 
that h # 0. Let r? = x? + y?, then apply the fact that 


dx dy dr 
X—— — —p— 
dt dt dt 


to show that dr/dt = hr?. (c) Suppose that h = —1. 
Integrate the differential equation in (b); then show that 
r — 0 as t — +00. Thus (0, 0) is an asymptotically stable 
critical point of the almost linear system in this case. (d) 
Suppose that h = +1. Show that r — +00 as t increases, 
so (0, 0) is an unstable critical point in this case. 

This problem presents the famous Hopf bifurcation for the 
almost linear system 


d: 
T Sex +y- x(x? + 9), 
d 

E = —x + ey — y(x? + y?), 


which has imaginary characteristic roots A = +i ife = 0. 
(a) Change to polar coordinates as in Example 5 of Sec- 
tion 6.1 to obtain the system r’ = r (€ — r2), 6’ = —1. (b) 
Separate variables and integrate directly to show that if 
€ € 0, then r(t) — 0 as t > «co, so in this case the origin 
is a stable spiral point. (c) Show similarly that if € > 0, 
then r(t) — ~€ as t + +00, so in this case the origin is 
an unstable spiral point. The circle r(t) = ./e itself is a 
closed periodic solution or limit cycle. Thus a limit cycle 
of increasing size is spawned as the parameter e increases 
through the critical value 0. 

In the case of a two-dimensional system that is not almost 
linear, the trajectories near an isolated critical point can 
exhibit a considerably more complicated structure than 
those near the nodes, centers, saddle points, and spiral 
points discussed in this section. For example, consider 
the system 


dx 


"re x(x? — 2y?), 
à (16) 
Z = yx! y?) 


having (0,0) as an isolated critical point. This system is 
not almost linear because (0, 0) is not an isolated critical 
point of the trivial associated linear system x’ = 0, y’ = 0. 
Solve the homogeneous first-order equation 


dy  yQx?- y?) 
dx x(x? —2y3) 
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to show that the trajectories of the system in (16) are folia 
of Descartes of the form 


x? + y? = 3cxy, 


where c is an arbitrary constant (Fig. 6.2.14). 


FIGURE 6.2.14. Trajectories of the 
system in Eq. (16). 


38. First note that the characteristic equation of the 2 x 2 ma- 


trix A can be written in the form A? — TA + D = 0, where 
D is the determinant of A and the trace T of the ma- 
trix A is the sum of its two diagonal elements. Then ap- 
ply Theorem 1 to show that the type of the critical point 
(0, 0) of the system x’ = Ax is determined—as indicated 
in Fig. 6.2.15—by the location of the point (T, D) in the 
trace-determinant plane with horizontal T-axis and verti- 
cal D-axis. 


Nodal 
source 


Saddle | point 


FIGURE 6.2.15. The critical point (0, 0) of the system 
x’ = Axisa 
* spiral sink or source if the point (T, D) lies above 
the parabola T? = 4D but off the D-axis; 
e stable center if (T, D) lies on the positive D-axis; 
e nodal sink or source if (T, D) lies between the 


parabola and the 7 '-axis; 
e saddle point if (T, D) lies beneath the 7'-axis. 
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AP Yelelifeeiife Phase Plane Portraits of Almost Linear Systems 


FIGURE 6.2.16. Phase plane portrait 
for the system in Eq. (1). 


Interesting and complicated phase portraits often result from simple nonlinear per- 
turbations of linear systems. For instance, Fig. 6.2.16 shows a phase portrait for the 
almost linear system 


dx 

T” —y cos(x + y — 1), 

, (1) 
M = — 

ues xcos(x — y + 1). 


Among the seven critical points marked with dots, we see 


e Apparent spiral points in the first and third quadrants of the x y-plane; 

e Apparent saddle points in the second and fourth quadrants, plus another one 
on the positive x-axis; 

e A critical point of undetermined character on the negative y-axis; and 

e An apparently “very weak" spiral point at the origin—meaning one that is 
approached very slowly as t increases or decreases (according as it is a sink 
Or à source). 


Some ODE software systems can automatically locate and classify critical 
points. For instance, Fig. 6.2.17 shows a screen produced by John Polking's MAT- 
LAB pplane program (cited in the Section 6.1 application). It shows that the 
fourth-quadrant critical point in Fig. 6.2.16 has approximate coordinates (1.5708, 
—2.1416), and that the coefficient matrix of the associated linear system has the 
positive eigenvalue A; ~ 2.8949 and the negative eigenvalue A, ~ —2.3241. It 
therefore follows from Theorem 2 that this critical point is, indeed, a saddle point 
of the almost linear system in (1). 


4 PPLANES Equilibrium point data Mi x| 


File Window 
There is a saddle point at (1.5708, -2.1416). 
The Jacobian is: 


21416 21416 
1.5708 -1.5708 


The eigenvalues and eigenvectors are: 
2.8949 (0.94334, 0.33182) 
-2.3241 (0.43241, 0.90168) 


FIGURE 6.2.17. The fourth-quadrant saddle point revealed. 


With a general computer algebra system such as Maple or Mathematica, you 
may have to do a bit of work yourself—or tell the computer precisely what to do—to 
find and classify a critical point. For instance, the Maple command 


fsolve({-y*cos (x+ty-1)=0,x«cos (x-y41)20], 
{x,y}, {x=1..2,y=-3..-2}); 


or the Mathematica command 


on a len | | 
3'coslx*y-1]90 f 1 
t coslx+y—1)=0 m1 5 yw-2 5}| 


f 
solve| E: i 
x-cos\x—y+1}=0 j 


x=1.5708 and y=-2.14159 


\4\ More solutions may exist. Try specifying approp... 


FIGURE 6.2.18. TI-Nspire™ CX 
CAS calculation of the fourth-quadrant 
critical point of the almost linear 
system (1). 
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FindRoot [{-y*Cos[xt+ty-1] == 0, x*Cos[x-yt1] == 0}, 
{x,1,2}, fy, -3,-2}] 
will find the critical-point coordinates a = 1.5708, b = —2.1416 indicated earlier. 


Similarly, Fig. 6.2.18 shows a TI handheld calculation of this critical point. Then 
the substitution x = u +a, y = v + b yields the translated system 


d 

m = (2.1416 — v) cos(1.5708 — u — v) = f(u, v), 

j (2) 
oA = (1.5708 + u) cos(4.7124 + u — v) = g(u, v). 


If we substitute u = v = 0 in the Jacobian matrix 0( f, g)/0(u, v), we get the coeffi- 
cient matrix 


1.5708 —1.5708 


of the linear system corresponding to (2). Then the Maple command 


A= pe el 


evalf (Eigenvals (A)) 
or the Mathematica command 
Eigenvalues [A] 
or the Wolfram|Alpha query 
((2.1416, 2.1416), (1.5708, -1.5708)) 


yields the eigenvalues A, ~ 2.8949 and Az ~ —2.3241, thereby verifying that the 
critical point (1.5708, —2.1416) of (1) is, indeed, a saddle point. 

Use a computer algebra system to find and classify the other critical points of 
(1) indicated in Fig. 6.2.16. Then investigate similarly an almost linear system of 
your own construction. One convenient way to construct such a system is to begin 
with a linear system and insert sine or cosine factors resembling the ones in (1). 


IK Ecological Models: Predators and Competitors 


Some of the most interesting and important applications of stability theory involve 
the interactions between two or more biological populations occupying the same 
environment. We consider first a predator-prey situation involving two species. 
One species—the predators—feeds on the other species—the prey—which in turn 
feeds on some third food item readily available in the environment. A standard 
example is a population of foxes and rabbits in a woodland; the foxes (predators) 
eat rabbits (the prey), while the rabbits eat certain vegetation in the woodland. Other 
examples are sharks (predators) and food fish (prey), bass (predators) and sunfish 
(prey), ladybugs (predators) and aphids (prey), and beetles (predators) and scale 
insects (prey). 

The classical mathematical model of a predator-prey situation was developed 
in the 1920s by the Italian mathematician Vito Volterra (1860-1940) in order to 
analyze the cyclic variations observed in the shark and food-fish populations in the 
Adriatic Sea. To construct such a model, we denote the number of prey at time 
t by x(t), the number of predators by y(t), and make the following simplifying 
assumptions. 


1. In the absence of predators, the prey population would grow at a natural rate, 
with dx/dt =ax,a> 0. 
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2. In the absence of prey, the predator population would decline at a natural rate, 
with dy/dt = —by, b > 0. 

3. When both predators and prey are present, there occurs, in combination with 
these natural rates of growth and decline, a decline in the prey population and a 
growth in the predator population, each at a rate proportional to the frequency 
of encounters between individuals of the two species. We assume further that 
the frequency of such encounters is proportional to the product xy, reasoning 
that doubling either population alone should double the frequency of encoun- 
ters, while doubling both populations ought to quadruple the frequency of 
encounters. Consequently, the consumption of prey by predators results in 


e an interaction rate of decline — pxy in the prey population x, and 
e an interaction rate of growth gxy in the predator population y. 


When we combine the natural and interaction rates ax and —pxy for the prey 
population x, as well as the natural and interaction rates —by and qxy for the preda- 
tor population y, we get the predator-prey system 


dx 
q TTPO = x(a — py), 

> J (1) 
E = —by + qxy = y(—b + qx), 


with the constants a, b, p, and q all positive. [Note: You may see the predator and 
prey equations written in either order in (1). It is important to recognize that the 
predator equation has negative linear term and positive interaction term, whereas 
the prey equation has positive linear term and negative interaction term.] 


The Critical Points A critical point of the general predator-prey system in (1) is a solution 
(x, y) of the equations 


x(a—py)=0, y(—b+qx) =0. (2) 


The first of these two equations implies that either x = 0 or y = a/p ¥ 0, and the second 
implies that either y = 0 or x = b/g # 0. It follows readily that this predator-prey system 
has the two (isolated) critical points (0, 0) and (b/q, a/p). 


THE CRITICAL POINT (0,0): The Jacobian matrix of the system in (1) is 


- z 0 
ras el so 10.0 - [6 ak (3) 


The matrix J(0, 0) has characteristic equation (a — A)(—b — A) = 0 and the eigenvalues A; = 
a > 0, À25 = —b < 0 with different signs. Hence it follows from Theorems 1 and 2 in Section 
6.2 that the critical point (0, 0) is an unstable saddle point, both of the predator-prey system 
and of its linearization at (0,0). The corresponding equilibrium solution x(t) = 0, y(t) = 0 
merely describes simultaneous extinction of the prey (x) and predator (y) populations. 


THE CRITICAL POINT (b/q, a/p): The Jacobian matrix 


0 -2 | 

Jojapp- | ,, ^" (4) 
— 0 
p 


has characteristic equation A? + ab = 0 and the pure imaginary eigenvalues 41, 42 = +i ab. 
It follows from Theorem 1 in Section 6.2 that the linearization of the predator-prey system at 
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(b/q, a/p) has a stable center at the origin. Thus we have the indeterminate case of Theorem 
2 in Section 6.2, in which case the critical point can (aside from a stable center) also be 
either a stable spiral sink or an unstable spiral source of the predator-prey system itself. 
Hence further investigation is required to determine the actual character of the critical point 
(b/q, a/ p). The corresponding equilibrium solution x (t) = b/q, y(t) = a/p describes the only 
nonzero constant prey (x) and predator (y) populations that coexist permanently. 


THE PHASE PLANE PORTRAIT: In Problem 1 we ask you to analyze numerically a 
typical predator-prey system and verify that the linearizations at its two critical points agree 
qualitatively with the phase plane portrait shown in Fig. 6.3.1—where the nontrivial critical 
point appears visually to be a stable center. Of course, only the first quadrant of this portrait 
corresponds to physically meaningful solutions describing nonnegative populations of prey 
and predators. 

In Problem 2 we ask you to derive an exact implicit solution of the predator-prey 
system of Fig. 6.3.1—a4 solution that can be used to show that its phase plane trajectories 
in the first quadrant are, indeed, simple closed curves that encircle the critical point (75, 50) 
as indicated in the figure. It then follows from Problem 30 in Section 6.1 that the explicit 
solution functions x (t) and y (t) are both periodic functions of t—thus explaining the periodic 
fluctuations that are observed empirically in predator-prey populations. E 


B 
I] 
3 
o 
& 
a 
TON 
Sy m ` a > 1 1 1 1 1 1 ! 
—-100 0 100 200 300 0 50 100 150 200 
x x (prey) 
FIGURE 6.3.1. Phase plane portrait for the predator-prey system x’ = 200x — 4xy, FIGURE 6.3.2. The predator-prey phase 
y! = —150y + 2xy with critical points (0, 0) and (75, 50). portrait of Example 2. 


Example 2 Oscillating Populations Figure 6.3.2 shows a computer-generated direction field and phase 
portrait for the predator-prey system 


a = (0.2)x — (0.005)xy = (0.005)x (40 — y), 
j (5) 
T = —(0.5)y + (0.01)xy = (0.01) y (—50 + x), 


where x(t) denotes the number of rabbits and y(t) the number of foxes after £ months. Evi- 
dently the critical point (50, 40) is a stable center representing equilibrium populations of 50 
rabbits and 40 foxes. Any other initial point lies on a closed trajectory enclosing this equi- 
librium point. The direction field indicates that the point (x(t), y (t)) traverses its trajectory 
in a counterclockwise direction, with the rabbit and fox populations oscillating periodically 
between their separate maximum and minimum values. A drawback is that the phase plane 
plot provides no indication as to the speed with which each trajectory is traversed. 
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L i i i spo j = 
K 10 20 30 40 50 60 70 80 
t 
FIGURE 6.3.3. Periodic oscillations 
of the predator and prey populations in 
Example 2. 


This lost “sense of time” is recaptured by graphing the two individual population func- 
tions as functions of time ¢. In Fig. 6.3.3 we have graphed approximate solution functions 
x(t) and y(t) calculated using the Runge-Kutta method of Section 4.3 with initial values 
x(0) = 70 and y(0) = 40. We see that the rabbit population oscillates between the extreme 
values Xmax * 72 and Xmin ~% 33, while the fox population oscillates (out of phase) between 
the extreme values ymax 7: 70 and ymin 7 20. A careful measurement indicates that the period 
P of oscillation of each population is slightly over 20 months. One could “zoom in” on the 
maximum/minimum points on each graph in order to refine these estimates of the period and 
the maximum and minimum rabbit and fox populations. 

Any positive initial conditions xo — x(0) and yo — y(0) yield a similar picture, with 
the rabbit and fox populations both surviving in coexistence with each other. E 


Competing Species 

Now we consider two species (of animals, plants, or bacteria, for instance) with 
populations x(t) and y(t) at time t that compete with each other for the food avail- 
able in their common environment. This is in marked contrast to the case in which 
one species preys on the other. To construct a mathematical model that is as realistic 
as possible, let us assume that in the absence of either species, the other would have 
a bounded (logistic) population like those considered in Section 2.1. In the absence 
of any interaction or competition between the two species, their populations x(t) 
and y(t) would then satisfy the differential equations 


A = a,x — b,x?, 
4 (6) 
= any — boy’, 


each of the form of Eq. (2) of Section 2.1. But in addition, we assume that competi- 
tion has the effect of a rate of decline in each population that is proportional to their 
product xy. We insert such terms with negative proportionality constants —c, and 
—c3 in the equations in (6) to obtain the competition system 


dx 
T = a,x — byx? — eqxy = x(a, — bı x — c1 y), 
» (7) 
dy = b 2 = b 
qi Hg RD cac y(a2 — boy — cox), 


where the coefficients a1, a2, b1, b2, c1, and c» are all positive. 

The almost linear system in (7) has four critical points. Upon setting the right- 
hand sides of the two equations equal to zero, we see that if x — 0, then either y — 0 
or y = a»/b5, whereas if y = 0, then either x = 0 or x = aj/b,. This gives the three 
critical points (0, 0), (0, a5/b5), and (a;/b;,0). The fourth critical point is obtained 
from the simultaneous solution of the equations 


bx +c1y =41, cox + boy = a2. (8) 


We assume that, as in most interesting applications, these equations have a single 
solution and that the corresponding critical point lies in the first quadrant of the xy- 
plane. This point (x,,, Yg) is then the fourth critical point of the system in (7), and 
it represents the possibility of coexistence of the two species, with constant nonzero 
equilibrium populations x(t) = x, and y(t) = yp. 


Example 3 


FIGURE 6.3.4. Phase plane portrait 
for the linear system x’ = 14x, 

y’ = 16y corresponding to the critical 
point (0, 0). 
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We are interested in the stability of the critical point (xz, Yg). This turns out 
to depend on whether 


C1C2 < bib, or C12 > bybo. (9) 


Each inequality in (9) has a natural interpretation. Examining the equations in (6), 
we see that the coefficients ^, and 55 represent the inhibiting effect of each popula- 
tion on its own growth (possibly due to limitations of food or space). On the other 
hand, c, and c2 represent the effect of competition between the two populations. 
Thus bıb2 is a measure of inhibition, while c,cz is a measure of competition. A 
general analysis of the system in (7) shows the following: 


1. If c1c2 < bib», so that competition is small in comparison with inhibition, then 
(Xz yg) is an asymptotically stable critical point that is approached by each 
solution as £ — +00. Thus the two species can and do coexist in this case. 


2. If c1c5 > bıb2, so that competition is large in comparison with inhibition, then 
(Xz yg) is an unstable critical point, and either x(t) or y(t) approaches zero 
as f — +00. Thus the two species cannot coexist in this case; one survives 
and the other becomes extinct. 


Rather than carrying out this general analysis, we present two examples that 
illustrate these two possibilities. 


Survival of a Single Species Suppose that the populations x(t) and y(t) satisfy the equa- 
tions 


d; 
n = 14x 1 xy 
(10) 
dy 1.2 
Ai = loy xy xy, 


in which ay = 14, a2 = 16, bı = b; = T, and cy = cp = 1. Then cie? = 1 > T = bibz, 
so we should expect survival of a single species as predicted in Case 2 previously. We find 
readily that the four critical points are (0, 0), (0, 32), (28,0), and (12, 8). We shall investigate 


them individually. 


THE CRITICAL POINT (0, 0): The Jacobian matrix of the system in (10) is 


15-2 [577 Tw DN so 1o9-[5 te (11) 


The matrix J(0, 0) has characteristic equation (14 — A)(16 — A) = 0 and has the eigenvalues 
A, =14 witheigenvector vı = [1 o]* 

and 
Az =16 witheigenvector va —[0 1 T. 


Both eigenvalues are positive, so it follows that (0,0) is a nodal source for the system’s 
linearization x’ = 14x, y’ = 16y at (0,0), and hence—by Theorem 2 in Section 6.2—is also 
an unstable nodal source for the original system in (10). Figure 6.3.4 shows a phase portrait 
for the linearized system near (0, 0). 
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FIGURE 6.3.5. Phase plane portrait 
for the linear system in Eq. (13) 
corresponding to the critical point 

(0, 32). 


FIGURE 6.3.6. Phase plane portrait 
for the linear system in Eq. (15) 
corresponding to the critical point 
(28, 0). 
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THE CRITICAL POINT (0, 32): Substitution of x = 0, y = 32 in the Jacobian matrix 
J(x, y) shown in (11) yields the Jacobian matrix 


J0.32) = E zi] (12) 


of the nonlinear system (10) at the point (0, 32). Comparing Eqs. (7) and (8) in Section 6.2, 
we see that this Jacobian matrix corresponds to the linearization 


du i8 

D s tha 

dt 

(13) 

AU aay cie 

— = —32u — 16v 

dt 
of (10) at (0,32) . The matrix J(0, 32) has characteristic equation (—18 — A)(—16 — A) = 0 
and has the eigenvalues Ay = —18 with eigenvector v; = [ 1 16 id and A5 = —16 with 


eigenvector v; =[0 1 Ü: Because both eigenvalues are negative, it follows that (0, 0) is a 
nodal sink for the linearized system, and hence—by Theorem 2 in Section 6.2—that (0, 32) 
is also a stable nodal sink for the original system in (10). Figure 6.3.5 shows a phase portrait 
for the linearized system near (0, 0). 


THE CRITICAL POINT (28, 0): The Jacobian matrix 


—14 -28 
18.0 =| 0 35] (14) 
corresponds to the linearization 
Fs. Bagge 
i en oe 
(15) 
dv _ ib 
ge Um 


of (10) at (28,0) . The matrix J(28, 0) has characteristic equation (—14 — A)(-12— à) = 0 
and Az = —12 with 
eigenvector v; =[—14 1 |: Because both eigenvalues are negative, it follows that (0, 0) 
is a nodal sink for the linearized system, and hence—by Theorem 2 in Section 6.2—that 
(28, 0) is also a stable nodal sink for the original nonlinear system in (10). Figure 6.3.6 shows 
a phase portrait for the linearized system near (0, 0). 


and has the eigenvalues 4; = —14 with eigenvector vı = [1 0 ld 


THE CRITICAL POINT (12, 8): The Jacobian matrix 


—6 -12 
Ja2.8) = E ied (16) 
corresponds to the linearization 
Pics 
— = —6u — 12v, 
dt 
(7) 
a 
— = —8u — 4v 
dt 


of (10) at (12, 8). The matrix J(12, 8) has characteristic equation 


(6 — 4)(—4 — à) — (—8)(-12) = 1 + 10A -72 = 0 


and has the eigenvalues 


Ay =—5— 497 «0 with eigenvector vı =[4(1 +797) ry 


FIGURE 6.3.7. Phase plane portrait 
for the linear system in Eq. (17) 
corresponding to the critical point 
(12, 8). 
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and 


dg =—5 + 497-0 with eigenvector vo — [í(1- V97) il. 


Because the two eigenvalues have opposite signs, it follows that (0, 0) is a saddle point for the 
linearized system and hence—by Theorem 2 in Section 6.2—that (12, 8) is also an unstable 
saddle point for the original system in (10). Figure 6.3.7 shows a phase portrait for the 
linearized system near (0, 0). 

Now that our local analysis of each of the four critical points is complete, it remains to 
assemble the information found into a coherent global picture. If we accept the facts that 


e Near each critical point, the trajectories for the original system in (10) resemble quali- 
tatively the linearized trajectories shown in Figs. 6.3.4—6.3.7, and 
e Ast — +œ each trajectory either approaches a critical point or diverges toward infin- 
ity, 
then it would appear that the phase plane portrait for the original system must resemble the 
rough sketch shown in Fig. 6.3.8. This sketch shows a few typical freehand trajectories 
connecting a nodal source at (0, 0), nodal sinks at (0, 32) and (28, 0), and a saddle point at 
(12, 8), with indicated directions of flow along these trajectories consistent with the known 
character of these critical points. Figure 6.3.9 shows a more precise computer-generated 
phase portrait and direction field for the nonlinear system in (10). 


y 
(0, 32) Region I 


0 5 10 15 20 25130 35 


(0, 0) (28, 0) x x (28, 0) 
FIGURE 6.3.8. Rough sketch consistent with FIGURE 6.3.9. Phase plane portrait for 
the analysis in Example 3. the system in Example 3. 


The two trajectories that approach the saddle point (12,8), together with that saddle 
point, form a separatrix that separates Regions I and II in Figure 6.3.8. It plays a crucial role 
in determining the long-term behavior of the two populations. If the initial point (xo, yo) lies 
precisely on the separatrix, then (x(t), y (t)) approaches (12,8) as t — +00. Of course, ran- 
dom events make it extremely unlikely that (x(t), y(¢)) will remain on the separatrix. If not, 
peaceful coexistence of the two species is impossible. If (xo, yo) lies in Region I above the 
separatrix, then (x(t), y(t)) approaches (0, 32) as £ — +00, so the population x (t) decreases 
to zero. Alternatively, if (xo, yo) lies in Region II below the separatrix, then (x(t), y(t)) ap- 
proaches (28, 0) as t — --oo, so the population y(t) dies out. In short, whichever population 
has the initial competitive advantage survives, while the other faces extinction. " 


Peaceful Coexistence of Two Species Suppose that the populations x(t) and y(t) satisfy 
the competition system 


— = 14x — 2x? — xy, 
d X X Xy 
(18) 
dy 2 
— = 16y — 2y? — xy, 
d; y —- 2y* — xy 


for which a, = 14, a2 = 16, by = b2 = 2, and cı = c2 = 1. Then c1c2 = 1 < 4 = bi4b5,so 
now the effect of inhibition is greater than that of competition. We find readily that the four 
critical points are (0, 0), (0, 8), (7, 0), and (4, 6). We proceed as in Example 3. 
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FIGURE 6.3.10. Phase plane portrait 
for the linear system in Eq. (20) 
corresponding to the critical point 

(0, 8). 


FIGURE 6.3.11. 


Phase plane portrait 
for the linear system in Eq. (22) 
corresponding to the critical point 

(7, 0). 
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THE CRITICAL POINT (0, 0): When we drop the quadratic terms in (18), we get the 
same linearization x’ = 14x, y’ = 16y at (0,0) as in Example 3. Thus its coefficient matrix 
has the two positive eigenvalues 41 = 14 and Az = 16, and its phase portrait is the same as 
that shown in Fig. 6.3.4. Therefore, (0, 0) is an unstable nodal source for the original system 
in (18). 


THE CRITICAL POINT (0, 8): The Jacobian matrix of the system in (18) is 


| [14-4x—- y =x _ 6 0 
Jo. =[ e TEM so 1o9-[ $ Ed (19) 
The matrix J(0, 8) corresponds to the linearization 
du _ 6 
a 
(20) 

a 
at = —e6Hu — v 


of (18) at (0,8). It has characteristic equation (6 — A)(—16 — A) = 0 and has the positive 
eigenvalue A; = 6 with eigenvector vı =[11 —4 iid and the negative eigenvalue Az = —16 
with eigenvector v? =[0 1 |’. It follows that (0,0) is a saddle point for the linearized 
system, and hence that (0, 8) is an unstable saddle point for the original system in (18). Figure 
6.3.10 shows a phase portrait for the linearized system near (0, 0). 


THE CRITICAL POINT (7, 0): The Jacobian matrix 


ed. 
30.0) =[ 4 Q1) 
corresponds to the linearization 
LENT 
— -—-]4u - Tv, 
dt 
(22) 
dv 9 
= Oy 
dt 


of (18) at (7,0). The matrix J(7, 0) has characteristic equation (—14 — A)(9 — A) = 0 and 


has the negative eigenvalue Aj = —14 with eigenvector vı = [1 0] ' and the positive 


eigenvalue Az = 9 with eigenvector vo = | -7 23 |’. It follows that (0, 0) is a saddle point 
for the linearized system, and hence that (7,0) is an unstable saddle point for the original 
system in (18). Figure 6.3.11 shows a phase portrait for the linearized system near (0, 0). 


THE CRITICAL POINT (4, 6): The Jacobian matrix 


ag =f 
J(4.6) = E E] (23) 
corresponds to the linearization 
du ET 
— = —8u — 4v, 
dt 
(24) 
LE 
g Ou lv 


of (18) at (4, 6). The matrix J(4, 6) has characteristic equation 


(—8 — A)(—12 — A) — (—6)(—4) = A? + 200 +72 = 0 


FIGURE 6.3.12. Phase plane portrait 
for the linear system in Eq. (24) 
corresponding to the critical point 

(4, 6). 


(0, 0) 


FIGURE 6.3.13. Direction field and 
phase portrait for the competition 
system x’ = 14x — 2x? — xy, 

y! = 16y — 2y? — xy of Example 4. 
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and has the two negative eigenvalues 
Ay 22(-5- V7) with eigenvector vi = | 4(-1 + JT) 1 ia 
and 


Az = 2(-5 + V7) witheigenvector v2 = [i(-1- 7) 1 ire 


It follows that (0,0) is a nodal sink for the linearized system, and hence that (4, 6) is a sta- 
ble nodal sink for the original system in (18). Figure 6.3.12 shows a phase portrait for the 
linearized system near (0, 0). 

Figure 6.3.13 assembles all this local information into a global phase plane portrait for 
the original system in (18). The notable feature of this system is that—for any positive initial 
population values xo and yo—the point (x(t), y (t)) approaches the single critical point (4, 6) 
as f — --oo. It follows that the two species both survive in stable (peaceful) existence. E 


Interactions of Logistic Populations 


If the coefficients a1, a2, b1, bz are positive but c; = c2 = 0, then the equations 


d 
^ = ax — bı x? — C1Xy, 
(25) 


y 2 
= eb ES 
di a2y 2y C2Xy 


describe two separate logistic populations x (t) and y(t) that have no effect on each 
other. Examples 3 and 4 illustrate cases in which the xy-coefficients cı and c2 
are both positive. The interaction between the two populations is then described 
as competition, because the effect of the xy-terms in (25) is to decrease the rates 
of growth of both populations—that is, each population is "hurt" by their mutual 
interaction. 

Suppose, however, that the interaction coefficients cı and c2 in (25) are both 
negative. 'Then the effect of the xy-terms is to increase the rates of growth of both 
populations—that is, each population is "helped" by their mutual interaction. This 
type of interaction is aptly described as cooperation between the two logistic pop- 
ulations. 

Finally, the interaction between the two populations is one of predation if the 
interaction coefficients have different signs. For instance, if cy > 0 but c2 < 0, then 
the x-population is hurt but the y-population is helped by their interaction. We may 
therefore describe x(t) as a prey population and y(t) as a predator population. 

If either bı or 5» is zero in (25), then the corresponding population would (in 
the absence of the other) exhibit exponential growth rather than logistic growth. For 
instance, suppose that a; > 0, a2 < 0, bı = b; = 0, and cı > 0, c2 < 0. Then x(t) 
is a naturally growing prey population while y(t) is a naturally declining predator 
population. This is the original predator-prey model with which we began this 
section. 

Problems 26 through 34 illustrate a variety of the possibilities indicated here. 
The problems and examples in this section illustrate the power of elementary 
critical-point analysis. But remember that ecological systems in nature are seldom 
so simple as in these examples. Frequently they involve more than two species, 
and the growth rates of these populations and the interactions among them often are 
more complicated than those discussed in this section. Consequently, the mathe- 
matical modeling of ecological systems remains an active area of current research. 
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| &3| Problems 


Problems 1 and 2 deal with the predator-prey system 


dx _ 500% —4 
— = 200x — 4xy, 
dt y 
(1) 
dy _ _150y 2 
2 E z 
di y + Ixy 


that corresponds to Fig. 6.3.1. 


1. Starting with the Jacobian matrix of the system in (1), de- 
rive its linearizations at the two critical points (0,0) and 
(75,50). Use a graphing calculator or computer system 
to construct phase plane portraits for these two lineariza- 
tions that are consistent with the “big picture” shown in 
Fig. 6.3.1. 

2. Separate the variables in the quotient 


dy | —150y + 2xy 


dx 200x — 4xy 


of the two equations in (1), and thereby derive the exact 
implicit solution 


2001n y + 1501n x — 2x — 4y = C 


of the system. Use the contour plot facility of a graphing 
calculator or computer system to plot the contour curves 
of this equation through the points (75,100), (75,150), 
(75,200), (75,250), and (75,300) in the xy-plane. Are 
your results consistent with Fig. 6.3.1? 

3. Let x(t) be a harmful insect population (aphids?) that un- 
der natural conditions is held somewhat in check by a be- 
nign predator insect population y(t) (ladybugs?). Assume 
that x(t) and y(t) satisfy the predator-prey equations in 
(1), so that the stable equilibrium populations are x, = b/q 
and yp = a/p. Now suppose that an insecticide is em- 
ployed that kills (per unit time) the same fraction f < a 
of each species of insect. Show that the harmful popula- 
tion x,, is increased, while the benign population y,, is de- 
creased, so the use of the insecticide is counterproductive. 
This is an instance in which mathematical analysis reveals 
undesirable consequences of a well-intentioned interfer- 
ence with nature. 


Problems 4 through 7 deal with the competition system 


dx 2 
— = 60x — 4x* — 3xy, 
dt 
(2) 
E 42y — 2y? — àxy, 
dt f 


in which cycz = 9 > 8 = bib, so the effect of competition 
should exceed that of inhibition. Problems 4 through 7 imply 
that the four critical points (0,0), (0,21), (15,0), and (6, 12) 
of the system in (2) resemble those shown in Fig. 6.3.9—a 
nodal source at the origin, a nodal sink on each coordinate 
axis, and a saddle point interior to the first quadrant. In each 
of these problems use a graphing calculator or computer sys- 
tem to construct a phase plane portrait for the linearization at 


the indicated critical point. Finally, construct a first-quadrant 


phase plane portrait for the nonlinear system in (2). Do your 


local and global portraits look consistent? 


4. Show that the coefficient matrix of the linearization x’ = 
60x, y' = 42y of (2) at (0,0) has positive eigenvalues 
A, = 60 and Az = 42. Hence (0, 0) is a nodal source for 
(2). 

5. Show that the linearization of (2) at (0,21) is u^ = —3u, 
v’ = —63u — 42v. Then show that the coefficient matrix of 
this linear system has negative eigenvalues A; = —3 and 
À2 = —42. Hence (0, 21) is a nodal sink for the system in 
(2). 

6. Show that the linearization of (2) at (15, 0) is u’ = —60u — 


45v, v’ = —3v. Then show that the coefficient matrix of 
this linear system has negative eigenvalues 4; = —60 and 
A2 = —3. Hence (15,0) is a nodal sink for the system in 
(2). 

7. Show that the linearization of (2) at (6, 12) is u’ = —24u — 
18v, v/ = —36u — 24v. Then show that the coefficient 
matrix of this linear system has eigenvalues Àj = —24 — 


184/2 < 0 and Az = —24 + 1842 > 0. Hence (6, 12) is a 
saddle point for the system in (2). 


Problems 8 through 10 deal with the competition system 


dx 2 
ap 60x — 3x^ — Axy, 
(3) 
dy = 42y — 3y? — 2xy, 
dt 


in which c1c2 = 8 < 9 = bı b2, so the effect of inhibition should 
exceed that of competition. The linearization of the system 
in (3) at (0,0) is the same as that of (2). This observation 
and Problems 8 through 10 imply that the four critical points 
(0, 0), (0, 14), (20,0), and (12,6) of (3) resemble those shown 
in Fig. 6.3.13—a nodal source at the origin, a saddle point 
on each coordinate axis, and a nodal sink interior to the first 
quadrant. In each of these problems use a graphing calculator 
or computer system to construct a phase plane portrait for the 
linearization at the indicated critical point. Finally, construct 
a first-quadrant phase plane portrait for the nonlinear system 
in (3). Do your local and global portraits look consistent? 


8. Show that the linearization of (3) at (0,14) is u’ = 4u, 
v’ = —28u — 42v. Then show that the coefficient matrix 
of this linear system has the positive eigenvalue 4; = 4 
and the negative eigenvalue À2 = —42. Hence (0,14) is a 
saddle point for the system in (3). 

9. Show that the linearization of (3) at (20,0) is u’ = —60u — 
80v, v’ = 2v. Then show that the coefficient matrix of this 
linear system has the negative eigenvalue 4; = —60 and 
the positive eigenvalue Az = 2. Hence (20, 0) is a saddle 
point for the system in (3). 

10. Show that the linearization of (3) at (12, 6) is u’ = —36u — 
48v, v' = —12u — 18v. Then show that the coefficient 
matrix of this linear system has eigenvalues Ay = —27 + 
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34/73 and Ay = —27 — 34/73, both of which are negative. 
Hence (12, 6) is a nodal sink for the system in (3). 


Problems 11 through 13 deal with the predator-prey system 


d» 
A = Sx — x? — xy, 
(4) 
c ND. +x 
di FENY 


in which the prey population x(t) is logistic but the predator 
population y(t) would (in the absence of any prey) decline 
naturally. Problems 11 through 13 imply that the three crit- 
ical points (0,0), (5,0), and (2,3) of the system in (4) are as 
shown in Fig. 6.3.14—with saddle points at the origin and on 
the positive x-axis, and with a spiral sink interior to the first 
quadrant. In each of these problems use a graphing calcula- 
tor or computer system to construct a phase plane portrait for 
the linearization at the indicated critical point. Do your local 
portraits look consistent with Fig. 6.3.14? 

8 J 


7 
P4 
£ 
v 


FIGURE 6.3.14. Direction field and phase 
portrait for the predator-prey system of Problems 
11 through 13. 


11. Show that the coefficient matrix of the linearization x’ = 
5x, y = —2y of (4) at (0,0) has the positive eigenvalue 
A, = 5 and the negative eigenvalue A2 = —2. Hence (0, 0) 
is a saddle point of the system in (4). 

12. Show that the linearization of (4) at (5, 0) is u’ = —5u — 5v, 
v’ = 3v. Then show that the coefficient matrix of this lin- 
ear system has the negative eigenvalue 4; = —5 and the 
positive eigenvalue A? = 3. Hence (5, 0) is a saddle point 
for the system in (4). 

13. Show that the linearization of (4) at (2, 3) is u’ = —2u — 2v, 
v' — 3u. Then show that the coefficient matrix of this 
linear system has the complex conjugate eigenvalues 1, 
Az = —1 x i /5 with negative real part. Hence (2,3) is a 
spiral sink for the system in (4). 


Problems 14 through 17 deal with the predator-prey system 


dx 2 
mc — 2x — xy, 
(5) 
B. 2_dy+x 
oe y y. 


Here each population—the prey population x(t) and the 
predator population y(t)—is an unsophisticated population 


(like the alligators of Section 2.1) for which the only alter- 
natives (in the absence of the other population) are doomsday 
and extinction. Problems 14 through 17 imply that the four 
critical points (0,0), (0, 4), (2, 0), and (3,1) of the system in 
(5) are as shown in Fig. 6.3.15—a nodal sink at the origin, a 
saddle point on each coordinate axis, and a spiral source in- 
terior to the first quadrant. This is a two-dimensional version 
of “doomsday versus extinction.” If the initial point (xo, yo) 
lies in Region I, then both populations increase without bound 
(until doomsday), whereas if it lies in Region II, then both pop- 
ulations decrease to zero (and thus both become extinct). In 
each of these problems use a graphing calculator or computer 
system to construct a phase plane portrait for the linearization 
at the indicated critical point. Do your local portraits look 
consistent with Fig. 6.3.15? 
RegionI 


II * 


FIGURE 6.3.15. Direction field and phase 
portrait for the predator-prey system of Problems 
14 through 17. 


14. Show that the coefficient matrix of the linearization x' — 
—2x, y! = —4y of the system in (5) at (0, 0) has the nega- 
tive eigenvalues 4; = —2 and Az = —4. Hence (0,0) is a 
nodal sink for (5). 

15. Show that the linearization of (5) at (0,4) is u^ = —6u, 
v' = 4u + Av. Then show that the coefficient matrix of this 
linear system has the negative eigenvalue A; = —6 and the 
positive eigenvalue Az = 4. Hence (0, 4) is a saddle point 
for the system in (5). 

16. Show that the linearization of (5) at (2, 0) is uw’ = 2u — 2v, 
v’ = —2v. Then show that the coefficient matrix of this 
linear system has the positive eigenvalue A; = 2 and the 
negative eigenvalue Az = —2. Hence (2,0) is a saddle 
point for the system in (5). 

17. Show that the linearization of (5) at (3, 1) is u’ = 3u — 3v, 
v’ = u +v. Then show that the coefficient matrix of 
this linear system has complex conjugate eigenvalues A, 
À2 = 2 4 i V2 with positive real part. Hence (3,1) is a 
spiral source for (5). 


Problems 18 through 25 deal with the predator-prey system 


dx 
E = 2x — xy-ex(5- x), 
(6) 
ay gs T xy 
de wem 
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for which a bifurcation occurs at the value e = 0 of the param- 
eter e. Problems 18 and 19 deal with the case e = 0, in which 
case the system in (6) takes the form 


d: d 
T —2x-—xy, = = —5x + xy, (7) 


and these problems suggest that the two critical points (0,0) 
and (5,2) of the system in (7) are as shown in Fig. 6.3.16—a 
saddle point at the origin and a center at (5,2). In each prob- 
lem use a graphing calculator or computer system to construct 
a phase plane portrait for the linearization at the indicated 
critical point. Do your local portraits look consistent with Fig. 
6.3.16? 


I 
disi co 4 8 12 16 20 


FIGURE 6.3.16. Thecasee = 0 
(Problems 18 and 19). 


18. Show that the coefficient matrix of the linearization x’ = 
2x, y! = —5y of (7) at (0,0) has the positive eigenvalue 
A, = 2 and the negative eigenvalue A2 = —5. Hence (0, 0) 
is a saddle point for the system in (7). 


19. Show that the linearization of the system in (7) at (5, 2) is 
u’ = —5v, v! = 2u. Then show that the coefficient matrix 
of this linear system has conjugate imaginary eigenvalues 
Ay, Ao = xi JI10. Hence (0, 0) is a stable center for the 
linear system. Although this is the indeterminate case of 
Theorem 2 in Section 6.2, Fig. 6.3.16 suggests that (5,2) 
also is a stable center for (7). 


Problems 20 through 22 deal with the case e = —1, for which 
the system in (6) becomes 


dà d 
= = —3x + x? — xy, T = —5y + xy, (8) 


and imply that the three critical points (0,0), (3,0), and (5,2) 
of (8) are as shown in Fig. 6.3.17—with a nodal sink at the ori- 
gin, a saddle point on the positive x-axis, and a spiral source at 
(5.2). In each problem use a graphing calculator or computer 
system to construct a phase plane portrait for the linearization 
at the indicated critical point. Do your local portraits look 
consistent with Fig. 6.3.17? 


| 
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FIGURE 6.3.17. The case € = —1 
(Problems 20 through 22). 


20. Show that the coefficient matrix of the linearization x’ = 
—3x, y! = —5y of the system in (8) at (0, 0) has the nega- 


tive eigenvalues A; = —3 and Az = —5. Hence (0,0) is a 
nodal sink for (8). 

21. Show that the linearization of the system in (8) at (3, 0) is 
u’ = 3u — 3v, v = —2v. Then show that the coefficient 


matrix of this linear system has the positive eigenvalue 
À1 = 3 and the negative eigenvalue A42 = —2. Hence (3, 0) 
is a saddle point for (8). 

22. Show that the linearization of (8) at (5, 2) is u’ = 5u — 5v, 
v’ = 2u. Then show that the coefficient matrix of this lin- 
ear system has complex conjugate eigenvalues 41, A2 = 
1(5- i15) with positive real part. Hence (5, 2) is a spi- 
ral source for the system in (8). 


Problems 23 through 25 deal with the case e = 1, so that the 
system in (6) takes the form 
dx 2 dy 


7 7x — x^ — xy, I ~ Sy + xy, (9) 


and these problems imply that the three critical points (0,0), 
(7,0), and (5,2) of the system in (9) are as shown in 
Fig. 6.3.18—with saddle points at the origin and on the pos- 
itive x-axis and with a spiral sink at (5,2). In each problem 
use a graphing calculator or computer system to construct a 
phase plane portrait for the linearization at the indicated crit- 


ical point. Do your local portraits look consistent with Fig. 
6.3.18? 


| 
na ga 2 4 6 \8 10 
x (7,0) 


FIGURE 6.3.18. The case € = +1 
(Problems 23 through 25). 


23. Show that the coefficient matrix of the linearization x’ = 
7x, y! = —5y of (9) at (0,0) has the positive eigenvalue 


24. 


25. 


6.3 Ecological Models: Predators and Competitors 


A, = 7 and the negative eigenvalue A2 = —5. Hence (0, 0) 
is a saddle point for the system in (9). 

Show that the linearization of (9) at (7, 0) is u’ = —7u — 7v, 
v’ = 2v. Then show that the coefficient matrix of this lin- 
ear system has the negative eigenvalue 4; = —7 and the 
positive eigenvalue A» = 2. Hence (7, 0) is a saddle point 
for the system in (9). 

Show that the linearization of (9) at (5, 2) is u’ = —5u — 5v, 
v' — 2u. Then show that the coefficient matrix of this 
linear system has the complex conjugate eigenvalues 1, 
Az = 4(—5 X i 15) with negative real part. Hence (5, 2) 
is a spiral sink for the system in (9). 


For each two-population system in Problems 26 through 34, 
first describe the type of x- and y-populations involved (ex- 
ponential or logistic) and the nature of their interaction— 
competition, cooperation, or predation. Then find and char- 
acterize the system's critical points (as to type and stability). 
Determine what nonzero x- and y-populations can coexist. 
Finally, construct a phase plane portrait that enables you to 
describe the long-term behavior of the two populations in 
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terms of their initial populations x (0) and y(0). 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


dx dy _ 


=2 ; 3 
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d nigga qu: UD 3 
= 2X X, EX 
di i d c M E 
EX yyin a 
dt Ty m JA 
dx 1 dy 
= 3) 2. xy, = 4y — 2) 
dt dcin EFT die 
dx 1 dy 
= 3) j 2 Xy, = 
di x—x^*- z% m Xy—y 
dx 1 dy 
= 3) 2X ys = 2 
dt dd go gg ee 
dx dy 
— = 30x — 3x? + xy, = = 60y — 3y? +4 
dt d d gy pex 
dx dy 
— 30x — 2x? — xy, = 80y — 4y? + 2x 
dt Kee CN pepe 
d; d 
a = 30x — 2x? xy, F = 20y — 4y? +2xy 


CERNe eea Your Own Wildlife Conservation Preserve 


You own a large wildlife conservation preserve that you originally stocked with Fo 
foxes and Ro rabbits on January 1, 2007. The following differential equations model 
the numbers R(t) of rabbits and F(t) foxes t months later: 


dR 
dt 
dF 
dt 


Il 


(0.01) pR — (0.0001)aRF, 


—(0.0D)qF + (0.0001)bRF, 


where p and q are the two largest digits (with p « q) and a and b are the two smallest 
nonzero digits (with a < b) in your student ID number. 

The numbers of foxes and rabbits will oscillate periodically, out of phase with 
each other (like the functions x(t) and y(t) in Fig. 6.3.3). Choose your initial num- 
bers Fo of foxes and Ro of rabbits—perhaps several hundred of each—so that the 
resulting solution curve in the RF-plane is a fairly eccentric closed curve. (The 
eccentricity may be increased if you begin with a relatively large number of rab- 
bits and a small number of foxes, as any wildlife preserve owner would naturally 
do—- because foxes prey on rabbits.) 

Your task is to determine 


1. The period of oscillation of the rabbit and fox populations; 


2. The maximum and minimum numbers of rabbits, and the calendar dates on 
which they first occur; 


3. The maximum and minimum numbers of foxes, and the calendar dates on 
which they first occur. 


With computer software that can plot both RF-trajectories and tR- and tF-solution 
curves like those in Figs. 6.3.2 and 6.3.3, you can "zoom in" graphically on the 
points whose coordinates provide the requested information. 
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Nonlinear Mechanical Systems 


Equilibrium 
position 


FIGURE 6.4.1. 
spring. 


The mass on a 


Now we apply the qualitative methods of Sections 6.1 and 6.2 to the analysis of 
simple mechanical systems like the mass-on-a-spring system shown in Fig. 6.4.1. 
Let m denote the mass in a suitable system of units and let x(t) denote the dis- 
placement of the mass at time ¢ from its equilibrium position (in which the spring 
is unstretched). Previously we have always assumed that the force F(x) exerted by 
the spring on the mass is a linear function of x: F(x) = —kx (Hooke’s law). In 
reality, however, every spring in nature actually is nonlinear (even if only slightly 
so). Moreover, springs in some automobile suspension systems deliberately are de- 
signed to be nonlinear. Here, then, we are interested specifically in the effects of 
nonlinearity. 

So now we allow the force function F(x) to be nonlinear. Because F(0) = 0 at 
the equilibrium position x — 0, we may assume that F has a power series expansion 
of the form 


» F(x) = —kx + ax? + Bx? +- . (1) 


We take k > 0 so that the reaction of the spring is directed opposite to the displace- 
ment when x is sufficiently small. If we assume also that the reaction of the spring 
is symmetric with respect to positive and negative displacements by the same dis- 
tance, then F(—x) — —F(x), so F is an odd function. In this case it follows that the 
coefficient of x" in Eq. (1) is zero if n is even, so the first nonlinear term is the one 
involving x?. 

For a simple mathematical model of a nonlinear spring we therefore take 


» F(x) = —kx + Bx?, (2) 


ignoring all terms in Eq. (1) of degree greater than 3. The equation of motion of the 
mass m is then 


> mx" = —kx + Bx?. (3) 


The Position—Velocity Phase Plane 


If we introduce the velocity 
y(t) = x'(r) (4) 


of the mass with position x(t), then we get from Eq. (3) the equivalent first-order 
system 


(5) 


A phase plane trajectory of this system is a position-velocity plot that illustrates the 
motion of the mass on the spring. We can solve explicitly for the trajectories of this 
system by writing 

dy  dy/dt | —kx + bx? 

dx — dx/dt — my ^C 


DRE: E36, 1 
^o^ t d Y 
S Lf «E = 16) 7] 
^^ t 4 Y 
m lt E=4) | 
PH eg 
> T51 vy 
STR Bah 
APA! EE 
AK 344. 
ze 74 -] 
| lY 
642 0 2 4 6 
Position 


FIGURE 6.4.2.  Position-velocity 
phase plane portrait for the hard 
mass-and-spring system with 

m = k = 2 and B = —4 <0. 


bm 
Velocity y 


Position and velocity 


FIGURE 6.4.3. Position and velocity 
solution curves for the hard 
mass-and-spring system with 

m =k = 2 and B = —4 < 0. 
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whence 
my dy + (kx — Bx?) dx = 0. 


Integration then yields 


imy? + Ikx? — ipx* =E (6) 


for the equation of a typical trajectory. We write E for the arbitrary constant of 
integration because KE = imy? is the kinetic energy of the mass with velocity y, 
and it is natural to define 


PE = lkx? — 1fx* (7) 


as the potential energy of the spring. Then Eq. (6) takes the form KE + PE = E, 
so the constant £ turns out to be the total energy of the mass-spring system. Eq. (6) 
then expresses conservation of energy for the undamped motion of a mass on a 
spring. 

The behavior of the mass depends on the sign of the nonlinear term in Eq. (2). 
The spring is called 


e hardif B « 0, 
e softif B > 0. 
We consider the two cases separately. 
HARD SPRING OSCILLATIONS: |f f < 0, then the second equation in (5) takes 


the form my’ = —x (|B|x? + k), so it follows that the only critical point of the 
system is the origin (0, 0). Each trajectory 


Imy?- kx? + MB|xX!— E >0 (8) 


is an oval closed curve like those shown in Fig. 6.4.2, and thus (0,0) is a stable 
center. As the point (x(t), y(t)) traverses a trajectory in the clockwise direction, 
the position x(t) and velocity y(t) of the mass oscillate alternately, as illustrated in 
Fig. 6.4.3. The mass is moving to the right (with x increasing) when y > 0, to the 
left when y « 0. Thus the behavior of a mass on a nonlinear hard spring resembles 
qualitatively that of a mass on a linear spring with 8 = 0 (as in Example 3 of Section 
6.1). But one difference between the linear and nonlinear situations is that, whereas 
the period T = 2x y m/k of oscillation of a mass on a linear spring is independent 
of the initial conditions, the period of a mass on a nonlinear spring depends on its 
initial position x (0) and initial velocity y (0) (Problems 21 through 26). 


Remark The hard spring equation mx" = —kx — |B|x? has equivalent first-order system 
k 
x =y, y --—x- Il s 
m m 


with Jacobian matrix 


© 
— 


0 1 
J(x. y) — ko 3I8l 2 so J(0,0)— E ai 
m 


m 


2 as usual). The latter matrix has characteristic equation A? + œ? = 0 and 


(writing k/m = w 

pure imaginary eigenvalues 4], A2 = +wi. Thus the linearized system x’ = y, y! = —o?x 
has a stable center at the critical point (0, 0)—as we observed in Example 4 of Section 6.1. 
However, the nonlinear cubic term in the differential equation has (in effect) replaced the 
elliptical trajectories (as in Fig. 6.1.8) of the linear system with the “flatter” quartic ovals we 


see in Fig. 6.4.2. E 
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Example 1 


SOFT SPRING OSCILLATIONS: If f > 0, then the second equation in (5) takes 
the form my’ = x (fx? — k), so it follows that the system has the two critical points 


(+ k/B, 0) in addition to the critical point (0, 0). These three critical points yield 


the only solutions for which the mass can remain at rest. The following example 
illustrates the greater range of possible behaviors of a mass on a soft spring. 


If m = 1, k = 4, and £ = 1, then the equation of motion of the mass is 


d?x 3 
qe ato = 0, (9) 
and Eq. (6) gives the trajectories in the form 
Ly? + 2x? — Dm a =E, (10) 


After solving for 


y = tJ 2E — 4x2 + lx?, (10’) 


we could select a fixed value of the constant energy E and plot manually a trajectory like one 
of those shown in the computer-generated position-velocity phase plane portrait in Fig. 6.4.4. 

The different types of phase plane trajectories correspond to different values of the 
energy E. If we substitute x = +/k/ and y = 0 into (6), we get the energy value E = 
k?/(4B) = 4 (because k = 4 and f = 1) that corresponds to the trajectories that intersect the 
x-axis at the nontrivial critical points (—2,0) and (2,0). These emphasized trajectories are 
called separatrices because they separate phase plane regions of different behavior. 

The nature of the motion of the mass is determined by which type of trajectory its initial 
conditions determine. The simple closed trajectories encircling (0,0) in the region bounded 
by the separatrices correspond to energies in the range 0 < E < 4. These closed trajectories 
represent periodic oscillations of the mass back and forth around the equilibrium point x = 0. 

The unbounded trajectories lying in the regions above and below the separatrices cor- 
respond to values of E greater than 4. These represent motions in which the mass approaches 
x = 0 with sufficient energy that it continues on through the equilibrium point, never to return 
again (as indicated in Fig. 6.4.5). 


Position x 


> -1 -0.5 0 0.5 1 
t 
FIGURE 6.4.4.  Position-velocity phase plane portrait FIGURE 6.4.5. Position and velocity solution curves for the soft 
for the soft mass-and-spring system with m = 1,k = 4, mass-and-spring system with m = 1, k = 4, B = 1 > 0, and energy 
and B = 1 > 0. The separatrices are emphasized. E = 8—sufficiently great that the mass approaches the origin from the 


left and continues on indefinitely to the right. 


The unbounded trajectories opening to the right and left correspond to negative values 
of E. These represent motions in which the mass initially is headed toward the equilibrium 
point x = 0, but with insufficient energy to reach it. At some point the mass reverses direction 
and heads back whence it came. 

In Fig. 6.4.4 it appears that the critical point (0, 0) is a stable center, whereas the critical 
points (+2, 0) look like saddle points of the equivalent first-order system 


x -y, y -2-4Ax-c x? (11) 
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with Jacobian matrix 


0 1 
Jy) = [eios 3 


To check these observations against the usual critical-point analysis, we note first that the 


Jacobian matrix 
0 1 


at the critical point (0,0) has characteristic equation A? + 4 = 0 and pure imaginary eigen- 
values 41, A2 = +2i consistent with a stable center. Moreover, the Jacobian matrix 


142.0) =[ Al 


corresponding to the other two critical points has characteristic equation A? — 8 = 0 and real 
eigenvalues 41, A2 = +8 of opposite sign, consistent with the saddle-point behavior that 
we observe near (—2, 0) and (4-2, 0). [| 


Remark Figures 6.4.2 and 6.4.4 illustrate a significant qualitative difference between hard 
springs with £ < 0 and soft springs with f > 0 in the nonlinear equation mx" = kx + Bx?. 
Whereas the phase plane trajectories for a hard spring are all bounded, a soft spring has 
unbounded phase plane trajectories (as well as bounded ones). However, we should realize 
that the unbounded soft-spring trajectories cease to represent physically realistic motions 
faithfully when they exceed the spring's capability of expansion without breaking. E 


Damped Nonlinear Vibrations 


Suppose now that the mass on a spring is connected also to a dashpot that provides a 
force of resistance proportional to the velocity y = dx/dt of the mass. If the spring 
is still assumed nonlinear as in Eq. (2), then the equation of motion of the mass is 


» mx" = —cx' — kx + Bx?, (12) 


where c > 0 is the resistance constant. If 6 > 0, then the equivalent first-order 
system 


NC 3 
dx dy _ kx — cy + Bx m 1,62 (13) 
dt m m m k 


has critical points (0, 0) and (+ Vk/B, 0) and Jacobian matrix 


0 1 
I(x, = 
(x, y) eee c 


m m m 


Now the critical point at the origin is the most interesting one. The Jacobian matrix 


0 1 
J(0,0) — k c 
^m m 


has characteristic equation 


k 1 
ca (-—-4) += = —(mi? +clA +k) =0 
m m m 
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Example 2 


and eigenvalues 


c t wc? — 4km 

2m ` 
It follows from Theorem 2 in Section 6.2 in that the critical point (0, 0) of the system 
in (13) is 


Ài, À2-2— 


e a nodal sink if the resistance is so great that c? > 4km (in which case the 
eigenvalues are negative and unequal), but is 


e aspiral sink if c? < 4km (in which case the eigenvalues are complex conju- 
gates with negative real part). 


The following example illustrates the latter case. (In the borderline case with equal 
negative eigenvalues, the origin may be either a nodal or a spiral sink.) 
Suppose that m = 1, c = 2, k = 5, and B = i. Then the nonlinear system in (13) is 

dx dy 5,3 1,2 

dt =}; e 5x -2y + 4X = —2y —S5x(1 — 4x^). (14) 
It has critical points (0, 0), (+2, 0) and Jacobian matrix 


0 1 
Joy) E 152 =) 


At (0,0): The Jacobian matrix 
0 1 
J(0.0) = e E 


has characteristic equation A? + 24 + 5 = 0 and has complex conjugate eigenvalues 41, 
A2 = —1 + 2i with negative real part. Hence (0, 0) is a spiral sink of the nonlinear system in 
(14), and the linearized position function of the mass is of the form 


x(t) = e™ (Acos2t + B sin2t) 


that corresponds to an exponentially damped oscillation about the equilibrium position x = 0. 
At (42,0): The Jacobian matrix 


zofe 2) 


has characteristic equation A? + 2A — 10 = 0 and real eigenvalues 4; = —1 — 4/11 < 0 and 
Az = —1 + V11 > 0 with different signs. It follows that (—2, 0) and (+2, 0) are both saddle 
points of the system in (14). 

The position—velocity phase plane portrait in Fig. 6.4.6 shows trajectories of (14) and 
the spiral sink at (0,0), as well as the unstable saddle points at (—2,0) and (2,0). The em- 
phasized separatrices divide the phase plane into regions of different behavior. The behavior 
of the mass depends on the region in which its initial point (xo, yo) is located. If this initial 
point lies in 

e Region I between the separatrices, then the trajectory spirals into the origin as  — +00, 
and hence the periodic oscillations of the undamped case (Fig. 6.4.4) are now replaced 

with damped oscillations around the stable equilibrium position x = 0; 

e Region II, then the mass passes through x = 0 moving from left to right (x increasing); 

e Region III, then the mass passes through x = 0 moving from right to left (x decreasing); 

e Region IV, then the mass approaches (but does not reach) the unstable equilibrium 
position x = —2 from the left, but stops and then returns to the left; 

e Region V, then the mass approaches (but does not reach) the unstable equilibrium po- 
sition x = 2 from the right, but stops and then returns to the right. 


If the initial point (xo, yo) lies precisely on one of the separatrices, then the corresponding 
trajectory either approaches the stable spiral point or recedes to infinity from a saddle point 
as t — +00. Ej 


FIGURE 6.4.7. The simple 
pendulum. 
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FIGURE 6.4.6.  Position-velocity phase plane portrait for the soft mass-and-spring system with 
m=1,k=5,p = i and resistance constant c — 2. The (black) separatrices are emphasized. 


The Nonlinear Pendulum 


In Section 3.4 we derived the equation 


d?0 Bo 
» qu P new D (15) 


for the undamped oscillations of the simple pendulum shown in Fig. 6.4.7. There 
we used the approximation sin 0 ~ 0 for 0 near zero to replace Eq. (15) with the 
linear model 


—— 4 o?0 = 0, (16) 


where w? = g/L. The general solution 
0(t) = Acos ot + B sinot (17) 


of Eq. (16) describes oscillations around the equilibrium position 0 — 0 with circular 
frequency w and amplitude C = (A? + B2)!/2, 

The linear model does not adequately describe the possible motions of the 
pendulum for large values of 0. For instance, the equilibrium solution 0(t) = z of 
Eq. (15), with the pendulum standing straight up, does not satisfy the linear equation 
in (16). Nor does Eq. (17) include the situation in which the pendulum “goes over 
the top" repeatedly, so that 0(f) is a steadily increasing rather than an oscillatory 
function of t. To investigate these phenomena we must analyze the nonlinear equa- 
tion 0" + œ? sin ð = 0 rather than merely its linearization 0" + 70 = 0. We also 
want to include the possibility of resistance proportional to velocity, so we consider 
the general nonlinear pendulum equation 


d?0 dé Tw 
» za tue sin 0 = 0. (18) 
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The case c > 0 corresponds to damped motion in which there actually is resis- 
tance proportional to (angular) velocity. But we examine first the undamped case in 
which c = 0. With x(t) = 0(t) and y(t) = 0'(t) the equivalent first-order system is 


dx dy Be 
Tn Gy = Te’ sinx. (19) 


We see that this system is almost linear by writing it in the form 
dx 
dt 
dy 
dt 


= Y. 
(20) 


= —w*x + g(x), 


where A : 
CT TEE) o LL E 
g(x) = —e^(sinx — x) = w (= 5i + ) 
has only higher-degree terms. 
The critical points of the system in (19) are the points (nz, 0) with n an integer, 
and its Jacobian matrix is given by 


—w*cosx 0 


0 1 
JG. y) = | | . (21) 
The nature of the critical point (nx, 0) depends on whether n is even or odd. 


EVEN CASE: If n = 2m is an even integer, then cosziz = +1, so (21) yields the 
matrix 


J(2mz,0) = EC 0 | 


with characteristic equation A? + wm? = 0 and pure imaginary eigenvalues 41, A2 = 
+øi. The linearization of (19) at (nz, 0) is therefore the system 


du dv 2 

—=y, —=- 22 

dt" dt ae Q2) 
for which (0, 0) is the familiar stable center enclosed by elliptical trajectories (as in 
Example 3 of Section 6.1). Although this is the delicate case for which Theorem 2 
of Section 6.2 does not settle the matter, we will see presently that (27r, 0) is also 
a stable center for the original nonlinear pendulum system in (19). 


ODD CASE: Ifn =2m -1isan odd integer, then cosziz = —1, so (21) yields the 
matrix 


Kme nis E J 


with characteristic equation A? — œ? = 0 and real eigenvalues A1, A2 = +œ with 
different signs. The linearization of (19) at ((2m + 1)z, 0) is therefore the system 


du dv 2 

C v, de^ wu (23) 
for which (0,0) is a saddle point. It follows from Theorem 2 of Section 6.2 that 
the critical point ((2m + 1)z,0) is a similar saddle point for the original nonlinear 
pendulum system in (19). 
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THE TRAJECTORIES: We can see how these “even centers" and “odd saddle 
points" fit together by solving the system in (19) explicitly for the phase plane tra- 
jectories. If we write 

dy dy/dt c? sin x 


dx — dx/dt — y 


and separate the variables, 
y dy + o? sinx dx = 0, 
then integration from x — 0 to x — x yields 
ty? +@7(1—cosx) = E. (24) 


We write E for the arbitrary constant of integration because, if physical units are so 
chosen that m = L = 1, then the first term on the left is the kinetic energy and the 
second term the potential energy of the mass on the end of the pendulum. Then E 
is the total mechanical energy; Eq. (24) thus expresses conservation of mechanical 
energy for the undamped pendulum. 

If we solve Eq. (24) for y and use a half-angle identity, we get the equation 


y = £2 — 4o? sin? 1x (25) 


that defines the phase plane trajectories. Note that the radicand in (25) remains 
positive if E > 2m. Figure 6.4.8 shows (along with a direction field) the results of 
plotting these trajectories for various values of the energy E. 


FIGURE 6.4.8.  Position-velocity phase plane portrait for the undamped pendulum system 
x’ = y, y' = — sin x. The (black) separatrices are emphasized. 


The emphasized separatrices in Fig. 6.4.8 correspond to the critical value E — 
20? of the energy; they enter and leave the unstable critical points (nx, 0) with n 
an odd integer. Following the arrows along a separatrix, the pendulum theoretically 
approaches a balanced vertical position 0 = x = (2m + 1)z with just enough energy 
to reach it but not enough to “go over the top.” The instability of this equilibrium 
position indicates that this behavior may never be observed in practice! 
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The simple closed trajectories encircling the stable critical points—all of 
which correspond to the downward position 6 = 2mz of the pendulum—represent 
periodic oscillations of the pendulum back and forth around the stable equilibrium 
position 6 = 0. These correspond to energies E < 2o? that are insufficient for the 
pendulum to ascend to the vertical upward position—so its back-and-forth motion 
is that which we normally associate with a “swinging pendulum.” 

The unbounded trajectories with E > 2o? represent whirling motions of the 
pendulum in which it goes over the top repeatedly—in a clockwise direction if y(t) 
remains positive, in a counterclockwise direction if y(t) is negative. 


Period of Undamped Oscillation 


If the pendulum is released from rest with initial conditions 
x(0)— 6(0) =a, y(0)=6'(0) — 0, (26) 
then Eq. (24) with t = 0 reduces to 
o (1— cosa) = E. (27) 
Hence E < 2o? if 0 < a < z, so a periodic oscillation of the pendulum ensues. 


To determine the period of this oscillation, we subtract Eq. (27) from Eq. (24) and 
write the result (with x = 0 and y = d0/dt) in the form 


2 
1 (5) = o (cos 0 — cosa). (28) 


The period T of time required for one complete oscillation is four times the 
amount of time required for 0 to decrease from 0 = o to 0 = 0, one-fourth of an 
oscillation. Hence we solve Eq. (28) for dt/d0 and integrate to get 


4 f do 
= oJ2 Jo Jcos0 — cosa 


(29) 


To attempt to evaluate this integral we first use the identity cos @ = 1 — 2sin^(0/2) 


and get 
JN dé 
T = , 
© Jo Jk? — sin?(0/2) 
where 


k= sin 2. 
2 


Next, the substitution u = (1/k) sin(@/2) yields 


1 
T- -f du l 
w Jo V(1—w2)(1— k?u?) 


Finally, the substitution u = sin $ gives 


4 ["? d 
T- = | "E NM 
æ Jo V1-X2sin? $ 


(30) 


a T/To 
10° 1.0019 
20° 1.0077 
30° 1.0174 
40° 1.0313 
50° 1.0498 
60° 1.0732 
70° 1.1021 
80° 1.1375 
90° 1.1803 


FIGURE 6.4.9. Dependence of the 
period T of a nonlinear pendulum on 
its initial angle o. 
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The integral in (30) is the elliptic integral of the first kind that is often denoted 
by F(k, 7/2). Whereas elliptic integrals normally cannot be evaluated in closed 
form, this integral can be approximated numerically as follows. First we use the 
binomial series 


u = en — 1) n 
= Ur Gn) (31) 


r 


with x = k? sin? @ < 1 to expand the integrand in (30). Then we integrate termwise 
using the tabulated integral formula 


z/2 
dn QE 1:3. (2n-1) 
f sin” $ d$ = > ie (32) 


The final result is the formula 
(5 1.3: Qn- DY p 
— 2-4.. Bt (Qu) 


I a PUY a 7 eee ce 
ege k A) k * (23x) k zl (33) 
for the period T of the nonlinear pendulum released from rest with initial angle 
0(0) = a, in terms of the linearized period To = 27/w and k = sin(a@/2). 

The infinite series within the second pair of brackets in Eq. (33) gives the 
factor 7/To by which the nonlinear period T is longer than the linearized period. 
The table in Fig. 6.4.9, obtained by summing this series numerically, shows how 
T/T increases as o is increased. Thus T is 0.19% greater than Ty if a = 10°, 
whereas T is 18.03% greater than Ty if a = 90°. But even a 0.19% discrepancy is 
significant—the calculation 


seconds hours days 
(0.0019) x 3600 x 24 x7 


e 1149 d k 
hour day week Eonar 


shows that the linearized model is quite inadequate for a pendulum clock; a discrep- 
ancy of 19 min 9 s after only one week is unacceptable. 


Damped Pendulum Oscillations 


Finally, we discuss briefly the damped nonlinear pendulum. The almost linear first- 
order system equivalent to Eq. (19) is 


(34) 


and again the critical points are of the form (nx, 0) where n is an integer. In Prob- 
lems 9 through 11 we ask you to verify that 


e |f n is odd, then (77,0) is an unstable saddle point of (34), just as in the 
undamped case; but 

e Ifnis even and c? > 4o?, then (nz, 0) is a nodal sink; whereas 

e Ifniseven and c? < 4”, then (nz, 0) is a spiral sink. 
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Figure 6.4.10 illustrates the phase plane trajectories for the more interesting 
underdamped case, c? < 4o?. Other than the physically unattainable separatrix 
trajectories that enter unstable saddle points, every trajectory eventually is “trapped” 
by one of the stable spiral points (nz, 0) with n an even integer. What this means is 
that even if the pendulum starts with enough energy to go over the top, after a certain 
(finite) number of revolutions it has lost enough energy that thereafter it undergoes 
damped oscillations around its stable (lower) equilibrium position. 


FIGURE 6.4.10.  Position-velocity phase plane portrait for the damped pendulum system x’ = y, 


y’ = —sinx — i y. The (black) separatrices are emphasized. 
EX! Problems 
In Problems 1 through 4, show that the given system is al- 3. dx ICE dy dd ay i 
most linear with (0, 0) as a critical point, and classify this crit- dt dt 
ical point as to type and stability. Use a computer system or 4 dx E dy --€— — S 
graphing calculator to construct a phase plane portrait that irr YO EVs ae = OX X SI 
illustrates your conclusion. 
ds dy Find and classify each of the critical points of the almost lin- 
1. qm 1—e* +2y, s ce 4sin y ear systems in Problems 5 through 8. Use a computer system 
or graphing calculator to construct a phase plane portrait that 
dx . . dy : : : illustrates your findings 
2. g, ee amy cam 2sin y (Pig. 6.4.11) » 85. 
à : 5 dx 4 dy > 
. — = —x + sin y, — = 2x 
dt Tg 
2n dx y 
6. =y, = sinzx 
dt’ dt i 
T d d 
x _, dy : 
7. =1l-e*-), = 2sinx 
> 0 dt dt 
& € ssgae ey, P adn? 
-T . — = 3sinx , — = sinx 
dt q r 
-27 
Problems 9 through 11 deal with the damped pendulum system 
L . 
In n 0 m mx x! = y, y! = —o? sin x — cy. 
x 
FIGURE 156pt Trajectories of the system in 9. Show that if n is an odd integer, then the critical point 


Problem 2. (nx, 0) is a saddle point for the damped pendulum system. 


10. Show that if n is an even integer and c? > 4@”, then the 
critical point (777, 0) is a nodal sink for the damped pen- 
dulum system. 

11. Show that if n is an even integer and c? < 4o? , then the 
critical point (nz, 0) is a spiral sink for the damped pen- 
dulum system. 


In each of Problems 12 through 16, a second-order equation 
of the form x" + f(x, x') = 0, corresponding to a certain 
mass-and-spring system, is given. Find and classify the crit- 
ical points of the equivalent first-order system. 


12. x" + 20x — 5x? = 0: Verify that the critical points resem- 
ble those shown in Fig. 6.4.4. 

13. x" + 2x’ + 20x — 5x? = 0: Verify that the critical points 
resemble those shown in Fig. 6.4.6. 

14. x" — 8x + 2x? = 0: Here the linear part of the force is re- 
pulsive rather than attractive (as for an ordinary spring). 
Verify that the critical points resemble those shown in 
Fig. 6.4.12. Thus there are two stable equilibrium points 
and three types of periodic oscillations. 

15. x" + Ax — x? = 0: Here the force function is nonsymmet- 
ric. Verify that the critical points resemble those shown in 
Fig. 6.4.13. 

16. x" + Ax — 5x? + x? = 0: The idea here is that terms 
through the fifth degree in an odd force function have been 
retained. "Verify that the critical points resemble those 
shown in Fig. 6.4.14. 


In Problems 17 through 20, analyze the critical points of the 


indicated system, use a computer system to construct an illus- 
trative position—velocity phase plane portrait, and describe the 


y 
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oscillations that occur. 


17. Example 2 in this section illustrates the case of damped 
vibrations of a soft mass-spring system. Investigate an 
example of damped vibrations of a hard mass-spring sys- 
tem by using the same parameters as in Example 2, except 
now with 8 = -i <0. 

18. Example 2 illustrates the case of damped vibrations of a 
soft mass-spring system with the resistance proportional 
to the velocity. Investigate an example of resistance pro- 
portional to the square of the velocity by using the same 
parameters as in Example 2, but with resistance term 
—cx'|x'| instead of —cx' in Eq. (12). 

19. Now repeat Example 2 with both the alterations corre- 
sponding to Problems 17 and 18. That is, take p = -i «0 
and replace the resistance term in Eq. (12) with —cx’|x’|. 


20. The equations x’ = y, y' = —sinx lyly| model a 
damped pendulum system as in Eqs. (34) and Fig. 6.4.10. 
But now the resistance is proportional to the square of the 
angular velocity of the pendulum. Compare the oscilla- 
tions that occur with those that occur when the resistance 
is proportional to the angular velocity itself. 


Problems 21 through 26 outline an investigation of the period 
T of oscillation of a mass on a nonlinear spring with equation 
of motion 


d?x 
di + (x) = 0. (35) 


If (x) = kx with k > 0, then the spring actually is linear with 
period To = 2n/Vk. 


FIGURE 6.4.12. The phase portrait 


for Problem 14. for Problem 15. 


FIGURE 6.4.13. The phase portrait 


= 


das 


FIGURE 6.4.14. The phase portrait 
for Problem 16. 
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21. Integrate once (as in Eq. (6)) to derive the energy equation 
iy? + V(x) = E, (36) 


where y = dx/dt and 


V(x) = f 9 du. (37) 


22. If the mass is released from rest with initial conditions 
x(0) = xo, y(0) = 0 and periodic oscillations ensue, con- 
clude from Eq. (36) that E = V(xo) and that the time T 
required for one complete oscillation is 


u 


AE ru d 
J2Jo  /V(xo) V) 


23. If (x) = kx — Bx? as in the text, deduce from Eqs. (37) 
and (38) that 


(38) 


Xo dx 
T =4V2 f . (09) 
o0 (xg -u2)Qk — fixg — Bu?) 
24. Substitute u = xo cos $ in (39) to show that 
T B (40) 


2To [ $ 
mV1l—€ Jo /1— usin? $ 


Equations 


where Tọ = 2n/ Jk is the linear period, 


B 2 l € 
=—xg, and -—-. 
dal o dS Mcr 


(41) 


25. Finally, use the binomial series in (31) and the integral 
formula in (32) to evaluate the elliptic integral in (40) and 
thereby show that the period T of oscillation is given by 


pol9 ea ie Tu (42) 
cz ar gale T aeg" i 
26. Ife = Bxe/k is sufficiently small that €? is negligible, de- 
duce from Eqs. (41) and (42) that 


3 3B 
T ~ To ( + =) = To (: + ae) (43) 


It follows that 


e If B > 0, so the spring is soft, then T > To, and 
increasing xo increases T, so the larger ovals in 
Fig. 6.4.4 correspond to smaller frequencies. 

e If B « 0, so the spring is hard, then T < To, and 
increasing xo decreases T, so the larger ovals in 
Fig. 6.4.2 correspond to larger frequencies. 


CE. Yelell[efetifei The Rayleigh, van der Pol, and FitzHugh-Nagumo 


Here we present a trio of nonlinear differential equations or systems of equations, 
drawn from the areas of acoustics, electrical engineering, and neuroscience. Each 
of these models has been fundamental within its field; taken together, they give 
some indication of the importance of nonlinear equations across a wide variety of 


applications. 


Rayleigh's Equation 


The British mathematical physicist Lord Rayleigh (John William Strutt, 1842-1919) 
introduced an equation of the form 


mx" + kx = ax! — b(x'? (1) 


to model the oscillations of a clarinet reed. With y — x' we get the autonomous 


system 


x'—y, 


J= —kx + ay — by? (2) 


, 


m 


whose phase plane portrait is shown in Fig. 6.4.15 (for the case m = k = a = b = 
1). The outward and inward spiral trajectories converge to a "limit cycle" solution 
that corresponds to periodic oscillations of the reed. The period T (and hence the 
frequency) of these oscillations can be measured on a tx-solution curve plotted as 
in Fig. 6.4.16. This period of oscillation depends only on the parameters m, k, a, 
and b in Eq. (1) and is independent of the initial conditions (why?). 


FIGURE 6.4.17. A simple circuit 
with an active element. 


6.4 Nonlinear Mechanical Systems 421 


3 2.0 
\ \ 
\ \ 
2L d 1.5 
P \ 1.0 
Ir g 0.5 
I \ 
> 0H = 0.0 
\ I 
E E L| -0.5 
\ Z -1.0 
SE a -1.5 4 
\ \ 
2.0 L L1 1 d 1 d i 
-3 -2 -l 0 1 3 0 5 10 15 20 25 30 35 40 
x t 
FIGURE 6.4.15. Phase plane portrait FIGURE 6.4.16. The ¢x-solution curve 
for the Rayleigh system in (2) with with initial conditions x(0) = 0.01, 
m=k=a=b=1. x'(0) = 0. 


Choose your own parameters m, k, a, and b (perhaps the least four nonzero 
digits in your student ID number), and use an available ODE plotting utility to 
plot trajectories and solution curves as in Figs. 6.4.15 and 6.4.16. Change one of 
your parameters to see how the amplitude and frequency of the resulting periodic 
oscillations are altered. 


Van der Pol’s Equation 


Figure 6.4.17 shows a simple RLC circuit in which the usual (passive) resistance R 
has been replaced with an active element (such as a vacuum tube or semiconductor) 
across which the voltage drop V is given by a known function /(/) of the current /. 
Of course, V = f(/) = IR for a resistor. If we substitute f(/) for IR in the familiar 
RLC-circuit equation LI’ + RI + Q/C =0 of Section 3.7, then differentiation gives 
the second-order equation 


LI" e PON 4 7-0 (3) 


In a 1924 study of oscillator circuits in early commercial radios, Balthasar van der 
Pol (1889-1959) assumed the voltage drop to be given by a nonlinear function of 
the form f (I) = bI? — al, which with Eq. (3) becomes 


I 
LI" (GBI* — ay + "m 0. (4) 


This equation is closely related to Rayleigh's equation and has phase portraits re- 
sembling Fig. 6.4.15. Indeed, differentiation of the second equation in (2) and the 
resubstitution x’ = y yield the equation 


my" + Gby? — a)y' + ky = 0, (5) 


which has the same form as Eq. (4). 
If we denote by t the time variable in Eq. (4) and make the substitutions 
I = px,t = v/ A LC, the result is 


du -€ C dx 
qa t Gb» — a) D d to 
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With p = Ja/(3b) and u = ay C/L, this gives the standard form 
x" + u(x? — Dx' -x =0 (6) 


of van der Pol's equation. 

For every nonnegative value of the parameter n, the solution of van der Pol's 
equation with x(0) = 2, x'(0) = 0 is periodic, and the corresponding phase plane tra- 
jectory is a limit cycle to which the other trajectories converge (as in Fig. 6.4.15). It 
will be instructive for you to solve van der Pol's equation numerically and to plot this 
periodic trajectory for a selection of values from u = 0 to u = 1000 or more. With 
u = Oitis a circle of radius 2 (why?). Figure 6.4.18 shows the periodic trajectory 
with u = 1, and Fig. 6.4.19 shows the corresponding x(t) and y(t) solution curves. 
When 4 is large, van der Pol’s equation is quite "stiff" and the periodic trajectory 
is more eccentric as in Fig. 6.4.20, which was plotted using MATLAB’s stiff ODE 
solver ode15s. The corresponding x(t) and y(t) solution curves in Figs. 6.4.21 
and 6.4.22 reveal surprising behavior of these component functions. Each alternates 
long intervals of very slow change with periods of abrupt change during very short 
time intervals that correspond to the “quasi-discontinuities” that are visible in Figs. 
6.4.21 and 6.4.22. For instance, Fig. 6.4.23 shows that, between ¢ = 1614.28 and 
t — 1614.29, the value of y(t) zooms from near zero to over 1300 and back again. 
Perhaps you can measure the distance between x- or y-intercepts to show that the 


4 T 4 2000 T E 
3} 4 3L 1500 .- u= 1000 
2b 4 2b x(t) 1000 } 4 
1} 4 1r 500 - + 
> 0 To a 0 l 
A E (2, 0) 
-1+ -1 } -500 - + 
E 4 -2 H -1000 |- L 4 
31 J -3 L y(t) -1500 - I J 
4 p= ys i L I d 4 l l l 2000 D I | L L1 
-4 -3 -2 -1 0 12 3 4 0 3 10 15 -4-3-2-1 0 1 2 3 4 
x t x 
FIGURE 6.4.18. The phase plane FIGURE 6.4.19. x(t) and y(t) FIGURE 6.4.20. The phase plane 


trajectory of a periodic solution of van der 
Pol’s equation with u = 1, as well as 


solution curves defining the periodic 
solution of van der Pol’s equation with 


trajectory of the periodic solution of van 
der Pol’s equation with u = 1000. 


some trajectories spiraling in and out. p — 1. 
4 T T T T T T T T T T I 
1500 Ł 4 1500 - & 
3 x(t) | 1000 1000 
500 500 
= O a 0 > 0 
—500 —500 Lb 4 
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T -1500F J -1500 - J 
L L L L L 1 1 l ; i L 
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FIGURE 6.4.21. Graph of x (f) with FIGURE 6.4.22. Graph of y (t) with FIGURE 6.4.23. The upper spike in the 
u = 1000. u = 1000. graph of y (t). 
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period of circuit around the cycle in Fig. 6.4.20 is approximately T = 1614. Indeed, 
this calculation and the construction of figures like those shown here may serve as 
a good test of the robustness of your computer system's ODE solver. 

You might also plot other trajectories for 4 = 10, 100 or 1000 that (like the 
trajectories in Fig. 6.4.18) are "attracted" from within and without by the limit cycle. 
The origin looks like a spiral point in Fig 6.4.18. Indeed, show that (0, 0) is a spiral 
source for van der Pol’s equation if 0 < u < 2 but is a nodal source if u > 2. 


The FitzHugh-Nagumo Equations 


Since the early experiments of Luigi Galvani (1737-1798) in which electrical stim- 
ulus caused the leg muscles of dead frogs to twitch, the electrical properties of 
neurons, the cells that form the building blocks of the nervous system, have been 
intensively studied. One of the most important of those properties is the action po- 
tential, an electrical signal that travels from the body of a neuron down along its 
axon (Fig. 6.4.24). Action potentials are the units of information of the nervous 
system; when an action potential reaches the end of the axon, chemicals known 
as neurotransmitters are released from the axon terminals. These neurotransmitters 
then find receptors in the dendrites of other nerve cells, causing action potentials in 
those "target" neurons, and thus propagating the “message.” Because of the great 
speed with which action potentials traverse the neuron, they provide a mechanism 
by which signals can be rapidly transmitted through the nervous system. 

Action potentials are particularly known for their all-or-none character. If the 
stimulus received by a target neuron is below a certain threshold, then no action 
potential is generated. If this threshold is exceeded, however, then the neuron will 
"fire" an action potential, or perhaps (if the stimulus is sufficiently strong) several 
action potentials in succession. In this way, the nervous system's method of electri- 
cal signaling resembles the binary code used by computers. 


Dendrite 


Cell body 


Axon terminal 


* Nucleus 


FIGURE 6.4.24. The structure of a typical neuron. 


In the early 1950's A. F. Huxley (1917-2012) and A. L. Hodgkin (1914-1988) 
published a landmark series of papers in which they modeled the action potential 
in the giant axon of the squid as an electrical circuit. The focus of this model was 
the neuron's membrane potential, that is, the voltage difference between the inside 
and outside of the nerve cell. In its resting state, a typical neuron has a negative 
membrane potential, that is, the inside of the cell is at a lower voltage than the sur- 
rounding medium. (We now know that this voltage difference is largely due to “ion 
pumps" in the cell membrane, which maintain a lower concentration of positively 
charged sodium ions inside the cell than in the surrounding medium. These pumps 
require energy, and indeed a significant portion of the body's metabolic energy is 
devoted to this task.) Potassium ions also play an important role in neuron electrical 
activity. 
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During an action potential, the membrane potential exhibits a characteristic 
pattern of sudden and rapid changes through positive and negative values as the 
electrical signal traverses the neuron. A central goal of Hodgkin and Huxley's work 
was to explain these changes in terms of the sodium and potassium conductances 
of the neuron membrane. Conductance—the reciprocal of resistance—is a measure 
of the permeability of the membrane to charged ions. An increase in the sodium 
conductance, for example, allows sodium ions to flow more freely across the mem- 
brane, from areas of high concentration to low. Hodgkin and Huxley proposed 
that during an action potential, an electrical stimulus (arising from another neuron 
“upstream,” for example) causes changes in the neuron membrane's sodium and 
potassium conductances. This results in a series of flows of charged ions, and thus 
electrical currents, across the cell membrane. 

The researchers applied circuit theory, including some of the basic principles 
discussed in Section 3.7, to model these currents. The result was a system of four 
nonlinear differential equations, whose variables are the neuron membrane potential 
together with three other quantities related to the membrane's sodium and potassium 
conductances. Not only did the predictions of this model show remarkable accord 
with experimental results, they also helped point the way to subsequent discoveries 
in neurophysiology. The Hodgkin-Huxley model was a triumph both of experi- 
mental technique and theoretical analysis, and remains today the starting point for 
mathematical modeling of action potentials. Together with John Eccles, Hodgkin 
and Huxley were awarded the 1963 Nobel Prize in Physiology or Medicine for their 
work. 

Analysis of the Hodgkin-Huxley model can be challenging, however, because 
its phase space is four-dimensional, making features such as solution curves diffi- 
cult to visualize. For this reason, in 1961 Richard FitzHugh (1922-2007) proposed 
a two-dimensional simplification of the Hodgkin-Huxley model, which was sub- 
sequently analyzed in electrical circuit terms by J. Nagumo and others. Whereas 
the FitzHugh-Nagumo equations are not intended to capture the physiological prop- 
erties of the neuron as directly as the original Hodgkin-Huxley equations do, this 
simplified model is important because it displays much of the qualitative behavior 
characteristic of neuron electrical activity, while offering the advantage of being 
considerably easier to study. 

FitzHugh's model actually is a generalization of van der Pol’s equation (6). 


: ; . 1 ‘ 
You can show that introduction of the variable y = —x' + ix? — x in van der 


Pol’s equation (which results in better phase plane analysis than does simply taking 
y = x’) leads to the system 


which FitzHugh generalized by adding terms: 


1 I 3 
yarn +1), 
(7) 


/ 


1 
y 2 ——(x-—a- by). 
u 


Here a and b are constants and / is a function of the time t. Loosely speaking, x(t) 
behaves in a manner similar to the neuron membrane potential, I(t) is the electrical 
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stimulus applied to the neuron, and y(t) is a composite of the other three variables 
in the Hodgkin-Huxley model. To simulate neuron electrical activity, we will use 
FitzHugh's values a = 0.7 , b = 0.8, and u = 3, while assigning various constant 
values to the stimulus /(t). 

First, with Z(t) = 0 (corresponding to the resting state of the neuron), you can 
verify that the system (7) has exactly one equilibrium point at roughly x — 1.1994 
and y — —0.6243. What is striking is the way in which the system responds as 
I becomes nonzero (corresponding to electrical stimulation of the neuron). Fig- 
ure 6.4.25 shows the solution curves of the system corresponding to the three con- 
stant values Z(t) = —0.15, I(t) = —0.17, and I(t) = —0.5. The graph on the left 
gives the phase plane for x and y, whereas the graph on the right shows x(t) as 
a function of t. All curves begin at time ¢ = 0 at the original equilibrium point 
(1.1994, —0.6243) indicated in the graph on the left. 


FIGURE 6.4.25. Solutions of the FitzHugh-Nagumo equations (7) with three constant values of the 
electrical stimulus Z(t), using a = 0.7, b = 0.8, and u = 3. 


When the stimulus 7(t) is held at the constant value —0.15, x (which is analo- 
gous to the neuron membrane potential) varies slightly from its rest value, but soon 
finds a new “perturbed” equilibrium at which it then remains (blue curves); this 
mirrors the behavior of the membrane potential when the neuron receives a stimu- 
lus insufficiently small to generate an action potential. The response of the system 
differs dramatically, however, when the constant stimulus is decreased slightly to 
—0.17; once again x finds a new equilibrium, but only after exhibiting wide swings 
downward and back upward (dashed curves); this is suggestive of the firing of a 
single action potential. Finally, when Z(t) = —0.5, x oscillates repeatedly, in a man- 
ner reminiscent of both the Rayleigh and van der Pol systems (black curves); this 
corresponds to repetitive firing of the neuron. 

After using your own computer system's ODE solver to verify these behav- 
iors, you can investigate what happens with other constant nonzero values of the 
stimulus /(¢). Do all such values lead either to oscillatory phase plane solutions 
or to ones that converge to the same perturbed equilibrium point? Or do certain 
different values lead to different perturbed equilibrium points? Do all oscillatory 
solutions correspond to phase plane curves that appear to converge to a single limit 
cycle? 

The FitzHugh-Nagumo system has proven to be a very useful simplification of 
the Hodgkin-Huxley system, exhibiting a number of characteristics of neuron elec- 
trical activity. For a more detailed discussion see the classic work of L. Edelstein- 
Keshet, Mathematical Models in Biology (Society for Industrial and Applied Math- 
ematics, 2005). 
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BA Chaos in Dynamical Systems 


In preceding sections we have looked at population growth and mechanical systems 
from a deterministic point of view—with the expectation that the initial state of a 
physical system fully determines its future evolution. But many common systems 
exhibit behavior that sometimes appears chaotic, in the sense that future states may 
not seem reliably predictable from a knowledge of initial conditions. This section 
includes project material illustrating the phenomenon of chaos, which is a topic of 
much current interest in science and engineering. 


Population Growth and Period Doubling 


In Section 2.1 we introduced the logistic differential equation 


en a (a,b > 0) (1) 
dt 
that models a bounded (rather than exponentially growing) population. Indeed, if 
the population P(t) satisfies Eq. (1), then as t — +00, P(t) approaches the (finite) 
limiting population M = a/b. We discuss here a “discrete” version of the logistic 
equation in the form of a type of "difference equation" that has been studied exten- 
sively in the past, but only recently has been discovered to predict quite exotic and 
unexpected patterns of behavior for certain populations. 
In order to solve Eq. (1) numerically as in Section 2.4, we first choose a fixed 
step size h > 0 and consider the sequence of discrete times 


loyty tos c In stay diis (2) 


where £441 = fn + h for each n. Beginning with the initial value Po = P(to), we 
then calculate approximations 


Pi, Pa... , Pas Pagi, (3) 


to the true values P (t1), P (t2), P (t3), .. . of the actual population P(t). For instance, 
Euler’s method for the logistic equation in (1) consists of calculating the approxi- 
mations in (3) iteratively by means of the formula 


Pati = Pa + (aP, — bP?) +h. (4) 


Now suppose that the population is one for which the step size A can be cho- 
sen so that the approximations calculated using Eq. (4) agree to acceptable accuracy 
with the actual population values. This might be the case, for instance, for an ani- 
mal or insect population in which all reproduction takes place within short-duration 
breeding seasons that recur at regular intervals. If A is the interval between suc- 
cessive breeding seasons, then the population P, during one breeding season may 
depend only on the population P„—ı during the previous season, and P, may com- 
pletely determine the population P; during the next breeding season. 

So let us assume for the sake of discussion that the successive values P, — 
P (ta) of the population are given by the equation 


Pati = Pa + (aP4, — bP2)- h. (4) 


Thus we replace the original differential equation in (1) with a “discrete” difference 
equation 


AP, = (aP, — bP2) At (5) 
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that gives the population difference AP, = Pan+1 — P, in terms of the time difference 
h = At and the preceding population P;. 
Equation (4) can be rewritten as the logistic difference equation 


Pati =1Py — sP?, (6) 
where 
r=l+ah and s= bh. (7) 
The substitution 
Py = Lx, (8) 
s 


in Eq. (6) simplifies it still further to 
Xn41 = rxg(1 — Xn). (9) 


At this point we focus our attention on the final iterative formula in Eq. (9). 
Beginning with given values of xo and r, this formula generates a sequence 
X1, X2, X3, ... Of values corresponding to the successive times f1, t2, t3, .... We may 
think of xn, the value at time t, as the fraction of the maximum population that the 
environment can support. Assuming that the limiting fractional population 


X oo = lim Xn (10) 


exists, we want to investigate the way in which xo; depends on the growth parameter 
r in Eq. (9). That is, if we regard r as the input to the process and xo as the output, 
we ask how the output depends on the input. 

The iteration in Eq. (9) is readily implemented in any available calculator 
or computer language. Figure 6.5.1 shows illustrative Maple, Mathematica, and 
MATLAB code for a simple program that begins with x; = 0.5 and calculates and 
assembles a list of the first couple of hundred (k = 200) iterates with r = 1.5. 

Because r = 1 + ah in (7), only values of r greater than 1 are pertinent to 
our idealized model of discrete population growth. It turns out that, for a typical 
such value of the growth parameter r entered at the first line, the results do not 
depend materially on the initial value x;. After a reasonable number of iterations— 
the number required depends on the value of r—the value of x, generally appears 
to "stabilize" on a limiting value xo; as in Eq. (10). For example, Fig. 6.5.2 shows 


Maple Mathematica MATLAB 
r := 1.5: r= 1.5; r= 1.5; 
x = array(1..200): x = Table[n, {n,1,200}]; x = 1:200; 
x[1] := 0.5: x[[1]] = 0.5; x(1) = 0.5; 
for n from 2 to 200 do For [n=2, n<=200, for n = 2:200 
z := x[n-1]: n=n+1, z = x(n-1); 
x[n] := r»z»x(1-z): z = x[[n-1]]; x(n) = rezx(1-z); 
od: x[[n]] = r«xz«x(1-z)1]; end 


FIGURE 6.5.1. Maple, Mathematica, and MATLAB versions of a simple iteration program. 
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With ASNS r=2.0 PSs 
X1 0.5 0.5 05 

X2 0.3750 0.5000 0.6250 
X3 0.3516 0.5000 0.5859 
X197 0.3333 0.5000 0.6000 
X198 0.3333 0.5000 0.6000 
X199 0.3333 0.5000 0.6000 
X200 0.3333 0.5000 0.6000 


FIGURE 6.5.2. Iterates with growth parameters r = 1.5, 2.0, and 2.5. 


results of runs of our simple iteration program with the values r — 1.5, 2.0, and 2.5 
of the growth rate parameter, yielding limiting (fractional) populations 


Xoo = 0.333333, 0.500000, and 0.6000000, 


respectively. Thus it appears (so far) that xə exists and that its value grows moder- 
ately as r increases. 


EXERCISE 1: Try several other values of the growth rate parameter in the range 
1 <r <3. Do your results support the conjecture that the limiting population always 
exists and is an increasing function of r? 

The results in Fig. 6.5.3 show that the conjecture stated in Exercise 1 is false! 
With growth rate parameters r — 3.1 and r — 3.25, the (fractional) population fails 
to stabilize on a single limiting population. (We calculated over a thousand iterates 
to make sure.) Instead, it oscillates between two different populations in alternate 


With P= Soil i? E SS pe 3S) 
X4 0.5000 0.5000 0.5000 
X2 0.7750 0.8125 0.8750 
X3 0.5406 0.4951 0.3828 
X4 0.7699 0.8124 0.8269 
X1001 0.5580 0.4953 0.5009 
X1002 0.7646 0.8124 0.8750 
X1003 0.5580 0.4953 0.3828 
X1004 0.7646 0.8124 0.8269 
4005 0.5580 0.4953 0.5009 
x1006 0.7646 0.8124 0.8750 
X1007 0.5580 0.4953 0.3828 
ends 0.7646 0.8124 0.8269 


FIGURE 6.5.3. Cycles with period 2 with r = 3.1 and r = 3.25; a cycle 
with period 4 with r = 3.5. 


n Xn 
1001 0.5060 
1002 0.8874 
1003 0.3548 
1004 0.8127 
1005 0.5405 
1006 0.8817 
1007 0:3703 
1008 0.8278 
1009 0.5060 
1010 0.8874 
1011 0.3548 
1012 0.8127 
1013 0.5405 
1014 0.8817 
1015 0.3703 
1016 0.8278 


FIGURE 6.5.6. The period 8 cycle 


obtained with r = 3.55. 
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months (thinking of a month as our unit of time). For instance, with r = 3.25 we 
see that 
X1001 = X1003 = X1005 = +++ © 0.4953, 


whereas 


X1002 = X1004 = X1006 = ::: © 0.8124. 


Thus we have not a single limiting population, but rather a "limiting cycle" consist- 
ing of two distinct populations (as illustrated graphically in Fig. 6.5.4). Furthermore, 
when the growth rate is increased to r — 3.5, the period of the cycle doubles, and 
now we have a limiting cycle with a period of 4—the population cycles repeatedly 
through the four distinct values 0.5009, 0.8750, 0.3828, and 0.8269 (Fig. 6.5.5). 


1.0 T T T T T 1.0 


T T T T T 
x = 0.8750 Er 0.8269 _| 


0.8 


0.8 
0.6 0.6 
® = 
3 gal  *=0.4953 | Tá 
0.2 | 4 0.2 
0 ——— MH —L——L—— 0.0 l l i l l 
988 990 992 994 996 998 1000 “988 990 992 994 996 998 1000 
n n 
FIGURE 6.5.4. The graph of FIGURE 6.5.5. The graph of 
x(n) = Xn, showing the period 2 cycle x(n) = Xn, showing the period 4 cycle 
of iterates obtained with r — 3.25. of iterates obtained with r — 3.5. 


EXERCISE2: Try values of the growth rate parameter in the range 2.9 « r « 3.1 
to determine as closely as possible just where the single limiting population splits 
(as r increases) into a cycle of period 2. Does this appear to happen just as r 
exceeds 3? 

The results shown in Fig. 6.5.6 indicate that a cycle with period 8 is obtained 
with the growth rate parameter value r — 3.55. Events are now changing quite 
rapidly. 


EXERCISE 3: Verify that a cycle with period 16 is obtained with the growth rate 
parameter value r — 3.565. 


EXERCISE 4: See if you can find a cycle of period 32 somewhere between r — 
3.565 and r — 3.570. 


This is the phenomenon of period doubling for which the innocuous-looking 
iteration X441 = rx4(1 — xn) has become famous in recent years. As the growth 
rate parameter is increased beyond r — 3.56, period doubling occurs so rapidly 
that utter chaos appears to break out somewhere near r — 3.57. Thus the graph 
shown in Fig. 6.5.7 indicates that, with r — 3.57, the earlier periodicity seems to 
have disappeared. No periodic cycle is evident, and the population appears to be 
changing (from one month to the next) in some essentially random fashion. Indeed, 
the deterministic population growth that is observed with smaller parameter values 
seems now to have degenerated into a nondeterministic process of apparently ran- 
dom change. That is, although the entire sequence of population values is certainly 
determined by the values xı = 0.5 and r = 3.57, successive population values for n 
large do not now appear to be "predicted" or determined in any systematic fashion 
by the immediately preceding values. 
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FIGURE 6.5.8. The pitchfork 
diagram with 2.8 Sr € 4.0, 
0zZx-EzIlI. 
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FIGURE 6.5.9. The pitchfork 
diagram with 3.8 Sr < 3.9, 
OZ x 21. 
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FIGURE 6.5.7. With r = 3.57: Chaos! 


The solutions and applications manuals accompanying this text include MAT- 
LAB, Mathematica, and other versions of a program called PICHFORK. This pro- 
gram produces a visual presentation of the way in which the behavior of our iteration 
depends on the value of the growth parameter r. For each value of r in the input 
interval a € r € b (the horizontal axis in the resulting diagram), 1000 iterations 
are first carried out to achieve "stability? Then the next 250 values of x generated 
by the iteration are plotted on the vertical axis—that is, the screen pixel at (r, x) is 
"turned on.” The descriptively named “pitchfork diagram" that results then shows 
at a glance whether a given value of r corresponds to a cycle (with finite period) or 
to chaos. If the resolution in the picture suffices to make it clear that only finitely 
many values of x are placed above a given value of r, then we see that the iteration 
is "eventually periodic" for that specific value of the growth rate parameter. 

Figure 6.5.8 shows the pitchfork diagram for the range 2.8 € r € 4.0. Scanning 
from left to right, we see a single limiting population until r ~ 3, then a cycle with 
period 2 until r ~ 3.45, then a cycle of period 4, then one of period 8, and so forth, 
rapidly approaching the darkness of chaos. But note the vertical bands of “white 
space" that appear in the diagram between r — 3.6 and r — 3.7, between r — 3.7 
and r — 3.8, and again between r — 3.8 and r — 3.9. These represent regions where 
[periodic] order returns from the preceding chaos. 

For instance, Fig. 6.5.9 shows the interval 3.8 < r < 3.9, where we observe 
a cycle of period 3 that emerges suddenly from the chaos near r — 3.83, and then 
splits successively into cycles of periods 6, 12, 24, .. . (Figs. 6.5.10 and 6.5.11). This 
period doubling beginning with a cycle of period 3 is especially significant—a fun- 
damental article by James Yorke and T.-Y. Li in the 1975 American Mathematical 
Monthly was entitled “Period Three Implies Chaos.” According to this article, the 
existence of a cycle of period 3 (for an appropriate iteration) implies the existence 
of cycles of every other (finite) period, as well as chaotic "cycles" with no period at 
all. 


PROJECT 1: Use Program PICHFORK to search for other interesting cycles, and 
verify their apparent periods by appropriate iterative computations. For instance, 
you should find a cycle with period 10 between r — 3.60 and r — 3.61, and one with 
period 14 between r — 3.59 and r — 3.60. Can you find cycles with period 5 and 7? 
If so, look for subsequent period doubling. A run of PICHFORK requires several 
hundred thousand iterations, so it will help if you have a fast computer (or one you 
can leave running overnight). 

As we scan the pitchfork diagram (Fig. 6.5.8) from left to right, we spot the 
successive values r1, 72. ra,... of the growth rate parameter at which a bifurcation 
or qualitative change in the iteration x,41 = rx4(1 — xn) occurs as the value of r is 
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x = 0.4880 


x(n) 
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x2 0.1494 ve 
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FIGURE 6.5.10. The graph of x(n) = xn, showing FIGURE 6.5.11. The graph of x(n) = xn, showing 
the period 3 cycle of iterates obtained with r = 3.84. the period 6 cycle of iterates obtained with 
r = 3.845. 


increased further. These are the discrete values of r at which any sufficiently small 
increase in the growth parameter doubles the period of the iteration. In the 1970s the 
Los Alamos physicist Mitchell Feigenbaum discovered that a certain order underlies 
this period doubling toward chaos: 


lim =" .. 4 66920160981... (11) 
k—oo fk+1 — fk 


The fraction on the left in Eq. (11) is the ratio of the lengths of successive constant- 
period “windows” in the pitchfork diagram. It is the fact that this ratio approaches 
a limit as k — +00, rather than the specific value of this limit, that demonstrates a 
sort of order underlying the period doubling observed with the particular iteration 
Xn41 = rx4(1 — xn). On the other hand, it is now known that precisely the same 
Feigenbaum constant 4.66920160981 ... plays exactly the same role for a wide va- 
riety of period-doubling phenomena arising in many different areas of science. 


PROJECT 2: Feigenbaum used a (now long obsolete) HP-65 pocket calculator 
(rather than a powerful computer) to carry out the computations leading to the dis- 
covery of his famous constant. Perhaps you would like to use iterative computations 
and/or PICHFORK to isolate the first few bifurcation values r4, r2, r3, ... with suffi- 
cient accuracy to verify that the limit in (11) is approximately 4.67. You can consult 
pages 124—126 of T. Gray and J. Glynn, Exploring Mathematics with Mathematica 
(New York: Addison-Wesley, 1991) for a fancier approach. 


Period Doubling in Mechanical Systems 


In Section 6.4 we introduced the second-order differential equation 
mx" 4 cx! +kx + Bx? =0 (12) 


to model the free velocity-damped vibrations of a mass on a nonlinear spring. Recall 
that the term kx in Eq. (12) represents the force exerted on the mass by a linear 
spring, whereas the term fx? represents the nonlinearity of an actual spring. 

We now want to discuss the forced vibrations that result when an external 
force F(t) = Fo coswt acts on the mass. With such a force adjoined to the system 
in Eq. (12), we obtain the forced Duffing equation 


> mx" + ex! + kx + Bx? = Focos øt (13) 
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fO 


(a) (b) (c) 


FIGURE 6.5.12. Equilibrium 
positions of a mass on a filament: 
(a) stable equilibrium with x < 0; 
(b) unstable equilibrium at x — 0; 
(c) stable equilibrium with x > 0. 


for the displacement x (t) of the mass from its equilibrium position. For most values 
of the parameters it is impossible to solve Eq. (13) explicitly for x(t). Nevertheless, 
its solutions can be portrayed qualitatively by means of [numerically approximated] 
phase plane trajectories like those we used in Section 6.4 to describe free vibrations 
of nonlinear mechanical systems. 

The Hooke's constant k is positive for a typical spring that resists displacement 
from equilibrium. But there do exist simple mechanical systems that emulate a 
spring having a negative Hooke's constant. For example, Fig. 6.5.12 shows a mass 
m atop a vertical metal filament. We assume that the thin metal filament can oscillate 
only in a vertical plane, and behaves like a flexible column that “buckles” or bends 
when the mass is displaced to either side of the vertical position. Then there is one 
stable equilibrium point to the left (x < 0) and another to the right (x > 0), but 
the vertical equilibrium position (x — 0) is unstable. When the mass is displaced 
slightly from this unstable equilibrium position, the internal force exerted on it is 
repulsive rather than attractive; this corresponds to a negative value of k in Eq. (13). 
If a periodic force is exerted on the mass by (say) an oscillating electromagnetic 
field, and air resistance damps its oscillations, then Eq. (13) with k « 0 but with 
c > O and B > 0 is a reasonable mathematical model for its horizontal displacement 
function x(t). 

In the absence of both damping and the external force, the phase plane trajec- 
tories of the free oscillations of the mass would resemble those shown in Fig. 6.4.12 
(with Problem 14 in Section 6.4). The mass behaves as though it is repelled by the 
unstable critical point at x — 0 but is attracted by each of the two stable critical 
points symmetrically located on either side of the origin. 

We saw in Section 3.6 that in the linear case a periodic external force F(t) — 
Fo cos ct causes a steady periodic response x(t) = C cos(ot — a) with the same 
frequency o. The amplitude C of the steady periodic response is proportional to 
the amplitude F of the external force. For instance, if the periodic external force is 
doubled in amplitude, then the only change in the response is that its amplitude is 
doubled as well. 

To illustrate the quite different behavior of a nonlinear system, we take k — —1 
and m = c = B = w = 1 in Eq. (13), so the differential equation is 


x" +x -x - x? = Focost. (14) 


As an exercise you may verify that the two stable critical points are (—1,0) and 
(1,0). We want to examine the dependence of the (presumably steady peri- 
odic) response x(t) on the amplitude Fo of the periodic external force of period 
2n/w = 2m. 

Figures 6.5.13 through 6.5.16 show the solutions of Eq. (14) obtained with the 
successive values Fo = 0.60, 0.70, 0.75, and 0.80 of the amplitude of the external 
force. In each case the system was solved numerically with initial conditions x (0) = 
1, x’(0) = 0 and the resulting solution plotted for the range 100 < t < 200 (to show 
the steady periodic response remaining after the initial transient response has died 
out). Part (a) of each figure shows the phase plane trajectory x = x(t), y = x'(t), and 
part (b) shows the actual solution curve x = x(t) in the tx-plane. Part (a) exhibits 
the qualitative character of the solution more vividly, but part (b) is required to 
determine the period and frequency of the solution. 

Figure 6.5.13 shows a simple oscillation of period 27 of the mass around 
the right-hand critical point. In the ensuing sequence of figures we see successive 
period doubling and finally chaos as the amplitude of the external force is increased 
in the range from Fo = 0.6 to Fo = 0.8. This period doubling toward chaos is 
a common characteristic of the behavior of a nonlinear mechanical system as an 
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Forced Duffing equation (14) Forced Duffing equation (14) 
with Fg = 0.60 with Fy = 0.60 
1.5 T T T T . T T T 
1.0 H - 4 
0.5 + L + 
= 0.0 
-0.5 L- L 4 
-1.0 H pes - 
1.5 j j j j L5 j j j j 
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 100 120 140 160 180 200 
xX t 
FIGURE 6.5.13(a). Period 27 response with FIGURE 6.5.13(b). Period 27 response with 
Fo = 0.60: phase plane trajectory. Fo = 0.60: solution x (t). 
Forced Duffing equation (14) Forced Duffing equation (14) 
with Fg = 0.70 with Fo = 0.70 
1.5 i i 
1.0 - + 
0.5} 
2, 0.0 
-0.5 + 
-L0r - 4 
1.5 j l | i 1.5 j j l j 
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 100 120 140 160 180 200 
x t 
FIGURE 6.5.14(a). Period 47 response with FIGURE 6.5.14(b). Period 47 response with 
Fo = 0.70: phase plane trajectory. Fo = 0.70: solution x (t). 


appropriate physical parameter (such as m, c, k, B, Fo, or w in Eq. (13)) is increased 
or decreased. No such phenomenon occurs in linear systems. 


PROJECT 3: Use an ODE plotting utility to see whether you can reproduce 
Figs. 6.5.13-6.5.16. Then investigate the parameter range 1.00 < Fo < 1.10 for 
the force constant in Eq. (14). With Fo = 1.00 you should see a period 67 phase 
plane trajectory that encircles both stable critical points (as well as the unstable 
one). The period doubles around Fo = 1.07 and chaos sets in around Fo = 1.10. See 
whether you can spot a second period doubling somewhere between Fo = 1.07 and 
Fo = 1.10. Produce both phase plane trajectories and tx-solution curves on which 
you can measure the periods. 


Warning You should not expect your own hardware and ODE software to replicate the ex- 
act detail of the "chaotic tangle" shown in Fig. 6.5.16. To explain why, let's regard the forced 
Duffing equation (in (14)) with Fo = 0.80 as an input—output system having the initial point 
(x(0), x’(0)) as input and the corresponding solution x (1) as output. This input-output system 
is chaotic in the sense that very small changes in the input may cause very large changes in 
the output. For instance, the data shown in the table in Fig. 6.5.17 were generated using MAT- 
LAB's sophisticated numerical solver ode45 with two nearby initial points and two different 
error tolerance settings. Solving the same numerical initial value problem repeatedly with dif- 
ferent error tolerances can provide some indication of the reliability of the results; significant 
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Forced Duffing equation (14) 


with Fy = 0.75 
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FIGURE 6.5.15(a). Period 87 response with 
Fo = 0.75: phase plane trajectory. 


Forced Duffing equation (14) 


Forced Duffing equation (14) 
with Fọ = 0.75 
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FIGURE 6.5.15(b). Period 8z response with 
Fo = 0.75: solution x(t). 


Forced Duffing equation (14) 
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FIGURE 6.5.16(a). Chaotic response with 
Fo = 0.80: phase plane trajectory. 


FIGURE 6.5.16(b). Chaotic response with 
Fo = 0.80: solution x(t). 


discrepancies certainly suggest little reliability. With initial conditions x(0) = 1, x’(0) = 0 it 
looks plausible (though hardly certain) that x (100) ~ —1.1 and x(200) ~ —0.6, but the value 
of x(300) remains quite uncertain. By contrast, with initial conditions x(0) — 1.000001, 
x'(0) = 0 it appears that perhaps x(200) ~ —0.3 instead. If so, then a visually significant 
change in the solution results from a change of initial conditions no larger than might be ex- 
pected from accumulated roundoff error in the course of a numerical approximation process 
that relies on machine arithmetic. In this event, any numerically computed solution is likely 
to diverge appreciably from the true solution over a long time interval. Hence we cannot be 
confident of the fine structure in a numerically generated trajectory such as that shown in 
Fig. 6.5.16. Investigations like this suggest only that the actual long-interval solution with 
initial conditions x(0) = 1, x’(0) = 0 is not periodic, but instead “wanders” back and forth in 
a seemingly unpredictable or chaotic fashion. Thus the qualitative character of the solution 
indicated in Fig. 6.5.16 may approximate reality without necessarily presenting an accurate 
picture of the precise detail of the trajectory. This behavior of solutions of the forced Duffing 
equation is not yet fully understood and remains a subject of current research. An interesting 
exposition with further references can be found in Chapter 15 of Dan Schwalbe and Stan 
Wagon, VisualDSolve (New York: Springer-Verlag, 1997). 


The Lorenz Strange Attractor 


The substitution of xı = x, x2 = x’ in the forced Duffing equation in (13) yields a 
two-dimensional nonlinear system of first-order differential equations, and period- 
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x(t) with x(t) with x(t) with x(t) with 

t ErrTol = 1078 — ErrTol = 1071? .— ErrTol = 1078 — ErrTol- 10-2 
0 1 1 1.000001 1.000001 
100 -1.1125 —1.1125 11125 21.1125 
200 -0.5823 -0.5828 -0.2925 -0.2816 
300 -1.2850 —0.1357 -0.0723 -0.1633 


FIGURE 6.5.17. MATLAB attempts to approximate the solution of the forced Duffing equation 

x" + x — x + x? = (0.80) cost on 0 € t € 300 with x'/(0) = 0 and two different values of x (0) 
and two different error tolerances (ErrTol denoting the value used for both the absolute and the relative 
error tolerance in ode45). 


doubling phenomena are characteristic of such systems. But in higher dimensions 
even more exotic phenomena occur and are currently the subject of much active 
investigation. All this work stems ultimately from the original investigation of an 
extraordinary three-dimensional nonlinear system by the mathematical meteorolo- 
gist E. N. Lorenz, who later described its discovery as follows. 


By the middle 1950s “numerical weather prediction,” i.e., forecasting by 
numerically integrating such approximations to the atmospheric equa- 
tions as could feasibly be handled, was very much in vogue, despite the 
rather mediocre results which it was then yielding. A smaller but de- 
termined group favored statistical prediction. ... I was skeptical, and 
decided to test the idea by applying the statistical method to a set of 
artificial data, generated by solving a system of equations numerically. 
... The first task was to find a suitable system of equations to solve. ... 
The system would have to be simple enough ... and the general solution 
would have to be aperiodic, since the statistical prediction of a periodic 
series would be a trivial matter, once the periodicity had been detected 
... [In the course of talks with Dr. Barry Saltzman] he showed me some 
work on thermal convections, in which he used a system of seven ordi- 
nary differential equations. Most of his solutions soon acquired periodic 
behavior, but one solution refused to settle down. Moreover, in this so- 
lution four of the variables appeared to approach zero. Presumably the 
equations governing the remaining three variables, with the terms con- 
taining the four variables eliminated, would also possess aperiodic so- 
lutions. Upon my return I put the three equations on our computer, and 
confirmed the aperiodicity which Saltzman had noted. We were finally 
in business. [Quoted in E. Hairer, S. P. Norsett, and G. Wanner, Solving 
Ordinary Differential Equations I (New York: Springer-Verlag, 1987).] 


The famous Lorenz system of differential equations is given by 


dx _ 

dé = —0 x + Oy, 

d 

S = px Y— 22, (15) 
dz 

‘To —Bz+xy. 


Figure 6.5.18 shows a plot in space of a trajectory obtained by numerical inte- 
gration of the Lorenz system with parameter values f = $, o = 10, and p = 28. As 
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FIGURE 6.5.18. The Lorenz 
trajectory in space with initial values 
x(0) = —8, y(0) = 8, z(0) = 27, 
and 0 € t S 40. 


FIGURE 6.5.19. The xz-projection 
of the Lorenz trajectory with initial 
point (—8, 8,27) and 0 St € 60. 
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FIGURE 6.5.20. The Rössler band 
illustrated with a trajectory plotted 
with x(0) = 2, y(0) = 0, z(0) = 3, 
and 0 < t < 400. 
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this trajectory is traced in “real time,” the moving solution point P (x(t), y(t), z(t)) 
appears to undergo a random number of oscillations on the right followed by a ran- 
dom number of oscillations on the left, then a random number on the right followed 
by a random number on the left, and so on. Given the meteorological origin of the 
Lorenz system, one naturally thinks of a random number of clear days followed by 
a random number of rainy days, then a random number of clear days followed by a 
random number of rainy days, and so on. 

Further investigation of this Lorenz trajectory shows that it is not simply os- 
cillating back and forth around a pair of critical points (as Fig. 6.5.18 may initially 
suggest). Instead, as £ — +00, the solution point P(t) on the trajectory wanders 
back and forth in space approaching closer and closer to a certain complicated set 
of points whose detailed structure is not yet fully understood. This elusive set that 
appears somehow to "attract" the solution point is the famous Lorenz strange at- 
tractor. 


PROJECT4: Sometimes the behavior of a trajectory is clarified by examining its 
projections into one or more coordinate planes. First use an ODE plotting utility to 
produce the xz-projection of the Lorenz trajectory shown in Fig. 6.5.19, using the 
same parameter values as listed following (15). Plot also the xy- and yz-projections 
of this same solution. Next, experiment with different parameter values and initial 
conditions. For instance, see if you can find a periodic solution with p — 70 (and 
p= 3, o = 10 as before) and initial values xo = —4 and zo = 64. To get a trajectory 
that almost repeats itself, you will need to try different values of yo in the range 
0 < yo € 10 and look at xz-projections as in Fig. 6.5.19. 


PROJECT 5: Another much-studied nonlinear three-dimensional system is the 
Rossler system 


dx _ 

ap eo 

dy 

ae 16 
4 t9» (16) 
dz 

S = Baye + x2. 


Figure 6.5.20 shows a plot in space of a trajectory by numerical integration of the 
Róssler system with parameter values a = 0.398, B = 2, and y = 4. This trajectory 
spirals around and around as it approaches some sort of “chaotic attractor"—the 
so-called Róssler band that looks twisted, somewhat like a Mobius strip in space. 
Investigate the period doubling toward chaos that occurs with the Róssler system as 
the parameter o is increased, beginning with a = 0.3, a = 0.35, and œ = 0.375 (take 
PB = 2 and y = 4 in all cases). 

In this section we have given just a taste of the ideas that are the focus of 
contemporary applications of nonlinear systems. To see how these ideas come full 
circle, consult the discussion of the Lorenz system on pages 117—123 of the book by 
Hairer et al. referenced previously. There you will see a certain aspect of the Lorenz 
trajectory described visually by means of a picture that looks very much like the 
pitchfork diagram shown in Fig. 6.5.8, together with the very same Feigenbaum 
constant 4.6692 . . .! 

For an engaging account of the historical background to this final section of 
Chapter 6, see James Gleick, Chaos: Making a New Science (New York: Viking 
Press, 1987). For more detailed discussions of the forced Duffing, Lorenz, and 
Róssler equations, see J. M. T. Thompson and H. B. Stewart, Nonlinear Dynamics 
and Chaos (New York: John Wiley, 1986). 


Laplace Transform 


Methods 


Laplace Transforms and Inverse Transforms 


D{fO} =f'O 


LAO} = Fos) 


FIGURE 7.1.1. Transformation of a 
function: £ in analogy with D. 


n Chapter 3 we saw that linear differential equations with constant coefficients 

have numerous applications and can be solved systematically. There are common 
situations, however, in which the alternative methods of this chapter are preferable. 
For example, recall the differential equations 


1 
mx" cx! +kx = F(t) and LI" + RI' + cl — E'(t) 


corresponding to a mass-spring-dashpot system and a series RLC circuit, respec- 
tively. It often happens in practice that the forcing term, F(t) or E'(t), has 
discontinuities—for example, when the voltage supplied to an electrical circuit is 
turned off and on periodically. In this case the methods of Chapter 3 can be quite 
awkward, and the Laplace transform method is more convenient. 

The differentiation operator D can be viewed as a transformation which, when 
applied to the function f(r), yields the new function D{ f(t)} = f'(t). The Laplace 
transformation £L involves the operation of integration and yields the new function 
J£ (f(t)) = F(s) of a new independent variable s. The situation is diagrammed in 
Fig. 7.1.1. After learning in this section how to compute the Laplace transform F(s) 
of a function f(t), we will see in Section 7.2 that the Laplace transform converts 
a differential equation in the unknown function f(t) into an algebraic equation in 
F(s). Because algebraic equations are generally easier to solve than differential 
equations, this is one method that simplifies the problem of finding the solution 


f(t). 
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Example 1 


Example 2 


DEFINITION The Laplace Transform 


Given a function f(t) defined for all £ Z 0, the Laplace transform of f is the 
function F defined as follows: 


- ro-egm-] ena a) 
0 
for all values of s for which the improper integral converges. 


Recall that an improper integral over an infinite interval is defined as a limit 
of integrals over bounded intervals; that is, 


oo b 
ri godi = lim f g(t) dt. (2) 


If the limit in (2) exists, then we say that the improper integral converges; otherwise, 
it diverges or fails to exist. Note that the integrand of the improper integral in (1) 
contains the parameter s in addition to the variable of integration t. Therefore, when 
the integral in (1) converges, it converges not merely to a number, but to a function 
F of s. As in the following examples, it is typical for the improper integral in the 
definition of £{ f (t)} to converge for some values of s and diverge for others. 


With f(t) = 1 for: 2 0, the definition of the Laplace transform in (1) gives 
i —st l st u : | bs 1 

LU} = e * dt = |—-e = lim e +-], 
0 s 0 b—oo S S 


1 
S 


and therefore 


L{l}=- for s»0. (3) 


As in (3), it's good practice to specify the domain of the Laplace transform—in problems as 
well as in examples. Also, in this computation we have used the common abbreviation 


[s]? = tim [ew]. (4) 
a b—oo a 

[| 
Remark The limit we computed in Example 1 would not exist if s < 0, for then (1/5)e ^5 
would become unbounded as b — --oo. Hence £{1} is defined only for s > 0. This is typical 


of Laplace transforms; the domain of a transform is normally of the form s > a for some 
number a. E 


With f(t) = e% for t = 0, we obtain 


oo oo e G-20t 29 
Siete f e Stet dt = Í e 6-0! dt = | — 
0 0 s—a 


—(s—a)t 


— 0 as f — +00, so it follows that 


» Let} — — for sa. (5) 


a 


If s—a > 0, then e 


Note here that the improper integral giving .£ (e^!) diverges if s € a. It is worth noting also 
that the formula in (5) holds if a is a complex number. For then, with a = o + if, 


eg G-20t = eibt p—(s—a)t —0 


as t — +00, provided that s > a = Refa]; recall that eiPt — cos Bt + i sin Bt. [| 


Example 3 
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The Laplace transform £{t7} of a power function is most conveniently ex- 
pressed in terms of the gamma function T(x), which is defined for x > 0 by the 
formula 


» o= f teat. (6) 


For an elementary discussion of T (x), see the subsection on the gamma function in 
Section 8.5, where it is shown that 


r(1)=1 (7) 
and that 
I'(x 1) 2 xI(x) (8) 
for x > 0. It then follows that if n is a positive integer, then 
Tava +1) =nT(n) 


=n-(n—1)T(n—-1) 
—n-(n—1)-(n—2)LT(n—2) 


— n(n-—1)(n—2)--.2- T Q2) 
— n(n-—1)(n-—2)--.2-1- T (1); 


thus 
» Tan+1)=n! (9) 


if n is a positive integer. Therefore, the function T(x + 1), which is defined and 
continuous for all x > —1, agrees with the factorial function for x = n, a positive 
integer. 


Suppose that f(t) = t° where a is real and a > —1. Then 
oo 
Lt = et? qr, 
0 
If we substitute u = st, t = u/s, and dt = du/s in this integral, we get 
bo fe Tr(a +1) 

ar — u,a — 
L= sf e V du = — aF (10) 
for all s > 0 (so that u = st > 0). Because T(n + 1) = n! if n is a nonnegative integer, we see 


that 


n! 
» Li = yard for s»90. (11) 


For instance, 
1 2 6 
L= >, L{P7}= =, and Lips — 


2 3 4° 

s s s 
As in Problems 1 and 2, these formulas can be derived immediately from the definition, 
without the use of the gamma function. a 


Linearity of Transforms 


It is not necessary for us to proceed much further in the computation of Laplace 
transforms directly from the definition. Once we know the Laplace transforms of 
several functions, we can combine them to obtain transforms of other functions. The 
reason is that the Laplace transformation is a linear operation. 
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Example 4 


THEOREM 1 Linearity of the Laplace Transform 


If a and b are constants, then 


= Liaf(t) + bg(r)) = a Lt fo} + big (12) 


for all s such that the Laplace transforms of the functions f and g both exist. 


The proof of Theorem | follows immediately from the linearity of the opera- 
tions of taking limits and of integration: 


Liaf(t) + bgt) 


I e *' [af (t) + bg(t)] dt 


Jim. f e laf) bao) di 


a (zim ri e 5! f(t) at) +b ( lim T ego dr) 
coo 0 coo 0 


Halt ft) + bLigy. 


The computation of £{t”/2} is based on the known special value 
1 
r (;) = fe (13) 
of the gamma function. For instance, it follows that 
5 3 3 3.1 1 3 
T =T =a = ; 
( 2 ) 2 ( 2 ) 2 2 ( 2 ) 4 d 


using the formula T(x + 1) = xT (x) in (9), first with x = 2 and then with x — 1. Now the 
formulas in (10) through (12) yield 


5 
NC NE NM Li E 
s5/2 s3 557 


L307 + 400, 23. 5 
M 


Recall that cosh kt = (e** + e~**)/2. If k > 0, then Theorem 1 and Example 2 together give 


1 1 1 1 1 
Lfcoshkt} = 5 Le} + Llet) = Al + |: 


s—k s+k 
that is, 
L{coshkt} = sp fors >k >Q. (14) 
Similarly, 
L{sinhkt} = "o for s >k » 0. (15) 
s*—k 


Because coskt = (ei^! + e™ikt)/2, the formula in (5) (with a = ik) yields 


Iy ı 1 1 2$ 
L kth= --. ; 
iig (—x Th x) 2 52 — (ky 


Example 6 


Example 7 
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and thus 


Li{coskt} = for s > 0. (16) 


A 
s2 + k2 
(The domain follows from s > Re[ik] = 0.) Similarly, 


L{sinkt} = for s > 0. (17) 


s? + k2 
Applying linearity, the formula in (16), and a familiar trigonometric identity, we get 
£ (3e?! + 2sin? 3t} = L{3e” + 1-— cos6t} 


3 "m. 5 
s—2 s s2+36 


2035? + 1445 — 72 


f 0. [| 
6-207439 7? 


Inverse Transforms 


According to Theorem 3 of this section, no two different functions that are both 
continuous for all £ 2 0 can have the same Laplace transform. Thus if F(s) is the 
transform of some continuous function f(t), then f(t) is uniquely determined. This 
observation allows us to make the following definition: If F(s) = £{ f(t)}, then we 
call f(t) the inverse Laplace transform of F(s) and write 


» f(t) = £^ (FG). (18) 


Using the Laplace transforms derived in Examples 2, 3, and 5 we see that 


1 1 1 2 2 
£711 2542. pol) a tpl) ^ l H E gnat 
s3 2 s+2 s2 49 3 
and so on. [| 


NOTATION: FUNCTIONS AND THEIR TRANSFORMS. Throughout this chapter 
we denote functions of t by lowercase letters. The transform of a function will al- 
ways be denoted by that same letter capitalized. Thus F(s) is the Laplace transform 
of f(t) and x(t) is the inverse Laplace transform of X(s). 

A table of Laplace transforms serves a purpose similar to that of a table of 
integrals. The table in Fig. 7.1.2 lists the transforms derived in this section; many 
additional transforms can be derived from these few, using various general proper- 
ties of the Laplace transformation (which we will discuss in subsequent sections). 


Piecewise Continuous Functions 

As we remarked at the beginning of this section, we need to be able to handle certain 
types of discontinuous functions. The function f(t) is said to be piecewise contin- 
uous on the bounded interval a < t € b provided that [a, b] can be subdivided into 
finitely many abutting subintervals in such a way that 


l. f is continuous in the interior of each of these subintervals; and 


2. f(t) has a finite limit as ¢ approaches each endpoint of each subinterval from 
its interior. 
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f (t) F(s) 

1 i (s > 0) 
E 
1 

t => 520 
3 (s > 0) 

" -0 n! 0 

t” (n 20) FT (s > 0) 
T 1 

2 (a » —1) RE E Geo 

s 

ett : (s >a) 

s—a 
E 

cos kt SLE (s > 0) 

: k 

sinkt SLE (s > 0) 

E 

cosh kt 2 Re (s > |k|) 

inhk k 

sinh kt 3g (s > |k]) 
e 95 

u(t — a) (s > 0) 
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We say that f is piecewise continuous for ¢ = 0 if it is piecewise continuous on 
every bounded subinterval of [0, --oo). Thus a piecewise continuous function has 
only simple discontinuities (if any) and only at isolated points. At such points the 
value of the function experiences a finite jump, as indicated in Fig. 7.1.3. The jump 
in f(t) at the point c is defined to be f(c+) — f(c—), where 


f(c-)-— lim f(c+e) and f(c—)= lim f(c- €). 
e0t e0t 


Perhaps the simplest piecewise continuous (but discontinuous) function is the 
unit step function, whose graph appears in Fig. 7.1.4. It is defined as follows: 


O0 fort <0, 


t) 
ant eee 


(19) 


Because u(t) = 1 for t 2 0 and because the Laplace transform involves only the 
values of a function for t 2 0, we see immediately that 


1 
L{u(t)} = s (s > 0). (20) 


The graph of the unit step function ua(t) = u(t — a) appears in Fig. 7.1.5. Its jump 
occurs at ¢ = a rather than at t = 0; equivalently, 


FIGURE 7.1.2. A short table of 0 apre 
Laplace transforms. W(t) =a =a) = > 21 
a(t) ( ) 1 fort Za. en 
IS [us Find (ugs (0) if a > 0. 
Solution We begin with the definition of the Laplace transform. We obtain 
oo oo est b 
Lfug(t)} = f e S ug(t) dt = Í e™ dt = lim |- | : 
0 a b—oo S ree 
consequently, 
e 45 
Li{ug(t)} = (s >0, a> 0). (22) 
. a 
y 
e- 
M "T u(t) (a. pe a =ut=a) 
| | 
a b X t 


FIGURE 7.1.3. The graph of a 
piecewise continuous function; the 
solid dots indicate values of the 
function at discontinuities. 


FIGURE 7.1.4. The graph of the unit 
step function. 


FIGURE 7.1.5. The unit step 
function ug (f) has a jump at t = a. 
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General Properties of Transforms 


It is a familiar fact from calculus that the integral 


b 
J g(t) dt 


exists if g is piecewise continuous on the bounded interval [a, b]. Hence if f is 
piecewise continuous for t = 0, it follows that the integral 


b 
f e™™ f(t) dt 
0 


exists for all b < +o0. But in order for F(s)—the limit of this last integral as 
b — +co—to exist, we need some condition to limit the rate of growth of f(t) as 
t — -Foo. The function f is said to be of exponential order as t — --co if there 
exist nonnegative constants M, c, and T such that 


|f(t)) E Me" fort z T. (23) 


Thus a function is of exponential order provided that it grows no more rapidly (as 
t — -Foo) than a constant multiple of some exponential function with a linear expo- 
nent. The particular values of M, c, and T are not so important. What is important 
is that some such values exist so that the condition in (23) is satisfied. 

The condition in (23) merely says that f(t)/e“ lies between —M and M and 
is therefore bounded in value for ¢ sufficiently large. In particular, this is true (with 
c = 0) if f(t) itself is bounded. Thus every bounded function—such as cos kt or 
sin k t—is of exponential order. 

If p(t) is a polynomial, then the familiar fact that p(tf)e * — 0 as t > +00 
implies that (23) holds (for T' sufficiently large) with M — c — 1. Thus every 
polynomial function is of exponential order. 

For an example of an elementary function that is continuous and therefore 
bounded on every (finite) interval, but nevertheless is not of exponential order, con- 
sider the function f(t) = e' * = exp(72). Whatever the value of c, we see that 


aie 


t>oo ect too ect too 


because t? — ct > +00 as t — +00. Hence the condition in (23) cannot hold for any 
(finite) value M, so we conclude that the function f(t) = et * is not of exponential 
order. 

Similarly, because e *'e' ? L> +00 as £ > +00, we see that the improper inte- 
gral i e^*' e" dt that would define J£ (ef ^ does not exist (for any s), and therefore 


that the function e^ does not have a Laplace transform. The following theorem 
guarantees that piecewise functions of exponential order do have Laplace trans- 
forms. 


THEOREM 2 Existence of Laplace Transforms 


If the function f is piecewise continuous for t Z 0 and is of exponential order as 
t — +00, then its Laplace transform F(s) = £{ f(t)} exists. More precisely, if 
f is piecewise continuous and satisfies the condition in (23), then F(s) exists for 
all s 7 c. 
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Proof: First we note that we can take T = 0 in (23). For by piecewise 
continuity, | f(t)| is bounded on [0, T]. Increasing M in (23) if necessary, we can 
therefore assume that | /(f)| € M if 0 < t € T. Because e^ = 1 for t 2 0, it then 
follows that | f(t)| € Me“ for all t 2 0. 

By a standard theorem on convergence of improper integrals—the fact that ab- 
solute convergence implies convergence—it suffices for us to prove that the integral 


| le^ fq) dt 
0 


exists for s > c. To do this, it suffices in turn to show that the value of the integral 


b 
1 le FO dt 
0 


remains bounded as b — +00. But the fact that | f(t)| € Me*' for all £ 2 0 implies 
that 


b b b 
I le“ f(t)| dt < f le’ Me" |dt = M f gon dt 
0 0 0 


<M m e 679! dt = “M 
= 0 s=C 
if s > c. This proves Theorem 2. A 
We have shown, moreover, that 
e —st M 
[F6] S le" fedt s (24) 
0 S =g 


if s > c. When we take limits as s + +00, we get the following result. 


COROLLARY F(s) for s Large 
If f(t) satisfies the hypotheses of Theorem 2, then 


lim F(s) = 0. (25) 


The condition in (25) severely limits the functions that can be Laplace trans- 
forms. For instance, the function G(s) — s/(s 4- 1) cannot be the Laplace transform 
of any "reasonable" function because its limit as s — --co is 1, not 0. More gen- 
erally, a rational function—a quotient of two polynomials—can be (and is, as we 
shall see) a Laplace transform only if the degree of its numerator is less than that of 
its denominator. 

On the other hand, the hypotheses of Theorem 2 are sufficient, but not nec- 
essary, conditions for existence of the Laplace transform of f(t). For example, the 
function f(t) = 1/,/t fails to be piecewise continuous (at t = 0), but nevertheless 
(Example 3 with a = -i > —1) its Laplace transform 


1 
f= i = (= 


both exists and violates the condition in (24), which would imply that s F (s) remains 
bounded as s — -Foo. 
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The remainder of this chapter is devoted largely to techniques for solving a 
differential equation by first finding the Laplace transform of its solution. It is then 
vital for us to know that this uniquely determines the solution of the differential 
equation; that is, that the function of s we have found has only one inverse Laplace 
transform that could be the desired solution. The following theorem is proved in 
Chapter 6 of Churchill’s Operational Mathematics, 3rd ed. (New York: McGraw- 
Hill, 1972). 


THEOREM 3 Uniqueness of Inverse Laplace Transforms 


Suppose that the functions f(t) and g(t) satisfy the hypotheses of Theorem 2, 
so that their Laplace transforms F(s) and G(s) both exist. If F(s) — G(s) for 
all s > c (for some c), then f(t) = g(t) wherever on [0, +00) both f and g are 
continuous. 


Thus two piecewise continuous functions of exponential order with the same 
Laplace transform can differ only at their isolated points of discontinuity. This is 
of no importance in most practical applications, so we may regard inverse Laplace 
transforms as being essentially unique. In particular, two solutions of a differential 
equation must both be continuous, and hence must be the same solution if they have 
the same Laplace transform. 


Historical Remark Laplace transforms have an interesting history. The integral in the 
definition of the Laplace transform probably appeared first in the work of Euler. It is custom- 
ary in mathematics to name a technique or theorem for the next person after Euler to discover 
it (else there would be several hundred different examples of *Euler's theorem"). In this case, 
the next person was the French mathematician Pierre Simon de Laplace (1749-1827), who 
employed such integrals in his work on probability theory. The so-called operational methods 
for solving differential equations, which are based on Laplace transforms, were not exploited 
by Laplace. Indeed, they were discovered and popularized by practicing engineers—notably 
the English electrical engineer Oliver Heaviside (1850-1925). These techniques were suc- 
cessfully and widely applied before they had been rigorously justified, and around the begin- 
ning of the twentieth century their validity was the subject of considerable controversy. One 
reason is that Heaviside blithely assumed the existence of functions whose Laplace trans- 
forms contradict the condition that F(s) — 0 as s — 0, thereby raising questions as to the 
meaning and nature of functions in mathematics. (This is reminiscent of the way Leibniz two 
centuries earlier had obtained correct results in calculus using "infinitely small" real numbers, 
thereby raising questions as to the nature and role of numbers in mathematics.) 


Problems 


Apply the definition in (1) to find directly the Laplace trans- 8. aD (QD 
forms of the functions described (by formula or graph) in Prob- ——9 
lems 1 through 10. 


1. f(t) 2t 2. f(t) = K —7 
3. f(t) = er 4. f(t) = cost FIGURE 7.1.7. 

5. f(t) = sinht 6. f(t) = sin? t 

Jd. 9. 


(1, 1) (1, 1) 


`~ 
~ 


FIGURE 7.1.6. FIGURE 7.1.8. 
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10. 
(0, 1) 


(1, 0) d 
FIGURE 7.1.9. 


Use the transforms in Fig. 7.1.2 to find the Laplace transforms 
of the functions in Problems 11 through 22. A preliminary in- 
tegration by parts may be necessary. 


1l. f(t) = Vt + 3t 12. f(t) = 3105/2 — 413 
13. f(t) = t — 2e?! 14. f(t) = 13/2 — e7! 
15. f(t) = 1 + cosh5t 16. f(t) = sin2t + cos 2t 
17. f(t) = cos? 2t 18. f(t) = sin 3t cos 3t 
19. fi) = 04 03 20. f(t) = te! 

21. f(t) = t cos2t 22. f(t) — sinh? 3t 


Use the transforms in Fig. 7.1.2 to find the inverse Laplace 
transforms of the functions in Problems 23 through 32. 


23. F(s)= x 24. F(s) = 53/2 

M 

1 2 1 
25. F6) =<- ap 26. PE S 

3 3s 4-1 

27. F(s) = $5—4 28. F(s) = PET 

5—3s 9s 
29. Ep 8 30. PM ae 
31. F(s) = a 32. F(s) = 2s7le—35 


25 — s2 


33. Derive the transform of f(t) = sinkt by the method used 
in the text to derive the formula in (16). 


34. Derive the transform of f(t) = sinh kt by the method used 
in the text to derive the formula in (14). 


35. Use the tabulated integral 

e?* 
a? + b? 
to obtain L{coskr} directly from the definition of the 
Laplace transform. 


Je cos bx dx = (a cos bx + bsinbx) + C 


; ere ; 
36. Show that the function f(t) = sin(e’ ) is of exponential 
order as t — +00 but that its derivative is not. 


37. Given a > 0, let f(t) 2 1if0 St <a, f(t) 2 Oift Z a. 
First, sketch the graph of the function f, making clear its 
value at ! = a. Then express f in terms of unit step func- 
tions to show that L{ f(r)) = s^! (1 — e745). 


38. Given that 0 <a < b, let f(t) 2 lifa E t <b, f(t) 20 
if either ż < a or t Z b. First, sketch the graph of the 
function f, making clear its values at t = a and t = b. 
Then express f in terms of unit step functions to show 
that L{ f(t)} = s71 (e72 — e-55), 


39. The unit staircase function is defined as follows: 
f(t) —-n if 1.215253. A 


(a) Sketch the graph of f to see why its name is appropri- 
ate. (b) Show that 


n—lztce«n, 


oo 


fOQ= ut-n 
n=0 
for all t 2 0. (c) Assume that the Laplace transform of the 
infinite series in part (b) can be taken termwise (it can). 
Apply the geometric series to obtain the result 


1 
L{f@)} = ——. 
UO) = a7 
40. (a) The graph of the function f is shown in Fig. 7.1.10. 
Show that f can be written in the form 


f(t) = 31 C1"ut - n). 


n=0 


(b) Use the method of Problem 39 to show that 


POs ey 


FIGURE 7.1.10. The graph of the function of 
Problem 40. 


41. The graph of the square-wave function g(t) is shown in 
Fig. 7.1.11. Express g in terms of the function f of Prob- 
lem 40 and hence deduce that 


—e3 1 sS 
Lig(t)} = = — tanh =. 
tee e em bs 
8 
1 eo e—o eo: 
| l | | | l 
1 2 3 4 5 6 f 
-1 e—o eo e—o 


FIGURE 7.1.11. The graph of the function of 
Problem 41. 


42. Given constants a and b, define h(t) for t 2 0 by 


h(t) = a ifn—1 St <nandnis odd; 
~ )b ifn—1St <nandn is even. 

Sketch the graph of / and apply one of the preceding prob- 

lems to show that 

a+be* 
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LAE Yeeli[eeiile Computer Algebra Transforms and Inverse Transforms 


If f(t) = t cos3t, then the definition of the Laplace transform gives the improper 


integral 
oo 


F(s) = £tf(t)) = f te *' cos3t dt, 


whose evaluation would appear to require a tedious integration by parts. Conse- 
quently a computer algebra Laplace transforms package is useful for the quick cal- 
culation of transforms. Maple contains the integral transforms package inttrans, 
and the commands 


with(inttrans): 
f := t*cos(3*t): 
F :- laplace(f, t, s); 


yield immediately the Laplace transform F(s) = (s? — 9)/(s? + 9), as do the Math- 
ematica commands 


f = t*Cos[3*t] ; 
F = LaplaceTransform[f, t, s] 


and the Wolfram|Alpha query 
laplace transform t*cos (3t) 
We can recover the original function f(t) = t cos3t with the Maple command 
invlaplace(F, s, t); 
or the Mathematica command 
InverseLaplaceTransform[F, s, t] 
or the Wolfram|Alpha query 
inverse laplace transform (s^2 - 9)/(s^2 + 9)^2 


Remark Note carefully the order of s and t in the preceding Maple and Mathematica 
commands—first t, then s when transforming; first s, then ? when inverse transforming. E 

You can use these computer algebra commands to check the answers to Prob- 
lems 11 through 32 in this section, as well as a few interesting problems of your 
own selection. 


Transformation of Initial Value Problems 


We now discuss the application of Laplace transforms to solve a linear differential 
equation with constant coefficients, such as 


ax" (t) + bx'(t) + ex(t) = fo), (1) 


with given initial conditions x(0) = xo and x'(0) = x,. By the linearity of the 
Laplace transformation, we can transform Eq. (1) by separately taking the Laplace 
transform of each term in the equation. The transformed equation is 


aL {x"(t)}  b4eix' ()) + cLix} = LIAO}: (2) 


it involves the transforms of the derivatives x’ and x" of the unknown function x(t). 
The key to the method is Theorem 1, which tells us how to express the transform of 
the derivative of a function in terms of the transform of the function itself. 
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Continuous function 


Piecewise continuous derivative 


FIGURE 7.2.1. The discontinuities 
of f’ correspond to “corners” on the 
graph of f. 


THEOREM 1 Transforms of Derivatives 


Suppose that the function f(t) is continuous and piecewise smooth for £ 2 0 and 
is of exponential order as t — +00, so that there exist nonnegative constants M, 
c, and T such that 


ney Mer torte (3) 
Then L£{ f’(t)} exists for s > c, and 


> £C" (0) = sL{ F} — fO) = sF (s) - f0). (4) 


The function f is called piecewise smooth on the bounded interval [a, b] if it 
is piecewise continuous on [a, b] and differentiable except at finitely many points, 
with f’(t) being piecewise continuous on [a,b]. We may assign arbitrary values 
to f(t) at the isolated points at which f is not differentiable. We say that f is 
piecewise smooth for ¢ = 0 if it is piecewise smooth on every bounded subinterval 
of [0, +00). Figure 7.2.1 indicates how “corners” on the graph of f correspond to 
discontinuities in its derivative f’. 

The main idea of the proof of Theorem 1 is exhibited best by the case in which 
f" (t) is continuous (not merely piecewise continuous) for £ 2 0. Then, beginning 
with the definition of £{ f’(t)} and integrating by parts, we get 

oo oo oo 
LI fO} = / ef @dt = le" FO], m sf e™ f(t)dt. 
0 = 0 
Because of (3), the integrated term e^ *' f(t) approaches zero (when s > c) as t > 
+oo, and its value at the lower limit ? = 0 contributes — f (0) to the evaluation of 
the preceding expression. The integral that remains is simply £L{ f(¢)}; by Theorem 
2 of Section 7.1, the integral converges when s > c. Then L{ f'(r)) exists when 
s > c, and its value is that given in Eq. (4). We will defer the case in which /’(r) 
has isolated discontinuities to the end of this section. 


Solution of Initial Value Problems 


In order to transform Eq. (1), we need the transform of the second derivative as 
well. If we assume that g(t) = f'(t) satisfies the hypotheses of Theorem 1, then 
that theorem implies that 


L{ Ff" (0) = Lig (Dy = sL{gO} — gO) 
= etf 0) - fO 
= s [sL{ f} — f(0)] - f0), 


and thus 
> £C" (0) = s? FG) — sf - f'O. (5) 
A repetition of this calculation gives 

LIS" = sf") - f" (0) = FG) -2 f(0) -sf'(0)— f"(.. (6) 


After finitely many such steps we obtain the following extension of Theorem 1. 


Example 1 


Solution 
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COROLLARY Transforms of Higher Derivatives 


Suppose that the functions f, f^, f",..., f "- are continuous and piecewise 
smooth for f = 0, and that each of these functions satisfies the conditions in (3) 
with the same values of M and c. Then L{ f '? (1)! exists when s > c, and 


XU ap PLI —s FO r O— =f" (0) 
= SS) os CO) cse Crest CH ee fae OC) 


Solve the initial value problem 
x'—x'—6x-0; x(0)=2, x'(0)--I. 
With the given initial values, Eqs. (4) and (5) yield 
£(x (0) = sL{x(1)} — x(0) = 5X(8) - 2 


and 


LIX" (t) = s*L{x(t)} — sx(0) — x/(0) = s?X(s) — 2s + 1, 


where (according to our convention about notation) X(s) denotes the Laplace transform of 
the (unknown) function x (t). Hence the transformed equation is 


[2x() -2s + 1] [sX(s) — 2] — 6[X(s)] = 0, 


which we quickly simplify to 


(s? —s — 6)X(s) - 2s +3 — 0. 
Thus 
25-3. — 2s —3 
2—-s$—6 (s—3)(s+2) 
By the method of partial fractions (of integral calculus), there exist constants A and B such 
that 


X(s) = ; 


25-3 _ A B 
(s—3)\(+2) s—3  s+2’ 
and multiplication of both sides of this equation by (s — 3)(s + 2) yields the identity 


2s —3 = A(s + 2) + B(s — 3). 


If we substitute s = 3, we find that A = à; substitution of s — —2 shows that B — z. Hence 


Z 
ain 


X(s) = Lix()} = 


s—3 ta +2 
Because £7! {1/(s — a)} = e*' it follows that 


x(t) — ie" + Ze"! 

is the solution of the original initial value problem. Note that we did not first find the general 
solution of the differential equation. The Laplace transform method directly yields the desired 
particular solution, automatically taking into account—via Theorem 1 and its corollary—the 
given initial conditions. E 


Remark In Example 1 we found the values of the partial-fraction coefficients A and B by 
the “trick” of separately substituting the roots s = 3 and s = —2 of the original denominator 
s? — s — 6 = (s — 3)(s + 2) into the equation 


2s — 3 = A(s + 2) + B(s — 3) 
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Solution 


4 >) f(t) = sin 3t 
m 


k 


ES 


FIGURE 7.2.2. A mass-and- 

spring system satisfying the initial 
value problem in Example 2. The mass 
is initially at rest in its equilibrium 
position. 


Nie 


Nie 


FIGURE 7.2.3. The position 
function x(t) in Example 2. 


that resulted from clearing fractions. In lieu of any such shortcut, the “sure-fire” method is to 
collect coefficients of powers of s on the right-hand side, 


2s —3 = (A+ B)s + (2A — 3). 
Then upon equating coefficients of terms of like degree, we get the linear equations 


A+ B= 2, 
2A — 3B = -3, 


which are readily solved for the same values A = 2 and B — 


ulin 
E 


Solve the initial value problem 
x" +4x = sin3t; x(0) = x'(0) =0. 


Such a problem arises in the motion of a mass-and-spring system with external force, as 
shown in Fig. 7.2.2. 


Because both initial values are zero, Eq. (5) yields L{x” (t)} = s? X (s). We read the transform 
of sin 3t from the table in Fig. 7.1.2 (Section 7.1) and thereby get the transformed equation 


s? X(s) + 4X(s) = 


s2 +9 
Therefore, 
3 


X6) = Gaye +5: 


The method of partial fractions calls for 


3 _As+B Cst+D 
(s+ 4)(s2+9) s24 52497 


The sure-fire approach would be to clear fractions by multiplying both sides by the common 
denominator, and then collect coefficients of powers of s on the right-hand side. Equating 
coefficients of like powers on the two sides of the resulting equation would then yield four 
linear equations that we could solve for A, B, C, and D. 

However, here we can anticipate that 4 — C — 0, because neither the numerator nor 
the denominator on the left involves any odd powers of s, whereas nonzero values for A or 
C would lead to odd-degree terms on the right. So we replace A and C with zero before 
clearing fractions. The result is the identity 


3 = B(s? + 9) + D(s? + 4) = (B + D)s? + (9B + AD). 


When we equate coefficients of like powers of s we get the linear equations 


B+D=0, 
9B + 4D = 3, 
which are readily solved for B = 2 and D = -&. Hence 


2 1 3 
532-44 5 s24+9 


3 
X(s) = Lx} = 15 


Because L{sin 2t} = 2/(s? + 4) and L{sin 3t} = 3/(s? + 9), it follows that 
x(t) = 18 sin 2t — 1 sin 3f. 


Figure 7.2.3 shows the graph of this period 27 position function of the mass. Note that 
the Laplace transform method again gives the solution directly, without the necessity of first 
finding the complementary function and a particular solution of the original nonhomogeneous 
differential equation. Thus nonhomogeneous equations are solved in exactly the same manner 
as are homogeneous equations. E 


Examples 1 and 2 illustrate the solution procedure that is outlined in Fig. 7.2.4. 
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Differential Solution x(t) 
equation of differential 
in x(t) equation 


Algebraic Solve Solution X(s) 


equation algebraically of algebraic 
in X(s) equation 


FIGURE 7.2.4. Using the Laplace transform to solve an initial value 
problem. 


Linear Systems 


Laplace transforms are used frequently in engineering problems to solve linear sys- 
tems in which the coefficients are all constants. When initial conditions are speci- 
fied, the Laplace transform reduces such a linear system of differential equations to 
a linear system of algebraic equations in which the unknowns are the transforms of 
the solution functions. As Example 3 illustrates, the technique for a system is essen- 
tially the same as for a single linear differential equation with constant coefficients. 


Aes» Solve the system 


2x" = —6x + 2y, 


8 
y" = 2x — 2y + 40 sint, (8) 


subject to the initial conditions 


x(0) = x' (0) = y(0) = y'(0) = 0. (9) 


Thus the force f(t) = 40 sin 3¢ is applied to the second mass of Fig. 7.2.5, beginning at time 
t — 0 when the system is at rest in its equilibrium position. 


kh ky 22 > f(t) = 40 sin 3t 


=y 
ef 


FIGURE 7.2.5. A mass—and-spring system satisfying the initial value 
problem in Example 3. Both masses are initially at rest in their equilibrium 
positions. 
Solution We write X(s) = L{x(t)} and Y(s) = L{y(t)}. Then the initial conditions in (9) imply that 
L{x" (t)} = s?X(s) and L{y"(t)} = s?2Y(s). 
Because L£{sin 3t} = 3/(s? + 9), the transforms of the equations in (8) are the equations 


25? X(s) 2 —6X(s) + 2Y (s). 


120 
2 
s2Y(s) = 2X(s) — 2Y(s) + =. 
s^Y(s) (s) (s) 249 


Thus the transformed system is 
(s? + 3) X(s) — Y(s) ^ 0, 


120 (10) 


—2X(s) + (s? + 2)Y(s) = mu 
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FIGURE 7.2.6. The position 
functions x(t) and y (t) in Example 3. 


f(t) 


TON NE 


LF——- 


x(t) 


FIGURE 7.2.7. A mass-spring- 
dashpot system with external force 


S(t). 


The determinant of this pair of linear equations in X(s) and Y (s) is 


$243. -1 


9 242| 76936 2-2-G 0G +4), 


and we readily solve—using Cramer's rule, for instance—the system in (10) for 


$5 120 5 8 3 ia 
= = a 
I= DEDE 3241 s244 9249 
and 
120(s2 +3 10 8 18 
Y(s) = Oe (11b) 


= + ; 
(s2--1)(2--4)(52--9)  s2+1 5244 5249 


The partial fraction decompositions in Eqs. (11a) and (11b) are readily found using the 
method of Example 2. For instance, noting that the denominator factors are linear in 52, 


we can write 


120 = Ag hoy € 
(s2 + 1)(s2 +4)(s2 +9) s241 s244 52497 


and it follows that 
120 = A(s? + 4)(s? + 9) + B(s? + 1)(s? + 9) + C(s? + 1)(s? + 4). (12) 


Substitution of s? = —1 (that is, s = i, a zero of the factor s? + 1) in Eq. (12) gives 120 = 
A-3-8,so A= Similarly, substitution of s? = —4 in Eq. (12) yields B = —8, and 
substitution of s$? = —9 yields C = 3. Thus we obtain the partial fraction decomposition 
shown in Eq. (11a). 

At any rate, the inverse Laplace transforms of the expressions in Eqs. (11a) and (11b) 
give the solution 


“Il 


x(t)= 5sint —4sin2t + sin3t, 

y(t) = IOsint + 4sin2t — 6 sin 3t. 
Figure 7.2.6 shows the graphs of these two period 2x position functions of the two masses. 

L| 
The Transform Perspective 
Let us regard the general constant-coefficient second-order equation as the equation 
of motion 
mx" -- cx! + kx = f(t) 

of the familiar mass-spring-dashpot system (Fig. 7.2.7). Then the transformed 
equation is 


m [s? X(s) — sx (0) — x'(0)] + c [sX(s) — x (0)] + kX(s) = F(s). (13) 


Note that Eq. (13) is an algebraic equation—indeed, a linear equation—in the “un- 
known" X(s). This is the source of the power of the Laplace transform method: 


Linear differential equations are transformed 
into readily solved algebraic equations. 


If we solve Eq. (13) for X(s), we get 


_ Fo) , 16) 


~ Z(s Zs)’ v 


X(s) 


Example 4 


Solution 


Example 5 


Solution 
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where 
Z(s) =ms* +ces+k and I(s) = mx(0)s + mx'(0) + cx(0). 


Note that Z(s) depends only on the physical system itself. Thus Eq. (14) presents 
X(s) = L{x(t)} as the sum of a term depending only on the external force and one 
depending only on the initial conditions. In the case of an underdamped system, 
these two terms are the transforms 
F I 
L{xXsp(t)} = A and L{Xr(t)} = A 

of the steady periodic solution and the transient solution, respectively. The only po- 
tential difficulty in finding these solutions is in finding the inverse Laplace transform 
of the right-hand side in Eq. (14). Much of the remainder of this chapter is devoted 
to finding Laplace transforms and inverse transforms. In particular, we seek those 
methods that are sufficiently powerful to enable us to solve problems that—unlike 
those in Examples 1 and 2—cannot be solved readily by the methods of Chapter 3. 


Additional Transform Techniques 


Show that 
1 


(s-a)? 


If f(t) = te% , then f(0) = 0 and f’(t) = e@ + ate?*. Hence Theorem 1 gives 


(te?! = 


Lie” 4 ate?! = LE f' (0) = sL{ f} = stet. 
It follows from the linearity of the transform that 


Lfe} 4 ate" Y = sie (re? Y. 


Hence 
Je (ett 1 
fte — Ut = 1 
d s—a (s —a)? i 
because J^ (e?!) = I/(s — a). | 
Find 4 (t sinkt}. 


Let f(t) = t sinkt. Then f(0) = 0 and 
f' (t) = sinkt + kt coskt. 


The derivative involves the new function f cos kt, so we note that f’(0) = 0 and differentiate 
again. The result is 

f" (t) = 2k coskt — K?t sinkt. 
But L{ f" (r)) = s? L{ f (t)} by the formula in (5) for the transform of the second derivative, 


and J£ (cos kt} = s/(s? + k?), so we have 
2k 
RES — k? stt sinkt) — s L{t sinkt}. 


Finally, we solve this equation for 


; 2ks 


This procedure is considerably more pleasant than the alternative of evaluating the integral 


oo 
Jet sinkt) e te 5 sinkt dt. Ei 
0 
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Examples 4 and 5 exploit the fact that if f(0) = 0, then differentiation of f 
corresponds to multiplication of its transform by s. It is reasonable to expect the 
inverse operation of integration (antidifferentiation) to correspond to division of the 
transform by s. 


THEOREM 2 Transforms of Integrals 


If f(t) is a piecewise continuous function for t Z 0 and satisfies the condition of 
exponential order | f (t)| € Me“ fort 2 T, then 


F(s) 


L if fear Sy (17) 
0 M y 


for s > c. Equivalently, 


En [Zo = ib f(t) dt. (18) 


Proof: Because f is piecewise continuous, the fundamental theorem of cal- 
culus implies that 


2) = f fiods 


is continuous and that g’(t) = f(t) where f is continuous; thus g is continuous and 
piecewise smooth for t = 0. Furthermore, 


t t M M 
sois f olas a] ear Fer -p < Ze" 


c 


so g(t) is of exponential order as t — +00. Hence we can apply Theorem 1 to g; 
this gives 

LISO = Lig} = sL{g(} — g0). 
Now g(0) = 0, so division by s yields 


! L{ f(t) 
elf react = ete = OL 
0 
which completes the proof. A 
Find the inverse Laplace transform of 
G(s) = : 


s2(s—a): 
Solution In effect, Eq. (18) means that we can delete a factor of s from the denominator, find the 


inverse transform of the resulting simpler expression, and finally integrate from 0 to £ (to 
"correct" for the missing factor s). Thus 


—1 l : —1 1 à at 1 at 
L | =f LESE dt = —(e"' — 1). 
s(s—a) 0 $—a 0 a 


We now repeat the technique to obtain 


=i 1 B t zj 1 7 ti a 
i tzecat = : Eri LR Í 2 I) dt 
t 
= [+ (e :) B | (eat "wa 
a Na "m 
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This technique is often a more convenient way than the method of partial fractions for finding 
an inverse transform of a fraction of the form P (s)/[s" Q (s)]. | 


Proof of Theorem 1: We conclude this section with the proof of Theorem 1 
in the general case in which f' is merely piecewise continuous. We need to prove 
that the limit 


b 
lim e 5! f'(t) dt 
b—oo Jo 
exists and also need to find its value. With b fixed, let t1, t2,...,tg—1 be the points 


interior to the interval [0, b] at which f’ is discontinuous. Let fo = 0 and tj = b. 
Then we can integrate by parts on each interval (tn—1, tn) where f’ is continuous. 
This yields 


[ e^?! f'(t) dt = X e^! f'(t) dt 


m : uum 
| D» e fü)dt. — (19) 


Ín—1 tn—1 


Il 
r—1 
& 

d 
E 
> 
= 
= 
< 


Now the first summation 


Serot = [-/«9 +" fa) | + [e f) + e £62] 
n=1 g 


POE [-e f(ty-2) + e 7931 f (1) (20) 
+ [-e: f (te-1) e? fu) | 


in (19) telescopes down to — f (to) + e7* f (ty) = — f(0) + e~*? f (b), and the sec- 
ond summation adds up to s times the integral from to = 0 to tg = b. Therefore (19) 


reduces to ; 


b 
| ood = — f (0) + ot f(b) + sf e 5! f(t) dt. 
0 0 
But from Eq. (3) we get 
le re» < eb. Me™ = Me™) _, 0 


if s > c. Therefore, finally taking limits (with s fixed) as b > +00 in the preceding 
equation, we get the desired result 


LISO = sL{FO} — FO). A 


Extension of Theorem 1 


Now suppose that the function f is only piecewise continuous (instead of continu- 
ous), and let 54, t2, t3, ... be the points (for t > 0) where either f or f’ is discontin- 
uous. The fact that f is piecewise continuous includes the assumption that—within 
each interval [t5 1, tn] between successive points of discontinuity— f agrees with a 
function that is continuous on the whole closed interval and has "endpoint values" 


fe.) = lim f() and f(;)- lim fo 


[1,44 
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Example 7 


= NW RAO 
T 


123 45 6f 


FIGURE 7.2.8. The graph of the unit 
staircase function of Example 7. 


Problems 


Use Laplace transforms to solve the initial value problems in 


Problems 1 through 16. 


1. x" + 4x 20; x(0) = 5, x'(0) 20 


2. x" + 9x = 0; x(0) = 3, x'(0) 


4 


3. x" — x’ -2x 20; x(0) = 0, x/(0) = 2 


that may not agree with the actual values f(t, 1) and f(t,). The value of an in- 
tegral on an interval is not affected by changing the values of the integrand at the 
endpoints. However, if the fundamental theorem of calculus is applied to find the 
value of the integral, then the antiderivative function must be continuous on the 
closed interval. We therefore use the "continuous from within the interval" end- 
point values above in evaluating (by parts) the integrals on the right in (19). The 
result is 


Yee = [-/«5 + fe] [2e f + «7 FD] 


1 


n=1 
cess fe [-es-2 TE) +e Stk-1 f& | 
+ [-e** fag) +e Sk fag) 
k—1 
--f(0*)- jsn) +e" FO), (20^) 
n=1 
where 
ip (ms) = (QD -fG) (21) 


denotes the (finite) jump in f(t) at t = ta. Assuming that L{f’(t)} exists, we 
therefore get the generalization 


LIFO = sF(s) - f(0) - Doe i pte) (22) 
n=1 
of L{ f'(t)} = sF(s) — f(0) when we now take the limit in (19) as b + +00. 


Let f(t) = 1 + [t] be the unit staircase function; its graph is shown in Fig. 7.2.8. Then 
f(0) 2 1, f' (t) = 0, and jfa) = | for each integer n = 1, 2, 3, .... Hence Eq. (22) yields 


oo 
02 sF(s))-1— Joe”, 


n=1 


so the Laplace transform of f(t) is 


1 1 
F(s) = - UL... 
(s) sS a s(1—e7S) 


In the last step we used the formula for the sum of a geometric series, 


co 


1 


oe : 
]—x 


n=0 


with x =e 5 <1. [| 


x" + 8x’ + 15x = 0; x(0) = 2, x’(0) 3 
x" + x = sin2t; x(0) = 0 = x'(0) 

x" + 4x = cost; x(0) = 0 = x'(0) 

x" + x = cos3t; x(0) = 1, x/(0) = 0 

x" + 9x = 1; x(0) = 0 = x'(0) 


PANN Ss 


9. x" + Ax' + 3x = 1; x(0) = 0 = x' (0) 

10. x" + 3x’ 4+ 2x = t; x(0) = 0, x'(0) = 2 

11. x’ =2x+y, y = 6x + 3y; x(0) = 1, y(0) = — 

12. x’ =x +2y, y! 2x ce !*;x(0) = y(0 =0 

13. x! +2y' +x 20, x - y’ + y = 0; x(0) = 0, y(0) = 1 

14. x" + 2x + 4y = 0, y" + x + 2y = 0; x(0) = y(0) = 0, 
x'(0) = y'(0) = — 

15. x" +x +y +2x— y 20, y" +x +y c Ax -2y 26; 
x(0) = y(0) = 1, x'(0) = y'(0) = 0 

16. x’ —-x-c-zy-xcyz'--2x 
z(0) 20 


z; x(0) = 1, y(0) = 0, 


Apply Theorem 2 to find the inverse Laplace transforms of the 
functions in Problems 17 through 24. 


1 
17. F()- 7 xcd ETeESS 
1 2531 
19. FU ES 20. Fo) = 5 
1 
21. F(s) = Way 22. F(s) = s(s2 — 9) 
i 1 
23. F(s) = SUE) FU s(s + DG 4-2) 


25. Apply Theorem 1 to derive £{sin kt} from the formula for 
£ (cos kt). 

26. Apply Theorem 1 to derive L{cosh kt} from the formula 
for J£ (sinh kt}. 

27. (a) Apply Theorem 1 to show that 

Limes} = - ee 1 JP. 

(b) Deduce that £41%e%} = n!/(s — a)" *! for n = 1,2, 

ries 


Apply Theorem 1 as in Example 5 to derive the Laplace trans- 
forms in Problems 28 through 30. 


Ea —k? 
28. L{tcoskt} = Dee 
, 2ks 
29. L{t sinhkt} = Cue 
s2 +k? 
30. L{t coshkt} = G GI» 
31. Apply the results in Example 5 and Problem 28 to show 


that 


E 1 1 : 
£ loep) = age sin kt kt coskt). 


Apply the extension of Theorem 1 in Eq. (22) to derive the 
Laplace transforms given in Problems 32 through 37. 


32. £(u(t—a)) 2 s-le745 fora » 0. 
33. If f(t) = 1 on the interval [a,b] (where 0 < a < b) and 
f (t) = 0 otherwise, then 


ef) = t 
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34. If f(t) = (=D is the square-wave function whose graph 
is shown in Fig. 7.2.9, then 


Lift) = L anh? = 


(Suggestion: Use the geometric series.) 


-lk} e—o e—o e—o 


FIGURE 7.2.9. The graph of the square-wave 
function of Problem 34. 


35. If f(t) is the unit on—off function whose graph is shown in 
Fig. 7.2.10, then 


1 
f = — 
LO = aes 
f(t) 
1 *—o e—o e: 
4—) 


FIGURE 7.2.10. The graph of the on-off 
function of Problem 35. 


36. If g(t) is the triangular wave function whose graph is 
shown in Fig. 7.2.11, then 


Lig(t)} = J tanh $ 


FIGURE 7.2.11. The graph of the triangular 
wave function of Problem 36. 


37. If f(t) is the sawtooth function whose graph is shown in 
Fig. 7.2.12, then 


Hr = 4- 


(Suggestion: Note that f’(t) = 1 where it is defined.) 


a Y 


FIGURE 7.2.12. The graph of the sawtooth 
function of Problem 37. 


t 
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IWAN e)l Transforms of Initial Value Problems 


The typical computer algebra system knows Theorem 1 and its corollary, hence can 
transform not only functions (as in the Section 7.1 project), but also entire initial 
value problems. We illustrate the technique here with Mathematica and in the Sec- 
tion 7.3 project with Maple. Consider the initial value problem 


x" +4x =sin3t, x(0) =x’(0) =0 


of Example 2. First we define the differential equation with its initial conditions, 
then load the Laplace transform package. 


de = x''[t] + 4«x[t] == Sin[3xt] 
inits = {x[0] — 0, x'[0] — 0} 


The Laplace transform of the differential equation is given by 
DE = LaplaceTransform[ de, t, s ] 


The result of this command—which we do not show explicitly here—is a linear 
(algebraic) equation in the as yet unknown LaplaceTransform[x[t],t,s]. We 
proceed to solve for this transform X(s) of the unknown function x(t) and substitute 
the initial conditions. 


X = Solve[DE, LaplaceTransform[x[t],t,s]] 
X X // Last // Last // Last 
X-7X/. inits 
3 
(s? + 4)(s? + 9) 


Finally we need only compute an inverse transform to find x (t). 


x = InverseLaplaceTransform[X,s,t] 

1 

ris cos(t) sin(t) — sin(3t)) 

x /. {Cos[t] Sin[t] — 1/2 Sin[2t]}// Expand 


3 1 
T sin(2t) — 5 sin(3t) 


Of course we could probably get this result immediately with DSolve, but the in- 
termediate output generated by the steps shown here can be quite instructive. You 
can try it for yourself with the initial value problems in Problems 1 through 16. 


Translation and Partial Fractions 


As illustrated by Examples 1 and 2 of Section 7.2, the solution of a linear differential 
equation with constant coefficients can often be reduced to the matter of finding the 
inverse Laplace transform of a rational function of the form 


P(s) 
Q(s) 


R(s) = (1) 


where the degree of P(s) is less than that of Q(s). The technique for finding 
J£ 1 (R(s)) is based on the same method of partial fractions that we use in ele- 
mentary calculus to integrate rational functions. The following two rules describe 
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the partial fraction decomposition of R(s), in terms of the factorization of the de- 
nominator Q(s) into linear factors and irreducible quadratic factors corresponding 
to the real and complex zeros, respectively, of Q(s). 


RULE 1 Linear Factor Partial Fractions 


The portion of the partial fraction decomposition of R(s) corresponding to the 
linear factor s — a of multiplicity n is a sum of n partial fractions, having the 
form 


A A A 
1 2 nae oer n ; 
s—a  (s—a)? (s — ay! 


(2) 


where A1, A5, ..., and A, are constants. 


RULE2 Quadratic Factor Partial Fractions 


The portion of the partial fraction decomposition corresponding to the irreducible 
quadratic factor (s — a)? + b? of multiplicity n is a sum of z partial fractions, 
having the form 


Ais + B4 4 A25 + B5 m s Ans + Bn 
G-a B t ea Bp [s ay + br 


(3) 
where A1, A2,..., An, B1, Bo,..., and B, are constants. 


Finding £^! (R(s)) involves two steps. First we must find the partial fraction 
decomposition of R(s), and then we must find the inverse Laplace transform of each 
of the individual partial fractions of the types that appear in (2) and (3). The latter 
step is based on the following elementary property of Laplace transforms. 


THEOREM 1 Translation on the s-Axis 
If F(s) = L{ f(t)} exists for s > c, then .C(e^' f(t)} exists for s > a + c, and 


» £ (e^! f(t)) = F(s — a). (4) 
Equivalently, 
» qb pgs eed P (5) 


Thus the translation s — s — a in the transform corresponds to multiplication of 
the original function of t by e”. 


Proof: If we simply replace s with s — a in the definition of F(s) = L{ f(t)}, 
we obtain 


F(s—a)= I e 6-9! F(t) dt = f e^ [e f(r)] dt = L{e™ fO. 
0 0 
This is Eq. (4), and it is clear that Eq. (5) is the same. A 


If we apply the translation theorem to the formulas for the Laplace transforms 
of t", cos kt, and sinkt that we already know—multiplying each of these functions 
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kz17 c=3 
PANNI n 1 M) — 
x(t) 


FIGURE 7.3.1. The mass-spring- 
dashpot system of Example 1. 


Solution 


FIGURE 7.3.2. The position 
function x (f) in Example 1. 


Example 2 


Solution 


by e^' and replacing s with s — a in the transforms—we get the following additions 
to the table in Fig. 7.1.2. 


f(t) F(s) 
n! 
ett n Gant (s > a) (6) 
e?! cos kt none: (s > a) (7) 
at sink E (s >a) (8) 
e Sin Kf (s = ay? ri k2 


For ready reference, all the Laplace transforms derived in this chapter are 
listed in the table of transforms that appears in the endpapers. 
Consider a mass-and-spring system with m = 1, k = 17, and c = 3 in mks units (Fig. 7.3.1). 
As usual, let x (t) denote the displacement of the mass m from its equilibrium position. If the 


mass is set in motion with x(0) = 3 and x'(0) = 1, find x(t) for the resulting damped free 
oscillations. 


The differential equation is Ax! 4 3x' + 17x — 0, so we need to solve the initial value problem 
x"-E6x'--34x 20; x(0-23, x'(0)- 1. 
We take the Laplace transform of each term of the differential equation. Because (obviously) 
L{0} = 0, we get the equation 
2x6) m 1] + 6[sX(s) — 3] + 34X(s) = 0, 


which we solve for 


3s + 19 s+3 5 
—3. +2- ; 
52 + 6s + 34 (s + 3)? + 25 (s + 3)? + 25 


X(s) = 


Applying the formulas in (7) and (8) with a = —3 and k = 5, we now see that 
x(t) = e^?! (3cos5t + 2sin 5t). 


Figure 7.3.2 shows the graph of this rapidly decaying damped oscillation. El 


Example 2 illustrates a useful technique for finding the partial fraction coeffi- 
cients in the case of nonrepeated linear factors. 


Find the inverse Laplace transform of 


Note that the denominator of R(s) factors as Q(s) = s(s + 2)(s — 4). Hence 


5241 A B C 


s3 — 252 — 8s x ggg ed 


Multiplication of each term of this equation by Q(s) yields 


s? +1 = A(s -2)(s — 4) + Bs(s — 4) + Cs(s + 2). 


When we successively substitute the three zeros s = 0, s = —2, and s = 4 of the denominator 
Q(s) in this equation, we get the results 


-8A=1, 12B=5, and 24C =17. 


Example 3 


Solution 
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E EN. ri 
iz» and C = 57,80 


5241 _ i 
s3 — 252 — 8s E 


and therefore 


2 
5241 1 5 17 
eo} —2t 4t. 
sg 8 12° 24° 
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Example 3 illustrates a differentiation technique for finding the partial fraction 


coefficients in the case of repeated linear factors. 
Solve the initial value problem 
yi +4y'+4y =°; yO=y'@=0. 


The transformed equation is 
2 2 
s^Y(s) + 4sY(s) + AY(s) = =: 
s 


Thus 


A B C D E 


Y(s) = = 3 
(s) 53(s--2)? 53 t s2 T s T (s + 2)? = s+2 


To find A, B, and C, we multiply both sides by 5? to obtain 


2 


6127 = A+ Bs + Cs? + s F(s), 


(9) 


(10) 


where F(s) = D(s + 2)~? + E(s 4-2)! is the sum of the two partial fractions corresponding 
to (s + 22. Substitution of s = 0 in Eq. (10) yields A = 1. To find B and C, we differentiate 


Eq. (10) twice to obtain 


-4 2 3p 
Gaps = B+2Cs + 3s* F(s) + s" F'(s) 
and 
L4? ac + 6s F (s) + 652 F' (s) + s? F"(s) 
(s + 2)4 ` 


(41) 


(12) 


Now substitution of s — 0 in Eq. (11) yields B — —5, and substitution of s = 0 in Eq. (12) 


yields C = $ 
To find D and E, we multiply each side in Eq. (9) by (s + 2)? to get 


2 
pn E(s + 2) + (s + 2? G(s), 
where G(s) — As? + Bs? + Cs7!, and then differentiate to obtain 


-$ = E + 2(s + 2)G(s) + (s + 2? G'(s). 


Substitution of s = —2 in Eqs. (13) and (14) now yields D = i and E — 3. Thus 


4 d d 
Türen gx (s--22? s+2’ 

so the solution of the given initial value problem is 
y(t) = 407-444 g- hte” — 30, 


(13) 


(14) 
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Example 4 


Solution 


x 


| Periodic 


Transient 


-0.5 + 


FIGURE 7.3.3. The periodic forced 
oscillation xs, (t), damped transient 
motion X(t), and solution 

X(t) = Xsp(t) + xu (t) in Example 4. 


Examples 4, 5, and 6 illustrate techniques for dealing with quadratic factors in 
partial fraction decompositions. 


Consider the mass-spring-dashpot system as in Example 1, but with initial conditions x (0) = 
x'(0) = 0 and with the imposed external force F(t) = 15sin2r. Find the resulting transient 
motion and steady periodic motion of the mass. 


The initial value problem we need to solve is 
x" + 6x' + 34x = 30sin2t;  x(0) = x'/(0) = 0. 
The transformed equation is 


60 


2 
x 6sX 34X(s) = . 
5^ X (s) + 6sX(s) + 34X (s) Bud 


Hence 
60 | Ast B Cs+D 


(s2 + Dis +3) +25] s24+4 (84 3)2425' 
When we multiply both sides by the common denominator, we get 


X(s) = 


60 = (As + B)[(s + 3? + 25] + (Cs + D)(s? + 4). (15) 


To find A and B, we substitute the zero s = 2i of the quadratic factor s?+4in Eq. (15); 
the result is 
60 = (2i A + B)[(2i + 3)? + 25], 


which we simplify to 
60 = (—24A + 30B) + (60A + 12B)i. 


We now equate real parts and imaginary parts on each side of this equation to obtain the two 
linear equations 
—24A + 30B = 60 and 604A + 12B = 0, 


which are readily solved for A = 19 and B — 39. 


To find C and D, we substitute the zero s = —3 + 5i of the quadratic factor (s + 3)? +25 
in Eq. (15) and get 


60 = [C(-3 + 5i) + D][(—3 + 5i)? + 4], 


which we simplify to 
60 = (186C — 12D) + (30C — 30D)i. 


Again we equate real parts and imaginary parts; this yields the two linear equations 
186C — 12D = 60 and 30C —30D = 0, 


and we readily find their solution to be C = D = 19. 
With these values of the coefficients A, B, C, and D, our partial fractions decomposi- 
tion of X(s) is 


X(s) = 


1 eee 10s + 10 
29 s24+4 (s + 3)2 +25 


_ 1 (10s 425.2 ou sy) 
29 s2+4 (s + 3)? + 25 


After we compute the inverse Laplace transforms, we get the position function 
x(t) = 3 (-2cos2t + 5sin2t) + Ze ?' (5cos 5t — 2sin 5t). 


The terms of circular frequency 2 constitute the steady periodic forced oscillation of the 
mass, whereas the exponentially damped terms of circular frequency 5 constitute its transient 
motion, which disappears very rapidly (see Fig. 7.3.3). Note that the transient motion is 
nonzero even though both initial conditions are zero. a 


Example 5 


Solution 


=á 


FIGURE 7.3.4. The resonance 
solution in (18) with wọ = 4 and 
Fo = 1, together with its envelope 


curves x = d 


tC(t). 


Example 6 
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Resonance and Repeated Quadratic Factors 


The following two inverse Laplace transforms are useful in inverting partial frac- 
tions that correspond to the case of repeated quadratic factors: 


zy 5 E 
L = " al j sinkt, (16) 
-1f : Is kt —k k 
Te TN = zp (sinkt —ktcoskt). (17) 


These follow from Example 5 and Problem 31 of Section 7.2, respectively. Because 
of the presence in Eqs. (16) and (17) of the terms t sinkt and t cos kt, a repeated 
quadratic factor ordinarily signals the phenomenon of resonance in an undamped 
mechanical or electrical system. 


Use Laplace transforms to solve the initial value problem 
x" +o 9x = Fosinot; x(0) = 0 = x'(0) 


that determines the undamped forced oscillations of a mass on a spring. 
When we transform the differential equation, we get the equation 
Foo Foo 
2 3 z» So X(s) = 2 " 2 2 AC 
Ss“ +O (s^ + *)(s* + eg) 


s? X(s) + cx X(s) = 


If  Z wo, we find without difficulty that 


iga T 1 1 
s) = ; 
w? — D s2 + og s2 + o? 


so it follows that 


Fow T... E. 
x(t) — 5 sin wot sinot |. 
w? — wf N00 w 
But if @ = wo, we have 
Fowo 
Xs) = ———, 
( (s? + oe? 

so Eq. (17) yields the resonance solution 

Fo... 

x(t) = — (sin wot — wot COS Wot). (18) 
2, 


0 
a 


Remark The solution curve defined in Eq. (18) bounces back and forth (see Fig. 7.3.4) 
between the “envelope curves” x = +C (t) that are obtained by writing (18) in the form 


x(t) = A(t) cos vot + B(t) sin wot 


and then defining the usual “amplitude” C = v A? + B?. Tn this case we find that 


Fo 
C(t) 2 —/w2t? +1. 
(t) 25 0 


This technique for constructing envelope curves of resonance solutions is illustrated further 
in the application material for this section. E 


Solve the initial value problem 


y? 2y" +y =4tet: y(0) = y(0) = y"(0) = y® 0) = 0. 
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Solution 


First we observe that 


LIY" = s2Y(s), LEYO O 2 s*Y(s), and gud. 
(s— 12 


Hence the transformed equation is 


(st 42s? + DY(s) = SN 
Thus our problem is to find the inverse transform of 
Y(s) = i 
(s — 1)? (s2 + 1)? 
A B Cs+ D Es+ F 


(19) 


“ade ier uis PEL 
If we multiply by the common denominator (s — 1)? (s? + 1)?, we get the equation 
A(s? 4-1 + B(s — 1)(s? + 1? + Cs(s — 1)? 
+ D(s — 1)? + Es(s — 1" + 1) + F(s 17 (s? + 1) = 4. (20) 


Upon substituting s = 1 we find that A = 1. 

Equation (20) is an identity that holds for all values of s. To find the values of the 
remaining coefficients, we substitute in succession the values s = 0, s 1,$22,.5 2: 
and s = 3 in Eq. (20). This yields the system 


-B +D + F= 3, 
-8B — 4C +4D = B8E+ 8F= 0, 
25B + 2C+ D+ 10E + 5F = -2], (21) 


—75B — 18C + 9D — 90E + 45F = —21, 
200B + 12C + 4D + 120E + 40F = —96 


of five linear equations in B, C, D, E, and F. With the aid of a calculator programmed to 
solve linear systems, we find that B 2,C =2,D =0, FE =2,and F = I. 
We now substitute in Eq. (19) the coefficients we have found, and thus obtain 


1 2 2s 25-41 


Y(s) = i 
(s) (s — 1)2 $ed (WE. eal 


Recalling Eq. (16), the translation property, and the familiar transforms of cos: and sint, we 
see finally that the solution of the given initial value problem is 


y(t) = (t — 2)e! + (t + 1) sint + 2cost. H 
Problems 
Apply the translation theorem to find the Laplace transforms 7. F(s) = I 8. F(s) = oa 
of the functions in Problems I through 4. s2+45+4 s2--4s4- 5 
3s 45 253 
= tfe"! = (3/2674t 9. F(s) = 5———— 10. F(s) = — ————— 
1. f(t) = tte 2. f(t) =17/%e (pec a (s) 2 n 


3. f(r) =e” sinàzt 4. f(t) = e !/"? cos2 (: - ix) 


Use partial fractions to find the inverse Laplace transforms of 
the functions in Problems 11 through 22. 


Apply the translation theorem to find the inverse Laplace trans- 1 ag 
forms of the functions in Problems 5 through 10. 1. F(s)— oa 12. F(s) = Sg. 
3 sl 5—2s 5s—4 
5. F(s) = ——— 6. F(s) = ——., 13. F(s) = —————— 14. F(s) = ———— —- 
2-4 TENES 6) 7 2475 4-10 dierum 
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15. F(s) = anes 16. F(s) = l 34. x(® + 13x" + 36x = 0; x(0) = x” (0) = 0, x/(0) = 2, 
s? — 5s? (5? +s —6)? x®(0) = -13 

1 "E 35. x + 8x” + 16x = 0: x(0) x’ (0) x" (0) 0 

17. F(s) — 18. F(s) = ——— , > 
(s) s4 _ 16 (s) (s m 4)4 x) (0) = 1 

s? — 25 l 36. x@ + 2x" +x = 67; x(0) = x'(0) = x” (0) = x® 0) =0 

19. F(s) = FON NW! 20. F(s) = 5^ — 852 +16 ct x4 4x! + 13x = tet; x(0) = 0,30) = 2 
243 253 — 52 . X 46x + 18x = cos 2t; x(0) = 1, x (0) = —1 

21. F(s) = —— ` F(s) soos 


Use the factorization 


s^ + 4a* = (s? — 2as + 2a”)(s? + 2as + 24^) 


to derive the inverse Laplace transforms listed in Problems 23 


(s? + 2s + 2)? 


(4s? = 4s + 5)? Problems 39 and 40 illustrate two types of resonance in a 
mass—spring—dashpot system with given external force F(t) 


and with the initial conditions x(0) = x'(0) = 0. 


39. Suppose that m = 1, k = 9, c = 0, and F(t) = 6cos3t. 
Use the inverse transform given in Eq. (16) to derive the 


through 26. solution x(t) = t sin 3t. Construct a figure that illustrates 
: the resonance that occurs. 
23. p- sS Se re 40. Suppose that m = lk= 9.04, c = 0.4, and F(t) = 
s4 + 4a‘ 6e~*/5 cos 3t. Derive the solution 
1 = ; 
24. Lo} EET = 542 Simhat sinat x(t) = te /5 sin 3r, 
E a a 
32 1 Show that the maximum value of the amplitude function 
25. £^ qu m zg Coshat sinat + sinhat cosat) A(t) = te^'/5 is A(5) = 5/e. Thus (as indicated in 
à E i Fig. 7.3.5) the oscillations of the mass increase in am- 


26. e ul ct. 


"P" + 4a^ 


Use Laplace transforms to solve the initial value problems in 


Problems 27 through 38. 


27. x" + 6x! + 25x = 0; x(0) = 2, x'(0) = 3 


i (cosh at sin at — sinh at cosat) 
a 


plitude during the first 5 s before being damped out as 
t > +00. 


28. x" — 6x’ + 8x = 2; x(0) 
29. x" — 4x = 3t; x(0) = x'(0) = 0 

30. x” + 4x’ + 8x = e; x(0) = x'(0) =0 
31. xO + x” — 6x! = 0; x(0) = 0, x/(0) = x"(0) = 1 3 
32. x — x = 0; x(0) = 1, x/(0) = x” (0) = x90(0) = 0 


0 


FIGURE 7.3.5. The graph of the damped 


33. x + x = 0; x(0) = x/(0) 


x"(0) = 0, x® (0) 2 1 


oscillation in Problem 40. 


LAKE. Yelelllefeuiie Damping and Resonance Investigations 


Here we outline a Maple investigation of the behavior of the mass-spring-dashpot 
system 
mx" +cex'+kx — F(t), x(0) 2 x'(0) 20 (1) 
with parameter values 
m := 25; c := 10; k :- 226; 
in response to a variety of possible external forces: 
1. F(t) = 226 
This should give damped oscillations “leveling off" to a constant solution (why?). 


2. F(t) = 901 cos 3t 


With this periodic external force you should see a steady periodic oscillation with 
an exponentially damped transient motion (as illustrated in Fig. 3.6.13). 
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3. F(t) = 900e^'/? cos3t 


Now the periodic external force is exponentially damped, and the transform X(s) 
includes a repeated quadratic factor that signals the presence of a resonance phe- 
nomenon. The response x(t) is a constant multiple of that shown in Fig. 7.3.5. 


4. F(t) = 900te-'/? cos3t 


We have inserted the factor ¢ to make it a bit more interesting. The solution in this 
case is illustrated below. 


5. F(t) = 162t3e—*/5 cos 3t 


In this case you'll find that the transform X(s) involves the fifth power of a quadratic 
factor, and its inverse transform by manual methods would be impossibly tedious. 

To illustrate the Maple approach, we first set up the differential equation cor- 
responding to Case 4. 


F := 900*tk*exp(-t/5) *cos (3«t) ; 
de := mx«diff(x(t),t$2) + c«diff(x(t),t) + k«x(t) = F; 


Then we apply the Laplace transform and substitute the initial conditions. 


with (inttrans) : 

DE := laplace(de, t, s): 

X(s) := solve(DE, laplace(x(t), t, s)): 

X(s) := simplify(subs(x(0)20, D(x) (0)=0, X(s))); 


At this point the command £actor (denom (X (s) ) ) shows that 


x 22500(25s2 + 10s — 224) 
5j = 
(25s? + 10s + 226)? 


The cubed quadratic factor would be difficult to handle manually, but the command 
x(t) := invlaplace(X(s), s, t); 


soon yields 
x(t) = e? (t cos3t + (3t? — 4) sin 3t) . 


The amplitude function for these damped oscillations is defined by 


C(t) := exp(-t/5)*sqrt(tA2 + (3*t^2 - 1/3)^2); 


and finally the command 


FIGURE 7.3.6. The resonance plot({x(t), C(t), -C(t)}, t=0..40); 

solution and its envelope curves in . . . 

Case 4. produces the plot shown in Fig. 7.3.6. The resonance resulting from the repeated 
quadratic factor consists of a temporary buildup before the oscillations are damped 
out. 


For a similar solution in one of the other cases listed previously, you need only 
enter the appropriate force F in the initial command above and then re-execute the 
subsequent commands. To see the advantage of using Laplace transforms, set up 
the differential equation de for Case 5 and examine the result of the command 


dsolve({de, x(0)=0, D(x) (0)=0}, x(t)); 


Of course you can substitute your own favorite mass—spring—dashpot parameters for 
those used here. But it will simplify the calculations if you choose m, c, and k so 
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that 
mr? E cr +k = (pr +a}? +b? (2) 


where p, a, and b are integers. One way is to select the latter integers first, then use 
Eq. (2) to determine m, c, and k. 


Derivatives, Integrals, and Products of Transforms 


The Laplace transform of the (initially unknown) solution of a differential equation 
is sometimes recognizable as the product of the transforms of two known functions. 
For example, when we transform the initial value problem 


x” +x=cost; x(0)=x'(0) = 0, 


we get 
5 1 


X(s) = = Š 
(s) (s--1) s2+1 s241 


= L{cost}- L{sint}. 


This strongly suggests that there ought to be a way of combining the two functions 
sint and cos: to obtain a function x(t) whose transform is the product of their 
transforms. But obviously x(t) is not simply the product of cost and sint, because 


1 5 
Spa (s? + 1)?" 


(cost sint) = L {4 sin2t} = 


Thus £{cost sint) A L{cost}- sint]. 
Theorem 1 of this section will tell us that the function 


t 
wn = f fts - 0d: a) 
0 
has the desired property that 


Lth(t)} = H(s) = F(s): GG). Q) 


The new function of t defined as the integral in (1) depends only on f and g and is 
called the convolution of f and g. It is denoted by f x g, the idea being that it is a 
new type of product of f and g, so tailored that its transform is the product of the 
transforms of f and g. 


DEFINITION The Convolution of Two Functions 


The convolution f * g of the piecewise continuous functions f and g is defined 
for t 2 0 as follows: 


t 
> (f*20 = if fist edis Q3) 
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We will also write f(t) * g(t) when convenient. In terms of the convolution 
product, Theorem 1 of this section says that 


> Lif * 8g} = Lif}: Lig}. 


If we make the substitution u = t — x in the integral in (3), we see that 


hi 0 
f(t) * g(t) = Í f(Ogt -)dr = i, f(t —u)g(u)(—du) 


t 
= f score du = g0) f. 
0 
Thus the convolution is commutative: f * g — g * f. 
The convolution of cos t and sin: is 
t 
(cos t) * (sint) = f cos c sin(t — t) dt. 
0 


We apply the trigonometric identity 
cos Asin B — 1 [sin(A + B) — sin(A — B)] 


to obtain 


t 
(cos t) * (sint) = f 5 [sin ź — sin(2t — t)] dt 
0 


t 
- sfe sint + i cos(2t — n| 
t=0 


that is, 
(cost) * (sint) = lt sin f. 
And we recall from Example 5 of Section 7.2 that the Laplace transform of at sin: is indeed 
s/(s? + 1)?. [| 
Theorem 1 is proved at the end of this section. 


THEOREM 1 The Convolution Property 


Suppose that f(t) and g(t) are piecewise continuous for t 2 0 and that | f(t)| 
and |g(t)| are bounded by Me“ as t — --oo. Then the Laplace transform of the 
convolution f(t) * g(t) exists for s > c; moreover, 


» Li f(t) * gO} = ctf Lig} (4) 
and 
= L"{F(s)- G(s)} = f()* g@). (5) 


Thus we can find the inverse transform of the product F(s) - G(s), provided 
that we can evaluate the integral 


> £“"{F(s)- G(s)} = I fist (S) 


Example 2 illustrates the fact that convolution often provides a convenient 
alternative to the use of partial fractions for finding inverse transforms. 


Example 2 


Example 3 


Solution 
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With f(t) = sin2t and g(t) = e‘, convolution yields 


2 t 
p | 2 | = (sin2r) x e! = f e! " sin2r dc 
(s — D)(s? + 4) 0 
t et t 
= ef e * sin2z dt =e! | (— sin 2t — 2cos 2] ; 
0 5 0 
so 
2 2 1 2 
Lo! = =e sin 2t cos 2t. 
(s — 1)(s2 + 4) 5 5 5 


Differentiation of Transforms 
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According to Theorem 1 of Section 7.2, if f(0) = 0 then differentiation of f(t) 
corresponds to multiplication of its transform by s. Theorem 2, proved at the end 
of this section, tells us that differentiation of the transform F(s) corresponds to 


multiplication of the original function f(t) by —t. 


THEOREM 2 Differentiation of Transforms 


If f(t) is piecewise continuous for t 2 0 and | f(t)| € Me™% as t — +00, then 


L{-tf(t)} = F'() 
for s > c. Equivalently, 
1 
> f(t) = LHF) =~ LF}. 
Repeated application of Eq. (6) gives 


Lie" fo} = ly FG) 


fonni: =PO TEE 


Find L{t? sinkt}. 
Equation (8) gives 


d? k 
2 nbn 2 
J£ (t^ sinkt) = (—1) ds (zu) 
| df -2s ] 6ks?-— 2k? 
ds | (s2 +k?)2 (s2 + k2)5 ` 


(6) 


(7) 


(8) 


(9) 
u 


The form of the differentiation property in Eq. (7) is often helpful in finding 
an inverse transform when the derivative of the transform is easier to work with than 


the transform itself. 
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Example 4 
Solution 


Example 5 


Find £7! (tan^! (1/5)). 
The derivative of tan! (1/s) is a simple rational function, so we apply Eq. (7): 


got fran! | = l pi | g tan | | 
S 


Therefore, 
po fran! d E ur L| 
sS 


Equation (8) can be applied to transform a linear differential equation having 
polynomial, rather than constant, coefficients. The result will be a differential equa- 
tion involving the transform; whether this procedure leads to success depends, of 
course, on whether we can solve the new equation more readily than the old one. 


Let x(t) be the solution of Bessel’s equation of order zero, 
tx" +x/+tx =0, 


such that x(0) = 1 and x’(0) = 0. This solution of Bessel’s equation is customarily denoted 
by Jo(t). Because 


LIXO} = sX(s) -1 and L{x"(t)} = s2X(s) — s, 
and because x and x” are each multiplied by t, application of Eq. (6) yields the transformed 
equation 
d [5 d 
"a [s X(s) -s] + [sX (s) — 1] — Ts [X(s)] = 0. 
The result of differentiation and simplification is the differential equation 


(s? + DX (s) + sX (s) = 0. 


This equation is separable— 
X'(s) | 5 
X() — s24V 


its general solution is 


C 
X(s) — . 
Vs2 +1 
In Problem 39 we outline the argument that C = 1. Because X(s) = L{Jo(t)}, it follows that 
1 
L{Jo(t)} = (10) 
4s? +1 M 


Integration of Transforms 


Differentiation of F(s) corresponds to multiplication of f(t) by t (together with 
a change of sign). It is therefore natural to expect that integration of F(s) will 
correspond to division of f(t) by t. Theorem 3, proved at the end of this section, 
confirms this, provided that the resulting quotient f(t)/t remains well behaved as 
t — 0 from the right; that is, provided that 


lim JO 


t>ot 


exists and is finite. (11) 


Example 6 


Solution 


Example 7 


Solution 
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THEOREM 3 Integration of Transforms 


Suppose that f(t) is piecewise continuous for t 2 0, that f(t) satisfies the condi- 
tion in (11), and that | f(t)| € Me% as t > +00. Then 


t oo 
e-f F(o)do (12) 
for s > c. Equivalently, 

fO = LHF (s) = tL! if F(o) do : (13) 
Find 4 (sinh )/t). 
We first verify that the condition in (11) holds: 

3 b ,-t t =f 
L T L M od UNT 
t20 t t—0 2t t0 2 


with the aid of l'Hópital's rule. Then Eq. (12), with f(t) = sinh t, yields 


inh ox © d 
eb “| = f £isinhr) do = | E 
t 5 s 02-1 
oo _ 470% 
2G 1) do = ie = . 
2 Js g= -gl 2 o+ 1], 
of -init 


t Doel 
because In 1 = 0. [| 


Therefore, 


The form of the integration property in Eq. (13) is often helpful in finding an 
inverse transform when the indefinite integral of the transform is easier to handle 
than the transform itself. 


Find £7142s/(s? — 1)7}. 
We could use partial fractions, but it is much simpler to apply Eq. (13). This gives 


_ 2s _ 99 20 
i hpl a erat] 


NEUES 


and therefore 


* Proofs of Theorems 


Proof of Theorem 1: The transforms F(s) and G(s) exist when s > c by 
Theorem 2 of Section 7.1. For any t > 0 the definition of the Laplace transform 
gives 


G(s) — T e *"g(u)du = L eS) g(t —r)dt (u=t—1), 
0 t 
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and therefore "" 
G(s) = el e *' g(t — x) dt, 
0 


because we may define f (t) and g(t) to be zero for t < 0. Then 


F(s)G(s) = G(s) [ e ** f(x) dv — [ e ** f(x)G(s) dt 


= | g^" fi) (" m e *  g(t — c) at) dt 
= Tl "n e^ f(r) g(t — 2) ar) dt. 


Now our hypotheses on f and g imply that the order of integration may be reversed. 
(The proof of this requires a discussion of uniform convergence of improper inte- 
grals, and can be found in Chapter 2 of Churchill's Operational Mathematics, 3rd 
ed. (New York: McGraw-Hill, 1972).) Hence 


F(s)G(s) — f (/ e™ f(t) g(t — dr) dt 


= few (f f(ett - 041) dt 


=f e^ Lf (t) » g(0)] dt. 


and therefore, 

F(s)G(s) = LISO * 803. 
We replace the upper limit of the inner integral with t because g(t — t) = 0 whenever 
t > t. This completes the proof of Theorem 1. A 


Proof of Theorem 2: Because 


F(s) = | e f(t) dt, 


differentiation under the integral sign yields 


d oo 
F(s)= =f e`” f (t) dt 


d d —st E —st 
-f Li fo] ar = f e™t [t f()] dt: 


thus 

F'(s) = L{-tf(O}, 
which is Eq. (6). We obtain Eq. (7) by applying £7! and then dividing by —t. The 
validity of differentiation under the integral sign depends on uniform convergence 
of the resulting integral; this is discussed in Chapter 2 of the book by Churchill just 
mentioned. A 


Proof of Theorem 3: By definition, 


F(o) = [ e” Fr) dir, 
0 
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So integration of F(o) from s to +00 gives 


f| Feao= (f era) do, 


Under the hypotheses of the theorem, the order of integration may be reversed (see 
Churchill’s book once again); it follows that 


T F(o) do z ([ erac) dt 


= a =] f(t) dt 
0 —t o=s 


= f e2 au = el. 
0 t t 


This verifies Eq. (12), and Eq. (13) follows upon first applying £7! and then multi- 


plying by t. 


Problems 


Find the convolution f(t) * g(t) in Problems 1 through 6. 


-fH=tg0=1 2. f(t) =t, g(t) = e” 

. f(t) = g(t) 5 sint 4. f(t) = 12, g(t) = cost 
. f(t) = g(t) =e” 

. f() =e gt) =e" (a Xd) 


Apply the convolution theorem to find the inverse Laplace 
transforms of the functions in Problems 7 through 14. 


= 


e Ut 


1 
die BO erm 

i 1 
9. F(s) = (2 + 92 10. F(s) = 52(s2 + k2) 

2 1 
M. FO) = Gp E FT TES 
13. F(s) = E 14. F(s) = - 


(s — 3)(s2 + 1) 54 + 552 4 


In Problems 15 through 22, apply either Theorem 2 or Theo- 
rem 3 to find the Laplace transform of f (t). 

15. f(t) = tsin3t 16. f(t) = t? cos2t 

17. f(t) — te?! cos3t 18. f(t) = te™ sin? t 


19. f) = d w Jury ERR 
3t 6 yt 
a. r =E 22. Jüj = E 


Find the inverse transforms of the functions in Problems 23 
through 28. 


$2 s? +1 
23. F(s) 21 24. F(s) = n —— 
a T^ Med 

sz +1 


3 
26. F(s) = tan! —— 


a EN i 30-3 542 


A 


S 


28. F(s) = Gay 


27. F(s) 2 In (: d: 3) 
AY 


In Problems 29 through 34, transform the given differential 
equation to find a nontrivial solution such that x(0) = 0. 


29. tx” + (t—2)x’+x=0 

30. tx” + (381 — D)x' +3x 20 

31. ix" — (4t + Ix’ -20t + 1)x 20 

32. ix" + 2(t — 1)x' -2x 20 

33. tx” —2x' Fc ix 20 

34. ix" + (4t — 2)x' + (13t —4)x = 0 

35. Apply the convolution theorem to show that 


1 2e pve 2 
-1 Í | z e du = e erf vt. 


le=Dvs) Vm Jo 
(Suggestion: Substitute u = yt .) 
In Problems 36 through 38, apply the convolution theorem 
to derive the indicated solution x(t) of the given differential 
equation with initial conditions x(0) = x'(0) = 0. 
1 t 
36. x" + Ax = f(t); x(t) = J f(t—r)sin2tdr 
0 
t 
37. x" +2x' +x = f(t); x(t) = f te * f(t — x) dc 
0 


38. x" + Ax' + 13x = f(t); 


t 
x(t) = J f(t — te ?* sin3tdr 
0 
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Termwise Inverse Transformation of Series 


In Chapter 2 of Churchill's Operational Mathematics, the fol- 
lowing theorem is proved. Suppose that f(t) is continuous for 
t 2 0, that f (t) is of exponential order as t — +00, and that 


oo 
an 
»3 gttk+1 


n=0 


F(s) = 


where 0 € k < 1 and the series converges absolutely for s > c. 
Then 


Expand with the aid of the binomial series and then com- 
pute the inverse transformation term by term to obtain 


cM {= 1)^;2n 
22n(n! (n)? ^ 
Finally, note that Jo(0) = 1 implies that C = 1. 


40. Expand the function F(s) = s~!/2e~1/5 in powers of s~! 
to show that 


Jo(t) = 


»» ast tk 
f (t) = . =] | 1 —1/ 1 
j T(n+k+1) Loi eS) 2 cos2A/ft. 
n=0 Js Jat 
Apply this result in Problems 39 through 41. 
39. In Example 5 it was shown that nd alas 
C C pc V E "un 2t 
Li Jo(t)} = = 1 . 3 
{Jo(t)} WA ( + z) s ( ) 


Periodic and Piecewise Continuous Input Functions 


X= u(t) 


t 


a 


FIGURE 7.5.1. The graph of the unit 
step function at f = a. 


Mathematical models of mechanical or electrical systems often involve functions 
with discontinuities corresponding to external forces that are turned abruptly on or 
off. One such simple on-off function is the unit step function that we introduced in 
Section 7.1. Recall that the unit step function at t — a is defined by 


ncasa Heal (1) 


1 iftza. 


The notation ua(t) indicates succinctly where the unit upward step in value takes 
place (Fig. 7.5.1), whereas u(t — a) connotes the sometimes useful idea of a “time 
delay" a before the step is made. 

In Example 8 of Section 7.1 we saw that if a = 0, then 


—as 


> £(u(t —a)) = 5 


(2) 


Because L£{u(t)} = 1/s, Eq. (2) implies that multiplication of the transform of u(t) 
by e^ 45 corresponds to the translation t — t — a in the original independent variable. 
Theorem 1 tells us that this fact, when properly interpreted, is a general property of 
the Laplace transformation. 


THEOREM 1 
If L1 f (t)) exists for s > c, then 


Translation on the t-Axis 


L{u(t —a) f(t —a)) = e " F(s) (3a) 


and 
£ (e 75 F(s)} = u(t — a) f(t — a) (3b) 


for s >c +a. 
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Note that 


ift «a, 


u= aema vcn ated, 


(4) 


Thus Theorem 1 implies that .&^! (e ^5 F(s)} is the function whose graph for t = a 

is the translation by a units to the right of the graph of f(t) for t 2 0. Note that the 
f) part (if any) of the graph of f(t) to the left of t = 0 is “cut off" and is not translated 
(Fig. 7.5.2). In some applications the function f(t) describes an incoming signal 
that starts arriving at time t = 0. Then u(t — a) f (t — a) denotes a signal of the same 
"shape" but with a time delay of a, so it does not start arriving until time ¢ = a. 


x 


— (| ——>, 


u(t—a)f(t—a) Proof of Theorem 1: From the definition of L{ f(t)}, we get 
I 
| oo oo 
a ] e 4^5 F(s) = pur e7** f(t)dt = f eS +4) f(x) dt. 
0 0 
FIGURE 7.5.2. Translation of f(t) 
a units to the right. The substitution tf = t + a then yields 


e ^5 F(s) = f e — a) dt. 


From Eq. (4) we see that this is the same as 


e “F(s)= i‘ e “u(t — a) f(t —a) dt = L{u(t —a) f(t —a)}, 


because u(t — a) f(t — a) = 0 for t < a. This completes the proof of 
Theorem 1. A 
Example 1 With f(t) = 1r, Theorem 1 gives 
ue 1 0 ift<a 
LANE he 2 = Fig. 7.5.3). 
| s3 | a 25 a) Meow? iff 2a (Fig a 


Example Find L{g(t)} if 
0 ifr «3 
g(t) lo ifta (Fig ) 
Solution Before applying Theorem 1, we must first write g(t) in the form u(t — 3) f(t — 3). The 
function f(t) whose translation 3 units to the right agrees (for t = 3) with g(t) = t? is 
f(t) = (t + 3? because f(t — 3) = 1?. But then 


2 6 9 
F(s) = L{ 6149] 2 — E 54-2, 
M M M 


so now Theorem 1 yields 


£(g(t)) = L{ult — 3) f(t -3) = e ? F(s) = e? (5 + s + =). = 
AY M 


ISXOIIS[SXME Find £{ f(t)} if 
cos2t ifO0 St <27 
i= T ? Fig. 7.5.5). 
JSO 0 ift >2n (Fig ) 
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FIGURE 7.5.3. The graph of the 
inverse transform of Example 1. 


Solution 


Example 4 


Solution 


FIGURE 7.5.6. The graph of the 
function x(t) of Example 4. 


x 
x 
20 - 
15 [- 
10r- 
/ 
7 
Sd x20 x= g(t) 
1 
P il P id 
EN o" i -—— 
1 2 3 a4 f 


FIGURE 7.5.4. The graph of the FIGURE 7.5.5. The function f(t) of 
function g (t) of Example 2. Examples 3 and 4. 


We note first that 
f(t) = [1 — u(t — 2z)]cos2t = cos2t — u(t — 2z) cos 2(t — 27) 
because of the periodicity of the cosine function. Hence Theorem 1 gives 


s(1— e-275) 


Lf (t)} = L{cos 2t} — e ?"5.P(cos21) = tua 


A mass that weighs 32 Ib (mass m = 1 slug) is attached to the free end of a long, light spring 
that is stretched 1 ft by a force of 4 lb (k = 4 lb/ft). The mass is initially at rest in its 
equilibrium position. Beginning at time ¢ = 0 (seconds), an external force f(t) = cos 2t is 
applied to the mass, but at time t = 27 this force is turned off (abruptly discontinued) and the 
mass is allowed to continue its motion unimpeded. Find the resulting position function x(t) 
of the mass. 


We need to solve the initial value problem 
x"-E4x = f(t); x(0) =x (0 2 0, 
where f(t) is the function of Example 3. The transformed equation is 


sd — e727) 


(s? + 4)X(s) = F(s) = Gli 


SO 
—2mzs 5 


X(s) — (2 + 42 e G24 p2 


Because 
=i S PLUR 
L (2 +42 = qt sin 2t 
by Eq. (16) of Section 7.3, it follows from Theorem 1 that 


x(t) = Itsin2t — u(t — 2m) - À(t — 22) sin2(t — 277) 


-l[ u(t — 2z)- (t — 2x )] sin 2t. 


If we separate the cases t < 2x and t Z 2x, we find that the position function may be written 
in the form 
itsin2t ift < 2z, 


x(t) = 
x(t) 1 
2 
As indicated by the graph of x(t) shown in Fig. 7.5.6, the mass oscillates with circular fre- 
quency o = 2 and with linearly increasing amplitude until the force is removed at time t = 27. 


z sin2t ift Z 2m. 


Example 5 


Solution 


o— TIN 


Switch 


Eo 


lili 
| 
a 


WV 
R 


FIGURE 7.5.7. The series RLC 
circuit of Example 5. 
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Thereafter, the mass continues to oscillate with the same frequency but with constant ampli- 
tude 2/2. The force F(t) = cos2t would produce pure resonance if continued indefinitely, 
but we see that its effect ceases immediately at the moment it is turned off. a 


If we were to attack Example 4 with the methods of Chapter 3, we would 
need to solve one problem for the interval 0 < t < 27 and then solve a new problem 
with different initial conditions for the interval £ 2 27. In such a situation the 
Laplace transform method enjoys the distinct advantage of not requiring the solution 
of different problems on different intervals. 


Consider the RLC circuit shown in Fig. 7.5.7, with R = 110 Q, L = 1 H, C = 0.001 F, anda 
battery supplying £o — 90 V. Initially there is no current in the circuit and no charge on the 
capacitor. At time t = 0 the switch is closed and left closed for 1 second. At time ¢ = 1 it is 
opened and left open thereafter. Find the resulting current in the circuit. 
We recall from Section 3.7 the basic series circuit equation 

di 1 

L— + Ri + —q = e(t); 5 

qg T R t pace (5) 
we use lowercase letters for current, charge, and voltage and reserve uppercase letters for 
their transforms. With the given circuit elements, Eq. (5) is 


di 
T + 110 + 1000q = e(t), (6) 
where e(t) = 90[1 — u(t — 1)], corresponding to the opening and closing of the switch. 

In Section 3.7 our strategy was to differentiate both sides of Eq. (5), then apply the 
relation 


dq 
,_ 44 7 
inicr (7) 
to obtain the second-order equation 
p "i + x '(t) 
i — e'(t). 
dt? dt ~C 


Here we do not use that method, because e’ (t) = 0 except at t = 1, whereas the jump from 
e(t) = 90 when t < I to e(t) = 0 when t > 1 would seem to require that e'(1) = —oo. Thus 
e' (t) appears to have an infinite discontinuity at  — 1. This phenomenon will be discussed in 
Section 7.6. For now, we will simply note that it is an odd situation and circumvent it rather 
than attempt to deal with it here. 

To avoid the possible problem at t = 1, we observe that the initial value q(0) = 0 and 
Eq. (7) yield, upon integration, 


t 
q(t) = y i(t) dt. (8) 
0 
We substitute Eq. (8) in Eq. (5) to obtain 
di 201 ft. 
Lt Rit ol, i(t)dt — e(t). (9) 


This is the integrodifferential equation of a series RLC circuit; it involves both the integral 
and the derivative of the unknown function i (t). The Laplace transform method works well 
with such an equation. 

In the present example, Eq. (9) is 


; t 
di or + 1000 f i(t)dt = 90[1 — u(t — 1)]. (10) 
0 


dt 
elf ioa] = m 


Because 
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FIGURE 7.5.8. The graph of a 
function with period p. 


by Theorem 2 of Section 7.2 on transforms of integrals, the transformed equation is 


sI(s) + 1107(s) + 1009 - Pa ag), 


We solve this equation for /(s) to obtain 


90(1 — e~) 
I(s) 2 -= . 
s4 + 110s + 1000 
But 
90 "ES 1 
s2--110s +1000 s+10  s4-100' 
so we have 


1 1 1 
I(s) = e 5 ; 
s+10 54-100 s+10 s+100 


We now apply Theorem 1 with f(t) = e-19* — e™100t; thus the inverse transform is 


i(t) = e7! — e100 _ yy De 10(¢—-1) _ ,—100(¢ Mi 


After we separate the cases t < 1 and t 2 1, we find that the current in the circuit is given by 


g-10t _ 


"m —100t ift 
1 = 
e 10t 


100—1). —100¢ 4 6—1000—1) — if; 


l, 
l. 


e 


IIV A 


—e 
The portion e-19* — e~ 100 of the solution would describe the current if the switch were left 


closed for all t rather than being open for t 2 1. El 


Transforms of Periodic Functions 


Periodic forcing functions in practical mechanical or electrical systems often are 
more complicated than pure sines or cosines. The nonconstant function f(t) defined 
for t 2 0 is said to be periodic if there is a number p > 0 such that 


f(t  p)- fO (11) 


for all t 2 0. The least positive value of p (if any) for which Eq. (11) holds is called 
the period of f. Such a function is shown in Fig. 7.5.8. Theorem 2 simplifies the 
computation of the Laplace transform of a periodic function. 


THEOREM 2 Transforms of Periodic Functions 


Let f(t) be periodic with period p and piecewise continuous for t 2 0. Then the 
transform F(s) = £{f(t)} exists for s > 0 and is given by 


il p 
F(s) = =) e) dt. (12) 


Proof: The definition of the Laplace transform gives 
oo oo (n+1)p 
F(s) = f e fdt =X | e Fidi. 
0 n=0° "P 
The substitution t = t + np in the nth integral following the summation sign yields 


(n+1)p p i 
f e^ f(t)dt = f e 3(*"P f(t +np)dt = g e ** f(t) dt 
» 0 


p 0 


Example 6 


l | 1 1 1 
a 2a 3a 4a 5a 6a t 
-]- e—o e—o  e—o 


FIGURE 7.5.9. The graph of the 
square-wave function of Example 6. 


l 1 
2a 3a 4a 5a 6a 


FIGURE 7.5.10. The graph of the 
triangular-wave function of Example 7. 


Example 7 
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because f(t + np) = f(t) by periodicity. Thus 


oco 


FG)yeY RN | teu f(t) dz) 


n=0 
P 
=(1 +e” emg...) f 977 Foo de. 
0 


Consequently, 
1 P 9T 
F(s) = Ix, e f(x) dt. 


We use the geometric series 
1 2 3 
= lpt px B x46. 
1—x 
with x = e^?5 < 1 (for s > 0) to sum the series in the final step. Thus we have 


derived Eq. (12). A 


The principal advantage of Theorem 2 is that it enables us to find the Laplace 
transform of a periodic function without the necessity of an explicit evaluation of an 
improper integral. 


Figure 7.5.9 shows the graph of the square-wave function f(t) = (—1)U/4l of period p = 2a; 
[x] denotes the greatest integer not exceeding x. By Theorem 2 the Laplace transform of f(t) 
is 


1 2a E 

F(s)— ice] e *! f(t) dt 

1 4 st EP st 
— Edi —De dt 
1—e-2as Í € + i) ( Je 

1 1 a 1 2a 
etw (Hege 
| e248 5 0 sS z 


= e 452 B 1 — e725 


s(1—e-245) | s(14-e-45) 


Therefore, 
1 " e as 
F(s) = ———— 1 
(5) = apenas) ERU 
gd5/2 — p—as/2 1 as 
— eyre = tanh 3 (13b) 
[| 


Figure 7.5.10 shows the graph of a triangular-wave function g(t) of period p — 2a. Because 
the derivative g’(t) is the square wave function of Example 6, it follows from the formula in 
(13b) and Theorem 2 of Section 7.2 that the transform of this triangular-wave function is 


F(s) 1 as 
G(s) = = zZ tanh 7 


(14) 
L| 
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Example 8 


Solution 


20 &—ó &—b +4 


FIGURE 7.5.11. The graph of the 
external-force function of Example 8. 


Consider a mass-spring-dashpot system with m — 1, c — 4, and k — 20 in appropriate units. 
Suppose that the system is initially at rest at equilibrium (x(0) = x'(0) = 0) and that the 
mass is acted on beginning at time ¢ = 0 by the external force f(t) whose graph is shown 
in Fig. 7.5.11: the square wave with amplitude 20 and period 27. Find the position function 


f(t). 


The initial value problem is 
x" + Ax' + 20x = f(t); x(0) = x’(0) = 0. 
The transformed equation is 
s? X(s) + AsX(s) + 20X(s) = F(s). (15) 
From Example 6 with a = z we see that the transform of f(t) is 


20 1—e 75 
F(s) = —:——— 
s loce 7s 


20 
IT (1 —2e775 4 2e ?"5 _ 2e—3%5 +4 e) . 
s 
so that 
20 40 2 
F(s) = — 4 — Mice, (16) 
5 5 
n=1 
Substitution of Eq. (16) in Eq. (15) yields 
F(s) 
X(s) = —————— 
6) 7 EFAs +20 
20 z 2g mes 
= —_,——_._ +2 1)” : 17 
s[(s + 2)? + 16] 2 ) s[Cs + 2)? + 16] a7) 
From the transform in Eq. (8) of Section 7.3, we get 
20 
po lir) = 5e ?' sin4t, 
(s + 2)? + 16 
so by Theorem 2 of Section 7.2 we have 
20 d 
gie | = 5e ?' sin 4r dt. 
s[(s + 2)? + 16] 0 
Using a tabulated formula for f e^! sin bt dt, we get 
g(t) = 1—e7?t (cos 4t T" x sin 4r) —1- (t), (18) 
where 
h(t) = e7” (cos 4t + 5 sin 4r) ] (19) 


Now we apply Theorem 1 to find the inverse transform of the right-hand term in 
Eq. (17). The result is 


x(t) = g(t) - 2 2 I)" u(t — nz)g(t ^ nz), (20) 


n=1 
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and we note that for any fixed value of t the sum in Eq. (20) is finite. Moreover, 


g(t nn) 21—e 277) [cos 4(t — nz) + i sin 4(t nz) 


-— n g^"? p—2t ( 


cos 4t + sin 4r) : 
Therefore, 
g(t — nz) = 1— e?"" h(t). (21) 


Hence if 0 < t < x, then 
x(t) 2 1— h(t). 


Ifa <t < 2z, then 


x(t) = [1 — A(0)] aji eio) = 120-290 [1- e]. 


If 2z <t < 3z, then 


x(t) = [1 — h(0)] 2[i eno) -2[-e*720] 


—14 h(t) — 2h(r) L — e?" 4 ate 
The general expression for nz « t « (n + 1)z is 


x(t) = A(t) + (-D" — 2h(t) L Le?n feed canet] 


I+ (—1)"e2@+Da (22) 


= h(t) + (-1)" — 2h(t) NE 


E 


which we obtained with the aid of the familiar formula for the sum of a finite geometric 
progression. A rearrangement of Eq. (22) finally gives, with the aid of Eq. (19), 


e2* 


x(t)- 


ir 
w 2 (cos 4t + jsinar) +p” 


2» (-1)^e?7 eg 2-7) 


NET (cos 4t + 1 sin 41) (23) 
e 


for nz «t « (n + 1)z. The first term in Eq. (23) is the transient solution 
xy(£) © (0.9963)e 2! (cos At + jsinar) ~ (1.1139)e2! cos(4t — 0.4636). — (24) 


The last two terms in Eq. (23) give the steady periodic solution xsp. To investigate it, we 
write t = t — nz for t in the interval nz < t < (n + 1)z. Then 


2e?" 
ell 


Xsp(t) = (-1)" f c2t (cos 4t + sins) 


(25) 
x (—1)" [1 — (2.2319)e~2* cos(4x — 0.4636) | 


Figure 7.5.12 shows the graph of xsp(t). Its most interesting feature is the appearance of 
periodically damped oscillations with a frequency four times that of the imposed force f(t). 
In Chapter 9 (Fourier Series Methods and Partial Differential Equations) we will see why a 
periodic external force sometimes excites oscillations at a higher frequency than the imposed 
frequency. E 
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ie 
| -1-Q33e 30-9 


FIGURE 7.5.12. The graph of the steady periodic solution for Example 8; 
note the "periodically damped" oscillations with frequency four times that of 


the imposed force. 


Problems 


Find the inverse Laplace transform f (t) of each function given 
in Problems 1 through 10. Then sketch the graph of f. 


1. F(s) = E 2. F(s)= es rs 
E A3 4. F(s) = CI 

5. F(s) = HE 6. F(s) = AT 

7. F(s) = T 8. F(s) = CD 

9. F(s) = ure) 10. FG) = ae arn 


Find the Laplace transforms of the functions given in Problems 
11 through 22. 


11. f(t) =2if0 St <3; f(t) = Oift 23 

12. f(t) =1iflst<4; f@) 20ift <lorift>4 

13. f(t) 2 sint if0 S t € 2x; f(t) = Oift > 2z 

14. f(t) 2 cosztif0 <t € 2; f(t) 20ift 2 

15. f(t) 2 sint if0 S t € 3x; f(t) = 0ift > 3x 

16. f(t) = sin2t if x €t E 2z; f(t) 2 Oif t <x orift > 2x 

17. f(t) =sinat if2 <t € 3; f(t) = Oift <2orift > 3 

18. f(t) = cos sat if3 <t $5; f(t) 2 0ift <3orifr>5 

19. f(t) 20ift <1; ff) 2tiftzl 

20. f(t) =tift <1; f(t) =1ift>1 

21. f(t) =tift <1; ft) 22—tifl E t € 2; f(t) = 0if 
t3 

22. f =t ifl Er <2; f(t) 20ift «lorift 2 


23. Apply Theorem 2 with p = 1 to verify that £{1} = 1/s. 
24. Apply Theorem 2 to verify that L{cos kt} = s/(s? + k?). 


25. Apply Theorem 2 to show that the Laplace transform of 
the square-wave function of Fig. 7.5.13 is 


LISO} = sl + e748)" 


1 So A 
I | | | I | 
L1 L1 L1 
a 2a 3a 4a 5a 6a t 


FIGURE 7.5.13. The graph of the square-wave 
function of Problem 25. 


26. Apply Theorem 2 to show that the Laplace transform of 
the sawtooth function f(t) of Fig. 7.5.14 is 


—as 


= eas)" 


a 2a 3a 4a 5a 6a t 


FIGURE 7.5.14. The graph of the sawtooth 
function of Problem 26. 
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27. Let g(t) be the staircase function of Fig. 7.5.15. Show that 
g(t) = (t/a) — f(t), where f is the sawtooth function of 
Fig. 7.5.14, and hence deduce that 


=as 


£180} = Goan: 
g(t) 
ab = 
al — 
2 = 
ibo i 
| d | li I 

a 2a 3a 4a f! 


FIGURE 7.5.15. The graph of the staircase 
function of Problem 27. 


28. Suppose that f(t) is a periodic function of period 2a with 
f(t) 2 tif0 S t «a and f(t) = 0ifa <t < 2a. Find 
LY f(t}. 
29. Suppose that f(t) is the half-wave rectification of sinkt, 
shown in Fig. 7.5.16. Show that 
k 


(s2 2 k2) — ecnslk)" 


ZU = 


f) 


x 2n 3a 

k k k 
FIGURE 7.5.16. The half-wave rectification of sin kt. 

30. Let g(t) = u(t — x/k) f(t — x/k), where f(t) is the func- 

tion of Problem 29 and k > 0. Note that A(t) = f(t) + g(t) 

is the full-wave rectification of sin kt shown in Fig. 7.5.17. 


Hence deduce from Problem 29 that 


k TS 
L{h(t)} = th —. 
th) Zags oR 
h(t) 
z 2n 3n t 
k k k 


FIGURE 7.5.17. The full-wave rectification of sin kt. 


In Problems 31 through 35, the values of mass m, spring con- 
stant k, dashpot resistance c, and force f(t) are given for a 
mass—spring—dashpot system with external forcing function. 


Solve the initial value problem 
mx" cx! +kx = f(t), x(0) 2 x'(0) 20 


and construct the graph of the position function x(t). 


31. m=1,k =4,c =0; f(t) = 1if0 St «m, f(t) = 0if 


ic 

323. m=1,k =4,c =5; f(t) =1ifO St <2, f(t) = 0if 
t22 

33. m= 1, k= 9,c =0; f(t) = sintif0 S t E 2z, f(t) 20 
ift > 2x 

34.m=1,k =1,c=0; f(t) 2tif0S t <1, f(t) = Oif 
t21 

35. m= 1, k 24, c — 4; f(t) tif0S t € 2, f(t) = Oif 
[22 


In Problems 36 through 40, the values of the elements of an 
RLC circuit are given. Solve the initial value problem 


p Ragusa fiwa =e(t); i(0)=0 
Ai i C oe t=e(t); i = 


with the given impressed voltage e(t). 

36. L = 0, R = 100, C = 1073; e(t) = 100 if0 St < 1; 
e(t)=O0ift 21 

37. L = 1, R = 0, C = 1074; e(t) = 100 if 0 € t < 27; 
e(t) =Oift 2 2x 

38. L= 1, R = 0, C = 1074; e(t) = 100sin 101 if0 E t < 7; 
e(t) 2 0ift Z x 


39. L = 1, R 2150, C =2 1074; e(t) = 100r if0 <t <1; 
e(t) 2 0ift Z1 
40. L = 1, R = 100, C = 4 x 1074; e(t) = 50t if0 < t <1; 


e(t) =Oift21 


In Problems 41 and 42, a mass-spring-dashpot system with 
external force f(t) is described. Under the assumption that 
x(0) = x'(0) = 0, use the method of Example 8 to find the 
transient and steady periodic motions of the mass. Then con- 
struct the graph of the position function x(t). If you would like 
to check your graph using a numerical DE solver, it may be 
useful to note that the function 


f(t) = A[2u((t — x)(t — 2x)(t — 3x) 
(t — Ax)(t — 5x)(t — 6z)) — 1] 


has the value +A if 0 < t < m, the value —A if x < t < 2z, 
and so forth, and hence agrees on the interval [0,62] with 
the square-wave function that has amplitude A and period 21. 
(See also the definition of a square-wave function in terms of 
sawtooth and triangular-wave functions in the application ma- 
terial for this section.) 


41. m = 1, k = 4, c = 0; f(t) is a square-wave function with 
amplitude 4 and period 27. 


42. m=1,k 2 10, c =2; f(t) is a square-wave function with 
amplitude 10 and period 27. 
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Aaeeei Engineering Functions 


2 


FIGURE 7.5.18. Response x(t) to 
period 1 square wave input. 


Periodic piecewise linear functions occur so frequently as input functions in engi- 
neering applications that they are sometimes called engineering functions. Com- 
putations with such functions are readily handled by computer algebra systems. 
In Mathematica, for instance, the SawToothWave, TriangleWave, and Square- 
Wave functions can be used to create the corresponding inputs with specified range, 
period, etc. Alternatively, we can define our own engineering functions using ele- 
mentary functions available in any computer algebra system: 


sawtooth[t-] := t - 2 Floor[t/2] - 1 
triangularwave[t.] := 2 Abs[sawtooth[t - 1/21] - 1 
squarewave[t_] := Sign[ triangularwave[tl]l 


Plot each of the functions to verify that it has period 2 and that its name is aptly 
chosen. For instance, the result of 


Plot[squarewave[tl, {t, 0, 6}] 


should look like Fig. 7.5.9. If f(t) is one of these engineering functions and p > 0, 
then the function f(2t/p) will have period p. To illustrate this, try 


Plot[triangularwave[ 2 t/p 1, ít, 0, 3 p}] 


with various values of p. 
Now let's consider the mass-spring-dashpot equation 


diffEq = m x''[t] + c x'[t] + k x[t] == input 


with selected parameter values and an input forcing function with period p and 
amplitude Fo. 


m = 4; c= 8; k= 5; p= 1; FO = 4; 
input = FO squarewave[2 t/pl; 


You can plot this input function to verify that it has period 1: 
Plot[input, ít, 0, 2}] 


Finally, let’s suppose that the mass is initially at rest in its equilibrium position and 
solve numerically the resulting initial value problem. 


response = NDSolve[ {diffEq, x[0] == 0, x'[0] == 0}, 
x, {t, 0, 10}] 
Plot[ x[t] /. response, {t, 0, 10}] 


In the resulting Fig. 7.5.18 we see that after an initial transient dies out, the 
response function x (f) settles down (as expected?) to a periodic oscillation with the 
same period as the input. 

Investigate this initial value problem with several mass—spring—dashpot para- 
meters—for instance, selected digits of your student ID number—and with input 
engineering functions having various amplitudes and periods. 


Impulses and Delta Functions 


Consider a force f(t) that acts only during a very short time interval a € t < b, 
with f(t) = 0 outside this interval. A typical example would be the impulsive 
force of a bat striking a ball—the impact is almost instantaneous. A quick surge 
of voltage (resulting from a lightning bolt, for instance) is an analogous electrical 
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phenomenon. In such a situation it often happens that the principal effect of the 
force depends only on the value of the integral 


b 
p= f) dt (1) 


and does not depend otherwise on precisely how f(t) varies with time t. The num- 
ber p in Eq. (1) is called the impulse of the force f(t) over the interval [a, b]. 

In the case of a force f(t) that acts on a particle of mass m in linear motion, 
integration of Newton's law 


d 
f(t) = mv'() = z mv] 


yields 


b 
p= f L [mv(t)] dt = mv(b) — mv (a). (2) 


Thus the impulse of the force is equal to the change in momentum of the particle. 
So if change in momentum is the only effect with which we are concerned, we need 
know only the impulse of the force; we need know neither the precise function f(t) 
nor even the precise time interval during which it acts. This is fortunate, because 
in a situation such as that of a batted ball, we are unlikely to have such detailed 
information about the impulsive force that acts on the ball. 

Our strategy for handling such a situation is to set up a reasonable mathemat- 
ical model in which the unknown force f(t) is replaced with a simple and explicit 
force that has the same impulse. Suppose for simplicity that f(t) has impulse 1 and 
acts during some brief time interval beginning at time t = a Z 0. Then we can select 
a fixed number e 0 that approximates the length of this time interval and replace 
f (t) with the specific function 


1 
= — ifaSt<arte, 
—e—] d, e(t) = d l (3) 
! | 0 otherwise. 
| | 
| Area = | | z This is a function of t, with a and e being parameters that specify the time interval 
l | [a.a + e]. If b Z a + e, then we see (Fig. 7.6.1) that the impulse of da,« over [a, b] is 
| | 
b ate 1 
a ate d p= | dac) di = | — dt — 1. 
€ 
FIGURE 7.6.1. The graph of the : ^ 
impulse function da e(t). Thus da,e has a unit impulse, whatever the number e may be. Essentially the same 


computation gives 


ra das ydf =1. (4) 
0 


Because the precise time interval during which the force acts seems unimpor- 
tant, it is tempting to think of an instantaneous impulse that occurs precisely at the 
instant  — a. We might try to model such an instantaneous unit impulse by taking 
the limit as e — 0, thereby defining 


Ss (t) = lim da,e(t), (5) 
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Function 


dd 


Number 
g(a) 


FIGURE 7.6.2. A diagram 
illustrating how the delta function 
"sifts out" the value g (a). 


where a Z 0. If we could also take the limit under the integral sign in Eq. (4), then 
it would follow that 


a ós (t) dt = 1. (6) 
0 


But the limit in Eq. (5) gives 


+œ ift=da, 


0 ift £a. 


ba(t) = (7) 


Obviously, no actual function can satisfy both (6) and (7)—if a function is zero 
except at a single point, then its integral is not 1 but zero. Nevertheless, the symbol 
ôa(t) is very useful. However interpreted, it is called the Dirac delta function at a 
after the British theoretical physicist P. A. M. Dirac (1902-1984), who in the early 
1930s introduced a "function" allegedly enjoying the properties in Eqs. (6) and (7). 


Delta Functions as Operators 


The following computation motivates the meaning that we will attach here to the 
symbol 6,(t). If g(t) is a continuous function, then the mean value theorem for 
integrals implies that 


ate 7 
f g(t) dt = eg (1) 


for some point f in [a, a + e]. It follows that 


oo acte 1 
lim f g(t)da c(t) dt = lim f g(t): -dt = lim g (T) = g(a) (8) 
€—0 Jo €—0 Ja € «>0 


by continuity of g at t = a. If ôa(t) were a function in the strict sense of the 
definition, and if we could interchange the limit and the integral in Eq. (8), we 
therefore could conclude that 


[ g(D5, (0) dt = g(a). (9) 


We take Eq. (9) as the definition (!) of the symbol 6,(t). Although we call it 
the delta function, it is not a genuine function; instead, it specifies the operation 


f xar. 


which—when applied to a continuous function g(t)—sifts out or selects the value 
g(a) of this function at the point a Z 0. This idea is shown schematically in 
Fig. 7.6.2. Note that we will use the symbol a(t) only in the context of integrals 
such as that in Eq. (9), or when it will appear subsequently in such an integral. 

For instance, if we take g(t) = e *' in Eq. (9), the result is 


f eS Salt) dt ae, (10) 
0 
We therefore define the Laplace transform of the delta function to be 


Lial} =e (az 0) (41) 
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If we write 
8(t) = S(t) and 4(t —a) = ôa(t), (12) 
then (11) with a — 0 gives 
J£ (8(t)) — 1. (13) 


Note that if 6(¢) were an actual function satisfying the usual conditions for existence 
of its Laplace transform, then Eq. (13) would contradict the corollary to Theorem 2 
of Section 7.1. But there is no problem here; ó(t) is not a function, and Eq. (13) is 
our definition of J^ (6(t)j. 


Delta Function Inputs 


Now, finally, suppose that we are given a mechanical system whose response x (t) 
to the external force f(t) is determined by the differential equation 


Ax" + Bx'+ Cx = f(t). (14) 


To investigate the response of this system to a unit impulse at the instant t = a, it 
seems reasonable to replace f(t) with 05 (t) and begin with the equation 


Ax" + Bx! + Cx = bat): (15) 


But what is meant by the solution of such an equation? We will call x(t) a solution 
of Eq. (15) provided that 


x(t) = lim xe(t), (16) 
where xe(t) is a solution of 
Ax" + Bx' + Cx = da<(t). (17) 
Because 
dal) = = Walt) — ue] (18) 


is an ordinary function, Eq. (17) makes sense. For simplicity suppose the initial 
conditions to be x (0) = x'(0) = 0. When we transform Eq. (17), writing X, = L{xe}, 
we get the equation 


1 —as —(a--e)s ]—e^5€ 
(As? + Bs + C)Xe(s) = ( = = (e) — t —. 
€ M M SE 


If we take the limit in the last equation as e — 0, and note that 


by l'Hópital's rule, we get the equation 
(As? + Bs + C)X(s) =e (19) 
if 
X(s) = lim X. (x). 


Note that this is precisely the same result that we would obtain if we transformed 
Eq. (15) directly, using the fact that £{5,g(t)} = e "5. 
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Example 1 


Solution 


ji 
a até 


FIGURE 7.6.4. Approximation of 
ua (t) by ua, (t). 


On this basis it is reasonable to solve a differential equation involving a delta 
function by employing the Laplace transform method exactly as if 05(f) were an 
ordinary function. It is important to verify that the solution so obtained agrees 
with the one defined in Eq. (16), but this depends on a highly technical analysis of 
the limiting procedures involved; we consider it beyond the scope of the present 
discussion. The formal method is valid in all the examples of this section and will 
produce correct results in the subsequent problem set. 


A mass m = 1 is attached to a spring with constant k = 4; there is no dashpot. The mass is 
released from rest with x(0) = 3. At the instant £ = 27 the mass is struck with a hammer, 
providing an impulse p — 8. Determine the motion of the mass. 
According to Problem 15, we need to solve the initial value problem 
x'-4x-8654(t; x(0)—3, x'(0)- O0. 
We apply the Laplace transform to get 
s? X(s) — 3s + AX(s) = 8e 775, 


SO 
ge ?75 


X(s) — 


3s 
52 4-4 uj s244 
Recalling the transforms of sine and cosine, as well as the theorem on translations on the 
t-axis (Theorem 1 of Section 7.5), we see that the inverse transform is 


x(t) = 3cos2t + 4u(t — 27) sin 2(t — 27) 
= 3 cos 2t + 4u2,(t) sin 2t. 


Because 3 cos 2t + 4sin2t = 5cos(2t — o) with w = tan™! (4/3) ~ 0.9273, separation of the 
cases t < 2x and t 2 27 gives 


3 cos2t ift € 27, 
x(t) x ; 
5cos(2t — 0.9273) ift 22x. 
The resulting motion is shown in Fig. 7.6.3. Note that the impulse at / = 27 results in a 
visible discontinuity in the velocity at t = 27r, as it instantaneously increases the amplitude 
of the oscillations of the mass from 3 to 5. E 


t22m 
FT oT 17 


6 - : 4 


FIGURE 7.6.3. The motion of the mass of Example 1. 


Delta Functions and Step Functions 


It is useful to regard the delta function 6, (t) as the derivative of the unit step function 
ug (t). To see why this is reasonable, consider the continuous approximation ue (f) 
to ug (t) shown in Fig. 7.6.4. We readily verify that 


d 
Fee = da e(t). 


Example 2 


Solution 


Example 3 


Solution 
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Because 
ug (t) = lim Ua,e(t) and dg(t) = lim da,e(t), 


an interchange of limits and derivatives yields 


d . d f 
3; 40 = lim Tae = lim da (t). 


and therefore 
d 
que) = ĝa (t) = d(t — a). (20) 


We may regard this as the formal definition of the derivative of the unit step function, 
although uw, (t) is not differentiable in the ordinary sense at t = a. 


We return to the RLC circuit of Example 5 of Section 7.5, with R = 110 Q, L = 1 H, 
C = 0.001 F, and a battery supplying eg = 90 V. Suppose that the circuit is initially passive 
no current and no charge. At time ¢ = 0 the switch is closed, and at time t = 1 it is opened 
and left open. Find the resulting current i (t) in the circuit. 

In Section 7.5 we circumvented the discontinuity in the voltage by employing the integrodif- 
ferential form of the circuit equation. Now that delta functions are available, we may begin 
with the ordinary circuit equation 


1 
Li!" Re + c e'(t). 


In this example we have 


e(t) = 90 — 90u(t — 1) = 90 — 90u,(t). 
so e’(t) = —908(t — 1) by Eq. (20). Hence we want to solve the initial value problem 
i" + 110i’ + 1000; = —908(t — 1); i(0)—0, ;i'(0)- 90. (21) 


The fact that i’(0) = 90 comes from substitution of ¢ = 0 in the equation 
1 
Li'(t) + Ri(t) + c? — e(t) 


with the numerical values i(0) = q(0) = 0 and e(0) = 90. 
When we transform the problem in (21), we get the equation 


s?I(s) — 90 + 110sI(s) + 10007(s) = —90e~*. 
Hence 
90(1— e^3) 
s2 + 110s + 1000° 


This is precisely the same transform /(s) we found in Example 5 of Section 7.5, so inversion 
of /(s) yields the same solution i (t) recorded there. [| 


I(s) = 


Consider a mass on a spring with m = k = 1 and x(0) = x'(0) = 0. At each of the instants t = 
0, 7,27, 3m,..., its, the mass is struck a hammer blow with a unit impulse. Determine 
the resulting motion. 

We need to solve the initial value problem 


oo 
x" x- b» óng(t); x(0) =0= x'(0). 
n=0 
Because £L{5n7(t)} = e "75, the transformed equation is 


oo 
s? X(s) + X(s) = x gr 
n=0 
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x(t) 


FIGURE 7.6.5. The half-wave 
rectification of sin f. 


so 
œ nrs 
X(s)2 WV ———. 
»» 5241 
n=0 
We compute the inverse Laplace transform term by term; the result is 
oo 
x(t) = 2 u(t —nz)sin(t — nz). 
n=0 


Because sin(t — nz) = (—1)" sint and u(t — nz) = 0 fort < nz, we see that if nz < t < 
(n + 1)z, then 
x(t) = sint — sint + sint —---+ (—1)" sint; 
that is, 
sint  ifniseven, 


x(t) = 
A= faist 


Hence x(t) is the half-wave rectification of sin t shown in Fig. 7.6.5. The physical explanation 
is that the first hammer blow (at time f = 0) starts the mass moving to the right; just as it 
returns to the origin, the second hammer blow stops it dead; it remains motionless until the 
third hammer blow starts it moving again; and so on. Of course, if the hammer blows are not 
perfectly synchronized, then the motion of the mass will be quite different. [n 


Systems Analysis and Duhamel's Principle 


Consider a physical system in which the output or response x(t) to the input func- 
tion f(t) is described by the differential equation 


ax" +bx'+cx = f(t), (22) 


where the constant coefficients a, b, and c are determined by the physical parameters 
of the system and are independent of f(t). The mass-spring-dashpot system and the 
series RLC circuit are familiar examples of this general situation. 

For simplicity we assume that the system is initially passive: x(0) = x'(0) = 0. 
Then the transform of Eq. (22) is 


as? X(s) + bsX(s) + cX(s) = F(s), 


so 
_ F(s) = 
dug c = PS 
The function 
1 
s) as? bs tc 2) 


is called the transfer function of the system. Thus the transform of the response to 
the input f(t) is the product of W(s) and the transform F(s). 
The function 


w(t) = £ (W()) (25) 


is called the weight function of the system. From Eq. (24) we see by convolution 
that 


x(t) = [ w(t) f(t — t) dt. (26) 
0 


Example 4 
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This formula is Duhamel’s principle for the system. What is important is that 
the weight function w(t) is determined completely by the parameters of the system. 
Once w(t) has been determined, the integral in (26) gives the response of the system 
to an arbitrary input function f(t). 

In principle—that is, via the convolution integral —Duhamel's principle re- 
duces the problem of finding a system's outputs for all possible inputs to calculation 
of the single inverse Laplace transform in (25) that is needed to find its weight func- 
tion. Hence, a computational analogue for a physical mass-spring-dashpot system 
described by (22) can be constructed in the form of a “black box" that is hard wired 
to calculate automatically (and then tabulate or graph, for instance) the response 
x(t) given by (26) whenever a desired force function f(t) is input. In engineer- 
ing practice, all manner of physical systems are modeled" in this manner, so their 
behaviors can be studied without need for expensive or time-consuming experimen- 
tation. 


Consider a mass-spring-dashpot system (initially passive) that responds to the external force 
f (t) in accord with the equation x” + 6x’ + 10x = f(t). Then 


1 1 
s?+6s+10 (s--32 +1 


W(s) = 


so the weight function is w(t) = e^?! 


sponse x(t) to the force f(t) is 


sint. Then Duhamel’s principle implies that the re- 


rO = [60/6 04x | 


Note that 
1 LIO 


W(s) = = . 
(s) asz+bs+c  as?+bs+ec 


Consequently, it follows from Eq. (23) that the weight function is simply the re- 
sponse of the system to the delta function input ó(t). For this reason w(t) is some- 
times called the unit impulse response. A response that is usually easier to measure 
in practice is the response h(t) to the unit step function u(t); h(t) is the unit step 
response. Because L{u(t)} = 1/s, we see from Eq. (23) that the transform of h(t) 
is 

W(s) 


H(s) = p 


It follows from the formula for transforms of integrals that 
t 
h(t) — 1 w(t)dt, sothat w(t) = h(t). (27) 
0 


Thus the weight function, or unit impulse response, is the derivative of the unit step 
response. Substitution of (27) in Duhamel’s principle gives 


x= f h'(t) f(t - x) dc (28) 
0 


for the response of the system to the input f(t). 
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APPLICATIONS: To describe a typical application of Eq. (28), suppose that we are 
given a complex series circuit containing many inductors, resistors, and capacitors. 
Assume that its circuit equation is a linear equation of the form in (22), but with 
i in place of x. What if the coefficients a, b, and c are unknown, perhaps only 
because they are too difficult to compute? We would still want to know the current 
i(t) corresponding to any input f(t) = e'(t). We connect the circuit to a linearly 
increasing voltage e(t) = t, so that f(t) = e'(t) = 1 = u(t), and measure the response 
h(t) with an ammeter. We then compute the derivative h’(t), either numerically or 
graphically. Then according to Eq. (28), the output current i (t) corresponding to the 
input voltage e(t) will be given by 


w= f h'(v)e'(t — c) dc 


(using the fact that f(t) = e'(t)). 

Historical Remark In conclusion, we remark that around 1950, after engineers and physi- 
cists had been using delta functions widely and fruitfully for about 20 years without rigorous 
justification, the French mathematician Laurent Schwartz developed a rigorous mathematical 
theory of generalized functions that supplied the missing logical foundation for delta function 
techniques. Every piecewise continuous ordinary function is a generalized function, but the 
delta function is an example of a generalized function that is not an ordinary function. 


Solve the initial value problems in Problems 1 through 8, and 14. Verify that u'(t — a) = 8(t — a) by solving the problem 


graph each solution function x (t). 


1. x" + Ax = 8(t); x(0) = x'/(0) 20 

x" + 4x = 6(t) + 6(t — x); x(0) = x'(0) = 0 

x" + Ax! + Ax = 1 + 6(t — 2); x(0) = x/(0) = 0 15 
x" +2x' +x =t+6(t); x(0) 20, x'(00—1 

x" + 2x! +2x = 26(t — 1); x(0) = x'(0) = 0 

x" + 9x = ó(t — 31) + cos3t; x(0) = x'(0) = 0 

x" ^F Ax! + 5x = (t — n) + 6(t — 27); x(0) = 0, x’(0) 22 mx" +kx=0; x(0)—0, x'(0)- vg 
x" 42x! +x = (t) — 6(t — 2); x(0) = x'(0) = 2 


PANNE WN 


x’ = 6(t—a); x(0)=0 


to obtain x(t) = u(t — a). 

. This problem deals with a mass m on a spring (with con- 
stant k) that receives an impulse po = mvo at time t = 0. 
Show that the initial value problems 


and 


Apply Duhamel's principle to write an integral formula for the 


solution of each initial value problem in Problems 9 through 


12. 


mx" +kx = pod(t); x(0) 20, x'(020 


have the same solution. Thus the effect of poó(t) is, in- 


9. x" + 4x = f(t); x(0) = x'(0 20 


10. 
11. 
12. 
13. 


x" + 6x! + 9x = f(t); x(0) = x'(0) 20 

x" + 6x! + 8x = f(t); x(0) = x/(0) 20 

x" + Ax! + 8x = f(t); x(0) = x’(0) = 0 

This problem deals with a mass m, initially at rest at the 
origin, that receives an impulse p at time ¢ = 0. (a) Find 
the solution xe (t) of the problem 


mx" = pdo,e(t); x(0) = x'(0) = 0. 


(b) Show that lim Xe(t) agrees with the solution of the 
€! 


problem 
mx" = pó(t); x(0) = x'(0) = 0. 


(c) Show that mv = p for t > 0 (v = dx/dt). 


16. 


17. 


deed, to impart to the particle an initial momentum po. 


This is a generalization of Problem 15. Show that the 
problems 


ax" + bx’ +ex= f(t); x(0)=0, x'(0)- vo 
and 
ax" + bx’ +ex = f(t) +avod(t); x(0)— x/(0) = 0 


have the same solution for £ > 0. Thus the effect of the 
term avoó(t) is to supply the initial condition x’(0) = vo. 
Consider an initially passive RC circuit (no inductance) 
with a battery supplying eo volts. (a) If the switch to the 
battery is closed at time t = a and opened at time t = b >a 


18. 


19. 


(and left open thereafter), show that the current in the cir- 
cuit satisfies the initial value problem 
Ri’ + 


egó(t — b); i(0)-— 0. 


ci = egd(t — a) 


(b) Solve this problem if R = 100 Q, C = 1074 F, 
eg = 100 V, a = 1 (s), and b = 2 (s). Show that i(t) > 0 if 
1 «t «2and that i(t) < Oif t >2. 

Consider an initially passive LC circuit (no resistance) 
with a battery supplying eo volts. (a) If the switch is 
closed at time t = 0 and opened at time t = a > 0, show 
that the current in the circuit satisfies the initial value prob- 
lem 


Li" + 


ci = esito eoó(t — a); 


i(0) = i^(0) = 0. 


(b If L = 1 H, C = 10? F, eg = 10 V, and a = v (s), 
show that 


sinlO0t ift «z, 
0 ift m. 


i(t) — 


Thus the current oscillates through five cycles and then 
stops abruptly when the switch is opened (Fig. 7.6.6). 

i(t) 

1 


et 


FIGURE 7.6.6. The current function of Problem 18. 


Consider the LC circuit of Problem 18(b), except suppose 
that the switch is alternately closed and opened at times 
t = 0, 2/10, 2z/10, .... (a) Show that i(t) satisfies the 
initial value problem 


nz 
10 


i" + 100i = 10» *( D'e(r Ji i(0) = i'(0) = 0. 
n=0 


(b) Solve this initial value problem to show that 
nit (n + 1)x 
«ue « 
10 10 
Thus a resonance phenomenon occurs (see Fig. 7.6.7). 
i(t) 
10r 


i(t)=(n+1)sin10¢ if 


-10 


FIGURE 7.6.7. The current function of Problem 19. 


20. 


21. 


22. 


493 


7.6 Impulses and Delta Functions 


Repeat Problem 19, except suppose that the switch is al- 
ternately closed and opened at times t = 0, 7/5, 27/5, ..., 


nz/5, .... Now show that if 
nit (n+ 1)x 
E he " 
5 5 
then 
. sinl0¢ ifn is even; 
i(t) = o: 
0 if n is odd. 


Thus the current in alternate cycles of length 7/5 first ex- 
ecutes a sine oscillation during one cycle, then is dormant 
during the next cycle, and so on (see Fig. 7.6.8). 


i(t) 


FIGURE 7.6.8. The current function of Problem 20. 
Consider an RLC circuit in series with a battery, with 
L = 1 H, R = 60 Q, C = 107? F, and eg = 10 V. 
(a) Suppose that the switch is alternately closed and 
opened at times t = 0, 7/10, 27/10, .... Show that i(t) 
satisfies the initial value problem 


oo 
i" + 60i' + 1000; = 10 Y D'e(r 
n=0 
i(0) = i^(0) = 0. 
(b) Solve this problem to show that if 


nya (n+ 1)x 
epe ; 
10 10 


then 
g3nn 3n =j 


AME CNN 


Construct a figure showing the graph of this current func- 
tion. 

Consider a mass m — 1 on a spring with constant k — 1, 
initially at rest, but struck with a hammer at each of the in- 
stants t = 0, 27, 47, .... Suppose that each hammer blow 
imparts an impulse of +1. Show that the position function 
x(t) of the mass satisfies the initial value problem 


=30 ain 108. 


oo 
x"Lx- = ó(t—2nz); x(0) = x'(0) = 0. 
n=0 


Solve this problem to show that if 2nz < t < 2(n + 1)z, 
then x(t) = (n + 1) sint. Thus resonance occurs because 
the mass is struck each time it passes through the origin 
moving to the right—in contrast with Example 3, in which 
the mass was struck each time it returned to the origin. Fi- 
nally, construct a figure showing the graph of this position 
function. 


Power Series 


Methods 
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E Section 3.3 we saw that solving a homogeneous linear differential equation 
with constant coefficients can be reduced to the algebraic problem of finding the 
roots of its characteristic equation. There is no similar procedure for solving linear 
differential equations with variable coefficients, at least not routinely and in finitely 
many steps. With the exception of special types, such as the occasional equation that 
can be solved by inspection, linear equations with variable coefficients generally 
require the power series techniques of this chapter. 

These techniques suffice for many of the nonelementary differential equations 
that appear most frequently in applications. Perhaps the most important (because of 
its applications in such areas as acoustics, heat flow, and electromagnetic radiation) 
is Bessel's equation of order n: 


» x?y" + xy! + (x? — n?)y = 0. 
Legendre's equation of order n is important in many applications. It has the form 
» (1 — x2y" — 2xy' - n(n + 1)y — 0. 


In this section we introduce the power series method in its simplest form and, 
along the way, state (without proof) several theorems that constitute a review of the 
basic facts about power series. Recall first that a power series in (powers of) x — a 
is an infinite series of the form 


X > en(x — a)” = co + c1 (x — a) + c2(x — a)? +++» +en(x —a)" ++. (1) 
n=0 


If a = 0, this is a power series in x: 


oo 
» ox" = co + ex ex? ob ex" Ho, (2) 
n=0 
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We will confine our review mainly to power series in x, but every general property 
of power series in x can be converted to a general property of power series in x — a 


by replacement of x with x — a. 
The power series in (2) converges on the interval / provided that the limit 


> c,x" = lim »3 Cane (3) 
exists for all x in J. In this case the sum 
fŒ) = we (4) 
n=0 


is defined on 7, and we call the series }` c, x" a power series representation of 
the function f on Z. The following power series representations of elementary 
functions should be familiar to you from introductory calculus: 


OO. auf 2 3 
e = P ud SA ei (5) 
zc n! 2! 3! 
oo 
m c _ x? x4 
du aa ar ae (6) 
oo 
. (-1pxn*1 x3 x? 
= — o£ — — —— 3 7 
= 2 (2n + 1)! " 3^3 (7) 
OO 2n 2 4 
X x x 
eS Opi ot a (8) 
RO 2n+1 3 5 
x x x 
d » Gna) uc 2d ©) 
oo 
—]ytrtlyn x? x? 
ilex) 23 E M i eH. (10) 
n=1 
1 oo 
ay SDSL FREE e (11) 
n=0 
and 
a(a—1)x2 ala — 1)(a — 2)x? 
(+x) = 1+ax+ ( ) + X ) Te. (12) 


2! 3! 


In compact summation notation, we observe the usual conventions that 0! = 1 and 
that x? = 1 for all x, including x = 0. The series in (5) through (9) converge to 
the indicated functions for all x. In contrast, the series in (10) and (11) converge if 
|x| « 1 but diverge if |x| > 1. (What if |x| = 1?) The series in (11) is the geometric 
series. The series in (12), with o an arbitrary real number, is the binomial series. 
If o is a nonnegative integer n, then the series in (12) terminates and the binomial 
series reduces to a polynomial of degree n which converges for all x. Otherwise, 
the series is actually infinite and it converges if |x| < 1 and diverges if |x| > 1; its 
behavior for |x| = 1 depends on the value of o. 
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Remark Power series such as those listed in (5) through (12) are often derived as Taylor 
series. The Taylor series with center x — a of the function f is the power series 


f" (a) 
2! 


oo fn) 
» »» i uc (x — a = f(a) + f'(a)(x — a) + =a)? ex (13) 


n=0 
in powers of x — a, under the hypothesis that f is infinitely differentiable at x = a (so that 


the coefficients in Eq. (13) are all defined). If a = 0, then the series in (13) is the Maclaurin 
series 


e feo, 
J ey 
n! 


(3) 
j O TM 


s f"( 
2! 


(13) 


= f(0) + f'(0x + + 


n=0 


For example, suppose that f(x) = e*. Then f (x) = e*, and hence f (0) = | for all 
n Z 0. In this case Eq. (13^) reduces to the exponential series in (5). L| 


Power Series Operations 


If the Taylor series of the function f converges to f(x) for all x in some open 
interval containing a, then we say that the function f is analytic at x — a. For 
example, 


e every polynomial function is analytic everywhere; 
e every rational function is analytic wherever its denominator is nonzero; 


e more generally, if the two functions f and g are both analytic at x = a, then so 
are their sum f + g and their product f - g, as is their quotient f/g if g(a) £0. 


For instance, the function A(x) = tan x = (sin x)/(cos x) is analytic at x = 0 
because cos 0 = 1 Æ 0 and the sine and cosine functions are analytic (by virtue of 
their convergent power series representations in Eqs. (6) and (7)). It is rather awk- 
ward to compute the Taylor series of the tangent function using Eq. (13) because 
of the way in which its successive derivatives grow in complexity (try it!). Fortu- 
nately, power series may be manipulated algebraically in much the same way as 
polynomials. For example, if 


f(x) = 3 7. and g(x) = Y a, (14) 
n=0 n=0 
then 
f(x) + g(x) = Ye + bn) x” (15) 
and 


F(x)g(x) = Yo ex" 


n=0 
= aobo + (agbi + aybo)x + (aob2 + aibi +. aabo)x? +--+, — (16) 


where c, = dobn + a1bg 4 +++: + anbo. The series in (15) is the result of termwise 
addition, and the series in (16) is the result of formal multiplication—multiplying 
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each term of the first series by each term of the second and then collecting coef- 
ficients of like powers of x. (Thus the processes strongly resemble addition and 
multiplication of ordinary polynomials.) The series in (15) and (16) converge to 
f(x) + g(x) and f(x)g(x), respectively, on any open interval on which both the 
series in (14) converge. For example, 


1 1 1 1 
sin x cos x = («- 5094 a) EE arc) 


6 120 3 24 
+ b et 2 : + : + : 9 
=x —-—-]x — + — + — |x tee 
6 2 24 ` 12 ` 120 
16 
= EN Eun 
m dio 
1 2x) Qx)? : 
= ;|e»- 3l + ap Rec = sin 2x 


for all x. 

Similarly, the quotient of two power series can be computed by long division, 
as illustrated by the computation shown in Fig. 8.1.1. This division of the Taylor 
series for cos x into that for sin x yields the first few terms of the series 


Tre. (17) 


tan is jum ^r al 
x-—x x x x 
3 15 315 


Division of power series is more treacherous than multiplication; the series thus 
obtained for f/g may fail to converge at some points where the series for f and g 
both converge. For example, the sine and cosine series converge for all x, but the 
tangent series in (17) converges only if |x| < 2/2. 


The Power Series Method 


The power series method for solving a differential equation consists of substituting 
the power series 


> y= 3 (18) 
n=0 


in the differential equation and then attempting to determine what the coefficients 
Co, C1, C2, ... must be in order that the power series will satisfy the differential 
equation. This is reminiscent of the method of undetermined coefficients, but now 
we have infinitely many coefficients somehow to determine. This method is not 
always successful, but when it is we obtain an infinite series representation of a 
solution, in contrast to the “closed form" solutions that our previous methods have 


yielded. 
Before we can substitute the power series in (18) in a differential equation, we 
must first know what to substitute for the derivatives y’, y", .... The following the- 


orem (stated without proof) tells us that the derivative y’ of y = $7 cnx” is obtained 
by the simple procedure of writing the sum of the derivatives of the individual terms 
in the series for y. 
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FIGURE 8.1.1. Obtaining the series for tan x by division of series. 


THEOREM 1 Termwise Differentiation of Power Series 


If the power series representation 
oo 

x f(x) = Y cnx” = co + eux  eox? + eax? +++: (19) 
n=0 


of the function f converges on the open interval 7, then f is differentiable on /, 
and 


oo 
» JG) um nr Ne,x > — eld 2eox 4 3eax? dues (20) 
n=1 
at each point of T. 


For example, differentiation of the geometric series 


oo 
= Sixt =14+xtx? 407 4-- (11) 


Example 1 


Solution 
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gives 


= 3 ae —142x-3x?- Ax? 4... 


The process of determining the coefficients in the series y = J` cnx” so 
that it will satisfy a given differential equation depends also on Theorem 2. This 
theorem—also stated without proof—tells us that if two power series represent the 
same function, then they are the same series. In particular, the Taylor series in (13) 
is the only power series (in powers of x — a) that represents the function f. 


THEOREM 2 Identity Principle 
If 


oo oo 
) 3 = ) DINA 
n=0 n=0 


for every point x in some open interval 7, then a, = b; for all n Z 0. 


In particular, if X` anx” = 0 for all x in some open interval, it follows from 
Theorem 2 that a, = 0 for all n = 0. 


Solve the equation y! + 2y = 0. 
We substitute the series 


oo oo 
» y- X cux" and y= x ncgx" d 
n=0 n=1 
and obtain 
oo oo 
SLT +25 cnx” = 0. (21) 
EX n=0 


To compare coefficients here, we need the general term in each sum to be the term containing 
x”. To accomplish this, we shift the index of summation in the first sum. To see how to do 
this, note that 


oo oo 
* ncgx" | = c1 + 2cox + 3e3x? +e = NC + Deg4ax". 
=1 


n=0 


Thus we can replace n with n + 1 if, at the same time, we start counting one step lower; that 
is, at n = O rather than at n = 1. This is a shift of +1 in the index of summation. The result 
of making this shift in Eq. (21) is the identity 


oo oo 
Son + l)en41x”" +2 ` Enk” = 0: 
n=0 n=0 


that is, 
oo 


5 [(n + 1)cn+1 + 2cn]x” = 0. 

n=0 
If this equation holds on some interval, then it follows from the identity principle that (n + 
1)cn+1 + 2cn = 0 for all n 2 0; consequently, 


2Cn 
» C =— 22 
n+1 PEE] ( ) 
for all n = 0. Equation (22) is a recurrence relation from which we can successively compute 
C1, C2, C3, ... in terms of co; the latter will turn out to be the arbitrary constant that we expect 


to find in a general solution of a first-order differential equation. 
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With n = 0, Eq. (22) gives 


2co 
cq =-—. 
i 1 
With n = 1, Eq. (22) gives 
2c 2?c9 22c9 
= 2 727 2 
With n = 2, Eq. (22) gives 
2c2 2 co 23c9 
c3 = = = ] 
3 1-2-3 3! 


By now it should be clear that after n such steps, we will have 


2! cg 


ni^ 


» cn = (-1)" 


n z |. 


(This is easy to prove by induction on n.) Consequently, our solution takes the form 


2, E 2" cg ES (—2x)” 2 
y(x) = er = 2.( 1)" zi x" = co 5 A^ coe ^. 


In the final step we have used the familiar exponential series in Eq. (5) to identify our power 
series solution as the same solution y(x) = coe ?* we could have obtained by the method of 
separation of variables. a 


Shift of Index of Summation 


In the solution of Example 1 we wrote 


S nom ae = Yin + Degaax" (23) 
=1 


n=0 


by shifting the index of summation by +1 in the series on the left. That is, we 
simultaneously increased the index of summation by 1 (replacing n with n + 1, 
n — n + 1) and decreased the starting point by 1, from n = 1 ton = 0, thereby 
obtaining the series on the right. This procedure is valid because each infinite series 
in (23) is simply a compact notation for the single series 


Gd Rok + 3c3x? + deg deus, (24) 


More generally, we can shift the index of summation by k in an infinite series 
by simultaneously increasing the summation index by k (n — n 4- k) and decreasing 
the starting point by k. For instance, a shift by +2 (n — n + 2) yields 


oo oo 
y ae — y a 
n=3 n=1 


If k is negative, we interpret a “decrease by k” as an increase by —k = |k|. Thus a 
shift by —2 (n — n — 2) in the index of summation yields 


oo 


oo 
» ncn x”! = Yin = Neen": 
n=1 


n=3 


we have decreased the index of summation by 2 but increased the starting point by 
2, from n = 1 ton = 3. You should check that the summation on the right is merely 
another representation of the series in (24). 


Example 2 


Solution 
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We know that the power series obtained in Example 1 converges for all x 
because it is an exponential series. More commonly, a power series solution is 
not recognizable in terms of the familiar elementary functions. When we get an 
unfamiliar power series solution, we need a way of finding where it converges. 
After all, y = Y cnx" is merely an assumed form of the solution. The procedure 
illustrated in Example 1 for finding the coefficients {cn} is merely a formal process 
and may or may not be valid. Its validity—in applying Theorem 1 to compute 
y’ and applying Theorem 2 to obtain a recurrence relation for the coefficients— 
depends on the convergence of the initially unknown series y = »c4x". Hence 
this formal process is justified only if in the end we can show that the power series 
we obtain converges on some open interval. If so, it then represents a solution of 
the differential equation on that interval. The following theorem (which we state 
without proof) may be used for this purpose. 


THEOREM 3 Radius of Convergence 


Given the power series ` c, x", suppose that the limit 


» p= lim 


n—oo 


Q5) 


Cn41 


exists (p is finite) or is infinite (in this case we will write o — oo). Then 

(a) If p = 0, then the series diverges for all x 4 0. 

(b) If 0 < p < co, then Y cnx” converges if |x| < p and diverges if |x| > p. 
(c) If p — oo, then the series converges for all x. 


The number p in (25) is called the radius of convergence of the power series 
Yi cnx”. For instance, for the power series obtained in Example 1, we have 


li (—1)"2"co/n! . nl 
= hm = nm 
P = anoo | (1) 12n*leg/(n + 1)!| n>% 


and consequently the series we obtained in Example 1 converges for all x. Even 
if the limit in (25) fails to exist, there always will be a number p such that exactly 
one of the three alternatives in Theorem 3 holds. This number may be difficult to 
find, but for the power series we will consider in this chapter, Eq. (25) will be quite 
sufficient for computing the radius of convergence. 


Solve the equation (x — 3) y' + 2y = 0. 


As before, we substitute 


oo oo 
» y- Ne cux" and y = x. ncgx" d 
n=0 


n=1 


to obtain 
oo oo 
(x —3) > nenx™ 1 +2 b cnx” =0 
n=1 n=0 


so that 


oo oo oo 
x ncgx"* —3 5 ncnx” 7! +2 p» cnx” = 0. 
n=1 n=1 n=0 
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In the first sum we can replace n = 1 with n = 0 with no effect on the sum. In the second 
sum we shift the index of summation by +1. This yields 


oo oo oo 
> NCnx" —3 Sota + 1)en41x”" +2 5 Cn x” = 0; 
n=0 n=0 n=0 


that is, 
oo 


p [ncn — 3(n + 1)cn+1 + 2c4] x” = 0. 


n=0 


The identity principle then gives 
ncn — 3(n + 1)eg44 + 2cn = 0, 


from which we obtain the recurrence relation 


n+2 


— Cn fo nz0O. 
3(n 4- 1) 


» Cn+1 = 
We apply this formula with n = 0, n = 1, and n = 2, in turn, and find that 


Cy — 2€0, C2 — ——€1— sto and c3 = —~—c2 = c9. 
32 3-3 33 


This is almost enough to make the pattern evident; it is not difficult to show by induction on 
n that 


> Ch = 


camp 
yx) =e ^ M. (26) 
n=0 
Its radius of convergence is 
. Cn 2o 3n +3 
p= lim = i 
n> | Cn+1 noo n +2 


Thus the series in (26) converges if —3 < x < 3 and diverges if |x| > 3. In this particular 
example we can explain why. An elementary solution (obtained by separation of variables) 
of our differential equation is y = 1/(3 — x)?. If we differentiate termwise the geometric 
series 


we get a constant multiple of the series in (26). Thus this series (with the arbitrary constant 
co appropriately chosen) represents the solution 


1 
y(x) = G—xP 


on the interval —3 < x < 3, and the singularity at x = 3 is the reason why the radius of 
convergence of the power series solution turned out to be p = 3. E 


Example 3 


Solution 


Example 4 


Solution 
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Solve the equation x?y' = y — x — 1. 


We make the usual substitutions y = Y^ cnx” and y’ = Y ncnx”™!, which yield 


oo oo 
x? » nex" | 2—1-x4 5 cnx" 
=1 n=0 
so that 


oo oo 
b ncnx” t! 2—1— x4 = Cy” 
=1 n=0 


Because of the presence of the two terms —1 and —x on the right-hand side, we need to split 
off the first two terms, co + c1x, of the series on the right for comparison. If we also shift the 
index of summation on the left by —1 (replace n = 1 with n = 2 and n with n — 1), we get 


oo 


oo 
Yin — Deg-1x" =-1—x+ceo+e1x+ by CRX. 
=2 


n=2 


Because the left-hand side contains neither a constant term nor a term containing x to the first 
power, the identity principle now yields co = 1, cy = 1, and cy = (n — 1)e4—1 for n 2 2. It 
follows that 

g= 1-c4 — 1h c3 =2-c2=2!, c4 —3:034 — 3 


and, in general, that 


» Cn 


(n—1)! for nz2. 


Thus we obtain the power series 


oo 
1+x+ yi a-i”. 


yx) = 
n=2 
But the radius of convergence of this series is 
n — 1)! 1 
p= lim ( ) = lim — =0, 
n—oo n! n> n 


so the series converges only for x = 0. What does this mean? Simply that the given dif- 
ferential equation does not have a (convergent) power series solution of the assumed form 
y = } cnx”. This example serves as a warning that the simple act of writing y = ` cnx” 
involves an assumption that may be false. a 


Solve the equation y" + y = 0. 
If we assume a solution of the form 


oo 
» y= 5 cnx", 
n=0 
we find that 
oo oo 
» y= »5 ncgx" d and "= 5 n(n — 1)cnx"?. 
n=1 n=2 


Substitution for y and y” in the differential equation then yields 


oo 


oo 
b» n(n — l)esx" ? + p tnx” —:0. 


n=2 n=0 
We shift the index of summation in the first sum by +2 (replace n = 2 with n = 0 and n with 
n 4- 2). This gives 


oo oo 
y» + 2)(n + l)cn 2x" + b» cnx" = 0. 


n=0 n=0 
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The identity (n + 2)(n + 1)cn+2 + c4 = 0 now follows from the identity principle, and thus 
we obtain the recurrence relation 


Cn 


(n + 1)(n + 2) em 


» Cn+2 = 


for n 2 0. It is evident that this formula will determine the coefficients cy with even subscript 
in terms of co and those of odd subscript in terms of c1; co and c, are not predetermined and 
thus will be the two arbitrary constants we expect to find in a general solution of a second- 
order equation. 

When we apply the recurrence relation in (27) with n — 0, 2, and 4 in turn, we get 


_ © | co d _ © 
repe EC uy MSS Eger 
Taking n = 1, 3, and 5 in turn, we find that 
o a 2€] d — Ci 
dE i So MEE 


| €D*a 
^ Qk +)! 


> Cok = and cogi 


Thus we get the power series solution 


x2 x4 x6 x3 x? x7 
y(x) 2 co[|1 3^4 gt tco oer er ae rU ; 


that is, y(x) = co cos x + cy sin x. Note that we have no problem with the radius of conver- 
gence here; the Taylor series for the sine and cosine functions converge for all x. E 


The solution of Example 4 can bear further comment. Suppose that we had 
never heard of the sine and cosine functions, let alone their Taylor series. We would 
then have discovered the two power series solutions 


Hu oo (-1)9 y Hu x? x4 
iuc 2 Ga a a e 
and 
oo (-1yMeH x? x? 
X) — EE — — — —e 2 
5p) » end ^ en 


of the differential equation y" + y = 0. Both of these power series converge for 
all x. For instance, the ratio test in Theorem 3 implies convergence for all z of the 
series 3 (—1)" z"/(2n)! obtained from (28) by writing z = x”. Hence it follows that 
(28) itself converges for all x, as does (by a similar ploy) the series in (29). 

It is clear that C(O) = 1 and S(0) = 0, and termwise differentiation of the two 
series in (28) and (29) yields 


C'(x) =—S(x) and S’(x) = C(x). (30) 


Consequently, C'(0) = 0 and S'(0) = 1. Thus with the aid of the power series 
method (all the while knowing nothing about the sine and cosine functions), we 
have discovered that y = C(x) is the unique solution of 


n 


y= 


y 


n-16 
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that satisfies the initial conditions y(0) = 1 and y’(0) = 0, and that y = S(x) is 
the unique solution that satisfies the initial conditions y(0) = 0 and y'(0) = 1. 
It follows that C(x) and S(x) are linearly independent, and—recognizing the im- 
portance of the differential equation y" + y = 0—we can agree to call C the cosine 
function and S the sine function. Indeed, all the usual properties of these two func- 
tions can be established, using only their initial values (at x — 0) and the derivatives 
in (30); there is no need to refer to triangles or even to angles. (Can you use the se- 
ries in (28) and (29) to show that [C (x)]? + [S(x)]? = 1 for all x?) This demonstrates 
that 


The cosine and sine functions are fully determined by the differen- 
tial equation y" + y = 0 of which they are the two natural linearly 
independent solutions. 


Figures 8.1.2 and 8.1.3 show how the geometric character of the graphs of cos x and 
sin x is revealed by the graphs of the Taylor polynomial approximations that we get 
by truncating the infinite series in (28) and (29). 

This is by no means an uncommon situation. Many important special func- 
tions of mathematics occur in the first instance as power series solutions of differ- 
ential equations and thus are in practice defined by means of these power series. 
In the remaining sections of this chapter we will see numerous examples of such 
functions. 


y 


n=24 n=21 


y =cos x 


FIGURE 8.1.2. Taylor polynomial approximations to cos x. 


n=6 


n= 14 


| 8.1] Problems 


n=22 nz] 


n=15 


n=23 


FIGURE 8.1.3. Taylor polynomial approximations to sin x. 


In Problems 1 through 10, find a power series solution of the 
given differential equation. Determine the radius of conver- 
gence of the resulting series, and use the series in Eqs. (5) 
through (12) to identify the series solution in terms of famil- 
iar elementary functions. (Of course, no one can prevent you 
from checking your work by also solving the equations by the 
methods of earlier chapters!) 


1. y'2 y 2. y! = 4y 

3. 2y’+3y 20 4. y' -2xy 20 

5. y « x?y 6. (x - 2y' c y «0 
7. (2x - Dy! + 2y =0 8. 2(x + Dy' = y 
9. (x — y' -2y 20 10. 2(x —1)y’ = 3y 


In Problems 11 through 14, use the method of Example 4 to find 
two linearly independent power series solutions of the given 
differential equation. Determine the radius of convergence of 
each series, and identify the general solution in terms of famil- 
iar elementary functions. 


Show (as in Example 3) that the power series method fails to 
yield a power series solution of the form y = Y cnx” for the 
differential equations in Problems 15 through 18. 


16. 2xy/ = y 
18. xy! 2 2y 


15. xy - y 20 
17. x2y' +y 20 
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In Problems 19 through 22, first derive a recurrence relation 
giving cn for n Z 2 in terms of co or cy (or both). Then ap- 
ply the given initial conditions to find the values of co and cy. 
Next determine cy (in terms of n, as in the text) and, finally, 
identify the particular solution in terms of familiar elementary 


functions. 
19. y" + 4y = 0; y(0) = 0, y/(0) = 3 
20. y” — 4y 20; y(0) = 2, yO) =0 
21. y," -2y' + y = 0; y(0 = 0, y'(0 = 1 
22. y" + y' -2y = 0; y(0) = 1, y/(0) = —2 
23. Show that the equation 
x2y" + x2y! Ty - 0 
has no power series solution of the form y = Y cnx”. 
24. Establish the binomial series in (12) by means of the fol- 
lowing steps. (a) Show that y = (1 + x)® satisfies the 
initial value problem (1 + x) y' = æy, y(0) = 1. (b) Show 
that the power series method gives the binomial series in 
(12) as the solution of the initial value problem in part (a), 
and that this series converges if |x| « 1. (c) Explain why 
the validity of the binomial series given in (12) follows 
from parts (a) and (b). 
25. For the initial value problem 
y"=y +y, yO=0, y=! 
derive the power series solution 
oo 
PER Fn n 
y(x)- x. PA 
n= 
where {Fa} o is the sequence 0, 1, 1, 2, 3, 5, 8, 13, 
. of Fibonacci numbers defined by Fo = 0, F1 = 1, 
Fy = Fn—2 + Fg-1 forn > 1. 
26. (a) Show that the solution of the initial value problem 


y=1+y, y(020 


is y(x) = tanx. (b) Because y(x) = tan x is an odd func- 
tion with y’(0) = 1, its Taylor series is of the form 


yY = x + e3x? + esx? erx) +e. 


Substitute this series in y' = 1 + y? and equate like powers 
of x to derive the following relations: 


3c3 = 1, 5c5 = 2c3, 


Il 


7c7 = 2c5 + (c3), 9co 
1llcj;1 = 2c9 + 2€3c5 + (cs. 


2c3 + 2¢3¢5, 


27. 


(c) Conclude that 


lc 3 dir 
tan =) Pa x 
undo eae taj” 
62 1382 
dum 9 xl 
2835 155925 


(d) Would you prefer to use the Maclaurin series formula 
in (13) to derive the tangent series in part (c)? Think about 
it! 

This section introduces the use of infinite series to solve 
differential equations. Conversely, differential equations 
can sometimes be used to sum infinite series. For exam- 
ple, consider the infinite series 


note the + + — + + — --- pattern of signs superimposed 
on the terms of the series for the number e. We could 
evaluate this series if we could obtain a formula for the 
function 


1 
3 


1 1 
a + x4 


f(x) =14+x FT T 


1 2 
2 t 


because the sum of the numerical series in question is sim- 
ply f(1). (a) It's possible to show that the power series 
given here converges for all x and that termwise differen- 
tiation is valid. Given these facts, show that f(x) satisfies 
the initial value problem 


y® =y; y092y(921 y"O=-1. 


(b) Solve this initial value problem to show that 
1 2 3 3 
f(x) = ze + r (co Ta + /3sin 2. ; 


For a suggestion, see Problem 48 of Section 3.3. (c) Eval- 
uate f(1) to find the sum of the numerical series given 
here. 


FJ Series Solutions Near Ordinary Points 


The power series method introduced in Section 8.1 can be applied to linear equa- 
tions of any order (as well as to certain nonlinear equations), but its most important 
applications are to homogeneous second-order linear differential equations of the 


form 


A(x)y” + B(x)y' + C(x)y = 0, (1) 


Example 1 


Example 2 


Example 3 
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where the coefficients A, B, and C are analytic functions of x. Indeed, in most 
applications these coefficient functions are simple polynomials. 

We saw in Example 3 of Section 8.1 that the series method does not always 
yield a series solution. To discover when it does succeed, we rewrite Eq. (1) in the 
form 


» y" + P(x)y' + Q(x)y 20 (2) 


with leading coefficient 1, and with P = B/A and Q = C/A. Note that P(x) and 
Q(x) will generally fail to be analytic at points where A(x) vanishes. For instance, 
consider the equation 


xy" +y'+xy =0. (3) 


The coefficient functions in (3) are continuous everywhere. But in the form of (2) it 
is the equation 


1 
VOR ge (4) 


with P(x) = 1/x not analytic at x = 0. 

The point x = a is called an ordinary point of Eq. (2)—and of the equiva- 
lent Eq. (1)—provided that the functions P(x) and Q(x) are both analytic at x = a. 
Otherwise, x = a is a singular point. Thus the only singular point of Eqs. (3) and 
(4) is x = 0. Recall that a quotient of analytic functions is analytic wherever the 
denominator is nonzero. It follows that, if A(a) Æ 0 in Eq. (1) with analytic coef- 
ficients, then x = a is an ordinary point. If A(x), B(x), and C(x) are polynomials 
with no common factors, then x = a is an ordinary point if and only if A(a) Z 0. 


The point x — 0 is an ordinary point of the equation 
xy" + (sinx)y’ + x?y = 0, 


despite the fact that A(x) — x vanishes at x — 0. The reason is that 


sin x 1 x? x5 x? x4 
P(x) = = x + oe ES + 
x ! 


3! 5! 


is nevertheless analytic at x = 0 because the division by x yields a convergent power series. 
a 


The point x = 0 is not an ordinary point of the equation 


y" 4 x2y! 4 xl/2y =0. 


For while P(x) = x? is analytic at the origin, Q(x) = x1/? is not. The reason is that Q(x) is 


not differentiable at x — 0 and hence is not analytic there. (Theorem 1 of Section 8.1 implies 
that an analytic function must be differentiable.) a 


The point x = 0 is an ordinary point of the equation 
(1— x3)y" + (x? + 3x°)y" + (5x — 13x4)y =0 
because the coefficient functions A(x), B(x), and C(x) are polynomials with A(0) #0. E 


Theorem 2 of Section 3.1 implies that Eq. (2) has two linearly independent 
solutions on any open interval where the coefficient functions P(x) and Q(x) are 
continuous. The basic fact for our present purpose is that near an ordinary point a, 
these solutions will be power series in powers of x — a. A proof of the following 
theorem can be found in Chapter 3 of Coddington, An Introduction to Ordinary 
Differential Equations (Dover Publications, 1989). 
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Example 4 


Solution 


Example 5 


y 
3i Solution 


-3i 


FIGURE 8.2.1. Radius of 
convergence as distance to nearest 
singularity. 


THEOREM 1 Solutions Near an Ordinary Point 


Suppose that a is an ordinary point of the equation 
A(x)y" + B(x)y! + C(x)y = 0; (1) 


that is, the functions P = B/A and Q = C/A are analytic at x = a. Then Eq. (1) 
has two linearly independent solutions, each of the form 


> y(x) = 9 j ene — a)". (5) 
n=0 


The radius of convergence of any such series solution is at least as large as the 
distance from a to the nearest (real or complex) singular point of Eq. (1). The 
coefficients in the series in (5) can be determined by its substitution in Eq. (1). 


Determine the radius of convergence guaranteed by Theorem 1 of a series solution of 
(x? 4-9)y" + xy’ +x7y 20 (6) 


in powers of x. Repeat for a series in powers of x — 4. 
This example illustrates the fact that we must take into account complex singular points as 
well as real ones. Because 


x2 


x2 49° 


P(x) = and Q(x) = 


x2 49 
the only singular points of Eq. (6) are «3i. The distance (in the complex plane) of each of 
these from 0 is 3, so a series solution of the form ` cnx” has radius of convergence at least 3. 


The distance of each singular point from 4 is 5, so a series solution of the form Y^ cy (x — 4)" 
has radius of convergence at least 5 (see Fig. 8.2.1). a 


Find the general solution in powers of x of 
(x? — 4)y" + 3xy! + y =0. (7) 


Then find the particular solution with y(0) = 4, y'(0) = 1. 


The only singular points of Eq. (7) are +2, so the series we get will have radius of conver- 
gence at least 2. (See Problem 35 for the exact radius of convergence.) Substitution of 


oo oo oo 
» y= 5 eax", y= p nenx" |, and y" = 5 n(n — 1)cn x”? 
n=0 =1 n=2 
in Eq. (7) yields 
oo oo oo oo 
= n(n — l)enx" —4 PN n(n — 1)cnx” ? +3 X ncnx” + 5 cux" = 0. 
n=2 n=2 n=1 n=0 


We can begin the first and third summations at n = 0 as well, because no nonzero terms are 
thereby introduced. We shift the index of summation in the second sum by +2, replacing n 
with n + 2 and using the initial value n = 0. This gives 


Cc 


oo oo oo 
pa n(n — l)e,x" — 4 n + 2)(n + D)eng2x" +3 X ncg x" + A cnx" = Q. 


n=0 n=0 n=0 n=0 
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After collecting coefficients of cn and cn+2, we obtain 


oo 


X lo? + 2n + len — 4(n + 2)(n + Den+2| x^ = 0. 
n=0 


The identity principle yields 
(n + 1c, — 4(n + 2)(n + 1)cn+2 = 0, 


which leads to the recurrence relation 


(n + 1)cn 
» = —__ 8 
Cn+2 An +2) (8) 
for n 2 0. With n = 0, 2, and 4 in turn, we get 
co 3c2 3co and 5c4 3-5c9 
c2 = 5 C= = à c6 = = . 
See T7344 7 29.954 $746 45.2.46 
Continuing in this fashion, we evidently would find that 
1-3-5-- a —]) 
c : 
28 ^ s -- (2n) i 
With the common notation 
2 1)! 
De lb Oen aede Z! 
2^ . pg! 
and the observation that 2 - 4- 6--- (2n) = 2” -n!, we finally obtain 
(2n — 1)! 
d dE x Á 
(We also used the fact that 4” . 2” = 23^ ) 
With n — 1,3, and 5 in Eq. (8), we get 
2c 4c3 2-4c| and 6c5 2-4-6c4 
C3 — ; = = ; c; = = ; 
Bas? 77 es 45.3.5 1 4] 49357 
It is apparent that the pattern is 
2-4-6---(2n) n! 
> C2n41 = = (10) 


1-3-5 (Onl)  2-Qn 4 Dn 


The formula in (9) gives the coefficients of even subscript in terms of co; the formula 
in (10) gives the coefficients of odd subscript in terms of c1. After we separately collect the 
terms of the series of even and odd degree, we get the general solution 


2n — D a ! 
yx) 5 co («X Our Dx x UE (s+ Leo"). (11) 


Alternatively, 
= 1 2 Ane 
y(x) co ( + 3” + 23“ + 1024% + 
+c "om EN : x! pee (11’) 
6. 30° 140 ` 


Because y(0) = co and y'(0) = c, the given initial conditions imply that cy = 4 and c4 = 1. 
Using these values in Eq. (11^), the first few terms of the particular solution satisfying y (0) = 4 
and y'(0) = 1 are 

$ s d. 


13 
) ; EN 12 
e teg tuos we z 


1 
y() 2 4* xt 7x? + 
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Example 6 


Solution 


Remark As in Example 5, substitution of y = }_ cnx” in a linear second-order equation 
with x — 0 an ordinary point typically leads to a recurrence relation that can be used to 
express each of the successive coefficients c2, c3, c4, ... in terms of the first two, co and c1. 
In this event two linearly independent solutions are obtained as follows. Let yo(x) be the 
solution obtained with cg = 1 and cı = 0, and let yı (x) be the solution obtained with co = 0 
and cı = 1. Then 


yo(0)=1, yo(0)=0 and yi(0 —0, yj (0) =1, 


so it is clear that yo and y; are linearly independent. In Example 5, yo(x) and yı(x) are 
defined by the two series that appear on the right-hand side in Eq. (11), which expresses the 
general solution in the form y = coyo + ¢1)1. [| 


Translated Series Solutions 


If in Example 5 we had sought a particular solution with given initial values y(a) 
and y'(a), we would have needed the general solution in the form 


y(x) = Y ex - a)"; (13) 
n=0 


that is, in powers of x — a rather than in powers of x. For only with a solution of the 
form in (13) is it true that the initial conditions 


y(a)=co and y'(a)=cı 


determine the arbitrary constants co and c, in terms of the initial values of y and y’. 
Consequently, to solve an initial value problem, we need a series expansion of the 
general solution centered at the point where the initial conditions are specified. 


Solve the initial value problem 


d?y dy 


—0; 124, y'(1)-2-1. 14 
d aoe yQ) y (1) (14) 


We need a general solution of the form 7 c, (t — 1)". But instead of substituting this series 
in (14) to determine the coefficients, it simplifies the computations if we first make the sub- 
stitution x = t — 1, so that we wind up looking for a series of the form Y cnx” after all. To 
transform Eq. (14) into one with the new independent variable x, we note that 


(i? — 2t — 3) 


4 30 e 1) 


17 —2t-3 = (x +1)? —2(x 1) 32 x? — 4, 


dy _dydx dy " 
dt dxdt dx 


d^?y — d (dy ES eut pi " 
ae \de \dx]] da dT? > 


where primes denote differentiation with respect to x. Hence we transform Eq. (14) into 


and 


(x? — 4)y" +3xy' +y 20 


with initial conditions y = 4 and y’ = 1 at x = 0 (corresponding to ¢ = 1). This is the initial 
value problem we solved in Example 5, so the particular solution in (12) is available. We 
substitute ¢ — 1 for x in Eq. (12) and thereby obtain the desired particular solution 


y(t) 244 (f D 56 D^ 56 1? 


Example 7 


Solution 
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This series converges if —1 < t < 3. (Why?) A series such as this can be used to estimate 
numerical values of the solution. For instance, 


y(0.8) = 4+ (—0.2) + jc 02)? + L 0.2)3 


3 1 
—(-0.2)* + —(-0.2)° ET 
Ta ) Tesi y+ 


so that y(0.8) ~ 3.8188. E 


The last computation in Example 6 illustrates the fact that series solutions of 
differential equations are useful not only for establishing general properties of a 
solution, but also for numerical computations when an expression of the solution in 
terms of elementary functions is unavailable. 


Types of Recurrence Relations 


The formula in Eq. (8) is an example of a two-term recurrence relation; it expresses 
each coefficient in the series in terms of one of the preceding coefficients. A many- 
term recurrence relation expresses each coefficient in the series in terms of two or 
more preceding coefficients. In the case of a many-term recurrence relation, it is 
generally inconvenient or even impossible to find a formula that gives the typical 
coefficient c, in terms of n. The next example shows what we sometimes can do 
with a three-term recurrence relation. 


Find two linearly independent solutions of 
y" y = x?y =0. (15) 


We make the usual substitution of the power series y = »;cax". This results in the equation 


oco 


oo oo 
5 n(n — Desx" ? — a nenx” — > cux" *? = 0. 
=1 n=0 


n=2 


We can start the second sum at n = 0 without changing anything else. To make each term 
include x” in its general term, we shift the index of summation in the first sum by +2 (replace 
n with n + 2), and we shift it by —2 in the third sum (replace n with n — 2). These shifts yield 


co 


oo oo 
Yn + 2)(n  Deg42x" — iy nenx” — > Cn—-2x" = 0. 
n=0 n=2 


n=0 


The common range of these three summations is n Z 2, so we must separate the terms corre- 
sponding to n = 0 and n = 1 in the first two sums before collecting coefficients of x”. This 
gives 


oo 
2c2 + 6c3x —c4x + * [(n + 2)(n + 1)en 2 — ncn — Cn—2] x” = 0. 
n=2 


The identity principle now implies that 2c2 = 0, that c3 = HO , and the three-term recurrence 
relation 


ncn + Cn—2 


> [s =. _ 16 
n+2 (n + 2)(n + 1) (16) 
for n Z 2. In particular, 
2c2 + co 3c3 + c1 4c4 + c2 
4 = — , €5 = — m; G6: = — 3 
12 20 30 
(17) 


5€c5 + ca "ES 6c6 + c4 
a 877 56 


Il 


c7 
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Thus all values of cy for n 2 4 are given in terms of the arbitrary constants cg and cı because 
c2 = 0 and c3 = lo. 
To get our first solution y; of Eq. (15), we choose co = 1 and c1 = 0, so that c2 = c3 — 0. 


Then the formulas in (17) yield 


- d af i - 08. 
C4 12 C5 > C6 90° C7 » C8 1120° 
thus 
1 1 3 
x)= 1 4 xê x8 p.e. 1 
yi (x) + i2* + 90° + 1120 + (18) 


Because c4 = c3 = 0, it is clear from Eq. (16) that this series contains only terms of even 
degree. 

To obtain a second linearly independent solution y2 of Eq. (15), we take co = 0 and 
cı = 1, so that c2 = 0 and c3 = L Then the formulas in (17) yield 


0 3 0 13 
c4=0, c5 =—, cg-0, c7= ; 
4 d 7 1008 
so that 
1 3 13 
yo(x) =x + X ec ate x! pes (19) 


6 40 1008" 
Because c9 = c2 = 0, it is clear from Eq. (16) that this series contains only terms of odd 
degree. The solutions yı(x) and y2(x) are linearly independent because y;(0) = 1 and 
y (0) = 0, whereas y2(0) = 0 and y4(0) = 1. A general solution of Eq. (15) is a linear 
combination of the power series in (18) and (19). Equation (15) has no singular points, so the 
power series representing y; (x) and y2(x) converge for all x. E 


The Legendre Equation 


The Legendre equation of order o is the second-order linear differential equation 
» (1 — x?)y" — 2xy' +a(a + 1)y = 0, (20) 


where the real number o satisfies the inequality o > —1. This differential equation 
has extensive applications, ranging from numerical integration formulas (such as 
Gaussian quadrature) to the problem of determining the steady-state temperature 
within a solid spherical ball when the temperatures at points of its boundary are 
known. The only singular points of the Legendre equation are at +1 and —1, so 
it has two linearly independent solutions that can be expressed as power series in 
powers of x with radius of convergence at least 1. The substitution y = $7 cmx” in 
Eq. (20) leads (see Problem 31) to the recurrence relation 


|. (o — m)(o t m + 1) 
(m 4- 1)(m 4- 2) 


» Cm42 — Cm (21) 
for m 2 0. We are using m as the index of summation because we have another role 
for n to play. 

In terms of the arbitrary constants co and c1, Eq. (21) yields 


a(a + 1) 
m T is 
— (Qu Di 2) 

C3 — — 3! C1, 

a (o — 2)(a + 1)(a + 3) 
C4 = Co, 

4! 

(a—I(@—3)\@+2)(a+4) 

C= C1. 
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We can show without much trouble that for m > 0, 


(a — 2)(a — 4)---(a — 2m + 2)(a + 1)(a + 3)--- (a + 2m — D 
0 


me 
Com = (7D) (2m)! 


(22) 
and 


(a — 1)(a — 3) --- (& — 2m + Dc tyre 4) (œ + 2m), 
(2m + 1)! E 


C2m41 = (—1)" 


(23) 
Alternatively, 
Com = (-1)"@amco and = Com4i1 = (-1)"a2m41c1, 


where azm and d2m+1 denote the fractions in Eqs. (22) and (23), respectively. With 
this notation, we get two linearly independent power series solutions 


Xx) = co X (-1)™aamx?™ and ya(x) = c1 $ 57D" ass ix?" *! (24) 


m=0 m=0 


of Legendre’s equation of order a. 

Now suppose that o = n, a nonnegative integer. If o. = n is even, we see from 
Eq. (22) that azm = 0 when 2m > n. In this case, y1(x) is a polynomial of degree n 
and yz is a (nonterminating) infinite series. If o = n is an odd positive integer, we see 
from Eq. (23) that à5,,41 = 0 when 2m + 1 > n. In this case, y2(x) is a polynomial 
of degree n and y, is a (nonterminating) infinite series. Thus in either case, one of 
the two solutions in (24) is a polynomial and the other is a nonterminating series. 

With an appropriate choice (made separately for each n) of the arbitrary con- 
stants co (n even) or cı (n odd), the nth-degree polynomial solution of Legendre's 
equation of order n, 


» (1 — x2)y" — 2xy' -- n(n + 1)y = 0, (25) 


is denoted by P,(x) and is called the Legendre polynomial of degree n. It is 
customary (for a reason indicated in Problem 32) to choose the arbitrary constant so 
that the coefficient of x” in P, (x) is (2n)!/ [2" (n')?]. It then turns out that 


N 


Hu (-1)*(Qn—2k)! op 
E Fate) "iom - Df - 297 i G5) 


where N = [[n/2]. the integral part of 1/2. The first six Legendre polynomials are 


Po(x) = 1, Pi(x) =x, 
lg lg. d 
P(x) = gx =I), P3(x) = a = 3%), 
laai 2 l gas 3 
P(x) = Qe — 30x* + 3), Ps(x) = eo — 70x? + 15x), 


and their graphs are shown in Fig. 8.2.2. 
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FIGURE 8.2.2. Graphs y = P; (x) of the Legendre polynomials for n = 1, 2, 
3, 4, and 5. The graphs are distinguished by the fact that all n zeros of Pp (x) lie in 
the interval C1 < x < 1. 


| 82| Problems 


Find general solutions in powers of x of the differential equa- 
tions in Problems 1 through 15. State the recurrence relation 
and the guaranteed radius of convergence in each case. 


= 


. (2 — Dy" + Axy! + 2y =0 
. (x? + 2)y" + Axy! -2y 20 
CY! +xy'+y=0 

(x2 + Dy" + 6xy! +4y 20 
(x? 23)y" + 2xy’ 20 

(x? — Dy" — 6xy’ + 12y 20 
(x? + 3)y" — 7xy! + 16y 20 
(2 — x2)y" — xy! + 16y 20 
(x2 — 1)y" + 8xy’ + 12y 20 
3y" + xy’ —4y 20 

. 5y” — 2xy' + 10y 20 

. y! — x2y! 2 3xy 20 

Jy! 4 x2y! +2xy 20 

. y" + xy = 0 (an Airy equation) 
. y" $ x?y =0 


eet anawn 


p p pb p pb pah. 
uRU.lBG 


Use power series to solve the initial value problems in Prob- 
lems 16 and 17. 


16. (1 + x2)y" + 2xy’ — 2y = 0; (0) = 0, y/(0) = 1 
17. y" + xy’ -2y 20; y(0 = 1, y'(00 = 0 


Solve the initial value problems in Problems 18 through 22. 
First make a substitution of the form t — x — a, then find a 
solution Y cnt” of the transformed differential equation. State 
the interval of values of x for which Theorem 1 of this section 
guarantees convergence. 


18. y" + (x -Dy'-y 20; yd) 22, y'(1) 20 

19. 2x — x2)y" — 6(x — 1)y' — 4y = 0; y(1) 20, y'(1 21 

20. (x? — 6x + 10)y" — 4(x — 3)y’ + 6y = 0; y(3) = 2, 
y’(3) =0 

21. (4x? + 16x + 17)" = 8y; y(—2) = 1, y'(-2 = 0 

22. (x? + 6x)y" + (3x + 9)y’ —3y 20; y(-3) = 0, y’(—3) 22 


In Problems 23 through 26, find a three-term recurrence re- 
lation for solutions of the form y = Y cnx”. Then find the 
first three nonzero terms in each of two linearly independent 
solutions. 


23. y" - (1-- x)y 20 

24. (x? — D)y" + 2xy’ -2xy 20 

25. y" E x?y! E x2y 20 26. (14- x3)y" +x4y 20 
27. Solve the initial value problem 

y0) = 1, y'(0) = —1. 


Determine sufficiently many terms to compute y(1/2) ac- 
curate to four decimal places. 


y" + xy! + x? + Dy =0; 


In Problems 28 through 30, find the first three nonzero terms 
in each of two linearly independent solutions of the form 
y = Yicyx”. Substitute known Taylor series for the analytic 
functions and retain enough terms to compute the necessary 
coefficients. 


28. y" ce *y 20 

29. (cosx)y”+y 20 30. xy" +(sinx)y’+xy 20 

31. Derive the recurrence relation in (21) for the Legendre 
equation. 

32. Follow the steps outlined in this problem to establish Ro- 
drigues's formula 


n 
n!2^ dx” 


for the nth-degree Legendre polynomial. (a) Show that 
v = (x? — 1)” satisfies the differential equation 


Palx) = (x? — 1)" 


(1— x2 + 2nxv = 0. 
Differentiate each side of this equation to obtain 
(1— x?)v" +2(n —1)xv' + 2nv = 0. 


(b) Differentiate each side of the last equation n times in 
succession to obtain 


(1 7 x2) 0*2 — 2xyy*D + n(n + 1000 — 0. 


33. 


34. 


Thus u = v = D"(x? — 1)" satisfies Legendre’s equa- 
tion of order n. (c) Show that the coefficient of x” 
in u is (2n)!/n!; then state why this proves Rodrigues’ 
formula. (Note that the coefficient of x" in P(x) is 
(2n)!/ D" (n!)?].) 


The Hermite equation of order o is 
y" — 2xy! + 2ay = 0. 


(a) Derive the two power series solutions 


: 2" o(g —2)---(a — 2m +2 
y= 1+ NC 1)^* or( ms m ) 2m 


m=1 


and 


y2 =x 


n m 2" (a — 1)(a —3)--- (a —2m - 1). >m 
i > D Qm + 1)! ME 


Show that yı is a polynomial if o is an even integer, 
whereas y» is a polynomial if o is an odd integer. (b) The 
Hermite polynomial of degree n is denoted by Hp (x). It 
is the nth-degree polynomial solution of Hermite's equa- 
tion, multiplied by a suitable constant so that the coeffi- 
cient of x" is 2”. Show that the first six Hermite polyno- 
mials are 


Ho(x) = 1, 

Ha(x) = 4x? — 2, 

Ha(x) = 16x^ — 48x? + 12, 
Hs(x) = 32x? — 160x? + 120x. 


Hi(x) = 2x, 
H3(x) = 8x? — 12x, 


A general formula for the Hermite polynomials is 


Ha) = Cie? T (o7?) 


Verify that this formula does in fact give an nth-degree 
polynomial. It is interesting to use a computer alge- 
bra system to investigate the conjecture that (for each 
n) the zeros of the Hermite polynomials Hy and Hj4.1 
are "interlaced"—that is, the n zeros of Hy lie in the n 
bounded open intervals whose endpoints are successive 
pairs of zeros of H44.1. 

The discussion following Example 4 in Section 8.1 sug- 
gests that the differential equation y" + y = 0 could be 
used to introduce and define the familiar sine and cosine 
functions. In a similar fashion, the Airy equation 


y" — xy 


serves to introduce two new special functions that appear 
in applications ranging from radio waves to molecular vi- 
brations. Derive the first three or four terms of two dif- 
ferent power series solutions of the Airy equation. Then 
verify that your results agree with the formulas 


oo 
EE ak —2 
nyse ys P CES ar 
k=1 : 


35. 
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and 


Dee ases Gk —1) 3k41 
(3k + 1)! i 


for the solutions that satisfy the initial conditions yı (0) = 
1, y, (0) = 0 and y2(0) = 0, y4 (0) = 1, respectively. The 
special combinations 


sa XQ) y2(x) 
Ai(x) xri) IBTA) 
and 
wy nQ) y2(x) 
Bi(x) aVer(2) 3-Vér(1) 


define the standard Airy functions that appear in math- 
ematical tables and computer algebra systems. Their 
graphs shown in Fig. 8.2.3 exhibit trigonometric-like 
oscillatory behavior for x « 0, whereas Ai(x) de- 
creases exponentially and Bi(x) increases exponentially as 
X — +00. It is interesting to use a computer algebra sys- 
tem to investigate how many terms must be retained in the 
yı- and yo-series above to produce a figure that is visu- 
ally indistinguishable from Fig. 8.2.3 (which is based on 
high-precision approximations to the Airy functions). 


—-0.5- 


FIGURE 8.2.3. The Airy function graphs 

y — Ai(x) and y — Bi(x). 
(a) To determine the radius of convergence of the series 
solution in Example 5, write the series of terms of even 
degree in Eq. (11) in the form 


oo oo 
yo(x) =1+ b» Conx?” = 1+ N anz” 
=1 


n=1 


where an = Con and z = x”. Then apply the recurrence 
relation in Eq. (8) and Theorem 3 in Section 8.1 to show 
that the radius of convergence of the series in z is 4. Hence 
the radius of convergence of the series in x is 2. How does 
this corroborate Theorem 1 in this section? (b) Write the 
series of terms of odd degree in Eq. (11) in the form 


oo oo 
yy(x) =x ( + DD ose) =y ( + 5 mz") 
n=1 


n=1 


to show similarly that its radius of convergence (as a 
power series in x) is also 2. 
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CWE Automatic Computation of Series Coefficients 


Repeated application of a recurrence relation to grind out successive coefficients 
is—especially in the case of a recurrence relation with three or more terms—a te- 
dious aspect of the infinite series method. Here we illustrate the use of a computer 
algebra system not only to automate this task, but also to explore interactively the 
graphical effect of changing the number k of terms we include in a partial-sum 
approximation to the actual solution given by the full infinite series. In Example 
7 we saw that the coefficients in the series solution y = }_ c4x" of the differential 
equation 

y" xy - xy =0 (1) 


are given in terms of the two arbitrary coefficients co and c; by 


Cy NCy + Cyh—2 
— 0, ED d ro —— fi =). 2 
C2 C3 6 and Cn+2 (n -20 4D or nz (2) 


It would appear to be a routine matter to implement such a recurrence relation, 
but a twist results from the fact that a typical computer system array is indexed by 
the subscripts 1, 2, 3, ..., rather than by the subscripts 0, 1, 2, ... that match the 
exponents in the successive terms of a power series that begins with a constant term. 
For this reason we first rewrite our proposed power series solution in the form 


y- > Ox = > but (3) 


where b, = Cn—1 for each n 2 1. Then the first two conditions in (1) imply that 
b3 = 0 and b4 = zb; also, the recurrence relation (with n replaced with n — 1) 
yields the new recurrence relation 


b =. = (n — 1)en-1 + Cn—3 u (n — 1)bn + bn-2 (4) 
AET E (n 4- Dn E n(n + 1) i 


Now we are ready to begin. Suppose that we want to calculate the terms 
through the 10th degree in (2) with the initial conditions bı = b2 = 1. Then either 
the Maple commands 


k := 11: # k terms 
b := array(1..k): 

b[1] := 1: # arbitrary 
b[2] := 1: # arbitrary 
b[3] := 0: 


b[4] := b[2]/6: 

for n from 3 by 1 to k - 2 do 
b[n*2] := ((n-1)*b[n] + b[n-21)/ (n*(n*1)) ; 
od; 


or the Mathematica commands 


k = 11; (* k terms x) 
b = Table[0, {n,1,k}]; 

b[[1]] = 1; (* arbitrary *) 
b[[2]] = 1; (x arbitrary x) 
b[[3]] = 0; 


b[[4]] b[I211/6; 


| Value of k: 5 x 


| 
w 

| 
t3 

l 
j 
xo 
= 
N 
w 


FIGURE 8.2.4. MATLAB interactive 
display. The blue curve represents the 
actual solution of the initial value 
problem y" — xy’ — x?y = 0, 

y(0) = y'(0) = 1, whereas the black 
curve shows the partial-sum 
approximation of the series solution (5) 
with terms through the fourth degree 
(k = 5). 
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For [n=3, n<=k-2, 
b[[n+2]]=((n-1)*b[[n]] + b[[n-2]])/(n*(nt+1)); n=n+1]; 


quickly yield the coefficients {b, } corresponding to the solution 


y(x) = 


ERT: x " i " "num lax" à dx" " 119x? " Aix”? E (5) 
T 6 12 40 90 1008 1120 51840 113400 ` 


You might note that the even- and odd-degree terms here agree with those shown in 
Eqs. (18) and (19), respectively, of Example 7. 
The MATLAB commands 


k = 11; % k terms 

b = 0*(1:k); 

b(1) = 1; % arbitrary 

b(2) = 1; % arbitrary 

b(3) = 0; 

b(4) = b(2)/6; 

for n = 3:k-2 
b(n+2) = ((n-1)*b(n) + b(n-2))/(n*(n+1)); 
end 


format rat, b 


give the same results, except that the coefficient bio of x? is shown as 73/31801 
rather than the correct value 119/51840 shown in Eq. (4). It happens that 


73  10.0022955253 while 


z 0.0022955247, 
31801 


119 
51840 
so the two rational fractions agree when rounded to 9 decimal places. The explana- 
tion is that (unlike Mathematica and Maple) MATLAB works internally with deci- 
mal rather than exact arithmetic. But at the end its format rat algorithm converts 
a correct 14-place approximation for bio into an incorrect rational fraction that’s 
"close but no cigar." 

The MATLAB commands above form the basis for the interactive display 
shown in Fig. 8.2.4, which graphs the actual solution (blue curve) of the differential 
equation (1), with initial conditions bı = b2 = 1, together with the approximate so- 
lution (black curve) consisting of the terms through the fourth degree (k = 5) in (5). 
The pop-up menu allows the user to vary the number of terms k and thus immedi- 
ately see the graphical effect of changing the number of terms included in the series 
expansion. With k — 10, the actual and approximate solutions are indistinguishable 
in this viewing window. 

Finally, you can substitute bı = 1, b2 = 0 and bı = 0, b2 = 1 separately 
(instead of bı = b2 = 1) in the commands shown here to derive partial sums of the 
two linearly independent solutions displayed in Eqs. (18) and (19) of Example 7. 
This technique can be applied to any of the examples and problems in this section. 


IE] Regular Singular Points 


We now investigate the solution of the homogeneous second-order linear equation 


» A(x)y" + B(x)y' + C(x)y 20 (1) 
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near a singular point. Recall that if the functions A, B, and C are polynomials 
having no common factors, then the singular points of Eq. (1) are simply those 
points where A(x) = 0. For instance, x = 0 is the only singular point of the Bessel 
equation of order n, 


xy En xy ES (x? —n?)y = 0, 


whereas the Legendre equation of order n, 
(1 — x?)y" — 2xy' +n(n + 1)y =0, 


has the two singular points x = —1 and x = 1. It turns out that some of the features 
of the solutions of such equations of the most importance for applications are largely 
determined by their behavior near their singular points. 

We will restrict our attention to the case in which x = 0 is a singular point of 
Eq. (1). A differential equation having x — a as a singular point is easily transformed 
by the substitution t — x — a into one having a corresponding singular point at 0. For 
example, let us substitute £ = x — 1 into the Legendre equation of order n. Because 


ye _ dy dt _ dy 
dx | dtdx dt’ 


» dy [d (dy\]|dt _ dy 
Tom Wide de ae de’ 


and 1 — x? = 1— (t + 1)? = —2t —??, we get the equation 


d? d 
—t(t + 2 —2(t + n= 4+n(n+ Dy =0. 


This new equation has the singular point t = 0 corresponding to x = | in the original 
equation; it also has the singular point £ = —2 corresponding to x = —1. 


Types of Singular Points 


A differential equation having a singular point at 0 ordinarily will not have power 
series solutions of the form y(x) = Y; cx”, so the straightforward method of Sec- 
tion 8.2 fails in this case. To investigate the form that a solution of such an equation 
might take, we assume that Eq. (1) has analytic coefficient functions and rewrite it 
in the standard form 


> y" + P(x)y' + O(x)y = 0, (2) 


where P = B/A and Q = C/A. Recall that x = 0 is an ordinary point (as opposed 
to a singular point) of Eq. (2) if the functions P(x) and Q(x) are analytic at x = 0; 
that is, if P(x) and Q(x) have convergent power series expansions in powers of x on 
some open interval containing x = 0. Now it can be proved that each of the functions 
P(x) and Q(x) either is analytic or approaches +00 as x — 0. Consequently, x = 0 
is a singular point of Eq. (2) provided that either P(x) or Q(x) (or both) approaches 
too as x — 0. For instance, if we rewrite the Bessel equation of order n in the form 


n 1 , n? 
y +-y +{1--z]y=0, 
X X 


we see that P(x) = 1/x and Q(x) = 1 — (n/x)? both approach infinity as x — 0. 


Example 1 
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We will see presently that the power series method can be generalized to apply 
near the singular point x = 0 of Eq. (2), provided that P(x) approaches infinity no 
more rapidly than 1/x, and Q(x) no more rapidly than 1/x?, as x — 0. This is a 
way of saying that P(x) and Q(x) have only “weak” singularities at x = 0. To state 
this more precisely, we rewrite Eq. (2) in the form 


> y" F ann + 2 =0, (3) 
x x 

where 

> p(x) =xP(x) and g(x) = x?O(x). (4) 


DEFINITION Regular Singular Point 


The singular point x = 0 of Eq. (3) is a regular singular point if the functions 
p(x) and q(x) are both analytic at x = 0. Otherwise it is an irregular singular 
point. 


In particular, the singular point x = 0 is a regular singular point if p(x) and 
q(x) are both polynomials. For instance, we see that x = 0 is a regular singular 
point of Bessel’s equation of order n by writing that equation in the form 


2 2 


X n 
y —0, 


1 = 

y" + Ly! + 
x x 

noting that p(x) = 1 and g(x) = x? — n? are both polynomials in x. 
By contrast, consider the equation 


2x3 y"” + (1 + x)y' + 3xy =0, 


which has the singular point x = 0. If we write this equation in the form of (3), we 
get 


3 
y"4+ UE GL M 2 


—. 
x x2 y 
Because 
T 14x 1 4 
x)= = > 
P 2x2 2x? 2x = 


as x — 0 (although q(x) = 3 is a polynomial), we see that x = 0 is an irregular 


singular point. We will not discuss the solution of differential equations near irreg- 
ular singular points; this is a considerably more advanced topic than the solution of 
differential equations near regular singular points. 


Consider the differential equation 
x?(1 4- x)y" + x(4— x?)y! + (2+ 3x)y =0. 
In the standard form y" + Py’ + Qy = O itis 


Ka 4— x? ha 243x —— 
? x(14 "M x2(1 + xj ` 


Because " 
4—x 24-3 
x and Q(x) = ER 
x(1 +x) x?(14 x) 


P(x)-— 
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Example 2 


both approach oo as x — 0, we see that x = 0 is a singular point. To determine the nature of 
this singular point, we write the differential equation in the form of Eq. (3): 


a ' 
y" 4 (4— x VOTED y a eee) 


y= 


Thus 

4— x? 2+ 3x 

1+x E E 

Because a quotient of polynomials is analytic wherever the denominator is nonzero, we see 
that p(x) and q(x) are both analytic at x = 0. Hence x = 0 is a regular singular point of the 
given differential equation. " 


P(x) = 


It may happen that when we begin with a differential equation in the general 
form in Eq. (1) and rewrite it in the form in (3), the functions p(x) and q(x) as given 
in (4) are indeterminate forms at x = 0. In this case the situation is determined by 
the limits 


po = p(0) = lim p(x) = lim xP(x) (5) 
and 
go = q(0) = lim q(x) = lim x? O(a). (6) 


If po = 0 = qo, then x = 0 may be an ordinary point of the differential equation 
x2 y" + xp(x)y’ + q(x)y = 0 in (3). Otherwise: 
e If both the limits in (5) and (6) exist and are finite, then x = 0 is a regular 
singular point. 
e If either limit fails to exist or is infinite, then x = 0 is an irregular singular 
point. 


Remark The most common case in applications, for the differential equation written in the 
form 


X x 
y + PC Ly + a, 
X bs 


— 0, (3) 


is that the functions p(x) and q(x) are polynomials. In this case po = p(0) and go = q(0) are 
simply the constant terms of these polynomials, so there is no need to evaluate the limits in 
Eqs. (5) and (6). L| 


To investigate the nature of the point x = 0 for the differential equation 
x* y" + (x? sinx)y’ + (1 — cosx)y = 0, 


we first write it in the form in (3): 


sin x)/x 1— cos x)/x? 
y 4 )/ sf ae’ )/ = 
x x2 


Then |’H6pital’s rule gives the values 


. sinx . COSX 
po = lim = lim si 
x>0 x x>0 | 
and . 
. l-cosx . sinx 1 
qo = lim 5 — lim = 


x>0 X x>0 2x 2 
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for the limits in (5) and (6). Since they are not both zero, we see that x = 0 is not an ordinary 
point. But both limits are finite, so the singular point x = 0 is regular. Alternatively, we could 


write 
(x) sinx 1 x3 " x? i x? " x4 
x)= = {x n |= 
4 xx 3L 5 RET 
and 
1—cosx 1 ‘ i x? x* xô 
gcc x atat 
2 1 x? x4 
2! 4! T 6! 


These (convergent) power series show explicitly that p(x) and q(x) are analytic and moreover 
that po = p(0) = I and qo = q(0) = 1, thereby verifying directly that x = 0 is a regular 
singular point. " 


The Method of Frobenius 


We now approach the task of actually finding solutions of a second-order linear dif- 
ferential equation near the regular singular point x — 0. The simplest such equation 
is the constant-coefficient equidimensional equation 


x2y" + poxy! + qoy = 0 (7) 


to which Eq. (3) reduces when p(x) = po and g(x) = qo are constants. In this case 
we can verify by direct substitution that the simple power function y(x) — x" isa 
solution of Eq. (7) if and only if r is a root of the quadratic equation 


r(r — 1) + por + qo = 0. (8) 


In the general case, in which p(x) and q(x) are power series rather than con- 
stants, it is a reasonable conjecture that our differential equation might have a solu- 
tion of the form 


oo oo 
» y) =x" 2 cíX" = Loe = cox” eux t! + ext? +- (9) 
n=0 n=0 


—the product of x” and a power series. This turns out to be a very fruitful con- 
jecture; according to Theorem 1 (soon to be stated formally), every equation of the 
form in (1) having x — 0 as a regular singular point does, indeed, have at least one 
such solution. This fact is the basis for the method of Frobenius, named for the 
German mathematician Georg Frobenius (1848-1917), who discovered the method 
in the 1870s. 

An infinite series of the form in (9) is called a Frobenius series. Note that 
a Frobenius series is generally not a power series. For instance, with r — -i the 
series in (9) takes the form 


y= tux + cux? + eax? + c4x?/? -+ el 


it is not a series in integral powers of x. 
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To investigate the possible existence of Frobenius series solutions, we begin 
with the equation 


> x?y" + xp(x)y' + q(x)y = 0, (10) 


obtained by multiplying the equation in (3) by x?. If x = 0 is a regular singular 
point, then p(x) and q(x) are analytic at x — 0, so 


p(x) = pot pix + pax? + pax? +--> , 


(HD 
q(X) = qo dix + 3x? qd +. 
Suppose that Eq. (10) has the Frobenius series solution 
oo 
» yc iam. (12) 
n=0 


We may (and always do) assume that co # 0 because the series must have a first 
nonzero term. Termwise differentiation in Eq. (12) leads to 


> y= 5 Cn(n + r)x” t"! (13) 
n=0 
and 
» y= » cn (n +r) 4 r — Dx"*'7?, (14) 
n=0 


Substitution of the series in Eqs. (11) through (14) in Eq. (10) now yields 
[r(r — Dcox" + (r + Drex!*! te] 
+ [pox + pix? +- |- [rcox T] + (r Dex] 
+ [ao aix 9]: [eox" + cix" t! +---] = 0. (15) 


Upon multiplying initial terms of the two products on the left-hand side here and 
then collecting coefficients of x^, we see that the lowest-degree term in Eq. (15) is 
colr(r — 1) + por 4- qo]x" . If Eq. (15) is to be satisfied identically, then the coefficient 
of this term (as well as those of the higher-degree terms) must vanish. But we are 
assuming that co Æ 0, so it follows that r must satisfy the quadratic equation 


» r(r — 1) 4 por - 9-0 (16) 


of precisely the same form as that obtained with the equidimensional equation in (7). 
Equation (16) is called the indicial equation of the differential equation in (10), and 
its two roots (possibly equal) are the exponents of the differential equation (at the 
regular singular point x — 0). 

Our derivation of Eq. (16) shows that if the Frobenius series y = x” $ cnx” 
is to be a solution of the differential equation in (10), then the exponent r must be 
one of the roots rı and rz of the indicial equation in (16). If rı Z r2, it follows that 
there are two possible Frobenius series solutions, whereas if rı = r2 there is only one 
possible Frobenius series solution; the second solution cannot be a Frobenius series. 


Example 3 


Solution 
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The exponents rı and r2 in the possible Frobenius series solutions are determined 
(using the indicial equation) by the values po — p(0) and qo — q(0) that we have 
discussed. In practice, particularly when the coefficients in the differential equation 
in the original form in (1) are polynomials, the simplest way of finding po and qo is 
often to write the equation in the form 


+ pix + px? v ee + ix + qox? e 
y” + P? pi m yp” qı = 


y=0. (17) 


Then inspection of the series that appear in the two numerators reveals the constants 
Po and qo. 


Find the exponents in the possible Frobenius series solutions of the equation 
2x7 (1 + x)y" +3x(1 + xy —(1- x2)y -—. 
We divide each term by 2x?(1 + x) to recast the differential equation in the form 


3 2 1 
5(1 + 2x + x^) —5(1— x) 
2 y+ 


n 
4 = 
y x x y 


and thus see that po = 3 and qo = -1. Hence the indicial equation is 


r(r 1) + 3r =r? +ir ł=(r+1)(r-4)=0, 


with roots rj = 1 and r2 = —1. The two possible Frobenius series solutions are then of the 
forms 
oo oo 
yix) = x1? >. anx” and y(x) =x! 5 bax". a 
n=0 n=0 


Frobenius Series Solutions 


Once the exponents rı and r2 are known, the coefficients in a Frobenius series so- 
lution are determined by substitution of the series in Eqs. (12) through (14) in the 
differential equation, essentially the same method as was used to determine coef- 
ficients in power series solutions in Section 8.2. If the exponents rı and rz are 
complex conjugates, then there always exist two linearly independent Frobenius se- 
ries solutions. We will restrict our attention here to the case in which rı and rz are 
both real. We also will seek solutions only for x > 0. Once such a solution has been 
found, we need only replace x"! with |x|" to obtain a solution for x < 0. The fol- 
lowing theorem is proved in Chapter 4 of Coddington's An Introduction to Ordinary 
Differential Equations. 
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Example 4 


Solution 


THEOREM 1 Frobenius Series Solutions 


Suppose that x — 0 is a regular singular point of the equation 
= x^ y" + xp(x)y’ + q(x)y = 0. (10) 


Let p > 0 denote the minimum of the radii of convergence of the power series 
oo oo 
pe) = y3 pax" and q(x)-— Monk 
n=0 n=0 


Let rı and rz be the (real) roots, with rı 2 r2, of the indicial equation r(r — 1) + 
por + qo = 0. Then 


(a) For x > 0, there exists a solution of Eq. (10) of the form 


> yi) =x Y anx" (ao £0) (18) 
n=0 
corresponding to the larger root r;. 


(b) If rı — r2 is neither zero nor a positive integer, then there exists a second 
linearly independent solution for x > 0 of the form 


> ya(x) =x J bax” (bo #0) (19) 


n=0 


corresponding to the smaller root rp. 


The radii of convergence of the power series in Eqs. (18) and (19) are each 
at least p. The coefficients in these series can be determined by substituting 
the series in the differential equation 


x?y" + xp(x)y’ + q(x)y = 0. 


We have already seen that if rı = r2, then there can exist only one Frobenius 
series solution. It turns out that, if rı — r2 is a positive integer, there may or may 
not exist a second Frobenius series solution of the form in Eq. (19) corresponding to 
the smaller root r2. These exceptional cases are discussed in Section 8.4. Examples 
4 through 6 illustrate the process of determining the coefficients in those Frobenius 
series solutions that are guaranteed by Theorem 1. 


Find the Frobenius series solutions of 
2x2 y" + 3xy' — (x? + Dy = 0. (20) 


First we divide each term by 2x? to put the equation in the form in (17): 


3 -l.1g42 
y" 4. 2 y ES 2 = y= 0. (21) 
% x 
We now see that x = 0 is a regular singular point, and that po = 3 and go = -}. Because 
p(x) = 3 and q(x) = -i — lg? are polynomials, the Frobenius series we obtain will converge 


for all x > 0. The indicial equation is 


r(r 1) + 3r i-(r s) +) =0, 
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so the exponents are ry = 4 and r2 = —1. They do not differ by an integer, so Theorem 1 
guarantees the existence of two linearly independent Frobenius series solutions. Rather than 
separately substituting 


oo oo 
y= xi? At anx” and y2=x! oa Bax” 
n=0 


n=0 


in Eq. (20), it is more efficient to begin by substituting y = x” $` cnx”. We will then get a 
recurrence relation that depends on r. With the value r; — 1 it becomes a recurrence relation 


for the series for y1, whereas with r2 = —1 it becomes a recurrence relation for the series for 
y2. 
When we substitute 
oo oo 
» y= x cux" TT, yl = Son + r)egx ttt 
n=0 n=0 
and 
oo 
» y'z y» 4r)n-4r-Dex^*" 7? 
n=0 


in Eq. (20)—the original differential equation, rather than Eq. (21)—we get 


oo oo 
2 Sota +r)(n +r — l1)cnx” t" +3 DG + r)eg x" t" 
n=0 n=0 
oo oo 
= eS cux" t1? a b» Cn x” tt =0. (22) 
n=0 n=0 


At this stage there are several ways to proceed. A good standard practice is to shift indices so 
that each exponent will be the same as the smallest one present. In this example, we shift the 
index of summation in the third sum by —2 to reduce its exponent from n +r +2ton +r. 
This gives 


oo oo 
2 Yn +r)(n +r — 1l)cnx” t" +3 n + r)en x” t" 


n=0 n=0 


oo oo 
— p» Cg—2x" ** — x cnx" *" = 0. (23) 
n=2 n=0 


The common range of summation is n Z 2, so we must treat n = 0 and n = 1 separately. Fol- 
lowing our standard practice, the terms corresponding to n = 0 will always give the indicial 
equation 

[2r(r — 1) -3r — 1]co = 2 (7? + ir — i) co = 0. 
The terms corresponding to n = 1 yield 


Dc + Dr + 3(r 4 D- ley = Qr? + 5r + 2)cy = 0. 


Because the coefficient 2r? + 5r + 2 of c4 is nonzero whether r = i or r = —1, it follows 


that 
cy = 0 (24) 
in either case. 
The coefficient of x”*” in Eq. (23) is 
2(n +r)(n +r — l)eg + 3(n +r)cn — Cn—2 — Cn = 0. 
We solve for cn and simplify to obtain the recurrence relation 
Cn—2 


> - 
m 2(n 4-r)? + (n4 r)—1 


for n 2 2. (25) 
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Example 5 


Solution 


CASE 1: r; = i. We now write a; in place of cn and substitute r = 4 in Eq. (25). This 


gives the recurrence relation 


ün—2 


» i Cn 
m 2n? + 3n 


for n 2 2. (26) 
With this formula we can determine the coefficients in the first Frobenius solution y1. In view 
of Eq. (24) we see that an = 0 whenever n is odd. With n = 2, 4, and 6 in Eq. (26), we get 


ao a2 ao 
= > a= = > 
14 44 616 


a4 ao 
and dg =— = ; 
90 55,440 


a2 


Hence the first Frobenius solution is 


2 4 6 
X X X 
y1(x) = agx!/? (1+ ++ + jJ 


14 616 55440 


CASE 2: r2 = —1. We now write b, in place of c, and substitute r = —1 in Eq. (25). 

This gives the recurrence relation 

» NL ae res (27) 
"c7 2b2 — 3n B 


Again, Eq. (24) implies that b, = 0 for n odd. With n = 2, 4, and 6 in (27), we get 


b b b b b 
hinc t dmt a Mec 
2 20 40 54 2160 


Hence the second Frobenius solution is 


x2 x4 x6 
= box? [1+ ee | ii 
y2(x) ox ( + 2 + 40 + 3160 + 


Find a Frobenius solution of Bessel’s equation of order zero, 
> x? y" + xy! +x7y =0. (28) 


In the form of (17), Eq. (28) becomes 


Hence x = 0 is a regular singular point with p(x) = 1 and q(x) = x?, so our series will 


converge for all x > 0. Because po = 1 and qo = 0, the indicial equation is 
rr—-l+r=r7=0. 


Thus we obtain only the single exponent r = 0, and so there is only one Frobenius series 
solution 


oo 
y(x) = x? b» X^ 


n=0 
of Eq. (28); it is in fact a power series. 
Thus we substitute y = Y^ cnx” in (28); the result is 


oo 


oo oo 
b n(n — 1)cnx” + p ncasx" + p» cux" *? = 0. 


n=0 n=0 n=0 


We combine the first two sums and shift the index of summation in the third by —2 to obtain 


oo oo 
AN n?cg x" + > Cn—2x" = 0. 
n=0 n=2 


Example 6 


Solution 
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The term corresponding to x? gives 0 = 0: no information. The term corresponding to x! 
gives cı = 0, and the term for x" yields the recurrence relation 


» CRUS aS for n = 2. (29) 
n 


Because c, = 0, we see that c; = 0 whenever n is odd. Substituting n = 2, 4, and 6 in 
Eq. (29), we get 


co __ 2 __ Co ä _ “4 co 
c2 22’ c4 42 92.42’ an c6 62 22.42. 62° 
Evidently, the pattern is 
(-1)"co .  (-UD"cg 


» C2n = 


22.42... (2n)? 22" (n!)2° 


The choice cg = 1 gives us one of the most important special functions in mathematics, the 
Bessel function of order zero of the first kind, denoted by Jo(x). Thus 


X X X 


» Jox) = Dy Xmqay 5 4*6 2x4 T (30) 


oo (—1)"x2” 2 4 6 


n=0 


In this example we have not been able to find a second linearly independent solution of 
Bessel’s equation of order zero. We will derive that solution in Section 8.4; it will not be a 
Frobenius series. m 


When rı - r? Is an Integer 


Recall that, if rı — r2 is a positive integer, then Theorem 1 guarantees only the 
existence of the Frobenius series solution corresponding to the larger exponent r1. 
Example 6 illustrates the fortunate case in which the series method nevertheless 
yields a second Frobenius series solution. The case in which the second solution is 
not a Frobenius series will be discussed in Section 8.4. 


Find the Frobenius series solutions of 
xy" 4 2y! + xy zo. (31) 
In standard form the equation becomes 
2 x? 
y" + cat dis sy = 0, 
x x 
so we see that x = 0 is a regular singular point with pọ = 2 and qo = 0. The indicial equation 
r(r —1) -2r 2 r(r-1) 20 


has roots rı = 0 and r2 = —1, which differ by an integer. In this case when r1 — r2 is an integer, 
it is better to depart from the standard procedure of Example 4 and begin our work with the 
smaller exponent. As you will see, the recurrence relation will then tell us whether or not a 
second Frobenius series solution exists. If it does exist, our computations will simultaneously 
yield both Frobenius series solutions. If the second solution does not exist, we begin anew 
with the larger exponent r = rı to obtain the one Frobenius series solution guaranteed by 
Theorem 1. 
Hence we begin by substituting 


oo oo 
y2x! 5 tnx” = b» cux 
n=0 n=0 
in Eq. (31). This gives 


oo oo oo 
Son —1)(n — 2)cnx" 7? +2 Yi (a = Desx" 2? + > Cx” = 0. 


n=0 n=0 n=0 
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We combine the first two sums and shift the index by —2 in the third to obtain 


oo oo 
a n(n — l)en x”? + py Cn-2x"7? = 0. (32) 


n=0 n=2 
The cases n = 0 and n = 1 reduce to 
0-c9 =O and O-c; =0. 


Hence we have two arbitrary constants co and cı and therefore can expect to find a general 
solution incorporating two linearly independent Frobenius series solutions. If, for n — 1, we 
had obtained an equation such as 0- cy = 3, which can be satisfied for no choice of c1, this 
would have told us that no second Frobenius series solution could exist. 

Now knowing that all is well, from (32) we read the recurrence relation 


Cn—2 


» Cn —————— for n 2 2. (33) 
n(n —1) 
The first few values of n give 
_ 1 _ 1 
€2 = — 5700: €3— 396) 
1 co 1 C1 
C4 = ———c = —, C5 = —— C3 = —, 
EHE C TA EE c 
_ 1 |. €0 1 C1 
LE C LN. LEE T RNC 
evidently the pattern is 
» (-1)"6g (-D"e 
C = —___, Cc — ee 
a On)! 2n+1 ande 


for n Z 1. Therefore, a general solution of Eq. (31) is 


oo 
yx) =x! 2 cnx” 
n=0 
co i Sox pa a 
= ene Ed 
X 2! 4! x 3! 5! 
| 60 oo (—1)" x2” " c s (—1)”x2”+1 
! ! 
x (2n)! x —9 (2n + 1)! 


Thus 


1 : 
y(x) = —(co cos x + c1 sin x). 
x 


We have thus found a general solution expressed as a linear combination of the two Frobenius 
series solutions 


2n 4n COS X sin x 
vie) = 3 and y&) = 3. 


(34) 


bu Do dia soono x. As indicated in Fig. 8.3.1, one of these Frobenius series solutions is bounded but the other 
yix) = 


and y2 (x) = m js unbounded near the regular singular point x = 0—a common occurrence in the case of 
Example 6. exponents differing by an integer. [| 
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Summary 
When confronted with a linear second-order differential equation 


> A(x)y" + B(x)y' + C(x)y 20 


with analytic coefficient functions, in order to investigate the possible existence of 
series solutions we first write the equation in the standard form 


> y" + PQ)y' + QG)y = 0. 


If P(x) and Q(x) are both analytic at x = 0, then x = 0 is an ordinary point, and 
the equation has two linearly independent power series solutions. 

Otherwise, x = 0 is a singular point, and we next write the differential equation 
in the form 


> y" 4 ENA 
If p(x) and q(x) are both analytic at x = 0, then x = 0 is a regular singular point. 
In this case we find the two exponents rı and rz (assumed real, and with rı Z r2) by 
solving the indicial equation 

» r(r — 1) + por + qo = O, 

where po — p(0) and qo — q(0). There always exists a Frobenius series solution 


y = x" X anx” associated with the larger exponent rı, and if rı — r2 is not an 
integer, the existence of a second Frobenius series solution y2 = x"? $^ b,x" is also 


guaranteed. 


| 83 Problems 


In Problems 1 through 8, determine whether x = 0 is an ordi- 
nary point, a regular singular point, or an irregular singular 
point. If it is a regular singular point, find the exponents of the 
differential equation at x = 0. 


1. xy" + (x — x3)y! + (sinx)y 20 

xy" 2 x2 y! 4 (e* _ Dy =0 

x2 y" + (cosx)y’ 4- xy 20 

3x3 y" 4+ 2x2y! + (1— x2)y 20 

x(1 + x)y" + 2y’ + 3xy 20 

x?(1 — x2)y" 4+ 2xy' - 2y 20 

x2 y" + (6sinx)y’ 4- 6y 20 

(6x2 + 2x3) y" + 21xy' + 9x? 1)y 20 


9n $IAROOPM 


If x = a # 0 is a singular point of a second-order linear dif- 
ferential equation, then the substitution t = x — a transforms 
it into a differential equation having t — 0 as a singular point. 
We then attribute to the original equation at x — a the behavior 
of the new equation at t — 0. Classify (as regular or irregular) 
the singular points of the differential equations in Problems 9 
through 16. 


9. (1— x)y" + xy! + x?y =0 
10. (1—x)2y" + 2x 2) - y 20 


11. (1— x2)y" —2xy’ + 12y 20 

12. (x - 23 y" + 3(x - 22 y! + x3y 20 

13. (x2 — 4)y" + (x -2)y' + (x -2y = 0 
14. (x? — 92 y" + (x? +. 9)y! + (x2 - 4)y 20 
15. (x - 22 y" — (x? -4y + (x -2)y 20 
16. x?(1— x)y" + Bx +2)y’ - xy 20 


Find two linearly independent Frobenius series solutions (for 
x > 0) of each of the differential equations in Problems 17 
through 26. 


17. 4Axy" -2y' uy 20 

18. 2xy" -3y'- y 20 

19. 2xy" -y' 2 y 20 

20. 3xy" + 2y’+2y 20 

21. 2x2y" + xy’ —(1 + 2x?)y 20 
22. 2x? y" + xy’ — (3-2x2)y =0 
23. 6x?y" + Txy! — (x? + 2)y =0 
24. 3x2y" 4 2xy! + x2y 20 

25. 2xy" + (1+ x)y' - y =0 

26. 2xy" + (1 2x2) y! - 4xy 20 
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Frobenius series solutions of the differential equations in Prob- 
lems 27 through 31. Then construct a graph showing their 
graphs for x > 0. 


27. xy" +2y' + 9xy =0 
29. 4xy"4+ 8y’+ xy 20 


28. xy" -2y' - Axy 20 
30. xy" — y' - Ax?y 20 


31. 4x2 y" — Axy! + (3 — 4x2)y 20 


In Problems 32 through 34, find the first three nonzero terms 
of each of two linearly independent Frobenius series solutions. 


32. 
33. 
34. 
35. 


36. 


37. 


38. 


2x? y" + x(x + ly’ -Qx+ Dy 20 

(2x? + 5x3)y" + (3x —x?)y’-(1 + x)y =0 
2x? y" + (sin x)y’ — (cos x)y = 0 

Note that x = 0 is an irregular point of the equation 


(a) Show that y = x" $` cnx” can satisfy this equation 


x2y" +(3x-l)y'+y=0. 


only if r = 0. (b) Substitute y = Y cnx” to derive the 
"formal" solution y = $^ n!x". What is the radius of con- 
vergence of this series? 

(a) Suppose that A and B are nonzero constants. Show 
that the equation x? y" + Ay’ + By = 0 has at most one 


solution of the form y = x" Y cnx”. 


(b) Repeat part 


(a) with the equation x? y" + Axy’ + By = 0. (c) Show 
that the equation x? y" + Ax?y' + By = 0 has no Frobe- 
nius series solution. (Suggestion: In each case substitute 
y =x" Yi cnx” in the given equation to determine the pos- 
sible values of r.) 

(a) Use the method of Frobenius to derive the solution 
yı = x of the equation x?y" — xy’ + y = 0. (b) Verify 
by substitution the second solution y2 = xe-V*, Does y2 
have a Frobenius series representation? 

Apply the method of Frobenius to Bessel's equation of 


order 


to derive its general solution for x > 0, 


x? y" + xy! + (x? — i) y=0, 


(x) COS X " 
x) =e Je 
y 0 Jx 1 


Figure 8.3.2 shows the graphs of the two indicated solu- 


tions. 


y 


» 
1L 
» 
x 

T An 
FIGURE 8.3.2. The solutions 
vi (x) = T7 and ya) = 77 in 
Problem 38. 


39. 


40. 


41. 


(a) Show that Bessel's equation of order 1, 
x2 y" + xy! + (x? — Dy = 0, 


has exponents rı = 1 and r2 = —1 at x = 0, and that the 
Frobenius series corresponding to rı = 1 is 


x & (—1)^ x?" 
AM=5 nl(n + 1)!22"" 


n=0 


(b) Show that there is no Frobenius solution correspond- 
ing to the smaller exponent r2 = —1; that is, show that it 
is impossible to determine the coefficients in 


oo 
yo(x) = x7! b» tux 
n=0 


Consider the equation x2y" + xy’ + (1 — x)y = 0. (a) 
Show that its exponents are +i, so it has complex-valued 
Frobenius series solutions 


. Q9; . o 
ye =x? 5 Pnx” and y- =x" = qn x" 
n=0 n=0 


with po = go = 1. (b) Show that the recursion formula 
is 


= mw 

n? 4-2rn 
Apply this formula with r = i to obtain py = cy, then with 
r = —i to obtain qn = cn. Conclude that pn and qn are 


complex conjugates: py = an + ibn and qn = an — ibn, 
where the numbers {an} and {bn} are real. (c) Deduce 
from part (b) that the differential equation given in this 
problem has real-valued solutions of the form 


y1(x) = A(x) cos(In x) — B(x) sin(In x), 
y2(x) = A(x) sin(Inx) + B(x) cos(In x), 


where A(x) = 3 anx” and B(x) = Y bx". 
Consider the differential equation 


x(x — Dx 1)? y" + 2x(x —3)(x + Dy'-2(x-1)y 20 


that appeared in an advertisement for a symbolic algebra 
program in the March 1984 issue of the American Mathe- 
matical Monthly. (a) Show that x = 0 is a regular singular 
point with exponents rı = 1 and r2 = 0. (b) It follows 
from Theorem | that this differential equation has a power 
series solution of the form 


yi (x) = x coax? + eax? ++. 


Substitute this series (with cj = 1) in the differential equa- 
tion to show that c2 = —2, c3 = 3, and 


Cn4+2 = 


(n? — n)cn-1 + (n? — 5n — 2)cn — (n? + 7n + 4)en+1 
(n + 1)(n + 2) 


42. 


forn 2 2. (c) Use the recurrence relation in part (b) 
to prove by induction that cy = (—1)**!5 for n = 1 (1). 
Hence deduce (using the geometric series) that 


X 


yi(x) = "Emo 


for0<x <1. 
This problem is a brief introduction to Gauss’s hypergeo- 
metric equation 


x(1—x)y" + [y — (@ + B +1)x]y’-aBy =0, (35) 


where a, D, and y are constants. This famous equation has 
wide-ranging applications in mathematics and physics. 
(a) Show that x = 0 is a regular singular point of Eq. (35), 
with exponents 0 and 1 — y. (b) If y is not zero or a neg- 
ative integer, it follows (why?) that Eq. (35) has a power 
series solution 


oo oo 
y(x) = x9 = tnx” = 5 Cn x” 
n=0 n=0 
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with co # 0. Show that the recurrence relation for this 


series is 
| (e 4c nY(B +n) 


(y mcn) 


forn 2 0. (c) Conclude that with co = | the series in part 
(b) is 


n+1 


y(x) = 14+ p» n Pn x^ (36) 


where œn = a(a + 1)(a + 2)--- (a +n — 1) forn 2 1, and 
Bn and yn are defined similarly. (d) The series in (36) 
is known as the hypergeometric series and is commonly 
denoted by F(a, B, y, x). Show that 


Q) F(l,1,1, x) = 
—x 
(ii) x F(1, 1,2, —x) = In(1 + x); 
(iii) xF (4. 1, 3, -x?) = tan! x; 


(iv) F(-k, 1,1, —x) = (1 + x)* 


(the geometric series); 


(the binomial series). 


Sw -Veyeliieceiiioal Automating the Frobenius Series Method 


Here we illustrate the use of a computer algebra system such as Maple to apply 
the method of Frobenius. More complete versions of this application—illustrating 
the use of Maple, Mathematica, and MATLAB—can be found in the applications 
manual that accompanies this text. We consider the differential equation 


2x2y" + 3xy' — (x? + Dy =0 (1) 


1 


of Example 4 in this section, where we found the two indicial roots rı = = and 


2 = —]. 


Beginning with the indicial root rı = 


2 


1, we first write the initial seven terms 


of a proposed Frobenius series solution: 


a := array(0..6): 
x^(1/2)xsum( a[n]*x^(n), n = 0..6); 


y: 


y := JX (ao + a1x + a2x? + a3x3 + aax* + asx? + agx9) 


Then we substitute this series (actually, partial sum) into the left-hand side of Eq. (1). 


deql := 2«x^2xdiff(y,x$2) + 3*x*xdiff(y,x) - (x^2 + 1)xy: 


Evidently x?/? will factor out upon simplification, so we multiply by x 


—3/? and then 


collect coefficients of like powers of x. 


deq2 := collect( xA(-3/2)*simplify(deql), x); 


deq2 := —x'ag — x9as + (90ag — a4)x? + (—a3 + 65a5)x* 
+ (—a2 + 44a4)x? + (—a1 + 27a3)x? + (1442 — ao)x + 5a1 


We see here the equations that the successive coefficients must satisfy. We can 
select them automatically by defining an array, then filling the elements of this array 
by equating to zero (in turn) each of the coefficients in the series. 
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egs :- array(0..5): 
for n from 0 to 5 do 

eqs[n] := coeff(deql,x,n) = 0: od: 
coeffEqs := convert(eqs, set); 


coeffEqs :— {5a; = 0, —az + 44a4 = 0, —a3 + 65as = 0, 
90a6 — a4 = 0, 14a2 — ag = 0, —a1 + 27a3 = 0} 


We now have a collection of six linear equations relating the seven coefficients 
(ao through ag). Hence we can proceed to solve for the successive coefficients in 
terms of ao. 


succCoeffs :- convert([seq(a[n], n=1..6)], set); 
ourCoeffs :- solve(coeffEqs, succCoeffs); 
1 


0, 44 = —— 40, 


ourCoeffs := far = 0, a = 554407 


1 
az = 147: ds = 0, a - 0 


Thus we get the first particular solution 


iis x2 yf x6 
= 1 Es 
yi) = dox ( + 74+ 616 * 55440 * ) 
found in Example 4. You can now repeat this process, beginning with the indicial 
root r2 = —1, to derive similarly the second particular solution. 

In the following problems, use this method to derive Frobenius series solutions 
that can be checked against the given known general solutions. 


. xy" — y! +4x3y =0, y(x) = Acos x? + B sin x? 


. xy" —2y' + 9x5y =0, y(x) = Acos x? + B sin x? 
. Axy" —2y' c y 20, y(x) = Acos yx + B sin yx 


1 
. xy" +2y'’+xy=0, y(x)= = 6A 008 x + Bsinx) 


A oU) NY = 


1 
5. 4xy"+ 6y’+y=0, y(x) — W- (A cos J/x + B sin vx) 
x 
1 
6. x?y" + xy! + (4xt—1)y =0, y(x) = —(Acos x? + B sin x?) 
x 
1 
TER = E NE 
7. xy" 4+3y’+4x3y 20, y(x) = <3 (A cos x + B sinx?) 
1 
8. xy" +2x?y!—2y =0, yx) = [AQ - x) + BA + x)e™] 


Problems 9 through 11 involve the arctangent series 


1 
9. (x + x3)y" + (24+ Ax2)y' + 2xy =0, y(x) = —(A+ Btan™! x) 
x 


1 
10. (2x + 2x”)y" + 34 5x)y’+y=0, y(x)— WE (A+ Btan ! yx) 


1 
11. (x + x?)y" + (3 +7x4)y' + 8x3y = 0, y(x) = z + B tan™! x?) 
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WEY I Method of Frobenius: The Exceptional Cases 


We continue our discussion of the equation 


» y" e p(x) ! 
X 


y+ fO,yzo () 


where p(x) and q(x) are analytic at x — 0 and x — 0 is a regular singular point. If 
the roots rı and r2 of the indicial equation 


» $(r) — r(r — 1) + por + qo = 0 (2) 


do not differ by an integer, then Theorem 1 of Section 8.3 guarantees that Eq. (1) 
has two linearly independent Frobenius series solutions. We consider now the more 
complex situation in which rı — r2 is an integer. If rı = r2, then there is only one 
exponent available, and thus there can be only one Frobenius series solution. But 
we saw in Example 6 of Section 8.3 that if rı = r2 + N, with N a positive integer, 
then it is possible that a second Frobenius series solution exists. We will also see 
that it is possible that such a solution does not exist. In fact, the second solution 
involves In x when it is not a Frobenius series. As you will see in Examples 3 and 4, 
these exceptional cases occur in the solution of Bessel's equation. For applications, 
this is the most important second-order linear differential equation with variable 
coefficients. 


The Nonlogarithmic Case with rı = r2 + N 


In Section 8.3 we derived the indicial equation by substituting the power series 
P(x) = Mi pax" and q(x) = Y qnx” and the Frobenius series 


» y(x) = x" > cux" = x Gx (co Æ 0) (3) 
n=0 n=0 


in the differential equation in the form 
» x^y"  xp(x)y'  q(x)y = 0. (4) 


The result of this substitution, after collection of the coefficients of like powers of 
x,is an equation of the form 


> Fr” =0 (5) 
n=0 


in which the coefficients depend on r. It turns out that the coefficient of x" is 


Fo(r) = [r(r — 1) + por + qo]co = $(r)co. (6) 


which gives the indicial equation because cg 4 0 by assumption; also, for n 2 1, the 
coefficient of x"*" has the form 


Fir) = ġ(r +n)en + Ls(rico.c1..... Cn-a)- (7) 


Here L, is a certain linear combination of co, ¢1,...,Cn—1. Although the exact for- 
mula is not necessary for our purposes, it happens that 


n—-1 


Ly = WIG + k)Pn-k T Qn—k]Ck- (8) 
k=0 
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Because all the coefficients in (5) must vanish for the Frobenius series to be a 
solution of Eq. (4), it follows that the exponent r and the coefficients co, c1. ... , Cn 
must satisfy the equation 


(r 4- n)cs + Ls(rico,c1,..., n1) = 0. (9) 


This is a recurrence relation for cy, in terms of co, c1, ..., C51. 

Now suppose that rı = r2 + N with N a positive integer. If we use the larger 
exponent rı in Eq. (9), then the coefficient $(r; + n) of c, will be nonzero for 
every n 2 1 because ¢(r) = 0 only when r = rı and when r = r2 < rı. Once 
Co,C1,---,C€n—1 have been determined, we therefore can solve Eq. (9) for c, and 
continue to compute successive coefficients in the Frobenius series solution corre- 
sponding to the exponent rı. 

But when we use the smaller exponent r2, there is a potential difficulty in 
computing cy. For in this case ¢ (r2 + N) = 0, so Eq. (9) becomes 


0-cn + Ly(2ic0, C1, ..., CN-1) = O. (10) 
At this stage co, c1. . .., cy; have already been determined. If it happens that 
LN(rai€o,€1,..., CN—1) = 0, 


then we can choose cy arbitrarily and continue to determine the remaining coeffi- 
cients in a second Frobenius series solution. But if it happens that 


Ly (roico,.C1,---,¢n-1) Æ 9, 


then Eq. (10) is not satisfied with any choice of cy; in this case there cannot exist a 
second Frobenius series solution corresponding to the smaller exponent r2. Exam- 
ples 1 and 2 illustrate these two possibilities. 


Consider the equation 
x2 y" + (6x + x2)y! + xy — 0. (11) 


Here po = 6 and qo = 0, so the indicial equation is 


$() 2 r(r-1) + 6r =r? +5r=0 (12) 
with roots rı = 0 and r2 = —5; the roots differ by the integer N = 5. We substitute the 
Frobenius series y = Y^ cnx"*" and get 

oo oo 
NC +r)(n +r — 1)cnx” t" +6 G + r)eg x” t" 
n=0 n=0 


oo oo 
4 DG ES r)c, x^ ttt 4 Xo Cnx” trt! =0. 


n=0 n=0 


When we combine the first two and also the last two sums, and in the latter shift the index by 
—1, the result is 


oo oo 
Yi fn +r)? + 5(n + ryesx"** + SC + r)cg-1x" ** — Q. 


n=0 n=1 


The terms corresponding to n = 0 give the indicial equation in (12), whereas for n Z 1 we 
get the equation 


[(n + r4 5(n 4 r)]en + (n +1r)cn—1 = 0, (13) 


Example 2 


Solution 
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which in this example corresponds to the general solution in (9). Note that the coefficient of 
cn is b(n +r). 

We now follow the recommendation in Section 8.3 for the case r1 = r2 + N: We begin 
with the smaller root r2 = —5. With r2 = —5, Eq. (13) reduces to 


> n(n — 5)cn + (n —5)cn—1 = 0. (14) 
If n Z 5, we can solve this equation for cn to obtain the recurrence relation 
» T o (15) 
n 
This yields 
€1 co 
C1 = —C0, CoQ = —— = — 
1 0 2 2 2 
(16) 
C2 co c3 co 
c3 = —- = -—, and c4 = —— = —. 
3 6 4 24 


In the case rı = r2 + N, it is always the coefficient cy that requires special consideration. 
Here N = 5, and for n = 5 Eq. (14) takes the form 0- c5 +0 = 0. Hence cs is a second arbitrary 
constant, and we can compute additional coefficients, still using the recursion formula in (15): 


C5 C6 C5 C7 C5 
ĉe = y Te = ; ¢= = ; (17) 


and so on. 
When we combine the results in (16) and (17), we get 


oo 
gea ua 
n=0 
cox > |1 eL Sx 
za 2 6 24 


tex |x? 2 p” xt deus 
2 f 6 5.3 6-7-8 


in terms of the two arbitrary constants co and c5. Thus we have found the two Frobenius 


series solutions 
2 3 4 
x x x 
ya) = ( x+ + ) 


2 6 24 
and 
y2(x)=1+ x. = ates — 14 120 2 EC 
of Eq. (11). E 
Determine whether or not the equation 
x? y” — xy! + (x? —8)y =0 (18) 


has two linearly independent Frobenius series solutions. 
Here po = —1 and qo = —8, so the indicial equation is 


é(r) -r(r-1)-r-8-2:?-2r-8-0 


with roots rj = 4 and r2 = —2 differing by N = 6. On substitution of y = > cx” +" in 
Eq. (18), we get 


oo oo 
C 4 r)(n 4 r-— Dex" t" — y» + r)en x" tT 


n=0 


co 


oo 
4 Y, cQ" t2 g » cnx" tt ad 


n=0 n=0 
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If we shift the index by —2 in the third sum and combine the other three sums, we get 
oo oo 
Sila +r)? -2(n-4r)-8]cx"** + 5 Cn 2x" ^T = 0. 
n=0 n=2 
The coefficient of x” gives the indicial equation, and the coefficient of x”+! gives 
[e+ 1)2—2(r + 1)-8|e1 =0. 


Because the coefficient of c, is nonzero both for r = 4 and for r = —2, it follows that c; = 0 
in each case. For n Z 2 we get the equation 


» [o 4r)-2(n4r)- 8] Cn + Cn—2 = 0, (19) 
which corresponds in this example to the general equation in (9); note that the coefficient of 
Cn is b(n +r). 

We work first with the smaller root r = r2 = —2. Then Eq. (19) becomes 
» n(n — 6)cy + Cy—2 —0 (20) 


for n 2 2. For n Z 6 we can solve for the recurrence relation 


Lo O02 
» Cn = VEN (n Z2, n z 6). Q1) 


Because c4 = 0, this formula gives 


z =0, 
C2 8 C3 
c2 _ CQ 
==, d =0 
C4 8 64 an C5 
Now Eq. (20) with n = 6 reduces to 
co 
0 ~=0 
c6 + 64 


But co ZZ 0 by assumption, and hence there is no way to choose cg so that this equation holds. 
Thus there is no Frobenius series solution corresponding to the smaller root r2 = —2. 

To find the single Frobenius series solution corresponding to the larger root r; = 4, we 
substitute r = 4 in Eq. (19) to obtain the recurrence relation 


Cn—2 
» -—-——- = 2). 22 
Cn n6 -B) (n 2 2) (22) 
This gives 
co c2 co 
C2 = C4 = = 
2.8 4-10 2-4-8-10 


The general pattern is 


(—1)"co (—1)"6co 
C = = H 
2n 7 2.4... 2n)-8-10--- (2n 4-6). — 22^ n! (n +23)! 


This yields the Frobenius series solution 


( 1)" x 2n 
169 = x" 166) ge ess 


of Eq. (18). L| 
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Reduction of Order 


When only a single Frobenius series solution exists, we need an additional tech- 
nique. We discuss here the method of reduction of order, which enables us to 
use one known solution y; of a second-order homogeneous linear differential equa- 
tion to find a second linearly independent solution y2. Consider the second-order 
equation 


» y"  P(x)y' + Q(x)y 20 (23) 


on an open interval J on which P and Q are continuous. Suppose that we know one 
solution yı of Eq. (23). By Theorem 2 of Section 3.1, there exists a second linearly 
independent solution y»; our problem is to find yz. Equivalently, we would like to 
find the quotient 


v(x) = ix) (24) 
yi(x) 
Once we know v(x), y2 will then be given by 
yo(x) = v(x)yi (x). (25) 


We begin by substituting the expression in (25) in Eq. (23), using the 
derivatives 


y2 = vy; +vyı and yz = vy] + 2v y, +0"y1. 


We get 
[vy] + 2v’y, + vy] + P [vy + vy] + Qvyi = 0, 


and rearrangement gives 
v[yt + Py, + Qxi] +0’ y1  2v'y;  Pv'yi = 0. 


But the bracketed expression in this last equation vanishes because y, is a solution 
of Eq. (23). This leaves the equation 


v" yi + (2y + Pyi)v'! = 0. (26) 


The key to the success of this method is that Eq. (26) is linear in v’. Thus the 
substitution in (25) has reduced the second-order linear equation in (23) to the first- 
order (in v^) linear equation in (26). If we write u = v’ and assume that y; (x) never 
vanishes on 7, then Eq. (26) yields 


u + (3: + Pœ) u = 0. (27) 
yı 


An integrating factor for Eq. (27) is 


p = exp (/ (2: + Pœ) dx) = exp (zii + J P(x) dx) i 
p(x) = y? exp (/ P(x) dx) . 


thus 
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Example 3 


We now integrate the equation in (27) to obtain 


uy? exp (J PG) dx) =C, so wewe C exp (-f PG) dx. 
i 


Another integration now gives 


yo _ pac f ZOLO) MEK 


2 
yı n 


With the particular choices C — 1 and K — 0 we get the reduction-of-order for- 
mula 


> y= V1 J c M 2) qs (25) 
jl 


This formula provides a second solution y2(x) of Eq. (23) on any interval where 
y1(x) is never zero. Note that because an exponential function never vanishes, y» (x) 
is a nonconstant multiple of y; (x), so yı and y» are linearly independent solutions. 


For an elementary application of the reduction-of-order formula consider the differential 
equation 
x2y" — 9x y' + 25y = 0. 


In Section 8.3 we mentioned that the equidimensional equation x? y" + poxy’ + qoy = 0 


has the power function y(x) = x" as a solution if and only if r is a root of the quadratic 
equation r°? + (po — 1)r + qo = 0. Here po = —9 and qo = 25, so our quadratic equation is 
r? — 10r + 25 = (r — 5)? = 0 and has the single (repeated) root r = 5. This gives the single 
power function solution y4 (x) = x? of our differential equation. 

Before we can apply the reduction-of-order formula to find a second solution, we must 
first divide the equation x? y" — 9x y/ + 25y = 0 by its leading coefficient x? to get the standard 
form 


in Eq. (23) with leading coefficient 1. Thus we have P(x) = —9/x and Q(x) = 25/x?, so the 
reduction-of-order formula in (28) yields the second linearly independent solution 


1 9 
y2(x) = al | TD exp ( f ^ ax) dx 


= x5 faep Ono dx = x parete dx = x?Inx 


for x > 0. Thus our particular equidimensional equation has the two independent solutions 
y1(x) = x? and y2(x) = x? In x for x > 0. E 

Similar applications of the reduction-of-order formula can be found in Prob- 
lems 37—44 of Section 3.2—where we introduced the method of reduction of order 
in Problem 36 (though without deriving there the reduction-of-order formula itself). 


The Logarithmic Cases 


We now investigate the general form of the second solution of the equation 


X. 
> y" + =y + Sy = 0, (1) 
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under the assumption that its exponents rı and r2 = rı — N differ by the integer 
N Z 0. We assume that we have already found the Frobenius series solution 


> yi) — x" Y anx" (ao #0) (29) 


n=0 


for x > 0 corresponding to the larger exponent rı. Let us write P(x) for p(x)/x and 
Q (x) for q(x)/x?. Thus we can rewrite Eq. (1) in the form y" + Py’ + Oy = 0 of 
Eq. (23). 
Because the indicial equation has roots rı and r2 = rı — N, it can be factored 
easily: 
r? + (po — Dr qo = (r— ri)(r -rı +N) 
=r? + (N —2riı)r + (r? —rıN) = 0, 
so we see that 
po-12N-2rn; 
that is, 


—po —2r, = —1— N. (30) 


In preparation for use of the reduction of order formula in (28), we write 


" 2: ai eua 
pots EEATT Fasc sA aou Depa pes 

x x 

Then 

ew (- f 2004s) = exp (— f [Z + m+ oe Jax) 

= exp (-polnx — pix — pax? —---) 
= x Pexp(-pix — 3pax? — +++), 

so that 

ex (- f Paar) = (1+ Aix + Ax? +--+). GD 


In the last step we have used the fact that a composition of analytic functions is 
analytic and therefore has a power series representation; the initial coefficient of 
that series in (31) is 1 because e? = 1. 

We now substitute (29) and (31) in (28); with the choice ag = 1 in (29), this 
yields 


dx. 


| x-Po (1 + Aix + Azx? +---) 
y2— y 

i 1J xn (1 +aix + dax? +- 
We expand the denominator and simplify: 


dx 


| roses (1 + Aix  Aox? +--+) 
aoe 1+ Bix + Bax? +o 


—y Ja (1 +Cix + Cox* + +++) dx (32) 
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(Here we have substituted (30) and indicated the result of carrying out long division 
of series as illustrated in Fig. 8.1.1, noting in particular that the constant term of the 
quotient series is 1.) We now consider separately the cases N = 0 and N > 0. We 
want to ascertain the general form of y2 without keeping track of specific coeffi- 
cients. 


CASE 1: EQUAL EXPONENTS (r1 = r2). With N = 0, Eq. (32) gives 


1 
nan f (S40 +e +-)as 
= yı lnx + yı (Cix + Cox? +) 
= yilnx +x" (1 + aix +--+) (Cix + 62x? +) 
= yı lnx +x” (box + bix? + box? +++). 


Consequently, in the case of equal exponents, the general form of y» is 


» ya(x) = 1G) Inx 4 x H V5 bax”. (33) 


n=0 
Note the logarithmic term; it is always present when rı = 72. 


CASE 2: POSITIVE INTEGRAL DIFFERENCE (r1 = rz + N). With N > 0, 
Eq. (32) gives 


yay x7" (1 + Cix + Cox? +- + CuxP +--+) dx 
Cn 1 C, 
-»ft E T Nei T UN to) dx 
xN Cux NH 
EC 1 Gus 
NY1 nxt (= + “NGI + ) 
1 
N 


oo 
E Cix 
= Cy yi lnx + x2*N (Ea) ac (x + — : ee). 


n=0 
so that 
oo 
» yo(x) = Cu yi(x)Inx + x? Y brx”, (34) 
n=0 
where bo = —do/N # 0. This gives the general form of y2 in the case of exponents 


differing by a positive integer. Note the coefficient Cy that appears in (34) but not 
in (33). If it happens that Cy = 0, then there is no logarithmic term; if so, Eq. (1) 
has a second Frobenius series solution (as in Example 1). 

In our derivation of Eqs. (33) and (34)—which exhibit the general form of the 
second solution in the cases rı = r2 and r1 — r2 = N > 0, respectively—we have 
said nothing about the radii of convergence of the various power series that appear. 
Theorem | (next) is a summation of the preceding discussion and also tells where 
the series in (33) and (34) converge. As in Theorem 1 of Section 8.3, we restrict our 
attention to solutions for x > 0. 


Example 4 
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THEOREM 1 The Exceptional Cases 
Suppose that x — 0 is a regular singular point of the equation 
x^ y" + xp(x)y’ + q(x)y = 0. (4) 


Let p > 0 denote the minimum of the radii of convergence of the power series 


Bae Ed 
n=0 n=0 


Let rı and rz be the roots, with rı 2 r2, of the indicial equation 


r(r — 1) + por + qo = 0. 


(a) If r1 = r2, then Eq. (4) has two solutions y; and y» of the forms 


> yi) =x" aax" — (ao # 0) (35a) 
n=0 
and 
> ya(x) = yi(x)Inx + x74! Y px. (35b) 
n=0 


(b) If rı — r2 = N, a positive integer, then Eq. (4) has two solutions y; and y2 
of the forms 


> TC DOMO) (36a) 
n=0 
and 
> yo(x) = Cyi(x) Inx + x? $` bax”. (36b) 
n=0 


In Eq. (36b), bo # 0 but C may be either zero or nonzero, so the logarithmic 
term may or may not actually be present in this case. The radii of convergence of 
the power series of this theorem are all at least p. The coefficients in these series 
(and the constant C in Eq. (36b)) may be determined by direct substitution of the 
series in the differential equation in (4). 


We will illustrate the case rı = r2 by deriving the second solution of Bessel’s equation of 
order zero, 


x? y" + xy! +x7y 2 0, (37) 


for which rı = r2 = 0. In Example 5 of Section 8.3 we found the first solution 


oo 


yit) ua)e > 


n=0 


(-1)"x2" 
227 (n!)2 ` 


(38) 
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According to Eq. (35b), the second solution will have the form 


oo 
y2 = yı lnx + b» bnx”. (39) 


n=1 


The first two derivatives of y2 are 


oo 
yı Z 
yy = yi lnx + E + J nbyx" | 
n=1 
and 


2y! y1 2 = 
yy = yf lnx + — 2 + 2 d. 


We substitute these in Eq. (37) and use the fact that Jo (x) also satisfies this equation to obtain 


0 = x?yj + xy, + x7 y2 


= (xt + xyi +x?y1) In x + 2xy} 


oo oo oo 
4 Y n(n — Db,x" + p» nb, x" + A b,x"*?, 
n=2 =1 =1 


and it follows that 


e (-1)"2nx2” E 
0225, > ay thx 22b; x? + M (n? b, + bn—2)x". (40) 
-1 


n=3 


The only term involving x in Eq. (40) is b1x, so bı = 0. But n? b, + bn—2 = 0 if n is odd, 
and it follows that all the coefficients of odd subscript in y2 vanish. 
Now we examine the coefficients with even subscripts in Eq. (40). First we see that 
(De) 1 


AEN =, 41 
2 22.22. (1)2 4 en 


For n 2 2, we read the recurrence relation 


DCD” Qn) 


22n (n!)2 (42) 


(2n)? bon + bon-2 = — 
from (40). Note the “nonhomogeneous” term (not involving the unknown coefficients) on 
the right-hand side in (42). Such nonhomogeneous recurrence relations are typical of the 
exceptional cases of the method of Frobenius, and their solution often requires a bit of inge- 
nuity. The usual strategy depends on detecting the most conspicuous dependence of b2, on 
n. We note the presence of 2?" (n!)? on the right-hand side in (42); in conjunction with the 
coefficient (2n)? on the left-hand side, we are induced to think of bzn as something divided 
by 2?" (n!)?. Noting also the alternation of sign, we make the substitution 


_ (-1)"t "eon 


ban = Samay? (43) 


in the expectation that the recurrence relation for cz, will be simpler than the one for bzn. 
We chose (—1)"*! rather than (—1)" because bz = 1 > 0; with n = 1 in (43), we get c2 = I. 
Substitution of (43) in (42) gives 


—1)"t eon (—1)"con-2 _ (—2)(—2)" Qm) 
22n (n!)2 22n—2 (n EF 1)? 22n (n!)2 


(2n)? ( 
which boils down to the extremely simple recurrence relation 


C2n = C2n—2 + z 


Example 5 
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Thus 


and so on. Evidently, 


1 1 1 
Cnet hat = ins (44) 


where we denote by Hn the nth partial sum of the harmonic series » '(1/n). 
Finally, keeping in mind that the coefficients of odd subscript are all zero, we substitute 
(43) and (44) in (39) to obtain the second solution 


oo -1)"tlA, xn 
y2(x) = Jo(x)Inx + ` r 
=1 : 


eer x2 3x4 " 11x$ 
= X X 
» 4 198 13824 


(45) 


of Bessel's equation of order zero. The power series in (45) converges for all x. The most 
commonly used linearly independent [of Jo(x)] second solution is 


2 2 
Yo(x) — z” —1n2)yi + 0 


that is, 
2 x oo (—1)t*! p, x2n 
where y denotes Euler's constant: 
y= im (An — Inn) z 0.57722. (47) 


This particular combination Yo(x) is chosen because of its nice behavior as x — +00; it is 
called the Bessel function of order zero of the second kind. [| 


As an alternative to the method of substitution, we illustrate the case rı — r2 = N by em- 
ploying the technique of reduction of order to derive a second solution of Bessel's equation 
of order 1, 


xy” + xy" + (x? — 1)y = 0; (48) 


the associated indicial equation has roots rı = 1 and r2 = —1. According to Problem 39 of 
Section 8.3, one solution of Eq. (48) is 


co 


nwnw 0 


n=0 


(—1)^ x?” x x3 x? x? 
2227n!(n +1)! 2 16 384 18432 
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With P(x) = 1/x from (48), the reduction of order formula in (28) yields 


1 
y2 = y1 / =F dx 
xyi 


1 
= d 
" J x(x/2 — x3/16 + x5/384 — x7/184324-..)2 7 


4 
= d: 
M J x? (1 — x? /8 + x4/192 — x6/9216 +--+)? T 


1 
Zl E ErZLERTUIUEETUL ETIN x 
1 x? 7x* 19x6 by long 
E inf 3 ( = 4 F 192 + 4608 D e (ou 
an f Lodo L aA , 
Æ "mr 
MLE lax " x3 * 192 ^ 4608 


neti 1 ply I 
= x wo 
T YI\ 552 " 384 ' 18432 


Thus 


x3 11x? E 
32 4608 


1 s 
y2(x) = yı (x) Inx E : $ (50) 


Note that the technique of reduction of order readily yields the first several terms of the series, 
but does not provide a recurrence relation that can be used to determine the general term of 
the series. 


With a computation similar to that shown in Example 4 (but more complicated —see 
Problem 21), the method of substitution can be used to derive the solution 


(-1)" (Hg + Dae 
22"n!(n — 1)! 


1 oo 
ys) = ymn- + Do (51) 
=1 


where Hp is defined in (44) for n Z 1; Ho = 0. The reader can verify that the terms shown in 
Eq. (50) agree with 


3 
y2(x) = ^x) + yao. (52) 


The most commonly used linearly independent [of Jı] solution of Bessel’s equation of order 
1 is the combination 


Yi) = 5 - 2)i6) ys) 


_2 x 1 C1)" (An + Hn—1)x?”! 
Ta [ vd J ce 2. 22nn! (n — 1)! | i en 
E] 


Examples 4 and 5 illustrate two methods of finding the solution in the logarith- 
mic cases—direct substitution and reduction of order. A third alternative is outlined 
in Problem 19. 


8.4 Method of Frobenius: The Exceptional Cases 


Problems 


In Problems 1 through 6, either apply the method of Example 
1 to find two linearly independent Frobenius series solutions, 
or find one such solution and show (as in Example 2) that a 
second such solution does not exist. 


m 


99 n $ D RIONM 


xy" +(3—x)y’-y =0 

xy" +(5—x)y’-y =0 

xy" + (5+ 3x)y’ +3y 20 
5xy" + (30 + 3x)y’ + 3y = 0 
xy" — (4 - x)y' + 3y =0 
2xy" — (6 + 2x)y' +y 20 

x? y" + (2x + 3x2)y' —2y 20 
x(1— x)y" — 3y' - 2y 20 


In Problems 9 through 14, first find the first four nonzero terms 
in a Frobenius series solution of the given differential equa- 
tion. Then use the reduction of order technique (as in Example 
4) to find the logarithmic term and the first three nonzero terms 
in a second linearly independent solution. 


9. 
10. 
11. 
12. 
13. 
14. 
15. 


16. 


17. 


xy +y -xy 20 
x? y" — xy! + (x? + 1)y 20 
x? y" + (x? —3x)y’ + 4y 20 
x2y" p x2y 22y 20 

x2y" + (2x? — 3x)y! -3y 20 
x2y" 4 x(1 4- x)y -4y 20 


Begin with 

6 
Ee st X 

Joc) =1 

oC) 4 1 64 2304 


estu 


Using the method of reduction of order, derive the second 
linearly independent solution 


x 11x$ 
128 — 13284 


x? 3x4 
y2(x) = Jo) Inx + — 77 


of Bessel's equation of order zero. 


Find two linearly independent Frobenius series solutions 
of Bessel's equation of order $. 


(a) Verify that yı (x) = xe" is one solution of 


x2 y" — x(1 4- x)y' +y 2 0. 


(b) Note that rı = r2 = 1. Substitute 
oo 
y2 = yı lnx + 5 bnx”t! 
n=1 


in the differential equation to deduce that b? = —1 and that 


1 
nbn — bn-1 = = for n 2 2. 


ni 


18. 


19. 
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(c) Substitute by = cj /n! in this recurrence relation and 
conclude from the result that c, = —H,. Thus the second 
solution is 


Consider the equation xy" — y — 0, which has exponents 
rı = landrg = Oat x = 0. (a) Derive the Frobenius 
series solution 


n 


e x 
ni) = QL nla D! 


n=1 


(b) Substitute 


oo 
y2 = Cyı lnx + 5 byxx” 


n=0 


in the equation xy” — y = 0 to derive the recurrence 
relation 
2n +1 


bn = . 
n (n+1)!n! 


n(n + 1)bn+1 


Conclude from this result that a second solution is 


oo 


yaQ) = x16) Inx +1- 37 


n=1 


n 


Hn + An-1 x 
ni(n—1)! ^ 


Suppose that the differential equation 


2 


Liy] = x^y" + xp(x)y’ + q()y 20 (54) 


has equal exponents rı = r2 at the regular singular point 
x = 0, so that its indicial equation is 


or) = C-n =0. 


Let co = 1 and define c,(r) for n Z 1 by using Eq. (9); 
that is, 


Ly(rsco.C1,+++,€n—1) 
= 55 
Cn (r) em (55) 
Then define the function y (x, r) of x and r to be 
oo 
vai) = >) aoe. (56) 
n=0 


(a) Deduce from the discussion preceding Eq. (9) that 


Ly. n] = x' c n^. (57) 
Hence deduce that 
oo 
yi = per > eint (58) 
n=0 
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is one solution of Eq. (54). (b) Differentiate Eq. (57) 
with respect to r to show that 
= 0. 


9 
Lyre) = = [xe -n*] 


EST] 
Deduce that y2 = yr(x,ri) is a second solution of 


Eq. (54). (c) Differentiate Eq. (58) with respect to r to 
show that 


oo 
y2 = yy lnx +x"! 5 ch (ri)x”. (59) 
n=1 
20. Use the method of Problem 19 to derive both the solu- 
tions in (38) and (45) of Bessel’s equation of order zero. 
The following steps outline this computation. (a) Take 
co = 1; show that Eq. (55) reduces in this case to 


(r +1)cı(r)=0 and 
(60) 


= Cn—2(r) 

(n +r)? 
(b) Next show that c1(0) = c^ (0) = 0, and then deduce 
from (60) that cn(0) = c/,(0) = 0 for n odd. Hence you 
need to compute cy (0) and c}, (0) only for n even. (c) De- 
duce from (60) that 


Cn(r) = for n 2 2. 


(=1)" 
(r +.2)2(r +42- (r + 2n) 
With r = rı = 0 in (58), this gives Jo(x). (d) Differenti- 
ate (61) to show that 


(61) 


C2n(r) = 


j = (-1)"*1 4, 
an= PE 


Substitution of this result in (59) gives the second solution 
in (45). 


21. Derive the logarithmic solution in (51) of Bessel’s equa- 
tion of order 1 by the method of substitution. The follow- 
ing steps outline this computation. (a) Substitute 


oo 
y2 = CJ, (x) lnx + x^! ( + »3i inst) 
n=1 
in Bessel’s equation to obtain 


oo 
=h t3 + Yio — Dbg4 a + bn-1]x” 


n=2 


CO n 2n+1 
IDE Dn e DE ]-^ (62) 
n=1 


22n (n + 1)!a! 


(b) Deduce from Eq. (62) that C = —1 and that bn = 0 
for n odd. (c) Next deduce the recurrence relation 


(-1)"* 2n + 1) 


2 = = 
[@n + 1) 1] b2n+2 + ban 22" (n + 1)!n! 


(63) 


for n 2 1. Note that if b2 is chosen arbitrarily, then 55; is 
determined for all n > 1. (d) Take 55 = i and substitute 


S (7 D" ean 
on 22^ (n — Din! 
in Eq. (63) to obtain 
dr 
C2n+2 — C2n EET a 


(e) Note that c2 = 1 = Hı + Ho and deduce that 


Con = Hg + Hg-1. 


AM Yelellfefetui[e The Exceptional Case by Reduction of Order 


Here we illustrate the use of a computer algebra system such as Mathematica to 
implement the reduction of order formula in Eq. (28) of this section. More complete 
versions of this application—using Maple, Mathematica, and MATLAB—can be 
found in the computing applications manual that accompanies this text. To illustrate 
the method, we will derive a second solution of Bessel's equation of order zero, 
beginning with the known power series solution 


which we enter in the form 


xn 


22n (n!)2’ 


Jo(x) =} C" 
n=0 


yl = Sum[((-x^2/4)^n) / (n!)^2, ín, 0, 5}] + O[x]^12 


Then with 


P = 1/x; 
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we need only substitute in the integral in Eq. (28): 
integral = Integrate[ Exp[ -Integrate[P,x]]/y142, x ] 
* ch" 23x5 677x Tix" 


X 
l c O62 
ost) + 7 + 158 + 3456 * 589824 ' 36864000 ^ ^V ? 


Then—multiplying JO = y1 times the logarithm and the series terms separately— 
the computation 


y2 = JOxLog[x] + y1lx(integral - Log[x]) 


yields the second solution 


nalet) 4 x?  3x* " 11x$ 25x8 " 137x19 
X Ps = = 
: 2 4 128 13824 1769472 884736000 


As O(x!?) 


of Bessel’s equation of order zero (as we see it in Eq. (45) of the text). 

After verifying (with your computer algebra system) the computations we 
present here, you can begin with the power series for Jı (x) in Eq. (49) of this sec- 
tion and derive similarly the second solution in (50) of Bessel’s equation of order 1. 
Problems 9 through 14 can also be partially automated in this way. 


PEA Bessel's Equation 


We have already seen several cases of Bessel's equation of order p 2 0, 
> x? y" + xy! + (x? — p?)y = 0. (1) 


Its solutions are now called Bessel functions of order p. Such functions first ap- 
peared in the 1730s in the work of Daniel Bernoulli and Euler on the oscillations 
of a vertically suspended chain. The equation itself appears in a 1764 article by 
Euler on the vibrations of a circular drumhead, and Fourier used Bessel functions in 
his classical treatise on heat (1822). But their general properties were first studied 
systematically in an 1824 memoir by the German astronomer and mathematician 
Friedrich W. Bessel (1784-1846), who was investigating the motion of planets. The 
standard source of information on Bessel functions is G. N. Watson’s A Treatise on 
the Theory of Bessel Functions, 2nd ed. (Cambridge: Cambridge University Press, 
1944). Its 36 pages of references, which cover only the period up to 1922, give 
some idea of the vast literature of this subject. 

Bessel’s equation in (1) has indicial equation r* — p? = 0, with roots r = +p. 
If we substitute y = 3 c,,x"*" in Eq. (1), we find in the usual manner that cı = 0 
and that 


> [Gn +r)? — p°] em + Cm—2 = 0 (2) 
for m = 2. The verification of Eq. (2) is left to the reader (Problem 6). 


The Case r= p» 0 


If we use r = p and write am in place of cm, then Eq. (2) yields the recursion formula 


üm—2 
» n= —— —. 3 
E m(2p +m) @) 
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Because a, = 0, it follows that am = 0 for all odd values of m. The first few even 
coefficients are 


_ ao m ao 
9 AUi) Z+ 
_ a2 = ao 
= 4Qp*4) 2p + D(p+2)’ 
d4 ao 
üg — 


 6Qp46)  26.2.3(p4- D(p + 2)(p43) 
The general pattern is 
_ (-"'ao 

22^m! (p + 1)(p -2)--- (pt m) 


so with the larger root r — p we get the solution 


2m 


(=1)” re? 


> NOS 2, mig 2 (Qm n 


If p — 0 this is the only Frobenius series solution; with ag — 1 as well, it is the 
function Jo(x) we have seen before. 


The Case r = -p < 0 


If we use r = — p and write bm in place of cm, Eq. (2) takes the form 
» m(m — 2p)bg + bm—2 = 0 (5) 


for m = 2, whereas b, = 0. We see that there is a potential difficulty if it happens that 
2p is a positive integer—that is, if p is either a positive integer or an odd positive 
integral multiple of i. For then when m = 2p, Eq. (5) is simply 0 - bm + bm-2 = 0. 
Thus if b,» 4 0, then no value of bm can satisfy this equation. 

But if p is an odd positive integral multiple of i, we can circumvent this 
difficulty. For suppose that p = k/2 where k is an odd positive integer. Then we 
need only choose bm = 0 for all odd values of m. The crucial step is the kth step, 


k(k — k)by + bg = 0; 


and this equation will hold because by = bi. = 0. 
Hence if p is not a positive integer, we take bm = 0 for m odd and define the 
coefficients of even subscript in terms of bo by means of the recursion formula 


bg 2 
RM M = 9, 
> b n= Oph mz (6) 


In comparing (6) with (3), we see that (6) will lead to the same result as that in (4), 
except with p replaced with — p. Thus in this case we obtain the second solution 


eE eiat? 
> yale) = bo Cp Dp +2) (=p +m) " 


The series in (4) and (7) converge for all x > 0 because x = 0 is the only singular 
point of Bessel’s equation. If p > 0, then the leading term in yı is aox?, whereas 
the leading term in y2 is box 7. Hence y;(0) = 0, but y2(x) — +00 as x > 0, so 
it is clear that yı and y2 are linearly independent solutions of Bessel’s equation of 
order p » 0. 
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The Gamma Function 


The formulas in (4) and (7) can be simplified by use of the gamma function I (x), 
which (as in Section 7.1) is defined for x > 0 by 


» T(x) = a e (qt. (8) 
0 


It is not difficult to show that this improper integral converges for each x > 0. The 
gamma function is a generalization for x > 0 of the factorial function n!, which 
is defined only if n is a nonnegative integer. To see the way in which T(x) is a 
generalization of n!, we note first that 


rüy- T e^ dt = lim [-eT =1. (9) 


b—oo 


Then we integrate by parts with u = ¢* and dv = e™ dt: 
b b b 
lF(x-c1)- lim f e 't* dt = lim (L7 +f xe tre ge 
b—oo Jo b—oo 0 0 


b 
=x im f et gt]; 
b>o Jo 


> T(x + 1) = xT (x). (10) 


that is, 


This is the most important property of the gamma function. 
If we combine Eqs. (9) and (10), we see that 


T2)=1-Ta)=1!, TR)=2-TQ2)=2!, r(423.r(323! 
and in general that 
> T(n+1)=n! for n 2 0 an integer. (11) 


An important special value of the gamma function is 
oo oo 2 
r (4) =| ett? dt = 2 | e" du= m, (12) 
0 0 


where we have substituted u? for t in the first integral; the fact that 


Í eo’ du = um 
0 2 


is known, but is far from obvious. [See, for instance, Example 5 in Section 13.4 of 
Edwards and Penney, Calculus: Early Transcendentals, 7th edition (Upper Saddle 
River, NJ: Prentice Hall, 2008).] 

Although T(x) is defined in (8) only for x > 0, we can use the recursion 
formula in (10) to define T(x) whenever x is neither zero nor a negative integer. If 
—]«x < 0, then 


T(x) = LED. 
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FIGURE 8.5.1. The graph of the 
extended gamma function. 


the right-hand side is defined because 0 < x + 1 « 1. The same formula may then 
be used to extend the definition of T(x) to the open interval (—2, —1), then to the 
open interval (—3, —2), and so on. The graph of the gamma function thus extended 
is shown in Fig. 8.5.1. The student who would like to pursue this fascinating topic 
further should consult Artin's The Gamma Function (New York: Holt, Rinehart and 
Winston, 1964). In only 39 pages, this is one of the finest expositions in the entire 
literature of mathematics. 


Bessel Functions of the First Kind 
If we choose ao = 1/[27 (p + 1)] in (4), where p > 0, and note that 


Tr(p+m+1)=(p+m)(p+m-1)--(p+2(p+ Drp +1) 


by repeated application of Eq. (10), we can write the Bessel function of the first 
kind of order p very concisely with the aid of the gamma function: 


aud (-1y* 2m+p 
> Ip(x) = 25 menm ul (13) 


Similarly, if p > 0 is not an integer, we choose bo = 1/[2 ?T'(—p + 1)] in (7) to 
obtain the linearly independent second solution 


» oo =” x\2m-p 
» Iano». ares IND (5) nid 


of Bessel's equation of order p. If p is not an integer, we have the general solution 
y(x) = eciJp(x) + e2J-p(x) (15) 


for x > 0; x? must be replaced with |x|? in Eqs. (13) through (15) to get the correct 
solutions for x « 0. 
If p = n, a nonnegative integer, then Eq. (13) gives 


2 (=1)” 2m+n 
» Jn(x) = 2 itn inm (5) (16) 


for the Bessel functions of the first kind of integral order. Thus 


oo 
(-1)"x?" x2 x4 xo 
Jo(x) = 3 wow -oop ud (17) 
m=0 
and 
oo 
E (SIJI ge UE S ] e 
hQ-?, 2m+Imi(m +1)! 2 2! (3) taa t) ce Me 


m=0 


The graphs of Jo(x) and J4(x) are shown in Fig. 8.5.2. In a general way they re- 
semble damped cosine and sine oscillations, respectively (see Problem 27). Indeed, 
if you examine the series in (17), you can see part of the reason why Jo(x) and 
cos x might be similar—only minor changes in the denominators in (17) are needed 
to produce the Taylor series for cos x. As suggested by Fig. 8.5.2, the zeros of the 
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functions Jo(x) and J4(x) are interlaced—between any two consecutive zeros of 
Jo(x) there is precisely one zero of Jı (x) (Problem 26) and vice versa. The first 
four zeros of Jo(x) are approximately 2.4048, 5.5201, 8.6537, and 11.7915. For 
n large, the nth zero of Jo(x) is approximately (n — 1) x; the nth zero of Jı (x) 
is approximately (n + i) x. Thus the interval between consecutive zeros of either 
Jo(x) or Jı (x) is approximately z—-another similarity with cos x and sin x. You 
can see the way the accuracy of these approximations increases with increasing n 
by rounding the entries in the table in Fig. 8.5.3 to two decimal places. 


M nth Zero 1 nth Zero 1 

n of Jo(x) (^ z i) s of J1(x) (^ i3 3) 4 
1 2.4048 2.3562 3.8317 3.9270 
2 5.5201 5.4978 7.0156 7.0686 

x 3 8.6537 8.6394 10.1735 10.2102 
4 11.7915 11.7810 13.3237 13.3518 
5 14.9309 14.9226 16.4706 16.4934 

FIGURE 8.5.2. The graphs of the Bessel functions FIGURE 8.5.3. Zeros of Jo(x) and Jı (x). 


Jo(x) and Jı (x). 


It turns out that J,(x) is an elementary function if the order p is half an odd 
integer. For instance, on substitution of p = i and p — -i in Eqs. (13) and (14), 
respectively, the results can be recognized (Problem 2) as 


| 2 | 2 
Jı (x) = z and J-1/2(x) = zx 98. (19) 


Bessel Functions of the Second Kind 

The methods of Section 8.4 must be used to find linearly independent second so- 
lutions of integral order. A very complicated generalization of Example 3 in that 
section gives the formula 


n-lón-2m(,y y. 
no = = (y +n3) AQ) -= 2— 6 0D 


T m! xn-2m 
m= 


1c (71) " (Hm + Hg) ( x yr t2m 
E 2. m! (m +n)! (5) » 09 


with the notation used there. If n = 0 then the first sum in (20) is taken to be zero. 
Here, Y,(x) is called the Bessel function of the second kind of integral order 
n= 0. 

The general solution of Bessel’s equation of integral order n is 


> y(x) = cı Jn (x) + c2Yn (x). (21) 


It is important to note that Y„ (x) — —oo as x — 0 (Fig. 8.5.4). Hence c? = 0 in 
Eq. (21) if y(x) is continuous at x = 0. Thus if y(x) is a continuous solution of 
Bessel’s equation of order n, it follows that 


y(x) = cJa(x) 
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for some constant c. Because Jo(0) = 1, we see in addition that if n = 0, then 
c — y(0). In Section 10.4 we will see that this single fact regarding Bessel functions 
has numerous physical applications. 

Figure 8.5.5 illustrates the fact that for n > 1 the graphs of J,(x) and Y,(x) 
look generally like those of J (x) and Y; (x). In particular, J„ (0) = 0 while Y, (x) > 
—oo as x — 0*, and both functions undergo damped oscillation as x + --oo. 


Yo(x) Yi(x) 
0.5 - 
x x 
1 
-0.5 
FIGURE 8.5.4. The graphs of the Bessel functions FIGURE 8.5.5. The graphs of the Bessel functions 
Yo(x) and Yj (x). J2(x) and Y2(x). 


Bessel Function Identities 


Bessel functions are analogous to trigonometric functions in that they satisfy a large 
number of standard identities of frequent utility, especially in the evaluation of inte- 
grals involving Bessel functions. Differentiation of 


_< (-1)” x\2m-+p 
da= X D T. Oe) 


m=0 
in the case that p is a nonnegative integer gives 
d QS (-1)™x?2m+2P 
dx 2, 22m*Pm! (p +m)! 


m=0 


d 
die [x? Jp(x)] = 


(—1)"n x2m*2p-1 


oo 
= 2. 22m*p-lpml(p 4- m — 1)! 


(-Ij9ymto-l 


oo 
=> xP 2 
2: 22m*p-lgm! (p -- m — 1)! 


and thus we have shown that 


d 
P [x? 45(x)] = xP Jy (x). (22) 
Similarly, 
d [ -p =p 
p [xP 5269] = -x7 J p+ x). (23) 


If we carry out the differentiations in Eqs. (22) and (23) and then divide the resulting 
identities by x” and x”, respectively, we obtain (Problem 8) the identities 


JG) = Joi) - P Jy) Q4) 


Example 1 


Example 2 


Example 3 
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and 
56) = P5) - Jo). (25) 


Thus we may express the derivatives of Bessel functions in terms of Bessel functions 
themselves. Subtraction of Eq. (25) from Eq. (24) gives the recursion formula 


2 
Joi) = Ip(x) - Ips), (26) 


which can be used to express Bessel functions of high order in terms of Bessel 
functions of lower orders. In the form 


2 
Jp) = 2 45) - Inti), (27) 


it can be used to express Bessel functions of large negative order in terms of Bessel 
functions of numerically smaller negative orders. 

The identities in Eqs. (22) through (27) hold wherever they are meaningful— 
that is, whenever no Bessel functions of negative integral order appear. In particular, 
they hold for all nonintegral values of p. 


With p = 0, Eq. (22) gives 
EET dx = xJi(x) 9 C. 
Similarly, with p — 0, Eq. (23) gives 


[nwa = —Jo(x) + C. [| 


Using first p — 2 and then p — 1 in Eq. (26), we get 


Ba) = $no) no) = tnw Lg Aw, 


so that ; i 
Ja(x) = =z) T (3 - 1) Ji (x). 


With similar manipulations every Bessel function of positive integral order can be expressed 
in terms of Jo(x) and Jj (x). E 


To antidifferentiate xJ2 (x), we first note that 
[tac dx =—x!(x) +C 
by Eq. (23) with p = 1. We therefore write 


[nw dx = J? [2%] dx 


and integrate by parts with 
u — x?, dv = x ! Ja(x) dx, 
du — 2x dx, and v=x! J (x). 
This gives 
[sr dx = —xJi(x) + af Jy (x) dx = —x Jı (x) — 2Jo(x) + C, 


with the aid of the second result of Example 1. " 
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The Parametric Bessel Equation 
The parametric Bessel equation of order n is 


» x2 y" + xy! + (a?x? — n?)y = 0, (28) 


where o is a positive parameter. As we will see in Chapter 10, this equation appears 
in the solution of Laplace's equation in polar coordinates. It is easy to see (Prob- 
lem 9) that the substitution £ = ox transforms Eq. (28) into the (standard) Bessel 
equation 

,d^y dy 

i dt? Mi: dt 
with general solution y(t) = cyJn(t) + c2Yn(t). Hence the general solution of 
Eq. (28) is 


> y(x) = e1J4 (ax) + c2 Ys (ox). (30) 


+ -n’y =0 (29) 


Now consider the eigenvalue problem 
x? y" + xy! + (Ax? — n?) = 0, 
»(L) —0 


on the interval [0, L]. We seek the positive values of à for which there exists a 
nontrivial solution of (31) that is continuous on [0, L]. If we write à = o?, then the 
differential equation in (31) is that in Eq. (28), so its general solution is given in 
Eq. (30). Because Y, (x) — —oo as x — 0 but J, (0) is finite, the continuity of y (x) 
requires that c2 = 0. Thus y(x) = cı Jn (ax). The endpoint condition y(L) = 0 now 
implies that z = aL must be a (positive) root of the equation 


Jaz) = 0. (32) 


(31) 


For n > 1, Jn (x) oscillates rather like J; (x) in Fig. 8.5.2 and hence has an infinite 
sequence of positive Zeros Yn1, Yn2. yna. ... (see Fig 8.5.6). It follows that the kth 
positive eigenvalue of the problem in (31) is 


2 
Ak = (4)? = Ont) (33) 
and that its associated eigenfunction is 
_ y (Yak 
yee) = In (T2). (34) 


The roots yng of Eq. (32) for n < 8 and k < 20 are tabulated in Table 9.5 of 
M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (New York: 
Dover, 1965). 


y 


y= Yax) 


FIGURE 8.5.6. The positive zeros Yn1, Yn2, Yn3, -.. of the Bessel 
function Jn (x). 


| 8.5] Problems 


1. Differentiate termwise the series for Jo(x) to show di- 
rectly that J5(x) = —J1(x) (another analogy with the co- 
sine and sine functions). 


2. (a) Deduce from Eqs. (10) and (12) that 


1-3-5- (2n — 1) 

1 

P(n+3)= > Jm. 

(b) Use the result of part (a) to verify the formulas in 
Eq. (19) for J,/5 (x) and J_1/2(x), and construct a figure 
showing the graphs of these functions. 


3. (a) Suppose that m is a positive integer. Show that 


r (m+ 2) B ze a: 


(b) Conclude from part (a) and Eq. (13) that 


(x/2)71/3 oo (—1)m3m x2m 
2 Lt 2o Emai-2:5- Gm aD ` 


r) 


4. Apply Eqs. (19), (26), and (27) to show that 


J3/2(x) = y EA (sin x — x cos x) 
mx 
2 : 
J_3/2(x) = - 2 (os x +x sin x). 


Construct a figure showing the graphs of these two func- 
tions. 


and 


5. Express J4(x) in terms of Jo(x) and Jj (x). 


6. Derive the recursion formula in Eq. (2) for Bessel's 
equation. 

7. Verify the identity in (23) by termwise differentiation. 

8. Deduce the identities in Eqs. (24) and (25) from those in 
Eqs. (22) and (23). 

9. Verify that the substitution ¢ = ox transforms the paramet- 
ric Bessel equation in (28) into the equation in (29). 

10. Show that 


4J5(x) = Jp-2(x) — 2Jp(x) + Jp+2 (x). 


11. Use the relation T(x + 1) = xI'(x) to deduce from 
Eqs. (13) and (14) that if p is not a negative integer, then 


Jp(x) = 


(x/2)? V CD” (x/2P? 
——— — |I : 
T+ l EL TAa =| 


This form is more convenient for the computation of 
Jp(x) because only the single value T(p + 1) of the 
gamma function is required. 
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12. Use the series of Problem 11 to find y(0) — lim y(x) if 
x> 


2| J5/2(X) + J-5/2(%) 
ues xL ' 


Use a computer algebra system to graph y (x) for x near 0. 
Does the graph corroborate your value of y (0)? 


Any integral of the form [ x™Jn(x)dx can be evaluated 
in terms of Bessel functions and the indefinite integral 
J Jo(x) dx. The latter integral cannot be simplified further, 
but the function Jn Jo(t)dt is tabulated in Table 11.1 of 
Abramowitz and Stegun. Use the identities in Eqs. (22) and 
(23) to evaluate the integrals in Problems 13 through 21. 


13. f x?Jo(x) dx 
15. f x*Jo(x) dx 
17. f x? Jy (x) dx 
19. / x4 Jy (x) dx 


21. [peas 
22. Prove that 


14. f x?Jo(x) dx 
16. f xJı(x)dx 
18. / xP Jy (x) dx 
20. / Jo (x) dx 


1 T 
Jo(x) — -[ cos(x sin 0) d0 


by showing that the right-hand side satisfies Bessel's equa- 
tion of order zero and has the value Jo(0) when x = 0. 
Explain why this constitutes a proof. 

23. Prove that 


X 
Jı(x) = zf cos(0 — x sin 0) dO 


by showing that the right-hand side satisfies Bessel's equa- 
tion of order 1 and that its derivative has the value Jj (0) 
when x — 0. Explain why this constitutes a proof. 

24. It can be shown that 


1 T 
Jn(x) = zf cos(n0 — x sin 0) dé. 
x JO 
With n = 2, show that the right-hand side satisfies Bessel's 
equation of order n and also agrees with the values J, (0) 
and J} (0). Explain why this does not suffice to prove the 


preceding assertion. 
25. Deduce from Problem 22 that 


1 27, ing 
Jo(x) = a ef Sine gg. 


(Suggestion: Show first that 


2n . . Toy. o. TM 
Í eix sind de =f (ane 4 ppm dé: 
0 0 


then use Euler’s formula.) 
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26. Use Eqs. (22) and (23) and Rolle's theorem to prove that 
between any two consecutive zeros of Jj (x) there is pre- 
cisely one zero of J5..1(x). Use a computer algebra sys- 
tem to construct a figure illustrating this fact with n — 10 
(for instance). 

27. (a) Show that the substitution y — x—1/2z in Bessel’s 
equation of order p, 


x? y" + xy! + (x? — p*)y =0, 


Zit 
ra (i- ri) so 
X 


(b) If x is so large that (p = i) / x? is negligible, then 
the latter equation reduces to z” +z ~ 0. Explain why 
this suggests (without proving it) that if y (x) is a solution 
of Bessel's equation, then 


yields 


y(x) m x-V?(A cos x 4- B sinx) 
2cx 2 cos(x — a) (35) 


with C and o constants, for x large. 


Asymptotic Approximations It is known that the choices 
C = J2/z anda = (2n + 1)x/4 in (35) yield the best approx- 
imation to Jj (x) for x large: 


Jn(x) 2: y = cos E — Ln + Dx] ; (36) 


Similarly, 


Yn(x) © qj 2 sin E — iQn + Dz] ; (37) 


In particular, 


and 


2. o. 1 
Yo(x) ~ m sin (x — ix) 


if x is large. These are asymptotic approximations in that the 
ratio of the two sides in each approximation approaches unity 
as x > +00. 


lIEY Applications of Bessel Functions 


The importance of Bessel functions stems not only from the frequent appearance of 
Bessel’s equation in applications, but also from the fact that the solutions of many 
other second-order linear differential equations can be expressed in terms of Bessel 
functions. To see how this comes about, we begin with Bessel’s equation of order p 
in the form 


jd^w | dw 
dz ^ qz 


z + (z? — p*)w = 0, (1) 


and substitute 
w=x "y, z= kxP. (2) 
Then a routine but somewhat tedious transformation (Problem 14) of Eq. (1) yields 
x?y" + (1 7 20)xy' + (o? — f^ p? P? xP )y = 0; 

that is, 
» x?y" + Axy! + (B + Cx%)y — 0, (3) 
where the constants A, B, C, and q are given by 

A=1-2a, B=- pP, C —f?k?, and q 2f. (4) 
It is a simple matter to solve the equations in (4) for 


1—A q 
a= ——, p= 5 
> (5) 


2/C V/(1— 4)? — 4B 


k = —_, and p= 
q q 


Example 1 


Solution 


Example 2 


Solution 
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Under the assumption that the square roots in (5) are real, it follows that the general 
solution of Eq. (3) is 
y(x) = x*w(z) = x*w(kx), 


where 
w(z) = c1Jp(z) + c2¥_p(z) 


(assuming that p is not an integer) is the general solution of the Bessel equation in 
(1). This establishes the following result. 


THEOREM 1 Solutions in Bessel Functions 


If C > 0, q # 0, and (1 — A)? = 4B, then the general solution (for x > 0) of 
Eq. (3) is 


> 359) e ad" [eurn Ga) dr cJ p (kx?) : (6) 


where a, D, k, and p are given by the equations in (5). If p is an integer, then 
J-p is to be replaced with Y. 


Solve the equation 
4x? y" +8xy' + (x* — 3)y = 0. (7) 


To compare Eq. (7) with Eq. (3), we rewrite the former as 


x2y" +2xy' + (-3 + i^) y=0 


and see that A = 2, B 3, C L, and q = 4. Then the equations in (5) give a = -i, 
B=2,k = L, and p = l. Thus the general solution in (6) of Eq. (7) is 


yO mi pas (192) ua (1); 


If we recall from Eq. (19) of Section 8.5 that 


3. . 2 
Jya(z) = Vu sing and J j4/5(2)— em COS z, 


we see that a general solution of Eq. (7) can be written in the elementary form 


Y 2 
y(x) = x7 3/2 (sso 5 + asin). a 


Solve the Airy equation 
y" + 9xy — 0. (8) 
First we rewrite the given equation in the form 
x2y" + 9x3 y =Q; 


This is the special case of Eq. (3) with A = B = 0, C = 9, and q = 3. It follows from the 
equations in (5) that œ = i. p= 3, k =2,and p = 1. Thus the general solution of Eq. (8) is 


y(x) = x2 [ein 0x2) + crJ_1/3(2x7/?)] : | 
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FIGURE 8.6.1. 
column. 


The buckling 


Buckling of a Vertical Column 


For a practical application, we now consider the problem of determining when a 
uniform vertical column will buckle under its own weight (after, perhaps, being 
nudged laterally just a bit by a passing breeze). We take x = 0 at the free top end 
of the column and x = L > 0 at its bottom; we assume that the bottom is rigidly 
imbedded in the ground, perhaps in concrete; see Fig. 8.6.1. Denote the angular 
deflection of the column at the point x by 0(x). From the theory of elasticity it 
follows that 


d?0 


where E is the Young's modulus of the material of the column, Z is its cross- 
sectional moment of inertia, p is the linear density of the column, and g is gravita- 
tional acceleration. For physical reasons—no bending at the free top of the column 
and no deflection at its imbedded bottom—the boundary conditions are 


8'(0 =0, 6(L)-0. (10) 


We will accept (9) and (10) as an appropriate statement of the problem and attempt 
to solve it in this form. With 


Lapaz, (11) 


we have the eigenvalue problem 
0"--y?x0 20; 60'(0)—0, O(L)=0. (12) 


The column can buckle only if there is a nontrivial solution of (12); otherwise the 
column will remain in its undeflected vertical position. 

The differential equation in (12) is an Airy equation similar to the one in Ex- 
ample 2. It has the form of Eq. (3) with A = B = 0, C = y?, and q = 3. The 
equations in (5) give a = 4, B = 3, k = 4y, and p = 1. So the general solution is 


A(x) = x2 [ews (vx?) Folan (2vx*?)] . (13) 


D . DAD . = 1 . 
In order to apply the initial conditions, we substitute p = +3 in 


OX =p” x\2m+p 
DOS N ED (5) 


and find after some simplifications that 


odi cy! E y2x4 » y^x? A 
31/37 (3) 12 504 
c331/3 ( y*x? .. y^y* ) 
y!T (2) 6 180 


From this it is clear that the endpoint condition 6’(0) = 0 implies that c; = 0, so 


O(x) = cox? Jj. (Gyx*) : (14) 


FIGURE 8.6.2. The graph of 
J—1/3(z). 


| 8.6 Problems 


In Problems 1 through 12, express the general solution of the 
given differential equation in terms of Bessel functions. 


1. x2y" — xy! c (124- x2)y 20 


2. xy" -3y' - xy 20 
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The endpoint condition 0(L) — 0 now gives 
Lys (3vL*”) =0. (15) 


Thus the column will buckle only if z = ZyL3/ ? is a root of the equation 
J_1/3(z) = 0. The graph of 


(z/2)71/3 oo (—1y93mz2m 
Tan) = To ( o mas m 5) (16) 


(see Problem 3 of Section 8.5) is shown in Fig. 8.6.2, where we see that the smallest 
positive zero z; is a bit less than 2. Most technical computing systems can find roots 
like this one. For instance, each of the computer system commands 


m=1 


fsolve (Besseld(-1/3,x)=0, x, 1..2) (Maple) 
FindRoot [BesselJ[-1/3,x]==0, {x,2}] (Mathematica) 
fzero ('besselj (-1/3,x)', 2) (MATLAB) 


yield the value zı = 1.86635 (rounded accurate to five decimal places). 
The shortest length Lı for which the column will buckle under its own weight 


2/3 
a ey 3zi (2 ) f 
1 = —— E — —— : 
2y 2 \ pg 
If we substitute zı ~ 1.86635 and p = 6A, where ô is the volumetric density of the 
material of the column and A is its cross-sectional area, we finally get 


EI 1/3 
Lı x (1.9 — 17 
1 © ( se (5) (17) 


is 


for the critical buckling length. For example, with a steel column or rod for which 
E = 2.8 x 107 Ib/in.? and gô = 0.28 Ib/in.?, the formula in (17) gives the results 
shown in the table in Fig. 8.6.3. 


Cross Section of Rod Shortest Buckling Length L4 
Circular with r = 0.5 in. 30 ft 6 in. 
Circular with r = 1.5 in. 63 ft 5 in. 
Annular with Finner = 1.25 in. and router = 1.5 in. 75 ft 7 in. 
FIGURE 8.6.3. 


We have used the familiar formulas A = ar? and J = irrt for a circular disk. 
The data in the table show why flagpoles are hollow. 


3. xy" — y' + 36x3y = 0 

4. x2y" — 5xy! + (8 - x)y 20 

5. 36x2 y" + 60xy’ + (9x3 — 5)y = 0 

6. 16x2y" + 24xy! + (1 + 144x3)y = 0 
7. x?y" 4 3xy! + (14- x2)y 20 
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. Ax2y" — ]2xy! + (15 + 16x)y = 0 


9. 16x2y" — (5— 144x2)y = 0 


14. 


15. 


16. 


. 2x2 y" —3xy! -2(14 — x?)y 20 
. y! x*y-0 
. y! E 4x3y 20 


. Apply Theorem 1 to show that the general solution of 


xy" - 2y!' - xy 20 


is y(x) = x-1(Acos x + B sin x). 


Verify that the substitutions in (2) in Bessel's equation 
(Eq. (1)) yield Eq. (3). 
(a) Show that the substitution 


transforms the Riccati equation dy/dx = x? + y? into 
u” + x?u — 0. (b) Show that the general solution of 
dy/dx = x? + y? is 

J3/4 is) = cJ_3/4 (1x2) 

€ J1J4 (1x2) T Jija (32?) 


y(x) =x 


(Suggestion: Apply the identities in Eqs. (22) and (23) of 
Section 8.5.) 
(a) Substitute the series of Problem 11 of Section 8.5 in 


the result of Problem 15 here to show that the solution of 
the initial value problem 


d 
Z ly. y?, 


Em »(0) — 0 


is 
J3/4 (327) 
J_1/4 (1x2) 


(b) Deduce similarly that the solution of the initial value 
problem 


y(x) =x 


dy 
BD she 


mum »(0) —1 


is 
2 (0) s) + (8) cas ($2) 


ar (3) cus (229) -r (3) Jaya (22?) 


Some solution curves of the equation dy/dx = x? + y? are 
shown in Fig. 8.6.4. The location of the asymptotes where 
y(x) — + can be found by using Newton's method to 
find the zeros of the denominators in the formulas for the 
solutions as listed here. 


y(x)-x 


-3 -2 -i 3 


FIGURE 8.6.4. Solution curves of e =x? +y? 
x 


17. Figure 8.6.5 shows a linearly tapered rod with circular 


cross section, subject to an axial force P of compression. 
As in Section 3.8, its deflection curve y — y(x) satisfies 
the endpoint value problem 


Ely" Py 20; y(a)- y(b) ^0. (18) 


FIGURE 8.6.5. The tapered rod of Problem 17. 


Here, however, the moment of inertia J = J(x) of the cross 
section at x is given by 


1 4 x44 
I(x) = gx(kx)* = Io (7) 
where Jp = I(b), the value of J at x = b. Substitution of 
I(x) in the differential equation in (18) yields the eigen- 
value problem 


xty"+Ay 20, y(a) = y(b) 2 0. 


where A = u? = Pb^/EIo. (a) Apply the theorem of this 
section to show that the general solution of x* y" + u? y = 
Ois 
y(x) =x (4 cos z + B sin 3 ; 
x x 
(b) Conclude that the nth eigenvalue is given by un = 
nzab/L, where L = b — a is the length of the rod, and 


hence that the mth buckling force is 


Note that if a = b, this result reduces to Eq. (28) of Section 
3.8. 
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18. Consider a variable-length pendulum as indicated in came") of Edgar Allan Poe's macabre classic “The Pit and 
Fig. 8.6.6. Assume that its length is increasing linearly the Pendulum;" see the article by Borrelli, Coleman, and 
with time, L(t) = a + bt. It can be shown that the oscil- Hobson in the March 1985 issue of Mathematics Maga- 
lations of this pendulum satisfy the differential equation zine (Vol. 58, pp. 78-83). 


L0" +2L'6’ + g0 20 


under the usual condition that 0 is so small that sin 6 
is very well approximated by 0: 0 ~ sin@. Substitute 
L =a + bt to derive the general solution 


6(t) = Jm [Aan (5 ver) + BY; (vez) 
For the application of this solution to a discussion of the 
steadily descending pendulum (“its nether extremity was 
formed of a crescent of glittering steel, about a foot in 
length from horn to horn; the horns upward, and the under 
edge as keen as that of a razor ... and the whole hissed 
as it swung through the air ... down and still down it FIGURE 8.6.6. A variable-length pendulum. 


LAM. Yelellfefetie Riccati Equations and Modified Bessel Functions 


A Riccati equation is one of the form 
d 
> = AG)? + BG)y + CQ). 


Many Riccati equations like the ones listed next can be solved explicitly in terms of 
Bessel functions. 


o = x? 4? (1) 
o =x? — yh (2) 
2 lys 3) 
o =x+y; (4) 
2 oxy? (5) 
Yoyoy, (6) 


For example, Problem 15 in this section says that the general solution of Eq. (1) is 
given by 


(7) 


See whether the symbolic DE solver command in your computer algebra sys- 
tem, such as the Maple command 
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n IGURE 8.6.7. Solution curves of 


zy Zx- y 


dx 


dsolve(diff(y(x),x) = x^2 + y(x)^2, y(x)) 
or the Mathematica command 
DSolve[ y'[x] == x^2 + yIx]^2, y[x], x ] 


agrees with Eq. (7). If Bessel functions other than those appearing in Eq. (7) are 
involved, you may need to apply the identities in (26) and (27) of Section 8.5 to 
transform the computer's “answer” to (7). Then see whether your system can take 
the limit as x — O in (7) to show that the arbitrary constant c is given in terms of the 
initial value y (0) by 


a VOT (1) 
2g) | 
Now you should be able to use built-in Bessel functions to plot typical solution 
curves like those shown in Fig. 8.6.4. 

Next, investigate similarly one of the other equations in (2) through (6). Each 
has a general solution of the same general form in (7)—a quotient of linear com- 


binations of Bessel functions. In addition to J5(x) and Y,(x), these solutions may 
involve the modified Bessel functions 


(8) 


I(x) =i? Jp (Gx) 


and z 
K(x) = 3 [Jp x) + Y5(ix)] 
that satisfy the modified Bessel equation 


xy" + xy! — (x? + p?)y 20 


of order p. For instance, the general solution of Eq. (5) is given for x > 0 by 


I 2x3 /2 )-cI. (4x 32) 
sim 2/3 (3 ae 
y) = Lays (3x7/7) — ey (3x92) D 
where 
y(O)T ($) 
a (10) 


Figure 8.6.7 shows some typical solution curves, together with the parabola y? = x 
that appears to bear an interesting relation to Eq. (6)—we see a funnel near y = 
+./x and a spout near y = —4/x. 

The Bessel functions with imaginary argument that appear in the definitions 
of Ip(x) and K(x) may look exotic, but the power series of the modified function 
In (x) is simply that of the unmodified function Jn (x) except without the alternating 
minus signs. For instance, 

2 x4 x6 


X 
lG)elq LL. 
o(x) + iv a+ 3304 77 


and 


AX 
I — 
1G) = 3 + 16 + 384 + 18432 ^ 
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Check these power series expansions using your computer algebra system—look at 
BesselI in either Maple or Mathematica—and compare them with Eqs. (17) and 
(18) in Section 8.5. 

The second-order differential equations of the form y" = f(x,y) with the 
same right-hand sides as in Eqs. (1) through (6) have interesting solutions which, 
however, cannot be expressed in terms of elementary functions and/or "known" 
special functions such as Bessel functions. Nevertheless, they can be investigated 
using an ODE plotter. For instance, the interesting pattern in Fig. 8.6.8 shows solu- 
tion curves of the second-order equation 


y' =y -x (11) 


with the same initial value y(0) = 0 but different slopes y’(0) = —3.3, —3.1, ..., 
0.7. Equation (11) is a form of the first Painlevé transcendant, an equation that arose 
historically in the classification of nonlinear second-order differential equations in 
terms of their critical points (see Chapter 14 of E. L. Ince, Ordinary Differential 
Equations, New York: Dover Publications, 1956). Figure 8.6.8 was suggested by 
an article by Anne Noonburg containing a similar figure in the Spring 1993 issue of 
the Ce ODE * E Newsletter. 


FIGURE 8.6.8. The first Painlevé transcendant y" = y? — x, y(0) = 0, 
y/(0) = —3.3, —3.1,..., 0.7. 


Finally, here’s a related example that was inspired by a Maple demonstration 
package. The Maple dsolve command yields the general solution 


y(x) = x^! (e1J1o(x) + e2Yi1o(x)) 
+ x71! (1857945600 + 51609600x? + 806400x^ + 9600x° + 100x® + x!9) (12) 


of the nonhomogeneous second-order equation 
x2 y" + 3xy! + (x? —99)y = x. (13) 


Show that Theorem 1 in this section explains the “Bessel part" of the alleged solu- 
tion in Eq. (12). Can you explain where the rational function part comes from, or 
at least verify it? For further examples of this sort, you can replace the coefficient 
99 in Eq. (13) with r? — 1, where r is an even integer, and/or replace the x on the 
right-hand side with x°, where s is an odd integer. (With parities other than these, 
more exotic special functions are involved.) 


Fourier Series Methods 
and Partial Differential 
Equations 


| 950] Periodic Functions and Trigonometric Series 
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A: motivation for the subject of Fourier series, we consider the differential 
equation 


d?x 


T rep = f(t), (1) 


which models the behavior of a mass-and-spring system with natural (circular) fre- 
quency co, moving under the influence of an external force of magnitude f(t) per 
unit mass. As we saw in Section 3.6, a particular solution of Eq. (1) can easily 
be found by the method of undetermined coefficients if f(t) is a simple harmonic 
function—a sine or cosine function. For instance, the equation 


d?x " 
pr + ogx = Acosot (2) 


with œ? 7 cg has the particular solution 
A 
xp(t) = PUE dL (3) 
2 


which is readily found by beginning with the trial solution x5(f) = a cos æt. 

Now suppose, more generally, that the force function f(t) in Eq. (1) is a lin- 
ear combination of simple harmonic functions. Then, on the basis of Eq. (3) and 
the analogous formula with sine in place of cosine, we can apply the principle of 
superposition to construct a particular solution of Eq. (1). For example, consider the 
equation 


d?x N 
n wx = > Án COS Ont, (4) 


n=1 


FIGURE 9.1.1. 
function. 


A square-wave 
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in which cg is equal to none of the w2. Equation (4) has the particular solution 


N An 
xp) = 5, 3 5 Sont, (5) 
n=1 0 n 


obtained by adding the solutions given in Eq. (3) corresponding to the N terms on 
the right-hand side in Eq. (4). 

Mechanical (and electrical) systems often involve periodic forcing functions 
that are not (simply) finite linear combinations of sines and cosines. Nevertheless, 
as we will soon see, any reasonably nice periodic function f(t) has a representation 
as an infinite series of trigonometric terms. This fact opens the way toward solving 
Eq. (1) by superposition of trigonometric “building blocks,” with the finite sum in 
Eq. (5) replaced with an infinite series. 


DEFINITION Periodic Function 


The function f(t) defined for all t is said to be periodic provided that there exists 
a positive number p such that 


» ft+p=fO (6) 


for all t. The number p is then called a period of the function f. 


Note that the period of a periodic function is not unique; for example, if p is 
a period of f(t), then so are the numbers 2p, 3p, and so on. Indeed, every positive 
number is a period of any constant function. 

If there exists a smallest positive number P such that f(t) is periodic with 
period P, then we call P the period of f. For instance, the period of the functions 
g(t) = cosnt and h(t) = sinnt (where n is a positive integer) is 277 /n because 


27 
cosn |t + — | = cos(nt + 27) = cosnt 
n 
and (7) 
. 2x : Í 
sinn | t + — | = sin(nt + 27) = sinnt. 
n 


Moreover, 2x itself is a period of the functions g(t) and h(t). Ordinarily we will 
have no need to refer to the smallest period of a function f(t) and will simply say 
that f(t) has period p if p is any period of f(t). 

In Section 7.5 we saw several examples of piecewise continuous periodic func- 
tions. For instance, the square-wave function having the graph shown in Fig. 9.1.1 
has period 27r. 

Because g(t) = cosnt and h(t) = sinnt each have period 2x, any linear 
combination of sines and cosines of integral multiples of t, such as 


f (t) = 3 + cost — sint + 5cos2t + 17 sin3t, 


has period 27. But every such linear combination is continuous, so the square- 
wave function cannot be expressed in such a manner. In his celebrated treatise 
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The Analytic Theory of Heat (1822), the French scientist Joseph Fourier (1768— 
1830) made the remarkable assertion that every function f(t) with period 27 can be 
represented by an infinite trigonometric series of the form 


ao 


5 + X (an cos nt + b, sinnt). (8) 


n=1 


(The reason for writing Žao rather than ag here will appear shortly—when we see 
that a single formula for a, thereby includes the case n = 0 as well as n > 0.) We 
will see in Section 9.2 that under rather mild restrictions on the function f(t), this 
is so! An infinite series of the form in (8) is called a Fourier series, and the repre- 
sentation of functions by Fourier series is one of the most widely used techniques 
in applied mathematics, especially for the solution of partial differential equations 
(see Sections 9.5 through 9.7). 


Fourier Series of Period 2x Functions 


In this section we will confine our attention to functions of period 27. We want to 
determine what the coefficients in the Fourier series in (8) must be if itis to converge 
to a given function f(t) of period 2z. For this purpose we need the following 
integrals, in which m and n denote positive integers (Problems 27 through 29): 


x ifm=n. 


7 cos mt cosnt dt = ior gan, (9) 


-mT 


/ sinmt sinnt dt = | im pu (10) 
= xz ifm=n. 
f cosmtsinnt dí =0 forall m and n. (11) 


These formulas imply that the functions cos zt and sin zit for n = 1, 2, 3, ... consti- 
tute a mutually orthogonal set of functions on the interval [—z, x]. Two real-valued 
functions u(t) and v(t) are said to be orthogonal on the interval [a, b] provided that 


b 
I u(t)v(t) dt = 0. (12) 


(The reason for the word "orthogonal" here is a certain interpretation of functions 
as vectors with infinitely many values or “components,” in which the integral of 
the product of two functions plays the same role as the dot product of two ordinary 
vectors; recall that u- v — 0 if and only if the two vectors are orthogonal.) 

Suppose now that the piecewise continuous function f(t) of period 2z has a 
Fourier series representation 


» f(t)- = + X Ge cosmt + by, sinmt), (13) 
2 m=1 


in the sense that the infinite series on the right converges to the value f(t) for every 
t. We assume in addition that, when the infinite series in Eq. (13) is multiplied by 
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any continuous function, the resulting series can be integrated term by term. Then 
the result of termwise integration of Eq. (13) itself from ¢ = —7 tot = z is 


f(t) dt = 2j ldt 


-mT 


2 (emf. cosmt di) + us (v f sine ar) = cao 


because all the trigonometric integrals vanish. Hence 


dg = J f(t) dt. (14) 
T J—r 


If we first multiply each side in Eq. (13) by cosnt and then integrate termwise, the 
result is 


T ao T 
ft) cosnt dt = z[ cos nt dt 
am 2. Jar 


+ > (an f cos mt cosnr dt) + (on f sin mt cosnr dt) 
m=1 =m msi =r 
it then follows from Eq. (11) that 
f f(t) cosnt dt = X am (/ cosmt cosnt dt. (15) 
pu m=1 ze 


But Eq. (9) says that—of all the integrals (for m = 1,2,3,...) on the right-hand side 
in (15)—only the one for which m = n is nonzero. It follows that 


X T 


f(t) cosnt dt = an f cos? nt dt = Tan, 


=y =x 


so the value of the coefficient a, is 


an = = f (t) cosnt dt. (16) 
T 


= 


Note that with n = 0, the formula in (16) reduces to Eq. (14); this explains why we 
denote the constant term in the original Fourier series by 1ao (rather than simply 
ao). If we multiply each side in Eq. (13) by sinnt and then integrate termwise, we 
find in a similar way that 


b, = I f (t) sinnt dt (17) 
JU 


=i. 


(Problem 31). In short, we have found that if the series in (13) converges to f(t) 
and if the termwise integrations carried out here are valid, then the coefficients in 
the series must have the values given in Eqs. (16) and (17). This motivates us to 
define the Fourier series of a periodic function by means of these formulas, whether 
or not the resulting series converges to the function (or even converges at all). 
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LS 


FIGURE 9.1.2. Extending a function 
to produce a periodic function. 


DEFINITION Fourier Series and Fourier Coefficients 


Let f(t) be a piecewise continuous function of period 27 that is defined for all t. 
Then the Fourier series of f(t) is the series 


ao 


3 d DEG cos nt + b, sinnt), (18) 


n=1 


> 


where the Fourier coefficients a, and b, are defined by means of the formulas 


T 


» 8l. em - f (t) cosnt dt (16) 


i 
torn = 0), i, Bs cae fave 


> b, = D f (t) sinnt dt (17) 
T 


=J 


torni e 152. T 


You may recall that the Taylor series of a function sometimes fails to converge 
everywhere to the function from whence it came. It is still more common that the 
Fourier series of a given function sometimes fails to converge to its actual values at 
certain points in the domain of the function. We will therefore write 


f(t)- > E 2G cosnt + by sinnt), (19) 


not using an equals sign between the function and its Fourier series until we have 
discussed convergence of Fourier series in Section 9.2. 

Suppose that the piecewise continuous function f(t) as given initially is de- 
fined only on the interval [—z, x], and assume that f/(—x) = f(z). Then we can 
extend f so that its domain includes all real numbers by means of the periodicity 
condition f(t + 2x) = f(t) for all t. We continue to denote this extension of the 
original function by f, and note that it automatically has period 27. Its graph looks 
the same on every interval of the form 


(2n —1D)x €t € Qn 4 1)x 


where n is an integer (Fig. 9.1.2). For instance, the square-wave function of 
Fig. 9.1.1 can be described as the period 27 function such that 


—] if-z <t <0; 
f(t) 4*1 if0<t< x; (20) 
0 iff =—z,0,orz. 


Thus the square-wave function is the period 27 function defined on one full period 
by means of Eq. (20). 

We need to consider Fourier series of piecewise continuous functions because 
many functions that appear in applications are only piecewise continuous, not con- 
tinuous. Note that the integrals in Eqs. (16) and (17) exist if f(t) is piecewise 
continuous, so every piecewise continuous function has a Fourier series. 


Example 1 


Solution 
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Find the Fourier series of the square-wave function defined in Eq. (20). 
It is always a good idea to calculate ao separately, using Eq. (14). Thus 


1 7 1 f? 1 f* 
a =~ [i fod=—f coats fn 


1 1 
(Cx) + —(z) = 0. 
x x 


dt 
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We split the first integral into two integrals because f(t) is defined by different formulas on 
the intervals (—z,0) and (0, x); the values of f(t) at the endpoints of these intervals do not 


affect the values of the integrals. 
Equation (16) yields (for n > 0) 


1 f” ] f9 1 
an = = f(t) cosnt dt = — (—cosnt) dt + — 
T J—x X Jar x Jo 


l Í I I ' r 
= — |—- sinnt + — | -sinnt = 0; 
T n nr min 0 


And Eq. (17) yields 


y; pu bg 2 1 
bn = f f (t) sinnt dt = HI (—sinnt) dt + : 
X Jon m jos x Jo 


[imm] zm, 
= — | — cosnt + —|[-—-—cosnt 
min E T n 0 


= EX — cos nz) = ES —(-1)"). 
nw nm 


X 


X 


Thus an = 0 for all n 2 0, and 


4 
[rz for n odd; 


0 for n even. 


cosnt dt 


sinnt dt 


The last result follows because cos(—nz) = cos(nz) = (—1)". With these values of the 


Fourier coefficients, we obtain the Fourier series 


4 


4 sinnt 1 1 
1) = — [sint + —sin3t + — sin5t +- 
fO x Ds =( 3 5 


n 
n odd 


Here we have introduced the useful abbreviation 


— for example, 
p» farce 
vane 3 5 
Figure 9.1.3 shows the graphs of several of the partial sums 


N . 
_4 sin(2n — 1)t 
Sv mL 2 2n —1 


n=1 


i: 


(21) 


of the Fourier series in (21). Note that as ¢ approaches a discontinuity of f(t) from either 
side, the value of S, (t) tends to overshoot the limiting value of f(t)—either +1 or —1 in this 
case. This behavior of a Fourier series near a point of discontinuity of its function is typical 


and is known as Gibbs's phenomenon. 


570 Chapter 9 Fourier Series Methods and Partial Differential Equations 


With 3 terms With 6 terms 


With 12 terms With 24 terms 


FIGURE 9.1.3. Graphs of partial sums of the Fourier series of the square-wave function 
(Example 1) with N — 3, 6, 12, and 24 terms. 


The following integral formulas, easily derived by integration by parts, 


useful in computing Fourier series of polynomial functions: 


[vcosudu = cosu + usinu + c; 
J iim = sinu — u cosu + C; 
IET sinu cn f 7 sinu du; 


fe sinu du = —u” cosu +n fw" cosu du. 


| Example 2 | Find the Fourier series of the period 27 function that is defined in one period to be 


© 


if—-x <t < 0; 


fet ifüzr«m; 


ift = +r. 


N/a 


FIGURE 9.1.4. The periodic 
function of Example 2. The graph of f is shown in Fig. 9.1.4. 


are 


(22) 


(23) 


(24) 


(25) 


(26) 


Solution The values of f (X) are irrelevant because they have no effect on the values of the integrals 
that yield the Fourier coefficients. Because f(t) = 0 on the interval (—x, 0), each integral 
from t = —z tot = z may be replaced with an integral from ¢ = 0 to t = x. Equations (14), 
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(16), and (17) therefore give 


p 44 171 ü 
w=: TIE EV EE 
x Jo 7|2 Jo 2 


| f^ 1 2d u 
wj teosnt dt = -z> f u cosu du (wont. 1 ==) 
AX Jo n^mu Jo n 


L [cos + usin E (by Eq. (22)) 
= u+usinu ; 
n?z 0 TM 


1 
= ——|(-1)" — 1]. 
lD” - 1] 
Consequently, an = 0 if n is even and n Z 2; 


2 


an = =a if n is odd. 
n?n 
Next, 
1 T 1 na 
n= =| sinntdt = | u sinu du 
z Jo n?n Jo 
1 : nu 
= ——|sinw — u cos u] (by Eq. (20)) 
n?n 0 
1 
= ——cosnz. 
n 
Thus à 
=| n+ 
bn = CD for all n 2 1. 
n 


Therefore, the Fourier series of f(t) is 


œ (| 1yttlgq 
f~ 2-2 y Bs " L (—1) sinnt (27) 


n n 
n odd n=1 


If f(t) is a function of period 27, it is readily verified (Problem 30) that 


X at+2n 
fd = | f() dt Q8) 


for all a. That is, the integral of f(t) over one interval of length 27 is equal to its 
integral over any other such interval. In case f(t) is given explicitly on the interval 
[0,27] rather than on [—z, z], it may be more convenient to compute its Fourier 
coefficients as 


20 


an = = f(t) cosnt dt (29a) 
T Jo 
and 
1 2x 
b, = — f(t) sinnt dt. (29b) 


T Jo 
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KAI Problems 


In Problems 1 through 10, sketch the graph of the function f 
defined for all t by the given formula, and determine whether 
it is periodic. If so, find its smallest period. 


ONU m 


In Problems 11 through 26, the values of a period 2x function 


. f(t) = sin3t 
: FO = cos 7 
. f(t) = tant 

. f(t) = cosh3t 
. f(t) = |sint| 
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21. fi) 21?,-3 €t E mn 


22. f(t) 212,0 t «2x 
0 —r<tz<0; 
23. f(t) = ~~ 
2. f(t) = cos2zt uu E OSt<az 


4. f(t) = sin 7 . f(t) 2 |sint], x St E x 


f (t) in one full period are given. Sketch several periods of its 
graph and find its Fourier series. 


11. 


12. 


13. 


14. 


15. 
16. 
17. 


18. 


19. 


20. 


6. f(t) = cot2zt 25. f(t) = cos? 21, a S1 Em 
8. f(t) 2 sinhzt 26. f(t) = 0, —x Št <0; 
10. f(t) = cos? 3t Sin f, OStSx 
27. Verify Eq. (9). (Suggestion: Use the trigonometric iden- 
tity 
cos A cos B = i [cos(A + B) + cos(A — B)].) 
MO 28. Verify Eq. (10). 
+3, -r <t <0; 
t) = = 
fe -3, O0«tzm 
0 -r«tz6 
th= = 
fO h 0ctzm 
3, —r «t €0; 
th= E 
fO 0ctzm 


f(t) t, "u«t£m 
f(t) =t,0<t «2x 


—m «t €0; 
0«ctzm 
—n St <0; 


OStSx 


0, —r St <-—n/2; 


0, 


f(t) = ltl, -r StSa 
f) = a 
ZU 
mft, 
JO = " 
f() = 11 


—n/2€Xt£m[2; 


z/2«tt£m 


. Verify Eq. (11). 
. Let f(t) be a piecewise continuous function with period 
P. (a) Suppose that 0 € a < P. Substitute u = t — P to 


show that 
a+P a 
f sOd= | F(t) dt. 
P 0 


Conclude that 


a F(t) dt -f f(t) dt. 


(b) Given A, choose n so that A = nP +a with0 Sa < P. 
Then substitute v = t — nP to show that 


Ll f(tj)dt = [ f(t)dt — if f(t) dt. 


Multiply each side in Eq. (13) by sinnt and then integrate 
term by term to derive Eq. (17). 


31. 


WEE] General Fourier Series and Convergence 


In Section 9.1 we defined the Fourier series of a periodic function of period 27r. 
Now let f(t) be a function that is piecewise continuous for all ¢ and has arbitrary 
period P > 0. We write 

3E. (1) 


so L is the half-period of the function f. Let us define the function g as follows: 
Lu 
gu)= f (=) (2) 


for all u. Then 


gu +20) = f (= +21) = s (=) = a. 
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and hence g(u) is also periodic and has period 27. Consequently, g has the Fourier 
series 


ao 2 g 
g(u) ~ = + 2 (an cosnu + b, sinnu) (3) 


n=1 


with Fourier coefficients 


1 T 
an = z) g(u)cosnu du (4a) 
T J—r 
and 
1. p” . 
b, = Ji g(u)sinnu du. (4b) 
T J—r 
If we now write 
Lu zt 
t=—, u=—, f(t)-g(), (5) 
T L 
then 
Tİ ao i nit nit 
no =8(7)~F+¥ emt TÉ ) (6) 


and then substitution of (5) in (4) yields 


] f” zt T 
n = — d = —, du=—dt 
a mi i g(u)cosnu du (« L u L ) 
1 f. (+) nrt 
= — g | — | cos — dt. 
EJ-r L L 
Therefore, 
| f* t 
an = zd. SO cos Z dr; (7) 
similarly, 
) £f t 
b.e zd. f(t)sin = dt. (8) 


This computation motivates the following definition of the Fourier series of a peri- 
odic function of period 2L. 


574 


Solution 
Memmi. 7j —o 
L. i: |. |. 
-2 2 4 6 
oo oo: 
FIGURE 9.2.1. The square-wave of 


Example 1. 
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DEFINITION Fourier Series and Fourier Coefficients 


Let f(t) be a piecewise continuous function of period 2L that is defined for all t. 
Then the Fourier series of f(t) is the series 


= t t 
» JOm e (arcos E + Pasin) (6) 
where the Fourier coefficients {an }6° and (5,37? are defined to be 
| ee nit 
> an =z f fes E ar (7) 
and 
pj p . nwt 
» bo p], fos mar (8) 
With n = 0, Eq. (7) takes the simple form 
1 L 
a - p f Oa, (9) 
L J-r 


which demonstrates that the constant term lao in the Fourier series of f is simply 


the average value of f(t) on the interval [—L, L]. 

As a consequence of Problem 30 of Section 9.1, we may evaluate the integrals 
in (7) and (8) over any other interval of length 2L. For instance, if f(t) is given by 
a single formula for 0 < t < 2L, it may be more convenient to compute the integrals 


2L 
a - 7]  f(0cos T dt (10a) 
and 
1 2L 
»-r1] FO sin 77 dt. (10b) 


Figure 9.2.1 shows the graph of a square-wave function with period 4. Find its Fourier series. 


Here, L = 2; also, f(t) = —1 if —2 < t < 0, while f(t) = L if 0 « t < 2. Hence Eqs. (7), (8), 
and (9) yield 


1 2 1 0 1 2 
a - 5] roa ; f « pde; (7-1) dt = 0, 


| f? t | f? t 
an = JK 1) cos 7 a+ f (+1) cos dt 


1 2 . nmt 0 1[2 . nzt Y? 
= sin + sin = 0; 
2| nx 2|. 2,nx 2 Jo 


and 


FIGURE 9.2.2. A finite jump 
discontinuity. 
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] f? . nxt 1 f? . nzt 
m=z 1) sin 7 a+ f (+1) sin — dt 


+ 1[2 nxt |? 4 1 2 nnt]? 
cos cos 
2 [nx 2 |. 2| nx 2 Jo 


4 
2 — if nis odd, 


0 if n is even. 


4 1 nit 
fe X. ae (11a) 
n odd 
t 3nzt 1 5nzt 
= (5 + -sin : + -sin 5 + ) (11b) 
E 


The Convergence Theorem 


We want to impose conditions on the periodic function f that are enough to guar- 
antee that its Fourier series actually converges to f(t) at least at those values of t at 
which f is continuous. Recall that the function f is said to be piecewise continuous 
on the interval [a, b] provided that there is a finite partition of [a, b] with endpoints 


ä =t «ti «to «c hni n= b 


such that 


1. f is continuous on each open interval tjj < t < tj; and 


2. At each endpoint t; of such a subinterval the limit of f(t), as t approaches t; 
from within the subinterval, exists and is finite. 


The function f is called piecewise continuous for all t if it is piecewise con- 
tinuous on every bounded interval. It follows that a piecewise continuous function 
is continuous except possibly at isolated points, and that at each such point of dis- 
continuity, the one-sided limits 


fü-)-— lim f(u) and f(t~)= lim fu) (12) 


both exist and are finite. Thus a piecewise continuous function has only isolated 
“finite jump” discontinuities like the one shown in Fig. 9.2.2. 

The square-wave and sawtooth functions that we saw in Chapter 7 are typical 
examples of periodic piecewise continuous functions. The function f(t) = tant 
is a periodic function (of period 7) that is not piecewise continuous because it has 
infinite discontinuities. The function g(t) = sin(1/t) is not piecewise continuous on 
[—1, 1] because its one-sided limits at t = 0 do not exist. The function 


1 
t iff=-— an integer), 
A(t) = n (n ger) 


0 otherwise 
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Continued 


on [—1, 1] has one-sided limits everywhere, but is not piecewise continuous because 
its discontinuities are not isolated—it has the infinite sequence (1/71? of disconti- 
nuities; a piecewise continuous function can have only finitely many discontinuities 
in any bounded interval. 

Note that a piecewise continuous function need not be defined at its isolated 
points of discontinuity. Alternatively, it can be defined arbitrarily at such points. 
For instance, the square wave function f of Fig. 9.2.1 is piecewise continuous no 
matter what its values might be at the points ... , —4, —2, 0, 2, 4, 6, ... at which it is 
discontinuous. Its derivative f’ is also piecewise continuous; f'(f) = 0 unless f is 
an even integer, in which case f’(r) is undefined. 

The piecewise continuous function f is said to be piecewise smooth provided 
that its derivative f’ is piecewise continuous. Theorem 1 (next) tells us that the 
Fourier series of a piecewise smooth function converges everywhere. More general 
Fourier convergence theorems—with weaker hypotheses on the periodic function 
f —are known. But the hypothesis that f is piecewise smooth is easy to check and 
is satisfied by most functions encountered in practical applications. A proof of the 
following theorem may be found in G. P. Tolstov, Fourier Series (New York: Dover, 
1976). 


THEOREM 1 Convergence of Fourier Series 


Suppose that the periodic function f is piecewise smooth. Then its Fourier series 
in (6) converges 


(a) to the value f(t) at each point where f is continuous, and 
(b) to the value i f (t4-) + f(t—)] at each point where f is discontinuous. 


Note that i[ F(t+) + f(t—)] is the average of the right-hand and left-hand 
limits of f at the point t. If f is continuous at t, then f(t) = f(t+) = f(t—), so 


fa) fa) 


> ro = L—— 


(13) 
Hence Theorem 1 could be rephrased as follows: The Fourier series of a piecewise 
smooth function f converges for every t to the average value in (13). For this reason 
it is customary to write 


fo - $e Yr (oem re sint). (14) 


with the understanding that the piecewise smooth function f has been redefined (if 
necessary) at each of its points of discontinuity in order to satisfy the average value 
condition in (13). 


Figure 9.2.1 shows us at a glance that if tọ is an even integer, then 


lit, f@)=+1 and lim f(t) = —1. 
t>1o 


tort 


Hence 
f(to+) + f(to—) 
2 
Note that, in accord with Theorem 1, the Fourier series of f(t) in (11) clearly converges to 
zero if n is an even integer (because sin zz = 0). El 


= 0. 


Example 2 


Solution 


2 4 6 8 10 f 
FIGURE 9.2.3. The period 2 
function of Example 2. 
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Let f(t) be a function of period 2 with f(t) = t? if 0 < t < 2. We define f(t) for t an even 
integer by the average value condition in (13); consequently, f(t) = 2 if t is an even integer. 
The graph of the function f appears in Fig. 9.2.3. Find its Fourier series. 

Here L = 1, and it is most convenient to integrate from ¢ = 0 to t = 2. Then 


1 f? 14] 8 
a=: f tdt =| -| =-. 
1 Jo 3 Jo 3 
With the aid of the integral formulas in Eqs. (22) through (25) of Section 9.1, we obtain 
2 
an =f t? cosnat dt 
0 
1 2nz 
= os | u? cosu du (v — nzt,t-— =) 
n?z? Jo nz 


4 B 
n?gag?' 


1 2. 7 2nz 
=- z|” sinu — 2sinu + 2u cosu | = 
n?n 0 


2 1 2nz 
bn =f t? sinnzt dt = u? sinu du 
0 n?n? Jo 


1 


2 , 2nnz 
= 3|" cosu + 2cosu + 2u sinu | = —— 
n?n 0 


Hence the Fourier series of f is 


fO= 4 2 4 * cosnzt 4 D sinnzt (15) 
3 mg? = n2 T n c 


n=1 


and Theorem 1 assures us that this series converges to f(t) for all t. [| 


We can draw some interesting consequences from the Fourier series in (15). 
If we substitute t = 0 on each side, we find that 


oo 
1 
> Q bd d qe (16) 
that was discovered by Euler. If we substitute ¢ = 1 in Eq. (15), we get 


0.4, 4461" 
Miate p a 


which yields 


oo 
—1)”+! 1 1 1 n? 
yO e a (17) 
n? 22 32 ë æ 12 
n=1 
If we add the series in Eqs. (16) and (17) and then divide by 2, the “even” terms 
cancel and the result is 


l R n? 
Ys =l+atatatoHsS (18) 
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| 9.2| Problems 


In Problems 1 through 14, the values of a periodic function 
f(t) in one full period are given; at each discontinuity the 
value of f(t) is that given by the average value condition in 
(13). Sketch the graph of f and find its Fourier series. 


—2, —-3«t «06; 
à so=] 2, 0<t<3 
0, —5«t «0; 
a ro= 0«t«5 
2, —2n «t <0; 
i fo-li O<t<2n 
4. f(t) 2t, -2«t «2 
5. f(t) 2 t, —21 «t «2x 
6. f(t) 2t, 0«t «3 
7. f(t) 2 |t, -1«t«1 
0 O<t<l1; 
8. f(t)= 41, 1<t <2; 
0, 2<t<3 


9. f(r) 212, -1«t«1 
0, —2<t <0; 
10. f()24, , 
fO e 0<t<2 
11. f(t) = cos, -l<t<l 


12. f(t) 2 sinzxt, 0<t<1 


0, —]«t«0; 

13. J) = 
fO m 0«c«t«l 
0, —2n <t <0; 

14. f(t) = 
f0) a 0<t «2x 


15. (a) Suppose that f is a function of period 2z with f(t) = 
t? for 0 < t < 2m. Show that 


oo 
cosnt 


oo . 
á sinnt 
2? 
n2 n 


n=1 n=1 


2 
fo= +4 


and sketch the graph of f , indicating the value at each dis- 
continuity. (b) Deduce the series summations in Eqs. (16) 
and (17) from the Fourier series in part (a). 


16. (a) Suppose that f is a function of period 2 such that 
f(t) = 0if —1«: <Oand f(t) 2 tif 0 <t < 1. Show 
that 


1 2 cosnzt 1 & (—1)"*! sinnzt 
t= ; 
Josj x cwm , 
n odd n=1 


and sketch the graph of f , indicating the value at each dis- 
continuity. (b) Deduce the series summation in Eq. (18) 
from the Fourier series in part (a). 


17. (a) Suppose that f is a function of period 2 with f(t) = t 
for 0 « t « 2. Show that 


2 X sinnzt 
t)=1 ; 
f(t) LE. 


n=1 


and sketch the graph of f, indicating the value at each 
discontinuity. (b) Substitute an appropriate value of t to 
deduce Leibniz's series 


1 1 1 x 


pU Qty 


Derive the Fourier series listed in Problems 18 through 21, and 
graph the period 2x function to which each series converges. 


© sinnt na—t 
18. Y: = —_ 


(0 « t <2z) 


2 pytlg 
19. »» (—1) sinnt _ ; 


» COS nt 31? — 6x1 + 222 


20. = 0<t<2 
Z n? 12 ( d. 
oo 
(-1)"*!cosnt = 4? — 31? 
21. PN 72 = T) (7x «t « x) 
n=1 


22. Suppose that p(t) is a polynomial of degree n. Show by 
repeated integration by parts that 


[ sat = 506.0 - Ow 
+ p'()Gs()) — + + CD" p? OGA) 
where G;(t) denotes the kth iterated antiderivative 
G,(t) = (DHF g(t). This formula is useful in computing 


Fourier coefficients of polynomials. 
23. Apply the integral formula of Problem 22 to show that 


IEEE = tf sint + At? cost 
— 121? sint — 24t cost + 24sint + C 


and that 


^ sint dt = —t* cost + At? sint 
+ 121? cos t — 24t sint — 24cost + C. 


24. (a) Show that for 0 < t < 27, 


and sketch the graph of f, indicating the value at each dis- 
continuity. (b) From the Fourier series in part (a), deduce 
the summations 


3 1 2 x4 Y (-1)"+1 Hu In* 
n^ 90" n^ 720 
n=1 n=1 
and 
yen 
^u 
odd 36 


25. (a) Find the Fourier series of the period 27 function f 
with f(t) — t? if—z <t <a. (b) Use the series of part 
(a) to derive the summation 
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and sketch the graph of f, indicating the value at each 
discontinuity. (c) Attempt to evaluate the series 


ge d pce 
n3 23 
n=1 


by substituting an appropriate value of t in the Fourier 
series of part (a). Is your attempt successful? Explain. 
Remark: If you succeed in expressing the sum of this 
inverse-cube series in terms of familiar numbers—for in- 
stance, as a rational multiple of x? similar to Euler’s sum 
in part (a)—you will win great fame for yourself, for many 
have tried without success over the past two centuries 
since Euler. Indeed, it was not until 1979 that the sum 


3 of the inverse-cube series was proved to be an irrational 


t= ; number (as long suspected). 


WAN.) Computer Algebra Calculation of Fourier Coefficients 


A computer algebra system can greatly ease the burden of calculation of the Fourier 
coefficients of a given function f(t). In the case of a function that is defined “piece- 
wise,” we must take care to “split” the integral according to the different intervals 
of definition of the function. We illustrate the method by deriving the Fourier series 
of the period 27 square-wave function defined on (—z, x) by 


—1 if —-r «t «0, 


ft) = 
fq +1 ifO0zctcm. 


(1) 


In this case the function is defined by different formulas on two different intervals, 
so each Fourier coefficient integral from —z to x must be calculated as the sum of 
two integrals: 


p f? i f* 
an = — (—1) cos nt dt + Ji (+1) cos nt dt, 
ZJ—x T Jo 
(2) 
1 0 1 m 
b, = — (—1) sinnt dt + Ji (+1) sinnt dt. 
T J—nx T Jo 


We can define the coefficients in (2) as functions of n by the Maple commands 


a := n —> (1/Pi)*(int(-cos(n«t), t=-Pi..0) + 
int (+cos (nxt), t=0..Pi)): 
b := n —> (1/Pi)*(int(-sin(n*t), t=-Pi..0) + 


int (+sin(n*t), t=0..Pi)): 
or by the Mathematica commands 


a[n ] := (1/Pi)*(Integrate[-Cos[n«t], ít, -Pi, 0}] + 
Integrate[+Cos[n*t], ít, 0, Pill) 
b[n ] := (1/PBi)*(Integrate[-Sin[n*t], (t, -Pi, 0}] + 
Integrate[*Sin[n*t], (t, 0, Pi}]) 


Because the function f(t) in Eq. (1) is odd, we naturally find that a, = 0. Hence 
the Maple commands 
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fourierSum := sum(b(n)*sin(n*t), n=1..9); 
plot(fourierSum, t--2xPi..4*xPi); 

or the Mathematica commands 


fourierSum = Sum[b[n]*Sin[nxt], {n,1,9}] 
Plot[fourierSum, ít, -2*Pi, 4*xPi}] 


yield the partial sum 


2 : 4f. sin3ż  sin5t sin7t | sin9t 
So bp sinnt = — sint + + + + 
T 3 5 7 9 
n=1 
and generate a graph like one of those in Fig. 9.1.3. The corresponding MATLAB 
commands are entirely analogous and can be found in the applications manual that 
accompanies this text. 

To practice the symbolic derivation of Fourier series in this manner, you can 
begin by verifying the Fourier series calculated manually in Examples 1 and 2 of 
this section. Then Problems 1 through 21 are fair game. Finally, the period 27 
triangular wave and trapezoidal wave functions illustrated in Figs. 9.2.4 and 9.2.5 
have especially interesting Fourier series that we invite you to discover for yourself. 


FIGURE 9.2.4. The triangular wave. FIGURE 9.2.5. The trapezoidal wave. 


[22] Fourier Sine and Cosine Series 


Certain properties of functions are reflected prominently in their Fourier series. The 
function f defined for all t is said to be even if 


» fC) = f(t) (1) 


for all t; f is odd if 


> f(t) = -f(t) (2) 


for all t. The first condition implies that the graph of y = f(t) is symmetric with 
respect to the y-axis, whereas the condition in (2) implies that the graph of an odd 
function is symmetric with respect to the origin (see Fig. 9.3.1). The functions 
f(t) = t?" (with n an integer) and g(t) = cost are even functions, whereas the 
functions f(t) = t?”+! and g(t) = sint are odd. We will see that the Fourier series 
of an even periodic function has only cosine terms and that the Fourier series of an 
odd periodic function has only sine terms. 
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(tft) 


Even Odd 


(a) 
FIGURE 9.3.1. (a) An even function; (b) an odd function. 


f Even b f Odd 


(a) (b) 


FIGURE 9.3.2. Area under the graph of (a) an even function and (b) an odd. 


Addition and cancellation of areas as indicated in Fig. 9.3.2 reminds us of 
the following basic facts about integrals of even and odd functions over an interval 
[—a, a] that is symmetric around the origin. 


If f is even: L f(t) dt = af f (t) dt. (3) 


a 
If f is odd: f (t) dt =0. (4) 
—a 
These facts are easy to verify analytically (Problem 17). 

It follows immediately from Eqs. (1) and (2) that the product of two even 
functions is even, as is the product of two odd functions; the product of an even 
function and an odd function is odd. In particular, if f(t) is an even periodic function 
of period 2L, then f(t) cos(nzt/L) is even, whereas f(t) sin(nzt/L) is odd, because 
the cosine function is even and the sine function is odd. When we compute the 
Fourier coefficients of f, we therefore get 


1 2 


L nit : nit 
m= rf Owai f (t) cos —— dt (5a) 


and 


y f4 . nzt 
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because of (3) and (4). Hence the Fourier series of the even function f of period 2L 
has only cosine terms: 


f(t) = > + * An COS c (f even) (6) 
n=1 


with the values of a, given by Eq. (5a). If f(t) is odd, then f(t) cos(nzt/L) is odd, 
whereas f(t) sin(nzt/L) is even, so 


1 f% t 
"m zd. f (1) cos = di =0 (Ta) 


and 


1 ft . nxt Dope . nnt 
b, = cf, eosin at = Pal f(t)sin —— dt. (7b) 


Hence the Fourier series of the odd function f of period 2L has only sine terms: 


f(t) = YlbsiT (Z odd) (8) 


n=1 


with the coefficients b, given in Eq. (7b). 


Even and Odd Extensions 


In all our earlier discussion and examples, we began with a periodic function de- 
fined for all t; the Fourier series of such a function is uniquely determined by the 
Fourier coefficient formulas. In many practical situations, however, we begin with 
a function f defined only on an interval of the form 0 < t < L, and we want to 
represent its values on this interval by a Fourier series of period 2L. The first step 
is the necessary extension of f to the interval —L « t « 0. Granted this, we may 
extend f to the entire real line by the periodicity condition f(t + 2L) = f(t) (and 
use the average value property should any discontinuities arise). But how we define 
f for —L < t < 0 is our choice, and the Fourier series representation for f(t) on 
(0, L) that we obtain will depend on that choice. Specifically, different choices of 
the extension of f to the interval (—L, 0) will yield different Fourier series that con- 
verge to the same function f(t) in the original interval 0 < t < L, but converge to 
the different extensions of f on the interval —L < t < 0. 

In practice, given f(t) defined for 0 < t < L, we generally make one of two 
natural choices—we extend f in such a way as to obtain either an even function or 
an odd function on the whole real line. The even period 2L extension of f is the 
function fg defined as 


F(t) if 0<t< L, 


f(-t) if-L<t<0 9» 


fg(t) = | 


and by fg(t + 2L) = felt) for all t. The odd period 2L extension of f is the 
function fo defined as 


f(t) if O0O<t<L, 


—f(-t) if-L<t<0 T 


fo(t) = | 


-8 -6 -4 -2 2 4 6 Sf 
zs! 


(b) 


FIGURE 9.3.3. (a) The period 4 
even extension of f(t) = 2t — t? for 
0 « t « 2. (b) Graph of the period 4 
odd extension of f(t) = 2t — t? for 
0<t <2. 
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and by fo(t + 2L) = fo(t) for all t. The values of fg or fo for t an integral multiple 
of L can be defined in any convenient way we wish, because these isolated values 
cannot affect the Fourier series of the extensions we get. As suggested by Fig. 9.3.1, 
it frequently suffices simply to visualize the graph of fg on (—L, 0) as the reflection 
in the vertical axis of the original graph of f on (0, L), and the graph of fo on 
(—L, 0) as the reflection in the origin of the original graph. 

For instance, if f(t) = 2t — t? on the interval 0 < t < 2 (so L = 2), then (9) 
and (10) yield 


fet) = 2(t) - (t? = -2t -t° 


and 
fot) = —[2(-t) - (-t)?] = 2t + ? 


for the values of these two extensions on the interval —2 « t « 0. The graphs of the 
corresponding two periodic extensions of f are shown in Fig. 9.3.3. 

The Fourier series of the even extension fg of the function f, given by Eqs. (5) 
and (6), will contain only cosine terms and is called the Fourier cosine series of the 
original function f. The Fourier series of the odd extension fo, given by Eqs. (7) 
and (8), will contain only sine terms and is called the Fourier sine series of f. 


DEFINITION Fourier Cosine and Sine Series 


Suppose that the function f(t) is piecewise continuous on the interval [0, L]. 
Then the Fourier cosine series of f is the series 


do v x nrt 
» Je p cos => (11) 
with 
I nrt 
» n= — — dt. 12 
a al f (t) cos T dt (12) 
The Fourier sine series of f is the series 
= nnt 
» E bn sin —— 13 
fq) 2 sin 7 (13) 
with 
a fe . nzt 


Assuming that f is piecewise smooth and satisfies the average value condition 
f(t)- i [A (t4-) + f (t—)] at each of its isolated discontinuities, Theorem 1 of Sec- 
tion 9.2 implies that each of the two series in (11) and (13) converges to f(t) for all 
t in the interval 0 < t < L. Outside this interval, the cosine series in (11) converges 
to the even period 2L extension of f, whereas the sine series in (13) converges to 
the odd period 2L extension of f. In many cases of interest we have no concern 
with the values of f outside the original interval (0, L), and therefore the choice 
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Example 1 


Solution 


l l l 
-2L -L L 2L 3L 4L 


FIGURE 9.3.4. The even period 2L 
extension of f. 


Aik 


FIGURE 9.3.5. The odd period 2L 
extension of f. 


between (11) and (12) or (13) and (14) is determined by whether we prefer to rep- 
resent f(t) in the interval (0, L) by a cosine series or a sine series. (See Example 2 
for a situation that dictates our choice between a Fourier cosine series and a Fourier 
sine series to represent a given function.) 


Suppose that f(t) = t for 0 < t < L. Find both the Fourier cosine series and the Fourier sine 
series for f. 


Equation (12) gives 
L 


2 rt 271 
a -r[ tdt=—| l| =L 
L Jo EAD Ne 


and 


2 rt t 2L on™ 
a= f reos dt = -55 f u cosu du 
L Jo 0 


L n? 72 
4L 
2L . nz = 7 for n odd; 
= 3-3 |usinu + cosu | = n nT 
Moe 0 for n even. 


Thus the Fourier cosine series of f is 


ie L 4L os mt " 1 " 3nt x 1 Cot Smt E (15) 
2 m2 L 32 L 52 L 
for 0 « t < L. Next, Eq. (14) gives 
Do t 2L on™ 
bol Ta u sinu du 
L Jo L n?n? Jo 
2L | qaz c-r 
= EE) [^ cosu + sinu | = COP ; 
Thus the Fourier sine series of f is 
25 t 1 2zt 1 3zt 
t= sin 7 sin 2 + -sin 7 E (16) 
m L 2 L 3 L 


for 0 « t < L. The series in Eq. (15) converges to the even period 2L extension of f shown in 
Fig. 9.3.4; the series in Eq. (16) converges to the odd period 2L extension shown in Fig. 9.3.5. 
L| 


Termwise Differentiation of Fourier Series 


In this and in subsequent sections, we want to consider Fourier series as possible 
solutions of differential equations. In order to substitute a Fourier series for the 
unknown dependent variable in a differential equation to check whether it is a so- 
lution, we first need to differentiate the series in order to compute the derivatives 
that appear in the equation. Care is required here; term-by-term differentiation of 
an infinite series of variable terms is not always valid. Theorem 1 gives sufficient 
conditions for the validity of termwise differentiation of a Fourier series. 
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THEOREM 1 Termwise Differentiation of Fourier Series 


Suppose that the function f is continuous for all t, periodic with period 2L, and 
that its derivative f’ is piecewise smooth for all t. Then the Fourier series of f’ 
is the series 


oo 
AES AX s. Un - d nwt 
m=z 7, an sin | + 7, bn cos L ) (17) 


n=1 


obtained by termwise differentiation of the Fourier series 


ao a nmt mns 
f(t) = R 4I (an cos wr + bysin Tr). (18) 


n=1 


Proof: The point of the theorem is that the differentiated series in Eq. (17) 
actually converges to f’(t) (with the usual proviso about average values). But be- 
cause f’ is periodic and piecewise smooth, we know from Theorem 1 of Section 
9.2 that the Fourier series of f’ converges to f’(t): 


~ t t 
£0) = 2 e Y (ay cos + py sin A. (19) 


n=1 


In order to prove Theorem 1, it therefore suffices to show that the series in Eqs. (17) 
and (19) are identical. We will do so under the additional hypothesis that f’ is 
continuous everywhere. Then 


Les 1 L 
w= rf noe Ln], -o 
because f(L) — f(—L) by periodicity, and 


p qe uu nrt 
=— t — dt 
s - E f. roe 


II 


p nx 1 


Léo ] 


—integration by parts. It follows that 


Og = qp n 
Similarly, we find that 
nz 
Bn = ~ Eon 
and therefore the series in Eqs. (17) and (19) are, indeed, identical. A 


Whereas the assumption that the derivative f’ is continuous is merely a con- 
venience—the proof of Theorem 1 can be strengthened to allow isolated discontinu- 
ities in f’—it is important to note that the conclusion of Theorem 1 generally fails 
when f itself is discontinuous. For example, consider the Fourier series 


2L t 1 2nt 1 3xt 
t= sin ^. — -sin 7 + -sin iL PUT : (16) 
T 2 3 
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—L « t « L, of the discontinuous sawtooth function having the graph shown in 
Fig. 9.3.5. All the hypotheses of Theorem 1 are satisfied apart from the continuity 
of f,and f has only isolated jump discontinuities. But the series 


t 2zt 3zt 
2 (cos FE — cos =F + cos Ft —...} (20) 


obtained by differentiating the series in Eq. (16) term by term diverges (for instance, 
when 1 = 0 and when t = L), and therefore termwise differentiation of the series in 
Eq. (16) is not valid. 

By contrast, consider the (continuous) triangular wave function f(t) having 
the graph shown in Fig. 9.3.4, with f(t) = |t| for -L < t < L. This function 
satisfies all the hypotheses of Theorem 1, so its Fourier series 


L 4L mt 1 3zt 1 Srt 
A) = 5 - Ty (eos T + apos EA + 00 s — L +) (15) 


can be differentiated termwise. The result is 


4 TEUER 1. 5nt 
79 - = (sing +5 sin T + gsin = es). (21) 


which is the Fourier series of the period 2L square wave function that takes the value 
—1 for —L < t <Oand +1 for0 <t < L. 


Fourier Series Solutions of Differential Equations 


In the remainder of this chapter and in Chapter 10, we will frequently need to solve 
endpoint value problems of the general form 


ax" +bx'+cx= f(t) (0«t « L); (22) 
x(0) = x(L) = 0, (23) 


where the function f(t) is given. Of course, we might consider applying the tech- 
niques of Chapter 3, solving the problem by 


1. First finding the general solution xe = c1x4 + c2x2 of the associated homoge- 
neous differential equation; 

2. Then finding a single particular solution x, of the nonhomogeneous equation 
in (22); and 

3. Finally, determining the constants c; and c so that x = xe + xy satisfies the 
endpoint conditions in (23). 


In many problems, however, the following Fourier series method is more con- 
venient and more useful. We first extend the definition of the function f(t) to the 
interval —L < t < 0 in an appropriate way, and then to the entire real line by the 
periodicity conditions f(t -- 2L) = f(t). Then the function f, if piecewise smooth, 
has a Fourier series 


=445 Guster as 
f(t) = t» (^ gis Ea B, 5 J. (24) 


n=1 


Example 2 


Solution 
T T I 
0.4 - ie P ders 4 
L/ \ 1 V4 
1 \ f \ 
0.2 H \ I im 
l Y I \ 
p Y I Y 
4 0.0 1 
-0.2 + m 
| FESEELPM 
—0.4 - sin2 4 
| | 1 1 
-1.0 0.0 1.0 2.0 


FIGURE 9.3.6. Graph of the 
solution in Example 2. 
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which has coefficients {A,} and {B,} that we can and do compute. We then assume 
that the differential equation in (22) has a solution x(t) with a Fourier series 


oo 

x(t) — T " »s (an cos UL + b, sin = (25) 
that may validly be differentiated twice termwise. We attempt to determine the 
coefficients in Eq. (25) by first substituting the series in Eqs. (24) and (25) into the 
differential equation in (22) and then equating coefficients of like terms—much as 
in the ordinary method of undetermined coefficients (Section 3.5), except that now 
we have infinitely many coefficients to determine. If this procedure is carried out in 
such a way that the resulting series in Eq. (25) also satisfies the endpoint conditions 
in (23), then we have a “formal Fourier series solution” of the original endpoint 
value problem; that is, a solution subject to verification of the assumed termwise 
differentiability. Example 2 illustrates this process. 


Find a formal Fourier series solution of the endpoint value problem 


x" + Ax = 4t, (26) 
x(0) = x(1) = 0. (27) 
Here f(t) = 4t for 0 < t < 1. A crucial first step—which we did not make explicit in the 
preceding outline—is to choose a periodic extension f(t) so that each term in its Fourier 
series satisfies the endpoint conditions in (27). For this purpose we choose the odd period 


2 extension, because each term of the form sinnzt satisfies (27). Then from the series in 
Eq. (16) with L — 1, we get the Fourier series 


8 9 prr . 
4t = — ———— t 28 
z 2. : sin nz (28) 


for 0 « t < I. We therefore anticipate a sine series solution 


oo 
x(t) — > bn sinnzt, (29) 


n=1 


noting that any such series will satisfy the endpoint conditions in (27). When we substitute 
the series in (28) and (29) in Eq. (26), the result is 


oo itu 8 co (-1)"+! 
Ln z^ + 4)b, sinnzt = = b» 


n=1 


sinnzt. (30) 


n 


We next equate coefficients of like terms in Eq. (30). This yields 


8. (ije 


ees 
"7 nz(A— n?z2) 


so our formal Fourier series solution is 


_ 8 X (-1"*! sinnxt 
a) 22 n(4—n?n?) ` @) 


n=1 
In Problem 16 we ask you to derive the exact solution 


sin 2f 


x(t) 2t— (OSt<1) (32) 


sin 2 

and to verify that (31) is the Fourier series of the odd period 2 extension of this solution. 
The dashed curve in Fig. 9.3.6 was plotted by summing 10 terms of the Fourier series 

in (31). The solid curve for 0 € t € 2 is the graph of the exact solution in (32). [| 
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Termwise Integration of Fourier Series 


Theorem 2 guarantees that the Fourier series of a piecewise continuous periodic 
function can always be integrated term by term, whether or not it converges! A 
proof is outlined in Problem 25. 


THEOREM2 Termwise Integration of Fourier Series 


Suppose that f is a piecewise continuous periodic function with period 2L and 
Fourier series 


8 


f(t) ^ = +) (an cos” cos —— on b, sin = ; (33) 


n=1 


which may not converge. Then 


: dot ST . nzí nzt 
J Fis) d5 = Z [an sin Tt s (cos -1)]. (34) 


with the series on the right-hand side convergent for all t. Note that the series 
in Eq. (34) is the result of term-by-term integration of the series in (33), but if 
ao Æ 0 itis not a Fourier series because of its linear initial term Žaot. 


SCW Let us attempt to verify the conclusion of Theorem 2 in the case that f(t) is the period 27 
function such that 


—] -a <t <0; 


35 
+1, Oct «m. pal 


fO= 


By Example 1 of Section 9.1, the Fourier series of f is 
4 f, I^. 1, 
f(t)2— sint + 5 sinar + inst +--+). (36) 
m 3 5 
Theorem 2 then implies that 


t 
F(t) — Í f(s)ds 


tA. l- T 
— [sins + —sin3s + —sin5s+--- | ds 
0 X 3 5 


4 1 1 
— | (1 — cost —(1 — cos 3t —(1 — cos 5t <e. 
Jr Pest Li )+ | 


Thus 


ice 
x 32 52 


4 1 1 
cost + — COS 3t + — cos5t +- (37) 
x 32 52 


On the other hand, direct integration of (35) yields 


t = 
ro= [ rods T 


t, Oct «m. 
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We know from Example 1 in this section (with L = zr) that 


xz 4 1 1 
il = F = = (cose + coste zz coss +). (38) 
We also know from Eq. (18) of Section 9.2 that 
(dep e La E 
32 58 7m 8 
so it follows that the two series in Eqs. (37) and (38) are indeed identical. L| 
| 9.3 Problems 
In Problems 1 through 10, a function f (t) defined on an inter- 17. (a) Suppose that f is an even function. Show that 


val 0 « t « L is given. Find the Fourier cosine and sine series 
of f and sketch the graphs of the two extensions of f to which 
these two series converge. 


1. 
2. 
3. 


eS 


10. 


f@=10<t<a2 
f(t) =1-t,0<t<1 
fit) =1-t,0<t<2 


t, O«tzlb 
f0-),. 1zr«2 

0 0<t<l; 
f@HS<1,. L«r«2; 

0 2«t«3 
ft) =0t?,0<t<az 
fA 2t(x—t),0«t«mz 
f(t) =t—-t?,0<t<1 
f(t) 2 sint, 0«t«z 


sint, O<tSax 
0, m Et«2x 


fO= 


Find formal Fourier series solutions of the endpoint value 
problems in Problems 11 through 14. 


11. 
12. 
13. 
14. 
15. 


16. 


x" + 2x 
x" — 4x 
x"”+x=1t,x(0) =x(1)=0 

x" 4+ 2x =t,x(0) = x(2) 20 

Find a formal Fourier series solution of the endpoint value 
problem 


1, x(0) 
1, x(0) 


x(1) =0 
x(a) =0 


x” 4+2x=t, x'(0)=x'(r) =0. 

(Suggestion: Use a Fourier cosine series in which each 

term satisfies the endpoint conditions.) 

(a) Derive the solution x(t) = t — (sin 2t)/(sin 2) of the 

endpoint value problem 
x” +4x=4t, x(0)=x(1)=0. 


(b) Show that the series in Eq. (31) is the Fourier sine 
series of the solution in part (a). 


18. 


19. 


20. 


21. 


0 a 
S(t) dt =f f(t) dt. 
—a 0 
(b) Suppose that f is an odd function. Show that 
0 a 
f(t) dt — -f f (t) dt. 
—a 0 


By Example 2 of Section 9.2, the Fourier series of the pe- 
riod 2 function f with f(t) = t? for 0 < t < 2 is 


4 4 X cosnzt 4 & sinnzt 
A + E 
UOLE ue P PNE 
n=1 n=1 
Show that the termwise derivative of this series does not 


converge to f'(t). 
Begin with the Fourier series 


sinnt, —m«t«zm, 


and integrate termwise three times in succession to obtain 
the series 


2 n 
X. 


f£ e^. (71) 
t —-2 
24 12 2 n4 


Substitute ¢ = 2/2 and t = z in the series of Problem 19 
to obtain the summations 


e cn" 

cosnt 4- 2 > qe 
n 

ES 


` 1 E x4 oo (-1)"+1 Hu In* 
n^ 90 ' n^ 720° 
n=1 n=1 
and 
1+ : + : + : t = x 
34 54 74 96` 


(Odd half-multiple sine series) Let f(t) be given for 
0 « t < L, and define F(t) for 0 < t < 2L as follows: 


f). 
fQL - t), 
Thus the graph of F(t) is symmetric around the line t = L 


(Fig. 9.3.7). Then the period 4L Fourier sine series of F 
is 


0<t<L; 


F(t) — 
e) L «t «2L. 


nzt 


oo 
F(t)— bn sin —., 
(t) 2 D 
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where 


1 fL . nzt 
b - rj, fO sin 77- dt 


1 24 nxt 
= 2L — t) sin — dt. 
+F : f( )sin > 


Substitute s — 2L — t in the second integral to derive the 
series (for 0 « t « L) 


. nzí 
f(t) = > bn sin 2L" 


n odd 


where 


2 [L . nnt 
b. - Lj, f(t)sin 77- dt (n odd). 


FIGURE 9.3.7. Construction of F from f in 
Problem 21. 


22. (Odd half-multiple cosine series) Let f(t) be given for 
0 « t < L, and define G(t) for 0 < t < 2L as follows: 
; 0 L; 
G(- f(t) <t< 
—fQL-t) L<t<2L. 


Use the period 4L Fourier cosine series of G(t) to derive 
the series (for 0 < t < L) 


nzt 
f(t) - 5 an COS ——, 
n odd a 


where 


2 rt nzt 
d if f(t) cos 2L dt (n odd). 


23. Given: f(t) =¢t, 0 <t < x. Derive the odd half-multiple 
sine series (Problem 21) 


_ 8 (-1I)@-D/2 — g 
f(t) z 2. z2 sin 3" 


n odd 


24. Given the endpoint value problem 


x'—x-t, x(0)=0, x(x) =0, 

note that any constant multiple of sin(nt/2) with n odd 
satisfies the endpoint conditions. Hence use the odd half- 
multiple sine series of Problem 23 to derive the formal 
Fourier series solution 


(-1)@+D/2 nt 


32 
x(t) = » E sin —. 
m oe (n^ + 4) 2 


25. In this problem we outline the proof of Theorem 2. Sup- 
pose that f(t) is a piecewise continuous period 2L func- 
tion. Define 


F(t) = [ [7 E bao ds, 


where {an} and {bn} denote the Fourier coefficients of 
f(t). (a) Show directly that F(t + 2L) = F(t), so that 
F is a continuous period 2L function and therefore has a 
convergent Fourier series 


t . Ax 
—— + B, sin = 5 
(b) Suppose that n Z 1. Show by direct computation that 


L L 
An = ——b, and By = —an. 
nz nz 


KE Yelelifefelile Fourier Series of Piecewise Smooth Functions 


Most computer algebra systems permit the use of unit step functions for the efficient 
derivation of Fourier series of “piecewise-defined” functions. Here we illustrate the 
use of Maple for this purpose. Mathematica and MATLAB versions can be found in 
the applications manual that accompanies this text. 

Let the “unit function" unit(t, a, b) have the value 1 on the interval a € t <b 
and the value 0 otherwise. Then we can define a given piecewise smooth function 
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f (t) as a “linear combination" of different unit functions corresponding to the sepa- 
rate intervals on which the function is smooth, with the unit function for each inter- 
val multiplied by the formula defining f(t) on that interval. For example, consider 
the even period 2x function whose graph is shown in Fig. 9.3.8. This “trapezoidal 
wave function" is defined for 0 < t < z by 


+ (ri (1.55) + (C mi (0). (1) 


5 7 
-p E-D 


FIGURE 9.3.8. Even period 2 trapezoidal-wave function. 


The unit step function (with values 0 for t < 0 and 1 for t > 0) is available in Maple 
as the “Heaviside function.” For instance, Heaviside(—2) = 0 and Heaviside(3) = 1. 
The unit function on the interval [a, b] can be defined by 


unit := (t,a,b) —> Heaviside(t-a) - Heaviside(t-b): 
Then the trapezoidal-wave function in Eq. (1) is defined for 0 < t € z by 


f := t —> (Pi/3)xunit(t, 0, Pi/6) + 
(Pi/2 - t)*xunit(t, Pi/6, 5*Pi/6) + 
(-Pi/3)xunit(t, 5*Pi/6, Pi): 


We can now calculate the Fourier coefficients in the cosine series f(t) = tao + 
X an cos nt: 


a := n —> (2/Pi)*int(f(t)*cos(n*t), t=0..Pi); 
We then find that a typical partial sum of the series is given by 


fourierSum := a(0)/2 + sum(a(n)x*cos(n*t), n=1..25); 


V3 cos(t) B 2 4/3 cos(5t) 9 2 43 cos(7t) 


fourier$um : 2 2 
T 25 T 49 T 
2 V3 cos(11t) à 2 4/3 cos(13t) 2 4/3 cos(17t) 
121 T 169 Jm 289 T 


2 v3 cos(191) | 2 v3 cos(Q3r) 2 4/3 cos(25t) 
361 n 529 n 625 n 
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Thus we discover the lovely Fourier series 


243 x 
Opes B Q) 


with a +——++——++ pattern of signs, and where the summation is taken over 
all odd positive integers n that are not multiples of 3. You can enter the command 


plot(fourierSum, t--2xPi..3*xPi); 


to verify that this Fourier series is consistent with Fig. 9.3.8. 
You can then apply this method to find the Fourier series of the following 
period 27 functions: 


1. The even square-wave function whose graph is shown in Fig. 9.3.9. 


2. The even and odd triangular-wave functions whose graphs are shown in 
Figs. 9.2.4 and 9.3.10. 


3. The odd trapezoidal-wave function whose graph is shown in Fig. 9.2.5. 


Then find similarly the Fourier series of some piecewise smooth functions of your 
own choice, perhaps ones that have periods other than 2x and are neither even nor 
odd. 


GD 3 Qn, 3) 
2 
| | | 
I | | 
| | i 
| 1 | 
| | i 
| | [ 
| $ $ | $ | t t 
-T [ | T [ 2n 
i i i 
| | | 
i | I 
i | | 
| =| | | | 
Ge) -D 2 (n.-5) 
FIGURE 9.3.9. Even period 27r square-wave function. FIGURE 9.3.10. Even period 2z triangular-wave function. 


KE Applications of Fourier Series 


Equilibrium 
position 


k | 


—3 Fit) 
AMAN 1 1 
x(t) 


FIGURE 9.4.1. A mass-and-spring 
system with external force. 


We consider first the undamped motion of a mass m on a spring with Hooke's 
constant k under the influence of a periodic external force F(t), as indicated in 
Fig. 9.4.1. Its displacement x (t) from equilibrium satisfies the familiar equation 


mx" + kx = F(t). (1) 

The general solution of Eq. (1) is of the form 
X(t) = c1 cos ot + C2 SiN wot + xp(t), (2) 
where wọ = \/k/m is the natural frequency of the system and xy (7) is a particular 
solution of Eq. (1). The values cı and c2 would be determined by the initial con- 


ditions. Here we want to use Fourier series to find a periodic particular solution of 
Eq. (1). We will denote it by x, (1) and call it a steady periodic solution. 


Example 1 


Solution 


l 
T 
| 


LM omm 
———— e E 


FIGURE 9.4.2. The graph of the 
forcing function of Example 1. 


FIGURE 9.4.3. The graph of the 
steady periodic solution Xp (t). 
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We assume for simplicity that F(t) is an odd function with period 2L, so its 
Fourier series has the form 


F(t) = Ý B, sin T. (3) 
n=1 


If nz/L is not equal to wo for any positive integer n, we can determine a steady 
periodic solution of the form 


nmt 


X(t) = Y. bn sin a (4) 
n=1 


by substituting the series in Eqs. (3) and (4) in Eq. (1) to find the coefficients in 
Eq. (4). Example 1 illustrates this procedure. 


Suppose that m — 2 kg, k — 32 N/m, and that F(t) is an odd periodic force with a period of 
2 s given in one period by 


+10N if0<tżt<l; 
F(t) = . (5) 
-10N if 1<t <2. 


Find the steady periodic motion xsp(¢). 


The graph of the periodic forcing function F(t) is shown in Fig. 9.4.2. By essentially the 
same computation as in Example 1 of Section 9.1, the Fourier series of F(t) is 


F(t) = : 2 anmi, (6) 


n 
n odd 


note that it contains only terms corresponding to n odd. When we substitute this series and 


Xpt) = Y 5 by sinnzt, (7) 


n odd 


a trial solution likewise containing only odd terms, into Eq. (1) with m = 2 and k = 32, we 
get 


: 40 sinnzt 
p» b, (—2n?z? + 32)sinnzt = — 5 = : 
n odd m n odd á 


We equate coefficients of like terms; the result is that 


20 
by = ——————ÁÀ for n odd. 
nz(16 — n?n?) 
Hence 
20 sin nt 
xsl) = m D n(16— n2z2): (8) 
n odd 


The fact that each term in Eq. (8) is symmetric around t = i suggests that xsp(t) is maximal 


when t = i, as does the graph in Fig. 9.4.3. Assuming this, we find the amplitude of the 


steady periodic motion to be 


20 1 nz 
1 " 
x E ? sin —. 
(3) m fi n(16 — n?n?) 2 
no 


The first 100 terms yield the correct four-place value x (3) = 1.0634 m. E 
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FIGURE 9.4.4. The steady periodic 
solution xs, (t) and the nonperiodic 
solution x(t). 


Example 2 


Solution 


The periodic solution x;,(f) is a single particular solution of the nonhomo- 
geneous differential equation 2x" + 32x = F(t) that has associated homogeneous 
equation x" + 16x = 0. Hence the general solution is of the form 


x(t) = Acos4t + B sin4t + Xsp(t) 


and thus is a sum of periodic functions with periods 2 and 27/4 = 7/2 unless A = 
B = 0. Because numerical calculation gives x,,(0) = 0 and xy (0) x 2.7314, the 
two period 7/2 terms both drop out—leaving the period 2 solution x,,(t)—only with 
these particular initial values of x(0) and x'(0). With any other initial conditions, 
either A or B (or both) is nonzero, and the corresponding solution is a superposition 
of two oscillations whose periods have an irrational ratio (see Problems 19 and 20). 
For instance, Fig. 9.4.4 shows the graphs of the periodic solution xsp(t) and the 
solution x(t) that satisfies the initial conditions x(0) = 2 and x'(0) = 0 and appears 
to be nonperiodic. 


Pure Resonance 

If there is a nonzero term By sin(Nzt/L) in the Fourier series solution of the force 
function F(t) in Eq. (1) for which Nz/L = wo, then this term causes pure reso- 
nance. The reason is that the equation 


mx" + kx = By sin wot 


has the resonance solution 


N 
t COS Wot 


th=- 
ao) 2mwo 


if @ = yk/m. The solution corresponding to Eq. (4) in this case is then 


nit 
a ee + » — —L sin —. (9) 
ra —n?gz?/[L?) L 


x(t) = 


Suppose that m = 2 kg and k = 32 N/mas in Example 1. Determine whether pure resonance 
will occur if F(t) is the odd periodic function defined in one period to be 


+10, O<t<aZ; 
-10, zr «t «2m. 


(a) F(t) = 


(b) F(t) 2105, =r «t «m. 


(a) The natural frequency is wọ = 4, and the Fourier series of F(t) is 
40 f. 1, 1, 
F(t) = — | sint + 2 sin3t + =sin5¢+--- |. 
T 3 5 


Because this series contains no sin 41 term, no resonance occurs. 


(b) In this case the Fourier series is 


a (-1)" +1 
F(t) = 20 ——— sinnt. 
(1) 2205 — 
n=1 
Pure resonance occurs because of the presence of the term containing the factor sin 4f. a 


Example 3 illustrates the near resonance that can occur when a single term in 
the solution is magnified because its frequency is close to the natural frequency wo. 


Example 3 


Solution 


FIGURE 9.4.5. The graph of x,» (1). 


Equilibrium 
position 


FIGURE 9.4.6. A damped mass- 
and-spring system with external force. 
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Find a steady periodic solution of 
x" + 10x = F(t), (10) 


where F(t) is the period 4 function with F(t) = 5t for —2 < t < 2 and Fourier series 


20 «9 (—jyr*l nrt 
F(t) = s 
0-2-7»,—- (11) 
n=1 
When we substitute Eq. (11) and 
em nrt 
Xsp(t) = p» bn amne 
n=1 
in (10), we obtain 
oo 2.2 oo n+1 
n*z . nit 20 (—1) . nzt 
bn | — 10 = ; 
Ea ao) LECT 


We equate coefficients of like terms and then solve for bn to get the steady periodic solution 


80 Q2 (-1)?*! . nit 
t= 
*sp (1) pu 2, n(40 — n?x2) Tg 


n=1 
t 2nt 3zt 
~ (0.8452) sin T — (24.4111) sin = — (0.1738) sin = — 


The very large magnitude of the second term results from the fact that wọ = 4/10 ~ x = 
27/2. Thus the dominant motion of a spring with the differential equation in (10) would 
be an oscillation with frequency zr radians per second, period 2 s, and amplitude about 24, 
consistent with the graph of xsp(t) shown in Fig. 9.4.5. a 


Damped Forced Oscillations 

Now we consider the motion of a mass m attached both to a spring with Hooke’s 
constant k and to a dashpot with damping constant c, under the influence of a pe- 
riodic external force F(t) (Fig. 9.4.6). The displacement x(t) of the mass from 
equilibrium satisfies the equation 


mx" +ex' +kx = F(t). (12) 


We recall from Problem 25 of Section 3.6 that the steady periodic solution of 
Eq. (12) with F(t) = Fo sin æt is 


F 
x)= — r2 —n sin(wt — a), (13) 
V(k — mo?)? + (co)? 
where 
a = tan! r OSaknx. (14) 


If F(t) is an odd period 2L function with Fourier series 


nmt 


F(t) = »3 B, sin (15) 
n=1 
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Example 4 


Solution 


2L 10F(t) 
k 


FIGURE 9.4.7. The imposed force 
and the resulting steady periodic 
motion in Example 4. 


FIGURE 9.4.8. The steady periodic 
solution xs, (t) and the damped 


solution x(t). 
Example 1 


Continued 


then the preceding formulas yield, by superposition, the steady periodic solution 


oo 


Bn sin(@yt — o) 
s = , 1 
ale) 2. y (k — mo2y? + (con)? a 


n=1 


where wn = na/L and ay is the angle determined by Eq. (14) with this value of o». 
Example 4 illustrates the interesting fact that the dominant frequency of the steady 
periodic solution can be an integral multiple of the frequency of the force F(t). 


Suppose that m = 3 kg, c = 0.02 N/m/s, k = 27 N/m, and F(t) is the odd period 27 function 
with F(t) = zt — t? if 0 < t < x. Find the steady periodic motion xsp(). 


We find that the Fourier series of F(t) is 
F(t) = s sint + r sin 3t + : sin 5t + (17) 
(OX 33 53 


Thus B, = 0 for n even, By = 8/ (xn?) for n odd, and wy = n. Equation (16) gives 


8 sin(nt — o) 
"m 18 
He 2. n3 / 271 — 32)? + (0.020)? P 


with 


-1 00n aba etus (19) 


OQ, = tan ————2, 
E 27 — 3n? = 


With the aid of a programmable calculator, we find that 


Xsp(t) ~ (0.1061) sin(t — 0.0008) + (1.5719) sin (31 = 2x) 
+ (0.0004) sin(5t — 3.1437) + (0.0001) sin(7t — 3.1428) + --- . (20) 


Because the coefficient corresponding to n — 3 is much larger than the others, the response of 
this system is approximately a sinusoidal motion with frequency three times that of the input 
force. Figure 9.4.7 shows xsp(¢) in comparison with the scaled force 10F(¢)/k that has the 
appropriate dimension of distance. 

What is happening here is this: The mass m = 3 on a spring with k = 27 has (if we 
ignore the small effect of the dashpot) a natural frequency wọ = yk/m = 3 rad/s. The im- 
posed external force F(t) has a (smallest) period of 2z s and hence a fundamental frequency 
of 1 rad/s. Consequently, the term corresponding to n = 3 in the Fourier series of F(t) (in 
Eq. (17)) has the same frequency as the natural frequency of the system. Thus near resonance 
vibrations occur, with the mass completing essentially three oscillations for every single os- 
cillation of the external force. This is the physical effect of the dominant n = 3 term on the 
right-hand side in Eq. (20). For instance, you can push a friend in a swing quite high even 
if you push the swing only every third time it returns to you. This also explains why some 
transformers hum" at a frequency much higher than 60 Hz. 

This is a general phenomenon that must be taken into account in the design of mechan- 
ical systems. To avoid the occurrence of abnormally large and potentially destructive near 
resonance vibrations, the system must be so designed that it is not subject to any external 
periodic force, some integral multiple of whose fundamental frequency is close to a natural 
frequency of vibration. El 


Finally, let us add to the mass-spring system of Example 1 a dashpot with damping constant 
c = 3 N/nm/s. Then, since m = 2 and k = 32, the differential equation satisfied by the mass's 
displacement function x (t) is now 


2x" + 3x! + 32x = F(t), (21) 


where F(t) is the periodic force function defined in Eq. (5). Figure 9.4.8 shows graphs of 
both the steady periodic solution xsp(t) for the original undamped system of Example 1 and 
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a numerically calculated solution of Eq. (21) with initial conditions x(0) = 2 and x'(0) = 
1. As an initial transient solution determined by the initial conditions dies out, it appears 
that the damped solution x(t) converges to a steady periodic solution of (21). However, we 
Observe two evident effects of the damping—the amplitude of the steady periodic oscillation 
is decreased, and the damped steady oscillations lag behind the undamped steady oscillations. 


Problems 


Find the steady periodic solution xsp(t) of each of the differen- 
tial equations in 1 through 6. Use a computer algebra system 
to plot enough terms of the series to determine the visual ap- 
pearance of the graph of Xsp(t). 


1. x" 4- 5x = F(t), where F(t) is the function of period 27 
such that F(t) = 3if0 « t « x, F(t) 2 —3if x «t «2x. 

2. x" -- 10x = F(t), where F(t) is the even function of period 
4 such that F(t) = 3if0 <t <1, F(t) 2 —3if1«1 <2. 

3. x" + 3x = F(t), where F(t) is the odd function of period 
2x such that F(t) = 2t if 0 « t <x. 

4. x" -- 4x = F(t), where F(t) is the even function of period 
4 such that F(t) = 2t if 0 « t « 2. 

5. x" -- 10x = F(t), where F(t) is the odd function of period 
2 such that F(t) = t — 12 if0 « t <1. 

6. x" + 2x = F(t), where F(t) is the even function of period 
2x such that F(t) = sint if O0 < t < x. 


In each of Problems 7 through 12, the mass m and Hooke's 
constant k for a mass-and-spring system are given. Determine 
whether or not pure resonance will occur under the influence 
of the given external periodic force F(t). 


7. m = 1, k = 9; F(t) is the odd function of period 27 with 
F(t) 2 1for0 «t «. 
8. m = 2, k = 10; F(t) is the odd function of period 2 with 
F(t) 2 1for0«t« I. 
9. m = 3, k = 12; F(t) is the odd function of period 27 with 
F(t) 2 3for0 « t « m. 
10. m = 1, k = 4x2; F(t) is the odd function of period 2 with 
F(t) = 2t for0 « t « 1. 
11. m = 3, k = 48; F(t) is the even function of period 27 with 
F(t) 2 tfor0 «t «m. 
12. m = 2, k = 50; F(t) is the odd function of period 27 with 
F(t) 2 nt - t? for0 « t <a. 


In each of Problems 13 through 16, the values of m, c, and 
k for a damped mass-and-spring system are given. Find the 
steady periodic motion—in the form of Eq. (16)—of the mass 
under the influence of the given external force F(t). Compute 
the coefficients and phase angles for the first three nonzero 
terms in the series for xsp(t). 


13. n = 1, c = 0.1, k = 4; F(t) is the force of Problem 1. 

14. m = 2, c = 0.1, k = 18; F(t) is the force of Problem 3. 

15. n = 3, c = 1, k = 30; F(t) is the force of Problem 5. 

16. m = 1, c = 0.01, k = 4; F(t) is the force of Problem 4. 

17. Consider a forced damped mass-and-spring system with 
n= 1 slug, c = 0.6 Ib/ft/s, k = 36 lb/ft. The force F(t) 
is the period 2 (s) function with F(t) = 15if0 « t < 1, 
F(t) = -15 if 1 <t <2. (a) Find the steady periodic 
solution in the form 


oo 
Xsp(t) = X bn sin(nztt — an). 


n=1 


(b) Find the location—to the nearest tenth of an inch—of 
the mass when t = 5 s. 

18. Consider a forced damped mass-and-spring system with 
m = l,c = 0.01, and k = 25. The force F(t) is the 
odd function of period 27 with F(t) = t if 0 < t < 7/2, 
F(t) = mx —tif x/2 « t <a. Find the steady periodic 
motion; compute enough terms of its series to see that the 
dominant frequency of the motion is five times that of the 
external force. 

19. Suppose the functions f(t) and g(t) are periodic with pe- 
riods P and Q, respectively. If the ratio P/Q of their pe- 
riods is a rational number, show that the sum f(t) + g(t) 
is a periodic function. 

20. If p/q is irrational, prove that the function f(t) = cos pt + 
cos qt is not a periodic function. Suggestion: Show that 
the assumption f(t + L) = f(t) would (upon substituting 
t = 0) imply that p/q is rational. 


IAJ Heat Conduction and Separation of Variables 


The most important applications of Fourier series are to the solution of partial differ- 
ential equations by means of the method of separation of variables that we introduce 
in this section. Recall that a partial differential equation is one containing one or 
more partial derivatives of a dependent variable that is a function of at least two 
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AQ (x, t) | | | Aó(x * Ax, f) 


x xt x 


FIGURE 9.5.1. Net flow of heat into 
a short segment of the rod. 


independent variables. An example is the one-dimensional heat equation 


ðu 3u 
» ——k. 1 
ot Ox?’ 2 
in which the dependent variable u is an unknown function of x and t, and k is a 
given positive constant. 


The Heated Rod 


Equation (1) models the variation of temperature u with position x and time ¢ ina 
heated rod that extends along the x-axis. We assume that the rod has uniform cross 
section with area A perpendicular to the axis and that it is made of a homogeneous 
material. We assume further that the cross section of the rod is so small that u is 
constant on each cross section, and that the lateral surface of the rod is insulated so 
that no heat can pass through it. Then u will, indeed, be a function of x and t, and 
heat will flow along the rod in only the x-direction. In general, we envision heat as 
flowing like a fluid from the warmer to the cooler parts of a body. 

The heat flux $ (x, 1) in the rod is the rate of flow of heat (in the positive x- 
direction) at time ¢ across a unit area of the rod’s cross section at x. Typical units for 
@ are calories (of heat) per second per square centimeter (of area). The derivation 
of Eq. (1) is based on the empirical principle that 


» ó —-—K m (2) 
Ox 
where the positive proportionality constant K is called the thermal conductivity 
of the material of the rod. Note that if ux > 0, then $ < 0, meaning that heat is 
flowing in the negative x-direction, while if ux < 0, then $ > 0, so heat is flowing in 
the positive x-direction. Thus the rate of heat flow is proportional to |us |, and the 
direction of heat flow is in the direction along the rod in which the temperature u is 
decreasing. In short, heat flows from a warm place to a cool place, not vice versa. 
Now consider a small segment of the rod corresponding to the interval [x, x + 
Ax], as shown in Fig. 9.5.1. The rate of flow R (in calories per second) of heat into 
this segment through its two ends is 


R= Ao (x.t) — Aó(x + Ax,t) = KAlux(x + Ax,t) — ux(x,t)]. (3) 


The resulting time rate of change u, of the temperature in the segment depends 
on its density ó (grams per cubic centimeter) and specific heat c (both assumed 
constant). The specific heat c is the amount of heat (in calories) required to raise by 
1? (Celsius) the temperature of 1 g of material. Consequently cóu calories of heat 
are required to raise 1 cm? of the material from temperature zero to temperature u. 
A short slice of the rod of length dx has volume A dx, so cóuA dx calories of heat 
are required to raise the temperature of this slice from 0 to u. The heat content 


x+Ax 
Q(t) = l cóAu(x,t) dx (4) 


of the segment [x, x + Ax] of the rod is the amount of heat needed to raise it from 
zero temperature to the given temperature u(x,t). Because heat enters and leaves 
the segment only through its ends, we see from Eq. (3) that 


Q'(r) = KA[ux(x + Ax, t) — ux(x.t)]. (5) 
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because R = dQ/dt. Thus by differentiating Eq. (4) within the integral and applying 
the mean value theorem for integrals, we see that 


x+Ax 
O'(t) = f cóAu; (x.t) dx = cóAu; (X,t) Ax (6) 


for some x in (x, x + Ax). Upon equating the values in Eqs. (5) and (6), we get 


cóAu; (x, t) Ax = KA|ux(x + Ax,t) — ux(x.t)]. (7) 
SO 
ip gp ette See (8) 
Ax 
where 
K 
= 9 
" (9) 


is the thermal diffusivity of the material. We now take the limit as Ax — 0, so 
X — x (because x lies in the interval [x, x 4- Ax] with fixed left endpoint x). Then 
the two sides of the equation in (8) approach the two sides of the one-dimensional 
heat equation 


ðu 0?u 

— =k. 1 

ot dx? a) 
Thus the temperature u(x,t) in the thin rod with insulated sides must satisfy this 
partial differential equation. 


Boundary Conditions 


Now suppose that the rod has finite length L, extending from x = 0 to x = L. 
Its temperature function u(x,t) will be determined among all possible solutions 
of Eq. (1) by appropriate subsidiary conditions. In fact, whereas a solution of an 
ordinary differential equation involves arbitrary constants, a solution of a partial 
differential equation generally involves arbitrary functions. In the case of the heated 
rod, we can specify its temperature function f(x) at time t = 0. This gives the initial 
condition 


u(x,0) — f(x). (10) 


We may also specify fixed temperatures at the two ends of the rod. For instance, if 
each end were clamped against a large block of ice at temperature zero, we would 
have the endpoint conditions 


u(0,t) = u(L,t) 20 (for all t > 0). (11) 


Combining all this, we get the boundary value problem 


du 07 u 
» ^ Fay (0<x <L, t > 0); (12a) 
> u(0,t)=u(L,t)=0,  (@>0), (12b) 


u(x,0) = f(x) (0 « x « L). (12c) 
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u=f(x) L 


FIGURE 9.5.2. A geometric 
interpretation of the boundary value 


problem in Eqs. (12a)-(12c). 


Solution 


Figure 9.5.2 gives a geometric interpretation of the boundary value problem 
in (12): We are to find a function u(x,t) that is continuous on the unbounded strip 
(including its boundary) shaded in the xf-plane. This function must satisfy the 
differential equation in (12a) at each interior point of the strip, and on the boundary 
of the strip must have the values prescribed by the boundary conditions in (12b) and 
(12c). Physical intuition suggests that if f(x) is a reasonable function, then there 
will exist one and only one such function u(x, t). 

Instead of having fixed temperatures, the two ends of the rod might be insu- 
lated. In this case no heat would flow through either end, so we see from Eq. (2) 
that the conditions in (12b) would be replaced in the boundary value problem by the 
endpoint conditions 


ux(0,t) =ux(L,t) =0 (13) 


(for all ?). Alternatively, the rod could be insulated at one end and have a fixed 
temperature at the other. This and other endpoint possibilities are discussed in the 
Problems. 


Superposition of Solutions 


Note that the heat equation in (12a) is linear. That is, any linear combination 
u = Cu, + cou» of two solutions of (12a) is also a solution of (12a); this fol- 
lows immediately from the linearity of partial differentiation. It is also true that if 
uı and u2 each satisfy the conditions in (12b), then so does any linear combina- 
tion u = c1u1 + c2u5. The conditions in (12b) are therefore called homogeneous 
boundary conditions (though a more descriptive term might be /inear boundary con- 
ditions). By contrast, the final boundary condition in (12c) is not homogeneous; it 
is a nonhomogeneous boundary condition. 

Our overall strategy for solving the boundary value problem in (12) will be 
to find functions u1, u2, u3, ... that satisfy both the partial differential equation in 
(12a) and the homogeneous boundary conditions in (12b), and then attempt to com- 
bine these functions by superposition, as if they were building blocks, in the hope 
of obtaining a solution u = ci1u1 + c2u2 + --- that satisfies the nonhomogeneous 
condition in (12c) as well. Example 1 illustrates this approach. 


It is easy to verify by direct substitution that each of the functions 


4 9 


uji(x,t) =e 'sinx, ua(x,t) 2e ^ sin2x, and ua(x.t) =e” sin3x 
satisfies the equation uz = uxx. Use these functions to construct a solution of the boundary 


value problem 


à 92 

$732 (Qex«z, t>0); (14a) 
u(0,t) = u(x,t) = 0, (14b) 
u(x, 0) = 80sin? x = 60 sin x — 20 sin 3x. (14c) 


Any linear combination of the form 
u(x,t) = c1u1 (x,t) + cou (x, t) + easua(x.t) 
—ce'sinx-4 coe ^! sin2x 4- cae ?! sin3x 


satisfies both the differential equation in (14a) and the homogeneous conditions in (14b). 
Because 
u(x,0) = c1 sin x + c2 sin 2x + c3 sin 3x, 
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we see that we can also satisfy the nonhomogeneous condition in (14c) simply by choosing 
cı = 60, c2 = 0, and c3 = —20. Thus a solution of the given boundary value problem is 


u(x,t) = 60e~ sin x — 20e?! sin3x. H 


The boundary value problem in Example 1 is exceptionally simple in that only 
a finite number of homogeneous solutions are needed to satisfy by superposition the 
nonhomogeneous boundary condition. It is more usual that an infinite sequence u1, 
U2, U3, ... Of functions satisfying (12a) and (12b) is required. If so, we write the 
infinite series 


oo 

» u(x,t) = S cnun(x,t) (15) 
n=1 

and then attempt to determine the coefficients c1, c5, c3, ... in order to satisfy (12c) 


as well. The following principle summarizes the properties of this infinite series that 
must be verified to ensure that we have a solution of the boundary value problem in 
(12). 


PRINCIPLE Superposition of Solutions 


Suppose that each of the functions u1, u2, us, ... satisfies both the differential 
equation in (12a) (for 0 « x < L and t > 0) and the homogeneous conditions 
in (12b). Suppose also that the coefficients in Eq. (15) are chosen to meet the 
following three criteria: 


1. For 0 < x < L and t > 0, the function determined by the series in (15) is 
continuous and termwise differentiable (once with respect to ¢ and twice 
with respect to x). 


2:099 cows Q0) Y Go) fon e eer 
n=l 


3. The function u(x,t) determined by Eq. (15) interior to the strip 0 < x < 
L and t Z 0, and by the boundary conditions in (12b) and (12c) on its 
boundary, is continuous. 


Then u(x,t) is a solution of the boundary value problem in (12). 


In the method of separation of variables described next, we concentrate on 
finding the solutions u1, u2, u3, ... satisfying the homogeneous conditions and on 
determining the coefficients so that the series in Eq. (15) satisfies the nonhomoge- 
neous conditions upon substitution of t = 0. At this point we have only a formal 
series solution of the boundary value problem—one that is subject to verification of 
the continuity and differentiability conditions given in part (1) of the superposition 
principle stated here. If the function f(x) in (12c) is piecewise smooth, it can be 
proved that a formal series solution always satisfies the restrictions and, moreover, 
is the unique solution of the boundary value problem. For a proof, see the chapter 
on boundary value problems in R. V. Churchill and J. W. Brown, Fourier Series and 
Boundary Value Problems, 8th ed. (New York: McGraw-Hill, 2011). 


Separation of Variables 


This method of solving the boundary value problem in (12) for the heated rod was 
introduced by Fourier in his study of heat cited in Section 9.1. We first search 
for the building block functions u1, u2, u3, ... that satisfy the differential equation 
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uy = kuxx and the homogeneous conditions u(0,t) = u(L,t) = 0, with each of 
these functions being of the special form 


> u(x,t) = X(x)T(t) (16) 


in which the variables are “separated”—that is, each of the building-block functions 
is a product of a function of position x (only) and a function of time t (only). Sub- 
stitution of (16) in us = kuxx yields XT’ = kX"T, where for brevity we write T’ 
for T'(t) and X" for X”(x). Division of both sides by kX T then gives 


x" T’ 

» y "o (17) 
The left-hand side of Eq. (17) is a function of x alone, but the right-hand side is a 
function of ¢ alone. If t is held constant on the right-hand side, then the left-hand 
side X"/X must remain constant as x varies. Similarly, if x is held constant on 
the left-hand side, then the right-hand side 7'"/k T must remain constant as f varies. 
Consequently, equality can hold only if each of these two expressions is the same 
constant, which for convenience we denote by —A. Thus Eq. (17) becomes 


X" "qu 
DO — n" 1 
X kT M 
which consists of the two equations 
X" (x) +AX(x) = 0, (19) 
T'(t) + AkT(t) = 0. (20) 


It follows that the product function u(x,t) = X(x)T (t) satisfies the partial differen- 
tial equation u; = kuxx if X(x) and T (t) separately satisfy the ordinary differential 
equations in (19) and (20) for some (common) value of the constant A. 

We focus first on X(x). The homogeneous endpoint conditions are 


u(x,0)= XOTA 20, — u(L,t) = X(L)T(t) = 0. (21) 


If T (t) is to be a nontrivial function of t, then (21) can hold only if X(0) = X(L) = 0. 
Thus X(x) must satisfy the endpoint value problem 


X" - AX — 0, 
(22) 
X(0 20, X(L)=0. 
This is actually an eigenvalue problem of the type we discussed in Section 3.8. 
Indeed, we saw in Example 3 of that section that (22) has a nontrivial solution if 
and only if À is one of the eigenvalues 


n?n? 


um n 


eed uan (23) 
and that an eigenfunction associated with A, is 


Xn(x) = sin a Pas ea eee (24) 
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Recall that the reasoning behind (23) and (24) is as follows. If A = 0, then 
(22) obviously implies that X(x) = 0. If A = —o? < 0, then 


X(x) = Acoshax + B sinhox, 


and then the conditions X(0) = 0 = X(L) imply that A = B = 0. Hence the only 
possibility for a nontrivial eigenfunction is that A = o? > 0. Then 


X(x) = Acosax + Bsinax, 


and the conditions X(0) = 0 = X(L) then imply that A = 0 and that aw = nz/L 
for some positive integer n. (Whenever separation of variables leads to an unfa- 
miliar eigenvalue problem, we generally must consider separately the cases A = 0, 
à = —-a? < 0, and A = g? > 0.) 

Now we turn our attention to Eq. (20), knowing that the constant A must be 
one of the eigenvalues listed in (23). For the nth of these possibilities we write 
Eq. (20) as 


T, = 0, (25) 


in anticipation of a different solution T, (t) for each different positive integer n. A 
nontrivial solution of this equation is 


T,(t) = exp (-n?z?kt/L?). (26) 


We omit the arbitrary constant of integration because it will (in effect) be inserted 
later. 

To summarize our progress, we have discovered the two associated sequences 
{Xn} and {7,}$° of functions given in (24) and (26). Together they yield the 
sequence of building-block product functions 


un (x, t) = Xn(x)Tn(t) = exp (-n?2?kt/L?) sin A, (27) 


n = 1,2,3,.... Each of these functions satisfies both the heat equation u; = kuxx 
and the homogeneous conditions u(0, t) = u(L,t) = 0. Now we combine these func- 
tions (superposition) to attempt to satisfy the nonhomogeneous condition u(x, 0) = 
f (x) as well. We therefore form the infinite series 


oo oo 
. NTX 
u(x,t) = x. Cu itg, P) = 25 Cn exp (-n?z?kt/L?) sin eus (28) 
n=1 n=1 
It remains only to determine the constant coefficients {cy }{° so that 
= nzx 
u(x,0) = M ^ c, sin F = f@) (29) 
n=1 
for 0 < x < L. But this will be the Fourier series of f(x) on [0, L] provided that we 
choose 


re ie . AMX 
> Ch = bg = il f(x) sin 75— dx (30) 


for each n — 1,2,3,.... Thus we have the following result. 
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Material k (cm? /s) 
Silver 1.70 
Copper 1.15 
Aluminum 0.85 
Iron 0.15 
Concrete 0.005 


FIGURE 9.5.3. Some thermal 
diffusivity constants. 


Example 2 


Solution 


THEOREM 1 The Heated Rod with Zero Endpoint Temperatures 


The boundary value problem in (12) for a heated rod with zero endpoint temper- 
atures has the formal series solution 


» u(x,t) = D bn exp (—n°z?kt/L?°) sin =, (31) 


n=1 


where the {b,} are the Fourier sine coefficients in Eq. (30) of the rod’s initial 
temperature function f(x) = u(x, 0). 


Remark By taking the limit in (31) termwise as t > co, we get u(x, oo) = 0, as we expect 
because the two ends of the rod are held at temperature zero. E 


The series solution in Eq. (31) usually converges quite rapidly, unless ¢ is very 
small, because of the presence of the negative exponential factors. Therefore it is 
practical for numerical computations. For use in problems and examples, values of 
the thermal diffusivity constant k for some common materials are listed in the table 
in Fig. 9.5.3. 


Suppose that a rod of length L — 50 cm is immersed in steam until its temperature is ug — 
100°C throughout. At time t = 0, its lateral surface is insulated and its two ends are imbedded 
in ice at 0?C. Calculate the rod's temperature at its midpoint after half an hour if it is made 
of (a) iron; (b) concrete. 

The boundary value problem for this rod's temperature function u(x, t) is 


ut = kurz 
u(0,t) = u(L,t) = 0; 
u(x,0) = uo. 
Recall the square-wave series 
4 1 , nat +1 if O<t<L, 
i= sin = 
fO w L -1 if -L<t<0 


n odd 


that we derived in Example 1 of Section 9.2. It follows that the Fourier sine series of f(x) = 


uo is 
4ugo ] . nix 
F(x) " 2 > sin L 
n odd 
for 0 « x « L. Hence the Fourier coefficients in Eq. (31) are given by 


4 
2M for n odd, 
by = 3 nz 


0 for n even, 
and therefore the rod's temperature function is given by 


4uo 1 n2n2kt\ . nzx 
u(x,t) — = PN s ev T2 sin 75—. 
n odd 


Figure 9.5.4 shows a graph u = u(x,t) with ug = 100 and L = 50. As t increases, we see 
the maximum temperature of the rod (evidently at its midpoint) steadily decreasing. The 
temperature at the midpoint x = 25 after t = 1800 seconds is 


400 (-1)"*! 18n?z?k 
u(25, 1800) = * exp 
T di n 25 
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(a) With the value k — 0.15 that was used in Fig. 9.5.4, this series gives 
u(25, 1800) ~ 43.8519 — 0.0029 + 0.0000 — --- ~ 43.85?C. 


This value u(25, 1800) ~ 43.85 is the maximum height (at its midpoint x = 25) of the vertical 
sectional curve u = u(x, 1800) that we see at one “end” of the temperature surface shown in 
Fig. 9.5.4. 

(b) With k = 0.005 for concrete, it gives 


u(25, 1800) ~ 122.8795 — 30.8257 + 10.4754 — 3.1894 
+ 0.7958 — 0.1572 + 0.0242 — 0.0029 
+ 0.0003 — 0.0000 + --- ~ 100.00? C. 


Thus concrete is a very effective insulator. [| 
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FIGURE 9.5.4. The graph of the temperature function u(x,t) in Example 2. 


Insulated Endpoint Conditions 


We now consider the boundary value problem 


du 0^u 
m c m (0<x<L, t>0); (32a) 
> ux(0,t) = u4(L,t) = 0, (32b) 
u(x,0) = f(x), (32c) 


which corresponds to a rod of length L with initial temperature f(x), but with its 
two ends insulated. The separation of variables u(x,t) = X(x)T (t) proceeds as in 
Eqs. (16) through (20) without change. But the homogeneous endpoint conditions in 
(32b) yield X'(0) = X'(L) = 0. Thus X(x) must satisfy the endpoint value problem 


X" -AX — 0; 
* l 683) 
X(0-—0, X(L)=0. 
We must again consider separately the possibilities A = 0, à = —o? < 0, and à = 


o? > 0 for the eigenvalues. 
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With à = 0, the general solution of X" = 0 is X(x) = Ax + B, so X'(x) = 
A. Hence the endpoint conditions in (33) require A = 0, but B may be nonzero. 
Because a constant multiple of an eigenfunction is an eigenfunction, we can choose 
any constant value we wish for B. Thus, with B = 1, we have the zero eigenvalue 
and associated eigenfunction 


Ào = 0, Xo(x) zm]. (34) 


With A = 0 in Eq. (20), we get T’(t) = 0, so we may take To(t) = 1 as well. 
With à = —o? < 0, the general solution of the equation X" — o? X = 0 is 


X(x) = Acoshax + B sinhax, 


and we readily verify that X'(0) = X’(L) = 0 only if A = B = 0. Thus there are no 
negative eigenvalues. 
With à = o? > 0, the general solution of X" + à? X = 0 is 


X(x) = Acosax + B sinox, 
X'(x) = —Aa sinax + Bacosax. 


Hence X'(0) = 0 implies that B = 0, and then 
X'(L) = —Aa sinaL = 0 
requires that oL be an integral multiple of x, because o zz 0 and A ¥ 0 if we are 


to have a nontrivial solution. Thus we have the infinite sequence of eigenvalues and 
associated eigenfunctions 


LT XQ(x)- cos Z (35) 
for n = 1,2,3,.... Just as before, the solution of Eq. (20) with A = n?z?/L? is 


T,(t) = exp(-n?z?kt/L?). 
Therefore, the product functions satisfying the homogeneous conditions are 


uo(x,t) & l5; un(x,t) = exp (n?n?kt/L?) cos T (36) 
for n = 1,2,3,.... Hence the trial solution is 
s nux 
u(x,t) = co + 2, Cn exp (-n??kt/L?) cos "s (37) 


To satisfy the nonhomogeneous condition u(x,0) — f(x), we obviously want 
Eq. (37) to reduce when t = 0 to the Fourier cosine series 


EE = nzx 
fM=5 T» dir , (38) 
where 
y pe nax 
> dn = if f(x) COS CEC dx (39) 


for n — 0,1,2,.... Thus we have the following result. 


s100} 


50 


f(x) =u, 


Example 3 


= 


f(25) = 100 


FIGURE 9.5.5. The graph of the 


initial 


temperature function 


u(x,0) — f(x) in Example 3. 
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THEOREM2 Heated Rod with Insulated Ends 


The boundary value problem in (32) for a heated rod with insulated ends has the 
formal series solution 


am y m M nax 
» ux ot oe exp (—n?27kt/L”) cos ae (40) 


n=1 


where the {an} are the Fourier cosine coefficients in (39) of the rod's initial tem- 
perature function f(x) = u(x, 0). 


Remark Note that 


li jm ^K d (41) 
pede T GS 
the average value of the initial temperature. With both the lateral surface and the ends of the 
rod insulated, its original heat content ultimately distributes itself uniformly throughout the 
rod. a 


We consider the same 50-cm rod as in Example 2, but now suppose that its initial temperature 
is given by the “triangular function” graphed in Fig. 9.5.5. At time t = 0, the rod’s lateral 
surface and its two ends are insulated. Then its temperature function u(x,t) satisfies the 
boundary value problem 


ut = kuxx, 
ux (0,t) = ux (50, t) = 0, 
u(x,0) = f(x). 


Now substitution of L = 25 in the even triangular-wave series of Eq. (15) in Section 9.3 
(where the length of the interval is denoted by 2L), followed by multiplication by 4, yields 
the Fourier cosine series 


400 1 
f(x) = 50 cos imis 
z2 n2 25 
n odd 


(for 0 « x « 50) of our initial temperature function. But in order to match terms with the 
series in (40) with L = 50, we need to exhibit terms of the form cos(nz x/50) rather than 
terms of the form cos(nzx/25). Hence we replace n with n/2 throughout and thereby rewrite 
the series in the form 
1600 1 nx 
f(x) = 50- —- >. — COS —_-; 
T" n=2,6,10,... 3 


note that the summation runs through all positive integers of the form 4m — 2. Then Theorem 
2 implies that the rod's temperature function is given by 


1600 1 25n?kt j 
u(x,t) = 50— —- om ev( iiis Je BE 
V n=2,6,10,... 


Figure 9.5.6 shows the graph u = u(x, t) for the first 1200 seconds, and we see the temperature 
in the rod beginning with a sharp maximum at the midpoint x = 25, but rapidly “averaging 
out" as the heat in the rod is redistributed with increasing t. a 


Finally, we point out that, although we set up the boundary value problems in 
(12) and (32) for a rod of length L, they also model the temperature u(x,t) within 
the infinite slab 0 € x € L in three-dimensional space if its initial temperature f(x) 
depends only on x and its two faces x — 0 and x — L are either both insulated or 
both held at temperature zero. 
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FIGURE 9.5.6. The graph of the temperature function u(x,t) in Example 3. 


EX Problems 


Solve the boundary value problems in Problems 1 through 12. 


1. 


2. 


12. 


13. 


ut = 3uxx, 0 < x < mz, t > 0; u(0,t) = u(x,t) = 0, 
u(x,0) = 4sin2x 

ut = 10Uxx,0< x < 5, t > 0; ux(0,t) = ux(5.t) = 0, 
u(x,0) =7 

uy —2uxx, 0 < x < 1, t > 0; u(0,t) = u(l,t) = 0, 
u(x,0) = 5sinzx— 3 sin 37x 

ut = Uxx, 0« x < a, t > 0; u(0,t) = u(x,t) = 0, 
u(x,0) = 4sin 4x cos 2x 

üi —2uxx, 0 < x < 3, t > 0; uy(0,t) = ux (3,t) = 0, 
u(x,0) = 4cos Zax 2 cos tax 


.2u; = Uxx, 0 < x < 1, t > 0; u(0,t) = u(1.t) = 0, 


u(x, 0) = Asinzx cos? rx 


. 3ut = uxx, 0 < x < 2, t > 0; ux(0,t) = ux(2,t) = 0, 


u(x, 0) = cos? 27x 


<. Ut = Uxx, 0 < x < 2, t > 0; ux(0,t) = ux(2,t) = 0, 


u(x, 0) = 10 cos 2x cos 3m x 


. lOu; = uxx, 0 < x < 5, t > 0; u(0,t) = u(5,t) = 0, 


u(x,0) = 25 


. Sup = Uxx, 0 < x < 10,¢ > 0; u(0,t) = u(10,t) = 0, 


u(x,0) = 4x 


. Sut = Uxx, 0 < x < 10,t > 0; ux (0,t) = ux(10,1) = 0, 


u(x,0) = 4x 

ut = uxx, 0 < x < 100, t > 0; u(0,t) = u(100,t) = 0, 
u(x,0) = x(100 — x) 

Suppose that a rod 40 cm long with insulated lateral sur- 
face is heated to a uniform temperature of 100°C, and that 
at time t = 0 its two ends are embedded in ice at 0°C. (a) 
Find the formal series solution for the temperature u(x, t) 
of the rod. (b) In the case the rod is made of copper, 
show that after 5 min the temperature at its midpoint is 
about 15?C. (c) In the case the rod is made of concrete, 


14. 


15. 


16. 


17. 


use the first term of the series to find the time required for 
its midpoint to cool to 15?C. 

A copper rod 50 cm long with insulated lateral surface has 
initial temperature u(x, 0) = 2x, and at time t = 0 its two 
ends are insulated. (a) Find u(x,t). (b) What will its 
temperature be at x — 10 after 1 min? (c) After approxi- 
mately how long will its temperature at x = 10 be 45°C? 
The two faces of the slab 0 € x € L are kept at temper- 
ature zero, and the initial temperature of the slab is given 
by u(x, 0) = A (a constant) for 0 < x < L/2, u(x,0) = 0 
for L/2 « x « L. Derive the formal series solution 


u(x,t) = 


nx 


4A & sin? (nz/4) lods. u.s 
z 2 : exp ( n^nz^kt/L ) sin 
Two iron slabs are each 25 cm thick. Initially one is at tem- 
perature 100? C throughout and the other is at temperature 
0°C. At time t = 0 they are placed face to face, and their 
outer faces are kept at 0°C. (a) Use the result of Prob- 
lem 15 to verify that after a half hour the temperature of 
their common face is approximately 22°C. (b) Suppose 
that the two slabs are instead made of concrete. How long 
will it be until their common face reaches a temperature 
of 22°C? 

(Steady-state and transient temperatures) Let a laterally 
insulated rod with initial temperature u(x,0) = f(x) have 
fixed endpoint temperatures u(0, t) = A and u(L,t) = B. 
(a) It is observed empirically that as £ — +00, u(x,t) 
approaches a steady-state temperature uss(x) that corre- 
sponds to setting u; = 0 in the boundary value problem. 
Thus uss(x) is the solution of the endpoint value problem 


a7 Ugs 


ax2 


uss(0) = A, uss(L) = B. 


18. 


19. 


20. 


9.5 Heat Conduction and Separation of Variables 


Find uss(x). (b) The transient temperature ui (x, 1) is satisfies the boundary value problem 
defined to be 5 
Quy = D) Utr 
ug(x, t) = u(x, t) — uss(x). ot 3x2’ 


utr(0, t) = ur(L,t) = 0, 
Urir(x,0) = g(x) = f(x) — uss(x). 


Show that utr satisfies the boundary value problem 


609 


Outr Zur 
a a2 ; Hence conclude from the formulas in (34) and (35) that 
(0, £) = ur(L,t) = 0, = É 
Set) = vata u(x,t) = uss(x) + 3 Cn exp (—n?x?k1/L?) sin dal 
ug(x,0) = g(x) = f(x) — uss(x). n=1 
(c) Conclude from the formulas in (30) and (31) that where 
2 [L . AIX 
u(x,t) = uss(x) + ut(x,t) Cn = L Lf (x) — uss(x)] sin —— dx. 
0 L 
oo 
= uss(x) + 5 Cn exp (-n?x?k1/L?) sin DUM 21. The answer to part (a) of Problem 20 is us, (x) = Cx(L — 
A=I L x)/2k. If f(x) = 0 in Problem 20, so the rod being heated 
is initially at temperature zero, deduce from the result of 
where part (b) that 
ap _ nT) e 
Cg = zf [/G) — us GO] sin Z dx. u(x,t) = (L-a) 
2 
Suppose that a laterally insulated rod with length L = ud : exp ( nenzkt /L?) cm 
50 and thermal diffusivity k = 1 has initial tempera- kr nodd” 
ture u(x,0) = 0 and endpoint temperatures u(0,t) = 0, . : : 
u(50,t) = 100. Apply the result of Problem 17 to show 22. Consider the temperature u(x,t) in a bare slender wire 
that with u(0,t) = u(L,t) = 0 and u(x,0) = f(x). Instead 


of being laterally insulated, the wire loses heat to a sur- 


rounding medium (at fixed temperature zero) at a rate pro- 


x,t) = : 
unu portional to u(x,t). (a) Conclude from Problem 19 that 
200 Q& (-1)"41 2.2 . naX 
2x * exp ( n'n kt/2500) sin ——. ðu au 
Tm n 50 — —k—-—hu, 
n=1 ðt 0x? 
Suppose that heat is generated within a laterally insulated where A is a positive constant. (b) Then substitute 
rod at the rate of q(x, t) calories per second per cubic cen- i 
timeter. Extend the derivation of the heat equation in this u(x,t) =e" u(x,t) 
section to derive the equation to show that v(x, t) satisfies the boundary value problem 
ðu ; 32u , T ES pubs fon solution given in (30) and (31). Hence con- 
ot ax? có 
oo 
Suppose that current flowing through a laterally insulated u(x,t) = e^t b» Cn exp (=n?x?k1/L?) sin EE 
rod generates heat at a constant rate; then Problem 19 n=1 L 
yields the equation ish 
2 ph . NIX 
ck ec. ao pj, fein tas. 
! 23. Consider a slab with thermal conductivity K occupying 
Assume the boundary conditions u(0, t£) = u(L, t) = 0 and the region 0 € x € L. Suppose that, in accord with New- 
u(x,0) = f(x). (a) Find the steady-state temperature ton's law of cooling, each face of the slab loses heat to 
Uss(x) determined by the surrounding medium (at temperature zero) at the rate 
" of Hu calories per second per square centimeter. Deduce 
0- n a +C, us(0) = ug(L) = 0. from Eq. (2) that the temperature u(x,t) in the slab satis- 
dx fies the boundary conditions 
(b) Show that the transient temperature hu(0, t) — ux (0, t) = 0 = hu(L,t) + ux(L.t) 


ug(x,t) = u(x,t) — Ugg (x) where h = H/K. 
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24. Suppose that a laterally insulated rod with length L, ther- Problem 21 in Section 9.3 to derive the solution 
mal diffusivity k, and initial temperature u(x,0) — f(x) 
is insulated at the end x — L and held at temperature zero u(x,t) = »» Cn exp (-n?x?k1/4L?) sin ee 
at x = 0. (a) Separate the variables to show that the nodi 2L 
eigenfunctions are 
X ( ) . AUX where 
n(x) = sin — L 
2L Cg = Zf f(x) sin Z dx. 
for n odd. (b) Use the odd half-multiple sine series of L Jo 2L 


LÆR. Heated-Rod Investigations 


First let's investigate numerically the temperature function 


of the heated rod of Example 2, having length L — 50 cm, uniform initial tem- 
perature ug = 100°C, and thermal diffusivity k = 0.15 (for iron). The following 
MATLAB function sums the first N nonzero terms of this series. 


function u = u(x,t) 


k = 0.15; % diffusivity of iron 
L = 50; % length of rod 

u0 = 100; % initial temperature 
Ss = 0; % initial sum 

N = 50; % number of terms 


for n = 1:2:2xN-*1; 
S = S +(1/n) xexp (-nA2*piA2*k*t/LA2) .*sin(n*pixx/L) ; 


u = 4xu0*S/pi; 


This function was used to plot Figs. 9.5.7 through 9.5.10. The corresponding Maple 
and Mathematica functions are provided in the applications manual that accompa- 
nies this text. As a practical matter, N = 50 terms suffice to give the value u(x,t) 
after 10 seconds (or longer) with two decimal places of accuracy throughout the 
interval 0 € x € 50. (How might you check this assertion?) 

The graph of u(x, 30) in Fig. 9.5.7 shows that after 30 seconds the rod has 
cooled appreciably only near its two ends and still has temperature near 100°C for 
10 € x € 40. Figure 9.5.8 shows the graph of u(x, 1800) after 30 minutes and 
illustrates the fact (?) that the rod's maximum temperature is always at its midpoint, 
where x — 25. 

The graph of u(25, t) for a two-hour period shown in Fig. 9.5.9 indicates that 
the midpoint temperature takes something more than 1500 seconds (25 minutes) to 
fall to 50°. Figure 9.5.10 shows a magnification of the graph near its intersection 
point with the horizontal line u = 50 and indicates that this actually takes about 
1578 seconds (26 min 18 s). 

For your very own rod with constant initial temperature f(x) = Tọ = 100 to 
investigate in this manner, let 


L=100+10p and k=14+(0.1)q, 


where p is the largest and q is the smallest nonzero digit of your student ID number. 
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FIGURE 9.5.7. The graph of FIGURE 9.5.8. The graph of 
u(x, 30) giving rod temperatures after u(x, 1800) giving rod temperature 
30 seconds. after 30 minutes. 
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FIGURE 9.5.9. The graph of FIGURE 9.5.10. Magnification of the 
u (25, t) giving the midpoint graph of u(25, t) giving the midpoint 
temperatures of the rod. temperatures of the rod. 


1. If the two ends of the rod are both held at temperature zero, then determine 
how long (to the nearest second) it will take for the rod's midpoint temperature 
to fall to 50°. 


2. Ifthe end x = L of the rod is insulated, but the end x = 0 is held at temperature 
zero, then the temperature function u(x, t) is given by the series in Problem 24 
of this section. Determine how long it will be until the maximum temperature 
anywhere in the rod is 50°. 


WE Vibrating Strings and the One-Dimensional Wave Equation 


Although Fourier systematized the method of separation of variables, trigonometric 
series solutions of partial differential equations had appeared earlier in 18th-century 
investigations of vibrating strings by Euler, d’ Alembert, and Daniel Bernoulli. To 
derive the partial differential equation that models the vibrations of a string, we 
begin with a flexible uniform string with linear density p (in grams per centimeter 
or slugs per foot) stretched under a tension of T (dynes or pounds) between the 
fixed points x = 0 and x = L. Suppose that, as the string vibrates in the xy-plane 
around its equilibrium position, each point moves parallel to the y-axis, so we can 
denote by y(x,t) the displacement at time t of the point x of the string. Then, for 
any fixed value of t, the shape of the string at time ¢ is the curve y = y(x,t). We 
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y F(X)Ax 


FIGURE 9.6.1. Forces on a short 
segment of the vibrating string. 


assume also that the deflection of the string remains so slight that the approximation 
sinf ~ tan = yy(x,t) is quite accurate (Fig. 9.6.1). Finally, we assume that in 
addition to the internal forces of tension acting tangentially to the string, it is acted 
on by an external vertical force with linear density F(x) in such units as dynes per 
centimeter or pounds per foot. 

We want to apply Newton's second law F = ma to the short segment of string 
of mass pAx corresponding to the interval [x,x + Ax], with a being the vertical 
acceleration y;; (x.t) of its midpoint. Reading the vertical components of the force 
shown in Fig. 9.6.1, we get 


(p Ax) - yi (X, t) ~ T sin(0 + A0) — T sin + F(x) Ax 
7 Tyx(x + Ax,t) — Tyx(x.t) + F(x) Ax, 


so division by Ax yields 


Yx(x + Ax,t) — yx (x,t) 


A + F(X). 


pyu (x.t) ~x T 


We now take limits in this equation as Ax — 0, so X — x (because x lies in the 
interval [x, x 4- Ax] with fixed left endpoint x). Then the two sides of the equation 
approach the two sides of the partial differential equation 


2 2 
OF ap Rm (1) 


» P ðt? ax? 


that describes the vertical vibrations of a flexible string with constant linear density 
p and tension T under the influence of an external vertical force with linear density 
F(x). 

If we set 


a° = — (2) 


» = da (3) 


that models the free vibrations of a uniform flexible string. 
The fixed ends of the string at the points x = 0 and x = L on the x-axis 
correspond to the endpoint conditions 


y(0,t) = y(L, t) = 0. (4) 


Our intuition about the physics of the situation suggests that the motion of the string 
will be determined if we specify both its initial position function 


y(x,0) = f(x) (0 « x « L) (5) 
and its initial velocity function 


yr(x,0) 2 g(x) (0 « x « L). (6) 
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On combining Eqs. (3) through (6), we get the boundary value problem 


ay 8y l 
3B 7a (0<x<L,t>O0); (7a) 
y(0,t) = y(L,t) = 0, (7b) 
E y(x,0) = f(x) O<x<L), ((7c)) 
yr(x,0) = g(x) (@<x< L) (7d) 


for the displacement function y(x,t) of a freely vibrating string with fixed ends, 
initial position f(x), and initial velocity g(x). 


Solution by Separation of Variables 


Like the heat equation, the wave equation in (7a) is linear: Any linear combination 
of two solutions is again a solution. Another similarity is that the endpoint condi- 
tions in (7b) are homogeneous. Unfortunately, the conditions in both (7c) and (7d) 
are nonhomogeneous; we must deal with two nonhomogeneous boundary condi- 
tions. 

As we described in Section 9.5, the method of separation of variables involves 
superposition of solutions satisfying the homogeneous conditions to obtain a solu- 
tion that also satisfies a single nonhomogeneous boundary condition. To adapt the 
technique to the situation at hand, we adopt the "divide and conquer" strategy of 
splitting the problem in (7) into the following two separate boundary value prob- 
lems, each involving only a single nonhomogeneous boundary condition: 


Problem A Problem B 
ytt = a yxx; y= a yxx; 
y(0,t) = y(L,t) = 0, yO, t) = y(L,t) = 0, 
y(x,0) = f(x), y(x,0) = 0, 
yt(x, 0) = 0. yr(x, 0) = g(x). 


If we can separately find a solution y4(x,t) of Problem A and a solution yp(x, t) 
of Problem B, then their sum y(x,t) = y4(x,t) + yp(x,t) will be a solution of the 
original problem in (7), because 


y(x, 0) = ya(x, 0) + ya(x, 0) = f(x) +0= f(x) 


and 
yr(x,0) = {ya} (x, 0) + {yB y(x, 0) = 0 + g(x) = g(x). 


So let us attack Problem A with the method of separation of variables. Substi- 
tution of 


y(x.t) = X(x)T() (8) 


in yj; = a? yy, yields X T" = a? X"T, where (as before) we write X" for X"(x) and 
T" for T" (t). Therefore, 


x" T 
X o aT 


(9) 
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The functions X"/X of x and T"/a?T of t can agree for all x and ¢ only if each is 
equal to the same constant. Consequently, we may conclude that 


x" T” 
X æT i 


—A (10) 


for some constant A; the minus sign is inserted here merely to facilitate recognition 
of the eigenvalue problem in (13). Thus our partial differential equation separates 
into the two ordinary differential equations 


X" -- AX — 0, (11) 
T" +Aa’T - 0. (12) 


The endpoint conditions 
y(0,t) — X(0)T(t) 20, y(L.t) = X(L)T) —0 


require that X(0) = X(L) = 0 if T(t) is nontrivial. Hence X(x) must satisfy the now 
familiar eigenvalue problem 


X”4+AX 20, X(0)— X(L)- 0. (13) 


As in Eqs. (23) and (24) of Section 9.5, the eigenvalues of this problem are the 
numbers 


Aa n-]:9:3..: (14) 


Lz” 


and the eigenfunction associated with A, is 


Xq(x) = sin, n -1,2,5,... (15) 


Now we turn to Eq. (12). The homogeneous initial condition 
65,0) = X(x)T'(0) = 0 


implies that 7’(0) = 0. Therefore, the solution 7; (t) associated with the eigenvalue 
An = n?nz?/L? must satisfy the conditions 
n?g?a? 


” 
T, F 13 


T,—0, T/(0) =0. (16) 


The general solution of the differential equation in (16) is 


nzat . Anzat 


Ta (t) = An cos + Bn sin 


(17) 


Its derivative 


; nia . nxat nzat 
Ty) = 1 — A, sin L + B, cos L 


satisfies the condition 7, (0) = 0 if B, = 0. Thus a nontrivial solution of (16) is 


T, (f) = cos LM. (18) 


Example 1 
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We combine the results in Eqs. (15) and (18) to obtain the infinite sequence of 
product functions 


nzmat . NTX 


yn (x, t) = X4(x)T4(t) = cos L sin L 


(19) 


n —1,2,3,.5.« Each of these building block functions satisfies both the wave equa- 
tion yr = a*yxx and the homogeneous boundary conditions in Problem A. By 
superposition we get the infinite series 


oo oo t 
yn. 0) = Y AnXn(x)Ta(t) = Y An cos T sin T. (20) 
n=1 


n=1 


It remains only to choose the coefficients {A,} to satisfy the nonhomogeneous 
boundary condition 


y(x,0) = Y A, sin 77 = f(x) Q1) 
n=1 


for 0 < x < L. But this will be the Fourier sine series of f(x) on [0, L] provided 
that we choose 


2 pb . NTX 
» Án = zf f(x) sin up dx. (22) 


Thus we see finally that a formal series solution of Problem A is 


nzat nix 
in ——, 23 
1 ( ) 


oo 
» yAQc t) = 4 COS 


n=1 


with the coefficients {A,}9° computed using Eq. (22). Note that the series in 
(23) is obtained from the Fourier sine series of f(x) simply by inserting the fac- 
tor cos(nzat/L) in the nth term. Note also that this term has (circular) frequency 
oy = nzaj/L. 


It follows immediately that the solution of the boundary value problem 


Z = 4—5 (0<x<a, t>0); 
y(0,t) = yGr.t) = 0, 
y(x,0) = 15 sin? x — aj sin x — ds sin3x, 
yr(x, 0) = 0, 
for which L = x and a = 2, is 


m : 1 + 
y(x,t) = qq cos2¢ sinx — 3g cos 6t sin 3x. 


The reason is that we are given explicitly the Fourier sine series of f(x) with Ay = d 


A3 = -5 and An = 0 otherwise. a 


616 Chapter 9 Fourier Series Methods and Partial Differential Equations 


Example 2 


ces y-fQ) 


TL x 


wie r 


FIGURE 9.6.2. The initial position 
of the plucked string of Example 2. 


Solution 


A plucked string Figure 9.6.2 shows the initial position function f(x) for a stretched string 
(of length L) that is set in motion by moving its midpoint x — L/2 aside the distance ibL 
and then releasing it from rest at time ¢ = 0. The corresponding boundary value problem is 


yu =a" yxx —| (0« x « L, t>0); 
y(0,t) = y(L.t) = 0, 
y(x,0) = f(x). 
ys(x,0) = 0, 


where f(x) = bx forO < x € L/2 and f(x) = b(L — x) for L/2 € x € L. Find y(x.t). 
The nth Fourier sine coefficient of f(x) is 


Án 


Il 


2 L 
= ^ f(x) sin T dx 


L/2 2 
if bx sin ^77 dx +T ^ b(L—x)sin a 


L/2 
it follows that 
A= 4bL d ni 
"DC n2g2 2° 
Hence Eq. (23) yields the formal series solution 
tee AbL && 1 ES nit p nzat sin nax 
xu 
? n2 n? 2 L L 
n=1 
4bL zat TX 1 3zat 3x 
i 24 
=z (¢ LUL gm L = +) p 


Music 


Numerous familiar musical instruments employ vibrating strings to generate the 
sounds they produce. When a string vibrates with a given frequency, vibrations at 
this frequency are transmitted through the air—in the form of periodic variations in 
air density called sound waves—to the ear of the listener. For example, middle C 
is a tone with a frequency of approximately 256 Hz. When several tones are heard 
simultaneously, the combination is perceived as harmonious if the ratios of their 
frequencies are nearly ratios of small whole numbers; otherwise many perceive the 
combinations as dissonant. 

The series in Eq. (23) represents the motion of a string as a superposition of 
infinitely many vibrations with different frequencies. The nth term 


nzmat . NTX 


L 


An COS 


represents a vibration with frequency 


L T 
n On _ nza/ A (Ha. (25) 
2x 2x 2L \ p 


NE VS 
v= aye (Hz), (26) 
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is called the fundamental frequency, and it is ordinarily predominant in the sound 
we hear. The frequency v, = nv; of the nth overtone or harmonic is an integral 
multiple of vı, and this is why the sound of a single vibrating string is harmonious 
rather than dissonant. 

Note in Eq. (26) that the fundamental frequency v, is proportional to VT and 
inversely proportional to L and to ,/p. Thus we can double this frequency—and 
hence get a fundamental tone one octave higher—either by halving the length L 
or by quadrupling the tension T. The initial conditions do not affect vı; instead, 
they determine the coefficients in (23) and hence the extent to which the higher 
harmonics contribute to the sound produced. Therefore the initial conditions affect 
the timbre, or overall frequency mixture, rather than the fundamental frequency. 
(Technically this is true only for relatively small displacements of the string; if you 
strike a piano key rather forcefully you can detect a slight and brief initial deviation 
from the usual frequency of the note.) 

According to one (rather simplistic) theory of hearing, the loudness of the 
sound produced by a vibrating string is proportional to its total (kinetic plus poten- 
tial) energy, which is given by 


» a 8y V? 8y V? 


In Problem 17 we ask you to show that substitution of the series in (23) in the 
formula in (27) yields 


E-—— n? A2. (28) 


The ratio of the nth term n? A? to the sum J` n? A? is then the portion of the whole 
sound attributable to the nth harmonic. 

We illustrate this theory with the series in (24), which describes the motion of 
the plucked string of Example 2. Note that the even harmonics are missing, and that 
An = AbL/(n?n?) for n odd. Hence Eq. (28) gives 


2T 165? L? 4b?’ LT 1 
E= E 2. n? = D 


^ 4L mint m? n2’ 
n odd n odd 


so the proportion of the sound associated with the nth harmonic (for n odd) is 


1/n? E 1/n? 8 
y 1/n? — n?/8  n?n?' 
n odd 


Substituting n — 1 and n — 3, we find that 81.0696 of the sound of the string of 
Example 2 is associated with the fundamental tone and 9.0196 with the harmonic 
corresponding to n — 3. 


The d'Alembert Solution 


In contrast with series solutions of the heat equation, formal series solutions of the 
wave equation ordinarily do not possess sufficient termwise differentiability to per- 
mit verification of the solution by application of a superposition theorem analogous 
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Example 3 


to the one stated in Section 9.5. For instance, termwise differentiation of the series 
in (24) would yield the series 


which generally fails to converge, because the “convergence factor" 1/n? has disap- 
peared after the second differentiation. 

There is, however, an alternative approach that both verifies the solution in 
(23) and yields valuable additional information about it. If we apply the trigono- 
metric identity 


2sin A cos B = sin(A + B) + sin(A — B) 
with A = nzx/L and B = nzat/L, then (23) gives 


oo 
t 
y(x,t)= > Ay sin m BM 
n=1 
33. sin (x + o4ly4 sin “Z (x — at) (29) 
=- — (x +a = — (x — at). 
n=1 : L 2v " L 


for all x, where F(x) is the odd extension of period 2L of the initial position function 
f (x). Hence Eq. (29) means that 


» y(x,t) = 1 [F(x + at) + F(x —at)]. (30) 


Therefore, the series in (23) converges to the expression on the right-hand side in 
(30), which is known as the d’Alembert form of the solution of Problem A for the 
vibrating string. Moreover, using the chain rule, it is easy to verify (Problems 13 
and 14) that the function y(x,t) defined in (30) does, indeed, satisfy the equation 
yu = a? yy, (under the assumption that F is twice differentiable), as well as the 
boundary conditions y(0,t) = y(L,t) = 0 and y(x,0) = f(x). 

For any function F(x), the functions F(x + at) and F(x — at) represent 
“waves” moving to the left and right, respectively, along the x-axis with speed a. 
This fact is illustrated in Fig. 9.6.3, which shows the graphs of these two functions 
for successive values of f, in a typical case where the initial position function F(x) 
is a pulse function centered at the midpoint x = 7/2 of a string of length L = x 
with a = 1 (so the fundamental period of vibration is 277). Thus the d' Alembert so- 
lution in (30) expresses y(x,f) as a superposition of two waves moving in opposite 
directions with speed a. This is why the equation y;; = a? yx, is called the wave 
equation. 


A vibrating string of length L = x with initial position given by 


f(x) 2 2sin? x = 1— cos2x 


/ / 
N X 
JU # V 8 


FIGURE 9.6.4. The position 
function y (x, 2) (drawn in solid blue) 
as the sum of the two traveling waves 
lF(x + 7) and lF(x — 4), drawn 
in dashed black and blue, respectively. 
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y y: 
— —- 
T x T x 
2 á 2 " 
(a) At time t= 0 (b) At time t = 7/8 

y y 

— — <—— —- 
T x T X 
2 5 5 a 

(c) At time t = 7/4 (d) At time t = 37/8 


FIGURE 9.6.3. The pulse F (x) produces two waves—one moving to the left, one to 
the right. 


is released from rest at time ¢ = 0. To apply the d' Alembert formula in Eq. (30), we find the 
odd extension F(x) of period 2L = 2z of the initial position f(x). Because f(—x) = f(x) 
for all x, Eq. (10) of Section 9.3 gives 


1—cos2x if0<x<az 
F(x) = : 

cos2x —1 if-17<x <0 
with F(x + 27) = F(x) for all x. If we "freeze" the time at t = a and take a = 1 (so that 
the period of oscillation of the string is 27), then Eq. (30) leads to 


sin 2x if0<x< a 


T 1 T T 
= " 2 - 7 n 3 
»(«5)-;[rG- 2) rG-2- 1 V NEA 
—sin2x ifo «x«m 


(In Problem 23 we ask you to verify this formula.) Figure 9.6.4 shows the position function 
y(x, F) of the string together with the “traveling” waves IF (x + 4) and lF (x — 4). It is 
remarkable that the string exhibits a momentary "flat spot" over | < x < 3m at the instant 
t = 7. In Application 9.6 we use technology to graph y(x. 1) for a range of values of t, thus 
effectively animating the vibration of the string over time. a 


Strings with Initial Velocity 


The separation-of-variables solution of Problem B, with initial conditions y(x,0) = 
0 and y,;(x,0) = g(x), proceeds precisely as did that of Problem A until Eq. (16) is 
reached. But then y(x, 0) = X(x)T (0) = 0 implies that T (0) = 0, so instead of (16) 
we have 


d^T, Wn a 


J2 tj h= T.) -0. (31) 
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Example 4 


From Eq. (17) we see that a nontrivial solution of (31) is 


nzat 


T, (t) = sin (32) 
The resulting formal power series solution is therefore of the form 
> eae » E a (33) 
VBA) = a n L^ 
so we want to choose the coefficients {Bp} so that 
© Xd . naX 
y(x, 0) = 2. By—— sin rx g(x). (34) 


Thus we want B, - nza/L to be the Fourier sine coefficient b, of g(x) on [0, L]: 


nra 2 f} . NTX 
BL = br = zf g(x)sin 77— dx. 


Hence we choose 


L 


2 
> B,— —— | e(x)sin —— dx (35) 
nia Jo L 


in order for yg (x, t) in (33) to be a formal series solution of Problem B—and thus 
for y(x,t) = yA(x,t) 4- yp(x, t) to be a formal series solution of our original bound- 
ary value problem in Eqs. (7a)-(7d). 


Consider a string on a guitar lying crosswise in the back of a pickup truck that at time t = 0 
slams into a brick wall with speed vo. Then g(x) = vo, so 


2 L ntx 2voL 
Bn = — i dx = 1 DE 
"7 nra f ian Had ZA pst] 


Hence the series in (33) gives 


4voL 1 nzat nax 
y(x,t) = = 2 a i L sin LC m 
If we differentiate the series in (33) termwise with respect to t, we get 
= nuzx nzat 
ye(x.t) = M by sin = 1 [G(x +. at) + G(x — at)]. (36) 


n=1 


where G is the odd period 2L extension of the initial velocity function g(x), using 
the same device as in the derivation of Eq. (30). In Problem 15 we ask you to deduce 
that 


y(x,t) = 5; HG + at) + H(x — at)], (37) 


where the function H (x) is defined to be 


H(x) — ^ G(s) ds. (38) 
0 
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If, finally, a string has both a nonzero initial position function y(x,0) = f(x) 
and a nonzero initial velocity function y; (x, 0) = g(x), then we can obtain its dis- 
placement function by adding the d' Alembert solutions of Problems A and B given 
in Eqs. (30) and (37), respectively. Hence the vibrations of this string with general 
initial conditions are described by 


y(x,t) = [Fa +at)+ F(x —at)| + - [H (x +at)+ H(x — at)], (39) 


a superposition of four waves moving along the x-axis with speed a, two moving to 
the left and two to the right. 


EX Problems 


Solve the boundary value problems in Problems 1 through 10. 


1. 


2. 


3. 


12. 


13. 


yet = 4yxx,0< x < m, t > 0; y(0,t) = yGr.t) = 0, 
y(x,0) = is sin2x, yr(x,0) = 0 

yt = yxx, 0 < x < 1l, t > 0; y(0,t) = y(1.t) = 0, 
y(x,0) = i sinzx-— 35 sin3zx, yr(x,0) = 0 

4ytt = yxx, 0 < x < m, t > 0; y(0,t) = yGr.t) = 0, 
y(x,0) = yr(x,0) = ti sin x 


- 4ytt = yxx, O< x < 2, t > 0; y(0,1) = y(2,t) = 0, 


y(x,0) — isinzx cos mx, yr(x,0) = 0 


> Yit = 25yxx,0< x « 3, t > 0; y(0,t) = y(3,t) = 0, 


y(x,0) = 1sinzx, yr(x,0) = 10 sin 27x 


e ytt = 100yxx,0< x < x,t > 0; y(0,t) = yGr.t) = 0, 


y(x,0) = x(r — x), ye(x,0) = 0 


- Mt = 100yxx,0< x < L t£ > 0; y(0,t) = yd,t) = 0, 


y(x,0) = 0, yt(x,0) = x 


- Yit = 4yxx, 0 < x < m, t > 0; y(0,t) = y(x,t) = 0, 


y(x,0) = sin x, y;j(x,0) = 1 


- Yit = 4yxx,0< x < 1,¢ > 0; y(0,t) = y(1.t) = 0, 


y(x,0) = 0, yr(x, 0) = x(1— x) 


- Mt —25yxx, 0« x « xz, t > 0; y(0,t) = y(a,t) = 0, 


y(x,0) = y(x, 0) = sin? x 


. Suppose that a string 2 ft long weighs i oz and is sub- 


jected to a tension of 32 Ib. Find the fundamental fre- 
quency with which it vibrates and the velocity with which 
the vibration waves travel along it. 

Show that the amplitude of the oscillations of the midpoint 
of the string of Example 4 is 


ib. E 4voL 1 voL 
L5 — z2 3o 27 ; 
2 2a qua n 2a 
n odd 


If the string is the string of Problem 11 and the impact 
speed of the pickup truck is 60 mi/h, show that this am- 
plitude is approximately 1 in. 

Suppose that the function F(x) is twice differentiable for 
all x. Use the chain rule to verify that the functions 


y(x,t) = F(x+at) and y(x,t)— F(x —at) 


satisfy the equation yst = a? yxx. 


15. 


16. 


17. 


18. 


. Given the differentiable odd period 2L function F(x), 


show that the function 
y(x,t) = i [F(x + at) + F(x — at)] 


satisfies the conditions y(0,f) = y(L,t) = 0, y(x,0) = 
F(x), and y;(x,0) = 0. 
If y(x, 0) = 0, then Eq. (36) implies (why?) that 


t t 
y(x,t) = if GG ande G(x — ax) dt. 


Make appropriate substitutions in these integrals to derive 
Eqs. (37) and (38). 

(a) Show that the substitutions u = x + at and v = x — at 
transform the equation y;; = a?yxx into the equation 
Yuv — 0. (b) Conclude that every solution of y;; — a? yxx 
is of the form 


y(x,t) = F(x 4 at) + G(x — at), 


which represents two waves traveling in opposite direc- 
tions, each with speed a. 
Suppose that 


nzat nx 


sin: —— —. 


oo 
y(x,t) = X An cos 


n=1 


Square the derivatives y; and yx and then integrate 
termwise—applying the orthogonality of the sine and co- 
sine functions—to verify that 


E=if 2 + Ty2)d LES 242 
= X n . 
2p TR aL 6 7m 


Consider a stretched string, initially at rest; its end at x = 0 
is fixed, but its end at x = L is partially free—it is allowed 
to slide without friction along the vertical line x = L. The 
corresponding boundary value problem is 


ytt = ü^ yos 0<x< L, 
y(0,1) = yx(L,t) = 0, 


yx, 0) = f(x). 
yr(x, 0) = 0. 


t > 0); 
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Separate the variables and use the odd half-multiple sine 
series of f(x), as in Problem 24 of Section 9.5, to derive 
the solution 


nzat , nzx 
Do Ag cos sin ——, 
2L 2L 
n odd 


y(x,t) = 


where 


2 L x 
An = if F(x) sin 5 dx. 


Problems 19 and 20 deal with the vibrations of a string un- 


der the influence of the downward force F(x) = 


—pg of grav- 


ity. According to Eq. (1), its displacement function satisfies the 
partial differential equation 


eat lg (40) 


with endpoint conditions y (0,t) = y(L,t) = 0. 


19. 


20. 


21. 


Suppose first that the string hangs in a stationary position, 
so that y = y(x) and y;; = 0, and hence 1 differential 
equation of motion takes the simple form a? y" = g. De- 
rive the stationary solution 


yx) = 


$6) = Z5 - L). 


Now suppose that the string is released from rest in equi- 
librium; consequently the initial conditions are y(x, 0) = 0 
and y; (x, 0) = 0. Define 


v(x,t) = yx, t) - (x). 


where $ (x) is the stationary solution of Problem 19. De- 
duce from Eq. (40) that v(x, t) satisfies the boundary value 
problem 


Utt = á dee: 
v(0,t) = v(L.t) = 0, 
v(x.0) = —$(x). 

vr (x, 0) = 0. 


Conclude from Eqs. (22) and (23) that 


nzat nx 


y(x.t) — (x) = > An COS 


n=1 


where the coefficients {An} are the Fourier sine coeffi- 
cients of f(x) = —@(x). Finally, explain why it follows 
that the string oscillates between the positions y = 0 and 
y = 26). 

For a string vibrating in air with resistance proportional to 
velocity, the boundary value problem is 


Yti = a? yxx — 2hyt; 
y(0,t) = y(L,t)=0, 
y(x,0) = f(x), 

yr(x, 0) = 0. 


(41) 


22. 
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Assume that 0 < h < xa/L. (a) Substitute 
y(x, t) = X(x)T(t) 
in (41) to obtain the equations 
X'-AX-0, X@)= 


X(L) =0 (42) 


and 
T" 4- 2hT' +a7AT = 0, 


T'(0) — 0. (43) 


(b) The eigenvalues and eigenfunctions of (42) are 


272 


n . AMX 
Ag -— "E and  X4(x) = sin UL 
(as usual). Show that the general solution with A = 


n?n?/L? of the differential equation in (43) is 


Talt) = e ^t (An COS ont + Bn sincgt), 


where œn = V (n?22a?/L?) — h? < nza/L. (c) Show 
that T/ (0) = 0 implies that B, = UM and hence that 
to within a constant multiplicative coefficient, 


Ta (©) = e^" cos (Wnt — æn) 
where a, = tan~!(h/w,). (d) Finally, conclude that 
nax 


oo 
- —ht ud 
y(x,t) =e J pene arene 
n= 


where 


Cn = 


ESI. f(x) sin dx. 


L COS æn 


From this formula we see that the air resistance has three 
main effects: exponential damping of amplitudes, de- 
creased frequencies œn < nza/L, and the introduction of 
the phase delay angles o. 


Rework Problem 21 as follows: First substitute y(x,t) = 
ht v(x,t) in Eq. (41) and then show that the boundary 
value problem for v(x, t) is 
Vit = a7 vyx +h? 0: 
v(0,t) = v(L.t) = 0, 
v(x,0) = f(x), 
vr(x,0) = hf (x). 
Next show that the substitution v(x, t) = X(x)T(t) leads 
to the equations 
X" +1X =0, 
T" + (Aa? —h?)T =0. 


X(0) = X(L) =0, 


Proceed in this manner to derive the solution y(x, t) given 
in part (d) of Problem 21. 


9.6 Vibrating Strings and the One-Dimensional Wave Equation 623 


y y y 
n X n X n X 
(a) At time t=0 (b) At time t = 1/16 (c) At time t = 17/8 
y y y 
n x n x n x 
(d) At time t = 31/16 (e) At time t = 1/4 (f) At time t = 57/16 
y y y 
p X Fun adum NENNEN 
n X n X n X 
(g) At time t = 31/8 (h) At time t = 77/16 (i) At time t = 17/2 
FIGURE 9.6.5. Successive snapshots of the vibrating string of Example 3 and Problems 23 and 24. 
The snapshots in Fig. 9.6.5 show successive positions of a vi- 24. (a) Show that the position function f(x) defined in 
brating string with length L = x and a = 1 (so its period of Eq. (44) has inflection points [ f” (x) = 0] at x = z/4 and 
oscillation is 2z). The string is initially at rest with fixed end- at x = 3z/4. (b) In snapshots (a)-(e) of Fig. 9.6.5 it 
points, and at time t = 0 it is set in motion with initial position appears that these two inflection points may remain fixed 
function during some initial portion of the string's vibration. In- 


deed, apply the d' Alembert formula to show that if either 


x) = 2sin? x = 1 — cos 2x. 44 
fons is e) x = n/Aor x = 3z/A, then y(x,t) = 1 for0 E t € 7/4. 


23. Verify the formula for y (x, 7) in Example 3. 


Aaeeei Vibrating-String Investigations 


Here we describe a Mathematica implementation of the d' Alembert solution 
y(x,t) = 5 [F(x + at) + F(x — at)] (1) 


of the vibrating-string problem of Example 3, and apply it to investigate graphically 
the motions that result from a variety of different initial positions of the string. 
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Maple and MATLAB versions of this implementation are included in the applications 
manual that accompanies this text. 

To plot the snapshots shown in Fig. 9.6.5, we began with the initial position 
function 


£[x ] := 2xSin[x]^2 


To define the odd period 27 extension F(x) of f(x), we need the function s(x) that 
shifts the point x by an integral multiple of x into the interval [0, 7]. 


S[x ] := Block[{k}, k = Floor[N[x/Pi]]; 
If[EvenQ[kl, (* k is even x) 
(* then x) N[x - k«Pil, 
(x else x) N[x - k«Pi - Pilll 


Then the desired odd extension is defined by 


F[x ] := If[s[x] > 0, (* then *) f[s[x]], 
(x else x) -£[-sIx11] 


Finally, the d' Alembert solution in (1) is 
G[x., t] := ( F[x + t] + F[x — t] )/2 
A snapshot of the position of the string at time f is defined by 


stringAt[t ] := Plot[GIx,t], íx, 0, Pi}, 
PlotRange —> {-2, 21]; 


For example, the command stringAt[Pi/4] plots the snapshot corresponding 
to t = z/4 shown in Fig. 9.6.5(e), once again showing the flat spot appearing in 
Fig. 9.6.4. We can plot a whole sequence of shapshots at once: 


snapshots = Table[ stringAt[t], {t, 0, Pi, Pi/12}] 
These snapshots can be animated to show the vibrating string in motion: 
Manipulate[stringAt[t], {t, 0, Pi}] 


We can also exhibit simultaneously the successive positions of the string in a single 
composite figure (see Fig. 9.6.6) with the command Show[snapshots]. 
The initial position function 


f[x_] := If[x < Pi/2, (* then x) x, 
(* else *) Pi - x] // N 


(corresponding to the triangular wave function of Fig. 9.2.4) generates in this way 
the composite picture shown in Fig. 9.6.7. Similarly, the initial position function 


f£[x ] := Which[ 0 <= x < Pi/3, x, 
Pi/3 <= x < 2«Pi/3, Pi/3, 
2*Pi/3 <= x <= Pi, Pi - x] // N 


(corresponding to the trapezoidal wave function of Fig. 9.2.5) produces the picture 
shown in Fig. 9.6.8. 

You can test your implementation of d' Alembert's method by attempting to 
generate Figs. 9.6.7 and 9.6.8 for yourself. The initial position “bump function" 


fœ = sin? x, Ozxzm 


generates traveling waves traveling (initially) in opposite directions, as indicated in 


the vibrating string with initial position 
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FIGURE 9.6.6. Successive positions of FIGURE 9.6.7. Successive positions FIGURE 9.6.8. Successive positions 
of the vibrating string of the vibrating string with trapezoidal 
with triangular initial position. initial position. 


f(x) =2 sin? x. 


Fig. 9.6.3 in the text. The initial position function 


sin? (x + Z) for0<x «7/2, 


fœ) = 


0 forz/2«x«zmz 


generates a single wave that begins at x — 0 and (initially) travels to the right. (Think 
of a jump rope tied to a tree, whose free end is given a “snap” at time t = 0.) 

After exploring some of the possibilities indicated previously, try some initial 
position functions of your own choice. Any continuous function f such that f(0) = 
f(x) = 0 is fair game. The more exotic the resulting vibration of the string, the 
better. 


Steady-State Temperature and Laplace's Equation 


FIGURE 9.7.1. A plane region R 
and its bounding curve C. 


We now consider the temperature in a two-dimensional plate, or lamina, that occu- 
pies a region R in the xy-plane bounded by a piecewise smooth curve C, as shown 
in Fig. 9.7.1. We assume that the faces of the plate are insulated, and that it is so thin 
that the temperature within it does not vary in the direction perpendicular to the xy- 
plane. We want to determine, under various conditions, the temperature u(x, y, t) at 
the point (x, y) at time t. 

Let the plate consist of material with density ó (mass per unit volume), specific 
heat c (per unit mass), and thermal conductivity K, all assumed constant throughout 
the plate. Under these assumptions, it can be shown (by a generalization of the 
derivation of the one-dimensional heat equation in Section 9.5) that the temperature 
function u(x, y, t) satisfies the two-dimensional heat equation 


du 9?u 90?u 
» — = k| —~ —). 1 
at (Ga T =) (Y 


As in Section 9.5, k denotes the thermal diffusivity, 


k= a (2) 
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of the material of the plate. The sum of second derivatives on the right-hand side in 
(1) is the Laplacian of the function u, commonly denoted by 
u Pu 
» Vu = — + —. 3 
"= $2 = dy? E 
so the two-dimensional heat equation may be written as 


» a = kV7u. a^) 
ot 

In comparing Eq. (1^) with the one-dimensional heat equation u; = kuxx, 
we see that in passing from one to two dimensions, the second-order space deriva- 
tive uxx is replaced with the Laplacian V?u. This is an instance of a general phe- 
nomenon. For instance, if a flexible stretched membrane occupies in equilibrium 
a region in the xy-plane and vibrates in the (perpendicular) z-direction, then its 
displacement function z = z(x, y, t) satisfies the two-dimensional wave equation 


0?z Q?z 2 
> E (ss n =i) = a? V?z. (4) 


This equation has the same relation to the one-dimensional wave equation z;; — 
a?zyx (here writing z(x,1) for the displacement of a string) as Eq. (1^) has to the 
one-dimensional heat equation. 

In this section we confine our attention to the steady-state situation in which 
the temperature u does not vary with time, and so is a function only of x and y. Thus 
we are interested in the steady-state temperature of a plate. In this case us = 0, so 
Eq. (1) becomes the two-dimensional Laplace equation 


u 8u 


» V?u = — + — = 
“= Ox2 dy? 


0. (5) 
This important partial differential equation is also known as the potential equation. 
The three-dimensional Laplace equation uy + uy, + uz; = 0 is satisfied (in empty 
space) by electric and gravitational potential functions. It is also satisfied by the 
velocity potential function for the steady irrotational flow of an incompressible and 
inviscid fluid (that is, one having zero viscosity). 


Dirichlet Problems 


A particular solution of Laplace’s equation in a bounded plane region R is deter- 
mined by appropriate boundary conditions. For example, it is plausible on physical 
grounds that the steady-state temperature u(x, y) in a plate is determined if we know 
that u(x, y) agrees with a given function f(x, y) at each point of the boundary curve 
C of the plate. To find the steady-state temperature in a plate with assigned bound- 
ary values, we need to solve the boundary value problem 

o? 2 

eas gx =0 (within R); 
> Ox? dy? (6) 

u(x,y)= f(x,y) (f(x, y) is on C). 


Such a problem, finding a solution of Laplace’s equation in a region R with given 
boundary values, is called a Dirichlet problem. It is known that if the boundary 
curve C and the boundary value function f are reasonably well behaved, then there 
exists a unique solution of the Dirichlet problem in (6). 


Example 1 


Solution 


u — f(x) (a,0) * 


FIGURE 9.7.3. The boundary value 
problem of Example 1. 
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u(x, b) = fX(x) 


(0, b) (a, b) 


u(0, y) = 810) u(a, y) = 820) 


(0, 0) ux, 0)- fix) — (a,0) 3 


FIGURE 9.7.2. A rectangular plate with given boundary values. 


Figure 9.7.2 shows a rectangular plate with indicated boundary values along 
its four edges. The corresponding Dirichlet problem is 


Uxx + Uyy — 0 (within R); 
u(x,0) = fi(x), u(x, b) = fa(x) (0 « x « a), (7) 
u(0, y) = gi(y), ula, y) = g2(y) (0 « y « b). 


Because there are four nonhomogeneous conditions (rather than one), this boundary 
value problem is not directly susceptible to the method of separation of variables. In 
Section 9.6, when confronted with this difficulty, we split the problem of the vibrat- 
ing string with both nonzero initial position and nonzero initial velocity into prob- 
lems with a single nonhomogeneous condition each. In a similar way, the boundary 
value problem in (7) can be split into four problems, each with a single nonhomo- 
geneous boundary condition. For each of these problems, u(x, y) will be zero along 
three edges of the rectangle and will have assigned values on the fourth. Each of 
these four boundary values can be solved by the method of separation of variables, 
and the sum of the four solutions is the solution of the original problem in (7). In 
the following example we solve one of these four problems—the one illustrated in 
Fig. 9.7.3. 


Solve the boundary value problem 
Uxx + uyy = 0; 
u(0, y) = u(a, y) = u(x, b) = 0, (8) 
u(x, 0) = f(x) 


for the rectangle in Fig. 9.7.3. 
Substitution of u(x, y) = X(x)Y (y) gives X"Y + XY” = 0, so 


— £2 (9) 


for some constant A. Thus X(x) must satisfy the familiar eigenvalue problem 


X" .- AX — 0, 
X(0) = X(a) = 0. 


The eigenvalues and associated eigenfunctions are 


An =. Xn(x) = sin (10) 
a a 
for n = 1,2,3,.... From Eq. (9) with A = n?z2/a? and the remaining homogeneous boundary 
conditions in (8), we get 
2.2 
yh. 7 7 Y, =0, Yabjed (11) 


a2 
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The general solution of the differential equation in (11) is 
Yn) = An cosh Z} + By sinh —~, 
a 


and the condition 


b b 
Yn(b) = An cosh ^*^ + Bn sinh eS 0 
a a 


implies that By = —[An cosh(nzb/a)]/[sinh(nz b/a)], so 


A h(nzb 
Ya (y) = An cosh darn cis [eben sinh 22> 
a sinh(nzb/a) 
== 2n sinh ia cosh ~~ — cosh fep sinh ^. ). 
sinh(nz b/a) a a a a 
Therefore, 
b— 
Pic. TER (12) 
a 
where cn = A,/sinh(nzb/a). From (10) and (12) we obtain the formal series solution 
< a nax nnz(b-— y) 
» " = X,(x)Y, — 1 M inh zu 13 
u(x, y) 2. n(X)¥n(y) B — sin - (13) 


It remains only to choose the coefficients {cn } to satisfy the nonhomogeneous condition 


oo 
b : 
u(x,0) =Y (o sinh =) sin =~ = f(x), 
a a 
n=1 
For this purpose we want 


b 2 pfa 
dud aby i f(x) sin ^73 dx, 
a a Jo a 


so 
2 4 nux 

= ——————— c) sin —— dx. 14 

d a TRES l, fee a P aA 


With this choice of coefficients, the series in (13) is a formal series solution of the Dirichlet 
problem in (8). E 


For instance, suppose that 


4To 1. nzx 
ELI Ti = 
fix) = To = ) = sin 


if 0 < x < a, so that b, = 4To/(xn) for n odd and b, = 0 for n even. Then the 
formulas in (13) and (14) yield 


ues 4To `- sin(nzx/a) sinh[nz (b — y)/a] 


n sinh(nzb/a) un 


n odd 


for the steady-state temperature in a rectangular plate with its base held at temper- 
ature To and its other three edges at temperature zero. In particular, suppose that 
Tg = 100 and that a = b = 10. Then from Eq. (15) we find that the temperature at 
the center of the plate is 


400 sin(nz/2) sinh(nz/2) 
5,5) = 3 
rn 2 n sinhnz 


& 25.3716 — 0.3812 + 0.0099 — 0.0003; 


that is, u(5, 5) is approximately 25.00. 


Example 2 


Solution 


u=0 (10, 10) 


FIGURE 9.7.4. Typical level curves 
of the function u(x, y) in Eq. (15). 


(0, b) 


u(0, y) = 80) 


FIGURE 9.7.5. The "semi- infinite” 
strip of Example 2. 
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Remark 1: Can you supply an argument— perhaps using symmetry—that proves (without 
using the series solution) that u(5, 5) is exactly 25? 


Remark 2: In practice, engineers use solutions like the one in Eq. (15) to plot the variation 
of temperature within a plate or piece of machinery; they are particularly interested in any 
“hot spots" that may appear. Such information is often presented by constructing level curves 
on which the temperature function u(x, y) is constant. Figure 9.7.4 shows typical level curves 
for the function u(x, y) in (15) with a = b = 10 and Tọ = 100. [| 


Let R be the "semi-infinite" strip shown in Fig. 9.7.5. Solve the boundary value problem 
Uxx + uyy =0 (in R); 
u(x,0) = u(x,b) 20 (0 < x < oo), 
u(x, y) is bounded as x — +00, 


u(0, y) = g(y). 


(16) 


The condition that u(x, y) is bounded as x — +00 plays the role of a homogeneous bound- 
ary condition associated with the "missing" right edge of the "rectangle"; this is typical of 
Dirichlet problems for unbounded regions. With u(x, y) = X(x)Y(y), the actual homoge- 
neous conditions give Y(0) = Y(b) = 0. Hence it is Y(y) that will satisfy an eigenvalue 
problem. We therefore write the separation in (9) as 


-—=-1, (17) 
changing the sign of A to get the familiar eigenvalue problem 
Y”+AaY=0, Y(0)=Y(b)=0 


with eigenvalues and associated eigenfunctions 


2.,2 


n*z . NT 
an m TER. YaQ) = sin. (18) 
The general solution of 
n?g? 
X, — Xn =0 
n b2 n 


is Xn (x) = An exp(nz x/b) + Bn exp(—nz x/b). We write the solution in exponential form— 
instead of using the hyperbolic sine and cosine— because then the condition that u(x, y), 
and hence X(x), is bounded as x — -4-oo immediately implies that A, = 0 for all n. Upon 
suppressing the constant Bn we are left with 


Xn (x) = exp (-—) (19) 
From Eqs. (18) and (19) we get the formal series solution 
oo oo 
> u(x. y) = Y ba Xn()¥n(y) = Y. bn exp F) sin = (20) 
n=1 n=1 


that satisfies the homogeneous boundary conditions and the boundedness condition. In order 
also to satisfy the nonhomogeneous condition 


oo 
. nz 
u(0, y) = 2 bn sin LL =g), 
we choose 5; to be the Fourier sine coefficient 


b 
> eee f gO) sin "7? ay Q1) 
b Jo b 


of the function g(y) on [0, b]. 
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(10, 10) 


FIGURE 9.7.6. Typical level curves 
of the function u(x, y) of Example 2. 


u(a, 0) = f(0) 


FIGURE 9.7.7. The Dirichlet 
problem for a circular disk. 


For instance, if 


4Ti 1 . nx 
g() =To = — Y = sin : 
T n b 
n odd 
for 0 < y < b, then Eqs. (20) and (21) yield 


4To 1 nuxX\ . NTY 
u(x, y) — ^ > = exp ( 5 ) sin bo 
n odd 


Figure 9.7.6 shows some typical level curves of the temperature function defined by this 
formula with b = 10 and Tọ = 100. Because of the negative exponential factors in the terms 
of the final series, we see that the temperature u(x, y) > 0 as x — +00 (whereas in (16) we 
assumed only that u(x, y) remains bounded as x — +00). L| 


The Dirichlet Problem for a Circular Disk 


We now investigate the steady-state temperature in a circular disk of radius a with 
insulated faces and with given boundary temperatures. Obviously we should ac- 
commodate the geometry of the circle by expressing u = u(r, 0) in terms of polar 
coordinates r and 0, with x = rcos@ and y = rsin0. When these equations are 
used to transform the Laplacian—see, for instance, Problem 45 in Section 12.7 of 
Edwards and Penney, Calculus: Early Transcendentals, 7th edition, (Upper Saddle 
River, NJ: Prentice Hall, 2008)—the result is Laplace's equation in polar coordi- 
nates: 


u 18u 1 3u 


» V?u = =0. 22 
* go y 4238 2 jen 


We prescribe assigned boundary temperatures (as indicated in Fig. 9.7.7) by requir- 
ing that 


» u(a,0) = f(0). (23) 


where the function f(@) of period 27 is given. In addition, because (r, 0) and (r, 0 + 
27) are the polar coordinates of the same point, we impose on u the periodicity 
condition 


» u(r,0) = u(r, 0 + 2x) (24) 


forr < a and all 6; this will play the role of a homogeneous boundary condition. 
To solve the boundary value problem in Eqs. (22) through (24), we substitute 
u(r, 0) = R(r)8(0) in Eq. (22); the result is 


1 1 
R"O+ - R'O + — RO" — 0. 
r r2 


Division by RG/r? gives 


r? R" + rR’ ©” 


R T^ 


so it follows that 
r2 R" +r R' O” 1 
R98. 
for some constant A. This yields the two ordinary differential equations 


r? R" - rR' -AR 20 (25) 
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and 
@” +10 — 0. (26) 


The general solution of Eq. (26) is 


@(6) = Acosa0 + Bsinaé if A — o? » 0, (27a) 
G(8) = A+ BO if A — 0, (27b) 
O(0) = Ae*? + pe-*? if à = —o? <0. (27c) 


Now we apply the condition in (24), which implies that ©(0) = O(0 + 27); 
that is, that (0) has period 2x. In Problems 22 and 23 we ask you to show that this 
is so only if A = n? (n an integer) in (27a) or if A = 0 and B = 0 in (27b). Thus we 
have the eigenvalues and associated eigenfunctions 

Ào = 0, ©o(@) =1; (28a) 
An — n^, @n(O) = An cosn + By sinnd (28b) 


forn = 1,2,3,.... 
Next we turn our attention to Eq. (25). With Ao = 0 it reduces to the equation 
r? RY + rR = 0 with general solution 


Ro(r) = Co + Do lnr. (29) 


Of course we want u(r, 0), and hence R(r), to be continuous at r = 0; this requires 
that Do = 0 in Eq. (29), so Ro(r) = Co. Then, with A = Ay, = n?, Eq. (25) is 


r? R) + rR) — n? R, = 0. 
On substituting the trial solution R(r) = r*, we find that k = +n, so the general 
solution of the previous equation is 


Dn 
Ra (r) = Car” + —. (30) 
r 


Continuity at r = 0 then requires that D, = 0, so R,(r) = Cyr”. 
Finally we combine the results in Eqs. (28) through (30) with D, = 0 to obtain 
a formal series solution of the form 


u(r,0) = Ý Rn(r)On(6); 
n=0 


that is, 


> u(r, 0) = a + X an cos nO + b, sinn@)r”. (31) 


n=1 


In order that the boundary condition u(a, 0) = f(0) be satisfied, we want 
aw, on € 
u(a, 0) — 3 + X (ana cos nO + bna” sinnô) 


n=1 
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to be the Fourier series of f(0) on [0, 2z]. Hence we choose 


1 2x 
» an = —, f (0) cos n0 dé (n =0,1,2,...) (32a) 
wa 
and 
1 2x 
» b, = f(0) sinn0 dé (n—1,2,3,... (32b) 
za" 


For instance, if /(0) = To for 0 < 0 < x and f(0) = —To for x < 0 < 2x, so that 


AT, 
£(0) = — 
It 


n odd 


hie 
—sinnd, 
n 


then an = 0 for all n 2 0, bn = 0 for n even, and bn = 4To/(x na") for n odd. So Eqs. (31) 
and (32) yield 


ATY mos 
u(r, 0) = EU ran sinnô. Fe] 
1 na 


n odd 


Note In the Dirichlet problems of this section, we have concentrated on temperature func- 
tions with preassigned boundary values. In the case of a plate with an insulated edge—across 
which no heat can flow—the boundary condition is that the derivative of u(x, y) in the direc- 
tion normal to this edge vanishes. For instance, consider the rectangular plate in Fig. 9.7.2. 
If the edge x = 0 is insulated, then u (0, y) = 0, whereas if the edge y = b is insulated, then 
uy(x, b) = 0. 


In Problems 1 through 3, solve the Dirichlet problem for the 
rectangle 0 < x <a, 0 < y < b consisting of Laplace's equa- 
tion uxx + uyy = 0 and the given boundary value conditions. 


1. u(x,0) = u(x, b) = u(0, y) = 0, u(a, y) = gCy) 
2. u(x,0) = u(x, b) = u(a, y) = 0, u(0, y) = g(y) 
3. u(x,0) = u(0, y) = u(a. y) = 0, u(x, b) = f(x) 


4. Consider the boundary value problem 
Uxx + Uyy = 0; 
ux(0, y) = ux(a, y) = u(x, 0) = 0, 
u(x, b) = f(x) 


corresponding to a rectangular plate 0 < x <a,0 < y «b 
with the edges x = 0 and x = a insulated. Derive the 


solution 
SS . 
apy nz Xx ( sinh(nzy/a) 
u(x, y) = 2b T 2 (cos a ) RM : 
where 


2 a i 
an = =f f(x) cos > dx (n —0,1,2;... 
a Jo a 


(Suggestion: Show first that Ao is an eigenvalue with 
Xo(x) = Land Yo(y) = y.) 


In Problems 5 and 6, find a solution of Laplace’s equation 
Uxx + uyy = 0 in the rectangle 0 < x <a, 0 < y < b that 
satisfies the given boundary conditions (see Problem 4). 


5. uy(x,0) = uy(x,b) = u(a, y) = 0, u(0, y) = g(y) 
6. ux(0, y) = ux(a, y) = uy(x,0) = 0, u(x, b) = f(x) 


In Problems 7 and 8, find a solution of Laplace's equation in 
the semi-infinite strip 0 < x < a, y > 0 that satisfies the given 
boundary conditions and the additional condition that u(x, y) 
is bounded as y — +00. 


7. u(0, y) 2 u(a, y) 20, u(x,0) = f(x) 

8. ux(0, y) = ux(a, y) 20, u(x,0) = f(x) 

9. Suppose that a = 10 and f(x) = 10x in Problem 8. Show 
that 


400 1 


2 2 
X n 
n odd 


nx 


u(x, y) = 50 e "13/10 cos 


Then compute (with two-decimal-place accuracy) the val- 
ues u(0, 5), u(5, 5), and u(10, 5). 

10. The edge x — a of the rectangular plate 0 « x « a, 
0 < y < b is insulated, the edges x = 0 and y = 0 are 
held at temperature zero, and u(x, b) = f(x). Use the odd 
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half-multiple sine series of Problem 21 of Section 9.3 to 
derive a solution of the form 


_ nx . nmXy 
u(x,y) = Cn Sin —— sinh ——. 
(x.y) = J en sin T 
n odd 


Then give a formula for cy. 

11. The edge y = 0 of the rectangular plate 0 < x < a, 
0 < y < b is insulated, the edges x = a and y = b are 
held at temperature zero, and u(0, y) = g(y). Use the odd 
half-multiple cosine series of Problem 22 of Section 9.3 to 
find u(x, y). 

12. A vertical cross section of a long high wall 30 cm thick 
has the shape of the semi-infinite strip 0 < x < 30, y > 0. 
The face x — 0 is held at temperature zero, but the face 
x — 30 is insulated. Given u(x,0) — 25, derive the 
formula 

u(x,y) = am 1 ,-nmy/60 sin 


T n 
n odd 


nx 


for the steady-state temperature within the wall. 


Problems 13 through 15 deal with the semicircular plate of ra- 
dius a shown in Fig. 9.7.8. The circular edge has a given tem- 
perature u(a,0) = f(0). In each problem, derive the given 
series for the steady-state temperature u(r,0) satisfying the 
given boundary conditions along 0 = 0 and 0 = x, and give 
the formula for the coefficients cn. 


y 


0-z 0-0 x 


FIGURE 9.7.8. The semicircular plate of 
Problems 13 through 15. 


13. u(r, 0) = u(r, z) = 0; 
oo 
u(r,0) = X. cnr” sinnô 
=1 
14. ug(r,0) = ug(r, x) = 0; 


oo 
u(r, 0) — -— i RE Cnr” cos nO 
T n=1 
15. u(r,0) = ug(r, t) = 0; 
0 
u(r,0) = PN cnr"? sin > 
n odd 


16. Consider Dirichlet’s problem for the region exterior to the 
circle r = a. You want to find a solution of 


r?urr +rur +ugg =0 


such that u(a,0) = f(@) and u(r.0) is bounded as 
r — +00. Derive the series 


oo 
a 1 : 
u(r, 0) — 2 + J on n cos nO + bn sinn), 
-1 


and give formulas for the coefficients {an} and {bn}. 

17. The velocity potential function u(r, 0) for steady flow of 
an ideal fluid around a cylinder of radius r — a satisfies 
the boundary value problem 


2 


T Urr +rur + ugg —0 (r >a); 
ur (a, 0) = 0, u(r, 0) = u(r, —0), 
lim [u(r, 0) — Uor cos 6] = 0. 

roo 


(a) By separation of variables, derive the solution 
u(r, 9) = Vo (2 + a?) cos 0. 
F 


(b) Hence show that the velocity components of the flow 


= 0 U, 
ux = = = -z €? — a cos 20) 
and n U 
u 02. 
= — = —-—-a*sin20. 
ay dy 7^ 


The streamlines for this fluid flow around the cylinder are 
shown in Fig. 9.7.9. 


FIGURE 9.7.9. Streamlines for ideal fluid 
flow around a cylinder. 


Comment The streamlines in Fig. 9.7.9 are the level curves 
of the function w(x, y) given in part (b) of Problem 18. It is 
troublesome to write a computer program to plot such level 
curves. It is far easier to plot some solutions of the differential 
equation dy/dx = uy/ux. We did so with initial conditions 
xo = —5, yo = —2.7, —2.5, —2.3, ..., 2.5, 2.7. The solutions 
were obtained numerically using the improved Euler method 
(Section 2.5) with step size 0.02. 


18. (a) Show that the velocity potential in part (a) of Problem 
17 can be written in rectangular coordinates as 


a? 
x,y) = Upx | 1 + — l. 
Gr. y) = Vox (1+ t 
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(b) The stream function for the flow is 


a? 
W(x. y) = Uoy E $3 ) 


Show that Vu - Vy = 0. Because v = Vu is the velocity 
vector, this shows that the streamlines of the flow are the 
level curves of w(x, y). 


Problems 19 through 21 deal with a solid spherical ball of ra- 
dius r = a with initial temperature Tg throughout. At time 
t = 0 it is packed in ice, so its temperature at the surface r =a 
is zero thereafter. Its temperature then depends only on time 
t and the distance r from the center of the ball, so we write 
u = utr, t). 


19. (a) The heat content of the spherical shell with inner ra- 
dius r and outer radius r + Ar is 


r+Ar 
Q(t) = f côu(x, t) - Ax s? ds. 
" 


Show that Q'(t) = 4x cór?u; (r, t) for some r in the inter- 
val (r,r + Ar). (b) The radial heat flux is ¢ = —Kur 
across the bounding spherical surfaces of the shell in part 
(a). Conclude that 


Q'(t) = AnK [e + Arhu,(r + Ar,t)— r2u, (r, | : 


(c) Equate the values of Q'(r) in parts (a) and (b); then 
take the limit as Ar — 0 to get the equation 


ðu  k 0 ( 50u 
= r ‘ 
ət  r?ðr or 


(d) Finally, show that this last equation is equivalent to 


D 9? 
3; 09 =k 35:2 009: 


20. It follows from part (d) of Problem 19 that u(r, t) satisfies 
the boundary value problem 


a 3? 
3: 09 7 3,5009 (r « ay 


u(a,t) 20, u(r,0) = To. 


21. 


22. 


23. 
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Show that the new function u(r, t) = ru(r, t) satisfies a fa- 
miliar boundary value problem (in Section 9.5), and thus 
derive the solution 


2aT, oo =| n+1 2 2kt 
u(r.t) = o x eu exp me sin E 


nr a? a 
n=1 


(a) Deduce from the solution to Problem 20 that the tem- 
perature at the center of the ball at time ¢ is 


oo 2 2k 
u(0,t) = 2To Y (-1)"*! exp (- s j 


n=1 


(b) Let a = 30 cm and To = 100°C. Compute u (0, t) after 
15 min if the ball is made of iron with k = 0.15 cgs. (An- 
swer: Approximately 45°C.) (c) If you have access to 
a programmable calculator, repeat part (b) for a ball made 
of concrete with k — 0.005 in cgs units. About 15 terms 
are required to show that u = 100.00°C accurate to two 
decimal places. 

In the discussion of the Dirichlet problem for a circular 
disk in this section, we obtained the ordinary differen- 
tial equation ©” + A0 = 0 with the periodicity condition 
©(0) = ©(6 + 27). (a) Suppose that A = a? > 0. Show 
that the general solution 


G(0) = Acosaé + B sing 


has period 27 only if A = n? with n an integer. (b) In the 
case A = 0, show that the general solution 


©(6) = A0 + B 
is periodic only if A = 0. 
If A = —a? < 0 in Problem 22, then the general solution 


of the differential equation is 
@(0) = Ae9? + Be, 


Show that this function is not periodic unless A = B = 0. 


Eigenvalue Methods 
and Boundary Value 
Problems 


10.1 Sturm-Liouville Problems and Eigenfunction Expansions 


E the last three sections of Chapter 9, we saw that numerous different boundary 
value problems all lead—by separation of variables—to the same ordinary differ- 
ential equation 

» X"(x) +AX(x) 2 0 (0 « x « L), (1) 


containing an eigenvalue A, but with different endpoint conditions, such as 


X(0) = X(L) 20 (2) 
or 

X'(0) = X'(L) 20 (3) 
or 

X(0) = X'(L) — 0, (4) 


depending on the original boundary conditions. 

For example, recall the problem (in Section 9.5) of finding the temperature 
u(x,t) in a rod O < x < L with given initial temperature u(x,0) = f(x). Asa 
boundary value problem, this problem of the rod is the same as the problem of 
finding the temperature within a large slab that occupies the region 0 < x € Lin 
xyz-space. If its initial temperature depends only on x and is independent of y 
and z—that is, if u(x,0) = f(x)—then the same will be true of its temperature 
u — u(x,t) at time t. When we substitute 


u(x,t) = X(x)T(t) 
635 
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in the heat equation 


- du " 3u 
Ət 0x2 

we find that X(x) satisfies the endpoint conditions in (2) if the faces x = 0 and x = L 
of the slab are held at temperature zero, those in (3) if both faces are insulated, and 
those in (4) if one face is insulated and the other is held at temperature zero. But if 
each face loses heat to a surrounding medium (at temperature zero) in accord with 
Newton’s law of cooling, then (according to Problem 23 of Section 9.5) the endpoint 
conditions take the form 


hX(0) — X'(0) = 0 = hX(L) + X'(L), (5) 


where h is a nonnegative heat transfer coefficient. 

The point is that when we impose different endpoint conditions on the solution 
of Eq. (1), we get different eigenvalue problems, and hence different eigenvalues 
{àn} and different eigenfunctions {X,,(x)} to use in constructing a formal power 
series solution 


u(x,t) = Y eX.) nO (6) 


of the boundary value problem. The final step in this construction is to choose the 
coefficient {cy} in Eq. (6) so that 


u(x,0) = 5 cn Ta (0)Xs(x) = f(x). (7) 


Thus we need finally an eigenfunction expansion of the given function f(x) in terms 
of the eigenfunctions of the pertinent endpoint value problem. 


Sturm—Liouville Problems 


In order to unify and generalize the method of separation of variables, it is useful to 
formulate a general type of eigenvalue problem that includes as special cases each 
of those mentioned previously. Equation (1), with y instead of X as the dependent 
variable, can be written in the form 


d d 
> dx Ld — q(x)y + Ar(x)y = 0, (8) 
x dx 


where p(x) = r(x) = 1 and g(x) = 0. Indeed, we indicate in Problem 16 that 
essentially any linear second-order differential equation of the form 


A(x)y" + B(x)y' + CG)y + AD(x)y = 0 
takes the form in (8) after multiplication by a suitable factor. 
If we multiply the parametric Bessel equation 
xy" + xy! + (Ax? - n?)y =0 (x > 0) 
of order n by 1/x, the result may be written as 
2 a — - 4 Àxy =0, 


which is of the form in (8) with p(x) = r(x) = x and q(x) = n?/x. L| 
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Now, on solutions of Eq. (8) in a bounded open interval (a, b), let us impose 
homogeneous (linear) endpoint conditions of the form 


o1y(a) —o2y'(a) 20,  Biy(b) + B2y'(b) = 0, (9) 


where the coefficients o1, a2, f1, and £5 are constants. In addition to being homo- 
geneous, these two conditions are separated, in that one of them involves the values 
of y(x) and y'(x) at one endpoint x — a, whereas the other involves values at the 
other endpoint x = b. For instance, note that the conditions y(a) = y'(b) = 0 are of 
the form in (9) with o; = f2 = 1 and o? = f, = 0. 


DEFINITION Sturm-Liouville Problem 


A Sturm-Liouville problem is an endpoint value problem of the form 


d d 
[POG] otros «e — 0 


a y(a) — o2y'(a) = 0, Biy (b) + Bzy'(b) = 0, (9) 


with neither o; and o? both zero nor f£, and £5 both zero. The parameter A in (8) 
is the "eigenvalue" whose possible (constant) values are sought. 


Sturm-Liouville problems generalize the endpoint value problems of Section 
3.8 with sine and cosine solutions. They are named for the French mathematicians 
Charles Sturm (1803-1855) and Joseph Liouville (1809-1882), who investigated 
such problems in the 1830s. 


We get different Sturm-Liouville problems by pairing the same differential equation 
y’+Ay =0 (for 0 < x < L) 


with the different homogeneous endpoint conditions 
e y(0) = y(L) = 0 (where a; = fı = 1 and a2 = f2 = 0), 
e y'(0) = y'(L) = 0 (where a; = f1 = 0 and o? = f» = 1), and 
e y(0) = y'(L) = 0 (where a1 = f2 = 1 and a2 = Bj = 0). E 


Note that the Sturm-Liouville problem in (8)-(9) always has the trivial solu- 
tion y(x) = 0. We seek the values of A—the eigenvalues—for which this problem 
has a nontrivial real-valued solution (an eigenfunction), and for each eigenvalue 
its associated eigenfunction (or eigenfunctions). Note that any constant (nonzero) 
multiple of an eigenfunction will also be an eigenfunction. The following theorem 
provides sufficient conditions under which the problem in (8)-(9) has an infinite 
sequence (A431? of nonnegative eigenvalues, with each eigenvalue A, having (to 
within a constant multiple) exactly one associated eigenfunction y, (x). A proof of 
this theorem is outlined in Chapter 9 of G. P. Tolstov, Fourier Series (New York: 
Dover, 1976). 
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Solution 


THEOREM 1 Sturm-Liouville Eigenvalues 


Suppose that the functions p(x), p'(x), q(x), and r(x) in Eq. (8) are continuous 
on the interval [a,b] and that p(x) > 0 and r(x) > 0 at each point of [a,b]. 
Then the eigenvalues of the Sturm—Liouville problem in (8)-(9) constitute an 
increasing sequence 


Ài < Az < 13 < --- < Àn-1 < Àn < --- (10) 
of real numbers with 


lim À, = +00. (11) 


n—-oo 


To within a constant factor, only a single eigenfunction y; (x) is associated with 
each eigenvalue A,. Moreover, if g(x) Z 0 on [a, b] and the coefficients o, a2, 
P1, and f2 in (9) are all nonnegative, then the eigenvalues are all nonnegative. 


Note Itis important to observe the signs in (8) and (9) when verifying the hypotheses of 
Theorem 1. Sometimes the Sturm-Liouville problem in (8)-(9) is called regular if it satisfies 
the hypotheses of Theorem 1; otherwise it is singular. In this section we will confine our at- 
tention to regular Sturm-Liouville problems. Singular Sturm-Liouville problems associated 
with Bessel’s equation will appear in Section 10.4. 


In Example 3 of Section 3.8, we saw that the Sturm-Liouville problem 


"41 4y=0 0c: Ly: 
a y +Ày (0 « x « L) (12) 
y(0) = 0, y(L) =0 


has eigenvalues Ay, = n?z?/L? and associated eigenfunctions yn (x) = sin(nz x/L) (n = 1, 2, 
3, ...). There we had to consider the cases A = —a? «0,4 = 0, and À = 02 > 0 separately. 
Here p(x) = r(x) = 1, q(x) = 0, a; = B1 = 1, and a2 = B2 = 0, so we know from Theorem 
1 that the problem in (12) has only nonnegative eigenvalues. Therefore, only the two cases 
A = 0 and A = o? > 0 would need to be considered if we were starting afresh. " 


We are also familiar (from the problems in Section 9.5) with the Sturm- 
Liouville problem 


Hn . 
y i 0 © e xx) (13) 
y (0) — 0, y (L) —0, 
which has eigenvalues Ao = 0, An = n?z?/L? (n = 1, 2, 3, ...) and associated 
eigenfunctions yo(x) = 1, yn(x) = cos(nzx/L). We will customarily write Ao = 0 
if 0 is an eigenvalue and otherwise write A, for the smallest eigenvalue; thus A, 
always denotes the smallest positive eigenvalue. 


Find the eigenvalues and associated eigenfunctions of the Sturm-Liouville problem 


"41 4y=0 0c: L); 
a y T y (0 « x « L) (14) 
y (0) = 0, y(L) = 0. 


This is a Sturm-Liouville problem satisfying the hypotheses of Theorem 1 with o; = 85 = 0 
and a2 = f, = 1, so there are no negative eigenvalues. If à = 0, then y(x) = Ax + B, and 
thus y’(0) = A = 0 and y(L) = B = 0. Therefore 0 is not an eigenvalue. If A = o?, then 


y(x) = Acosax+Bsinax and y’(x) =—Aasinax + Bacosax. 


Example 5 


Solution 


FIGURE 10.1.1. The solution of 
Eq. (17) by geometric methods. 


n Xn (2n — 1)x/2 
1 2.0288 1.5708 
2 4.9132 4.7124 
3 7.9787 7.8540 
4 11.0855 10.9956 
5 14.2074 14.1372 
6 17.3364 17.2788 
7 20.4692 20.4204 
8 23.6043 23.5619 


FIGURE 10.1.2. Approximate 
values of the first eight positive 
solutions of tan x = —x. 
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Hence y’(0) = 0 implies that B = 0, and then y(L) = AcosaL = 0, so it follows that 
aL is an odd integral multiple of z/2: aL = (2n — 1)z/2. Thus we have the eigenvalues and 
associated eigenfunctions 


(Qn = 1222 (2n — 1)zx 
» An — o2 = J and yn(x) = cos =a 


fota 2:1,2:3, ers Ej 


Find the eigenvalues and associated eigenfunctions of the Sturm-Liouville problem 


> y +dAy=0 M qM (15) 
y(0) = 0, hy(L) + y (L) 20 (h»90) 


This problem satisfies the hypotheses of Theorem 1 with aj = f2 = 1,02 = 0, and £1 = h > 0, 
so there are no negative eigenvalues. If A = 0, then y(x) = Ax + B, thus y(0) = B = 0. Then 


hy(L)+ y'(L) 2 h- AL-- A — A- (hL 4-1) 5 0, 


and it follows that A = 0 as well. Thus 0 is not an eigenvalue. 
If A = o?, then 
y(x) = Acosax + Bsinax. 


Hence y(0) = A = 0, so 
y(x) = Bsinax and y'(x) = Bacosax. 


Therefore, 
hy(L) + y'(L) = hB sinaL + BacosaL = 0. 


If B 0, it follows that 


a aL 
t L2—--2-——, 1 
ana 5 AL (16) 


Thus B = aL is a (positive) solution of the equation 


x 

tanx ==. (17) 
The solutions of Eq. (17) are the points of intersection of the graphs of y(x) = — tan x and 
y(x) = x/hL, as indicated in Fig. 10.1.1. It is apparent from the figure that there is an infinite 
sequence of positive roots 61, B2, 63, ..., and that when n is large, By is only slightly larger 
than (2n — 1)z/2. See the table in Fig. 10.1.2, in which the first eight solutions of Eq. (17) 
are listed for the case hL — 1. At any rate, the eigenvalues and associated eigenfunctions of 
the problem in (15) are given by 


2 
DEN 
m^ 72° 


Bnx 


> An =a Í. 


(18) 


yn(x) = sino x = sin 


for n — 1, 2, 3, .... Equation (17) appears frequently in certain applications (mechanical 
vibrations and heat conduction are only two of many examples), and its solutions for various 
values of hL are tabulated in Table 4.19 of Abramowitz and Stegun, Handbook of Mathemat- 
ical Functions (New York: Dover, 1965). L| 


Orthogonal Eigenfunctions 


Recall from Section 9.1 that the familiar formulas for the coefficients in a Fourier 
series follow from the orthogonality of the sine and cosine functions. Similarly, the 
expansion of a given function in terms of the eigenfunctions of a Sturm-Liouville 
problem depends on a crucial orthogonality property of these eigenfunctions. The 
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functions $ (x) and y (x) are said to be orthogonal on the interval [a, b] with respect 
to the weight function r(x) provided that 


b 
» / $ (x)v (x)r(x) dx = 0. (19) 


The following theorem implies that any two eigenfunctions of a regular Sturm- 
Liouville problem that are associated with distinct eigenvalues are orthogonal with 
respect to the weight function r(x) in Eq. (8). 


THEOREM 2 Orthogonality of Eigenfunctions 


Suppose that the functions p, q, and r in the Sturm-Liouville problem in 
Eqs. (8)-(9) satisfy the hypotheses of Theorem 1, and let y;(x) and y;(x) be 
eigenfunctions associated with the distinct eigenvalues A; and A;. Then 


b 
> f noran (20) 


Proof: We begin with the equations 


d 
dx 


d dy; 
pm Lr — q(x)yj + Ajr(x)y; = 0. 


dy; 

" | - g(x)yi + Aur(x)y; = 0, 

d 

(21) 


These equations imply that A;, y; and Àj, y; are eigenvalue—eigenfunction pairs. If 
we multiply the first equation by y; and the second by y;, then subtract the results, 
we get 


d dy; 
Mr 3L (of abe "s LZ a + (Ai —A;)r(x)yiy; = 0. 


Hence 


d 
(Ai — Àj NHI) = Viz JL )2— z|- TIL 


od dyj dyj 
= $ [pe (aZ - 2-3] 


the latter of the two equalities being verifiable by direct differentiation. Therefore, 
integration from x — a to x — b yields 


4] 


b b 
i= a) f nOr da = [060 060560 - yO]. 2m 
From the endpoint condition in (9), we have 


oiyi(a) — a2y;(a) — 0. and «oiyj(a)—o2y;(a) = 0. 
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Because o, and o» are not both zero, it follows that the determinant of coefficients 
must be zero: 


yila)y (a) — y;(a)y;(a) = 0. 


Similarly, the second endpoint condition in (9) implies that 


yi(b)y; (b) — y;(b)y; (b) = 0. 


Thus the right-hand side in Eq. (22) vanishes. Inasmuch as A; Æ Àj, the result in 
(20) follows, and the proof is complete. A 


Eigenfunction Expansions 


Now suppose that the function f(x) can be represented in the interval [a,b] by an 
eigenfunction series 


oo 
> IQS Yan: (23) 
m=1 
where the functions yi, y2, y3, ... are the eigenfunctions of the regular Sturm— 
Liouville problem in Eqs. (8)-(9). To determine the coefficients c1, c2, ¢3, ..., we 


generalize the technique by which we determined the ordinary Fourier coefficients 
in Section 9.1. First we multiply each side of Eq. (23) by y; (x)r (x), and then we 
integrate from x — a to x — b. Under the assumption that termwise integration is 
valid, we obtain 


b oo b 
f FODDE en f neos Core dx. Q4) 
a m-i a 


But because of the orthogonality in (20), the only nonzero term on the right-hand 
side in Eq. (24) is the one for which m — n. Thus Eq. (24) takes the form 


b b 
f Tomori f [va COP r(x) dx, 


and therefore 


b 
/ Fyn E)r (x) dx 


» c Q5) 


n b m 
J [yn GP r(x) dx 


We therefore define the eigenfunction series in (23)—representing f(x) in terms of 
the eigenfunctions of the given Sturm-Liouville problem—by means of the choice 
of the coefficients specified by Eq. (25). 

For instance, suppose that the Sturm-Liouville problem is the familiar 


y’+ay=0 (0<x « x); 


y(0) = y(x) = 0, n) 
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Example 6 


for which r(x) = 1 and the eigenfunctions are y,(x) = sinnx for n = 1, 2, 3, .... 
Then Eq. (25) yields 


A f(x)sinnx dx 
_ Jo 


X 
l sin? nx dx 
0 


T 
I 
sin? x dx = —. 
0 2 


This is the familiar formula for the Fourier sine coefficients, and so the eigenfunc- 
tion series in (23) is simply the familiar Fourier sine series 


= f f(x)sinnx dx, 
T Jo 


because 


f(x)- ps Cy Sin nx 


of f(x) on [0, zr]. 
The following theorem, stated without proof, generalizes the Fourier conver- 
gence theorem of Section 9.2. 


THEOREM 3 Convergence of Eigenfunction Series 


Let y1, y2, ya. ... be the eigenfunctions of a regular Sturm-Liouville problem on 
la, b]. If the function f(x) is piecewise smooth on [a, b], then the eigenfunction 
series in Eq. (23) converges for a « x « b to the value f(x) wherever f is 
continuous, and to the average i [f(x+) + f (x—)] of right-hand and left-hand 
limits at each point of discontinuity. 


For the Sturm-Liouville problem y" + Ay = 0 (0 < x < L), y’ (0) = y(L) = 0 of Example 4, 
we found the eigenfunctions y, (x) = cos(2n — I)z x/(2L), n = 1, 2, 3, .... The corresponding 
eigenfunction series for a function f(x) is 


(2n — 1)zx 


f(x) = x Cn COS 2I. 


n=1 


(27) 
with 


L 
l f(x) cos [(2n — 1)rx/2L] dx 
0 


Cg — 


L 
f cos? [Qn — Dzx/2L] dx 
0 


mud 


= 2 fee dx, (28) 


because 


dx : 
2L 2 
Thus the series in Eq. (27) is the odd half-multiple cosine series of Problem 22 of Section 
9.3. Similarly, the Sturm-Liouville problem y" + Ay = 0, y(0) = y’(L) = 0 leads to the odd 
half-multiple sine series 


fG) = Yen sin (un zo o -2f Jon EE UE I dx (29) 


T 2 (2n — l)rx L 
cos = 
0 


n=1 


of Problem 21 of Section 9.3. L| 


Example 7 


Solution 
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Represent the function f(x) = A (a constant) for 0 < x < 1 as a series of eigenfunctions of 
the Sturm-Liouville problem 


y’ +ay =0 (0<x <1); 


y(0) = 0, y(1) + 2y'(1) = 0. (90) 


Comparing (30) with (15), we see that this is the Sturm-Liouville problem of Example 5 
with L = 1 and h = 1. From (17) and (18) we see that the eigenfunctions of the problem 


are therefore y, (x) = sin nx where 1, B2. P3, ... are the positive roots of the equation 
tanx — —2x. Hence the coefficients in the desired series are given by 
1 
Í Asin nx dx 
cn = 794 ; (31) 
f sin? B, x dx 
0 


1 
Now f Asin nx dx = A(1 — cos Bn)/By and 
0 


1 1 1 1 
| sin? Bux dx = I =(1 — cos 2n x) dx = = E - 
0 o 2 2 


TE 


Consequently, 
[stp xdx = T (1+2cos? p ) 
s n? 2 n]- 


In the last step we used the fact from Eq. (17) that (sin £4)/B, = —2cos By. Substituting 
these values for the integrals in (31), we get the eigenfunction series 


co 


E 2A(1 — cos By) 
f£ 2. Bn (1 + 2cos? Bn) 


sin nx. (32) 
EJ 


Remark A numerical investigation of the eigenfunction series in Eq. (32) is outlined in the 
computing project for this section. a 


Summary 


According to the theorems in this section, every regular Sturm-Liouville problem 
has the following three properties: 


e [thas an infinite sequence of eigenvalues diverging to infinity (Theorem 1). 

e The eigenfunctions are orthogonal with appropriate weight function (Theorem 
2). 

e Any piecewise smooth function can be represented by an eigenfunction series 
(Theorem 3). 


There are other types of eigenvalue problems in applied mathematics that also enjoy 
these three important properties. Some isolated examples will appear in subsequent 
sections, though we will confine our attention largely to applications of Sturm- 
Liouville problems. 
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| 10.1| Problems 


The problems for Section 3.8 deal with eigenvalues and eigen- 
functions and may be used here as well. In Problems 1 through 
5, verify that the eigenvalues and eigenfunctions for the indi- 
cated Sturm—Liouville problem are those listed. 


1. y" + Ay = 0, y'(0) = y'(L) = 0; Ao 
An = n?z?/L?, y (x) = cosnax/L 

2. y" c Ay 20, y(0) = y'(L) = 03 àn = (2n 
yn(x) = sinn — Dxx/2L,n 2 1 

3. y" tay = 0, y'(0) = hy(L) + y'(L) = 0 (h > 0); 
An = B2/L?, yn(x) = cos Bnx/L (n Z 1), where By is 
the nth positive root of tanx = hL/x. Sketch y = tanx 
and y = hL/x to estimate the value of f; for n large. 

4. y" + Ay = 0, hy(0) — y'(0 = y(L) = 0 (h > 0); An = 
Bale: Yn(x) = Bn cos Byx/L + hL sin nx/L (n 2 1), 
where f), is the nth positive root of tan x = —x/hL. 

5. y" E Ay =0, hy(0) — y'(0) = hy(L) + y'(L) = 0 (h > 0); 
An = B2/L?, yn (x) = Bn cos Bnx/L + AL sin Byx/L (n = 
1), where By is the nth positive root of tan x = 2hLx/(x? — 
h? L?). Estimate f, for n large by sketching the graphs of 
y = 2hL cot x and the hyperbola y = (x? — h? L?)/x. 

6. Show that the Sturm-Liouville problem y" + Ay = 0, 
y(0) = y'(L) = 0 leads to the odd half-multiple sine series 
in Eq. (29) (see Problem 2). 


0, yo(x) = 1 and 


1?a?/AL2, 


In Problems 7 through 10, represent the given function f(x) 
as a series of eigenfunctions of the indicated Sturm—-Liouville 
problem. 


7. f(x) = 1; the Sturm-Liouville problem of Example 5 


8. f(x) = 1; the Sturm-Liouville problem of Problem 3 
9. f(x) 2 x; the Sturm-Liouville problem of Example 5 
with L = 1 
10. f(x) =x; the Sturm-Liouville problem of Problem 3 with 
L 1 


Problems 11 through 14 deal with the regular Sturm—Liouville 
problem 

y" E Ay = 0 

»(0) = 0, 


(0« x « L); 


(33 
hy(L) — y'(L) = 0, i 
where h > 0. Note that Theorem 1 does not exclude the possi- 
bility of negative eigenvalues. 


11. Show that Ao = 0 is an eigenvalue if and only if AL = 1, 
in which case the associated eigenfunction is yo(x) = x. 

12. Show that the problem in (33) has a single negative eigen- 
value A if and only if hL > 1, in which case Ap = -po/L? 
and yo(x) = sinh fox/L, where Bo is the positive root of 
the equation tanhx = x/hL. (Suggestion: Sketch the 
graphs of y — tanh x and y — x/AL.) 

13. Show that the positive eigenvalues and associated eigen- 
functions of the problem in (33) are Ay = f2/L? and 
yn(x) = sin fg, x/L (n Z 1), where f, is the nth positive 
root of tan x — x/AL. 


14. Suppose that hL = 1 in (33) and that f(x) is piecewise 
smooth. Show that 


oo B x 
5 n” 
f(x) = cox + 2 Cn SIN T’ 
n=1 
where {By h are the positive roots of tan x — x, and 


3 L 
co = Bf, xf (x) dx, 


2 L . Bnx 
Cn = ———— x) sin dx. 
"^ Lsin?f, Í, i L 


15. Show that the eigenvalues and eigenfunctions of the 
Sturm-Liouville problem 


y"+ay=0 (0<x <1); 
yO +y (0-0,  y()20 
are given by Ag = 0, yo(x) = x — 1 and 
Àn = B2, 


for n Z 1, where ( Br} are the positive roots of tan x = x. 
16. Beginning with the equation 


yn(x) = fn cos nx — sin nx 


A(x)y" + B(x)y' + C(x)y + AD(x)y = 0, 


first divide by A(x) and then multiply by 


BO 
p(x) = exp (/ Ae as) ; 


Show that the resulting equation can be written in the 
Sturm-Liouville form 


d 


dy u 
ce coal —q(x)y +Ar(x)y =0 


with q(x) = —p(x)C(x)/A(x) and 


r(x) = p(x)D(x)/A(x). 


Loaded Uniform Beam 


Consider a uniform beam with (downward) load w(x), whose 
deflection function y(x) satisfies the fourth-order equation 


Ely) = w(x) 


for 0 « x < L and the endpoint conditions 

e y= y" «0ata hinged (or simply supported) end; 

e y= y' =Q at a fixed (built-in) end; 

e y! 2 y® = 0ata free end. 
In the case in which each end is hinged, y(x) can be found by 
the Fourier series method discussed in Section 9.4—that is, by 
substituting the Fourier series 


MES: 
y(x) = yc" sin | 
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in the differential equation 


oo 
Ely = w(x) = Cn Sin — (34) 


n=1 


(where cn is the nth Fourier sine coefficient of w(x)) to deter- 
mine the coefficients {by}. 


17. Suppose that w is constant in Eq. (34). Apply the method 
described here to obtain the deflection function 


4wL4 l- AAN 

x)= sin . 

y(x) EIn? 2: n? L 
n odd 


18. Suppose that w — bx in (34). Derive the deflection func- 
tion 
2bL* Q9 (—1)*! | nax 
Ein » m UL 
n= 


yx) = 


The method used in Problems 17 and 18 succeeds because 
the functions sin(nz x/L) satisfy the hinged/hinged conditions 
y(0) = y"(0) = y(L) = y"(L) = 0, so that y(x) does also. 

If, instead, both ends of the beam are fixed, in place of 
the sine functions we can use the eigenfunctions of the problem 


y9 -Ay 20 
y(0) = y'(0) = 0, 


(0« x « L); 
y(L) = y'(L) = 0, 


because these eigenfunctions satisfy the fixed/fixed endpoint 
conditions. The eigenvalues of this problem are all positive, 
and by Problem 22 the associated eigenfunctions are orthogo- 
nal with weight function r(x) = 1. Hence we can write 


(35) 


T. 
Í w(x)yn(x) dx 


: 
f [yn GO? dx 
0 


according to the analog of Theorem 3 that holds for the prob- 
lem in (35). If we write à = a4, then ya (x) is of the form 


w(x) = M nyn). Cn = (36) 
=1 


y(x) = Acoshax 
+ Bsinhax + Ccosax + Dsinax, (37) 


with a = an, so it follows that y (x) = 02 yn (x). When we 
substitute the series y(x) = Y, bn yn(x)—which evidently sat- 
isfies the fixed/fixed endpoint conditions—in (35), we obtain 


oo oo 
EI Y buo yn(x) = D> CnynQO. 
=1 


n=1 
Hence E Ibo = cg, so the deflection function of the beam is 


CO 


yO) 2 35 zoo. (38) 


n=1 


The following problems deal with the eigenvalues and 
eigenfunctions of the problem in (35) and similar problems. 


19. Begin with the general solution in (37) of y 9 — ^y — 0. 
First note that y(0) = y’(0) = 0 implies that C = —A and 
D = —B. Then impose the conditions y(L) = y'(L) = 0 
to get two homogeneous linear equations in A and B. 
Hence the determinant of coefficients of A and B must 
vanish; deduce from this that coshaL cosa L = 1. Con- 
clude that the nth eigenvalue is An = Bim where (B. 
are the positive roots of the equation cosh x cos x = 1 (see 
Fig. 10.1.3). Finally, show that an associated eigenfunc- 
tion is 


yn (x) = (sinh f, — sin By) (cosh Pos — cos e) 


— (cosh B, — cos Bn) (sinn fot — sin E) ; 


y=cosx 


FIGURE 10.1.3. The solutions of cosh x cos x = 1 
(the graph is not drawn to scale). 


20. For the case of a cantilever (fixed/free) beam, we need to 
solve the eigenvalue problem 


y? —Ày-0 
y(0) = y'(0) — 0, 


(0c x«L) 
y" (L) = y (L) =0. 


Proceeding as in Problem 19, show that the nth eigenvalue 
is Àn = B, where (Bs. are the positive roots of 
the equation cosh x cos x — —1. Then find the associated 
eigenfunction. 

21. For the eigenvalue problem 


y)—Ay=0, yO) =y 0) =0 = y(L) = y"(L) 


corresponding to a fixed/hinged beam, show that the nth 
eigenvalue is Ay = BL, where (8n). are the positive 
roots of the equation tanh x — tan x. 


22. Suppose that D — Àmym and 9 — Ànyn. Apply the 


method of proof of Theorem 2 and integrate by parts twice 
to show that 


L 
Oe I edk 


d? d? 
= [mo B Ima) 
x dx 


L 
dyn d? ym dym d? y, 

dx dx? dx dx? 
Conclude that if each endpoint condition is either y = y’ = 
0, y = y" = 0, or y" = y®) = 0, then ym and y, are or- 
thogonal if Am Æ An. 
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WARS eeta Numerical Eigenfunction Expansions 


Bn 


1.8366 
4.8158 
7.9171 
.0408 
.1724 
17.3076 
.4448 
23.5831 
.7222 
.8619 
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FIGURE 10.1.4. The first 10 
positive solutions of Eq. (2). 


FIGURE 10.1.5. The eigenfunctions 
yn(x) = sin nx for n = 1, 2, 3, 4. 


We outline a MATLAB-based numerical investigation of the eigenfunction series 


oo 


O 2(1 — cos Bn) 
jp 2. Bn(1 + 2cos? Bn) 


sin f,x (1) 
for 0 < x < 1. (We have taken A = 1 in Eq. (32) of this section.) Maple and 
Mathematica versions of this investigation are included in the applications manual 
that accompanies this text. 

We saw in the solution of Example 7 that the values {6,}9° in Eq. (1) are 
the positive solutions of the equation tan x = —2x. Just as indicated in Fig. 10.1.1 
(for the similar equation tan x = —x), the value of 6, is (for n large) just slightly 
larger than (2n — 1)z/2. But because of the discontinuities in the tangent function 
near these solutions, it is best for automatic root-finding to rewrite our eigenvalue 
equation in the form 


(2) 


sin x + 2x cos x = 0. 
Then the MATLAB command 


b = fsolve('sin(x)+2*x.*cos(x)', pi/2+0.1+(0:pi:99xpi) ); 


quickly generates the first 100 values of p; (see Fig. 10.1.4). (We have provided a 


vector 
X 
xo = = 


2 
of 100 initial guesses.) The commands 


-0.14 [0 m 2n 3m 99x | 


x= 0: 1/200: 1; 
forn=1: 4 

plot(x, sin(b(n) *x) 
end 


graph the first four eigenfunctions (Fig. 10.1.5). 

You may find it interesting to apply the MATLAB command diff (b) to verify 
that By — Bn—1 7 3.1416 for n Z 65. Thus successive eigenvalues do, indeed, appear 
to be separated by zx. The command 


c = 2*(1 - cos(b))./(b.*(1 + 2*xcos(b) .^2)); 


calculates the first 100 coefficients in the eigenfunction series in (1). We find that 


f(x) ~ (1.2083) sin By x + (0.3646) sin B2x + (0.2664) sin 3x 
+ (0.1722) sin B4x + --- + (0.0066) sin Bo7x + (0.0065) sin Bogx 
+ (0.0065) sin Boox + (0.0064) sin 100X 


with the numerical coefficients evidently decreasing quite slowly. Finally, the com- 
mands 


= 0 1/500 : 1; 
zeros (size(x)); 
or n= 1 : 100 
y = y + c(n) xsin(b(n)xx); 
end 
plot (x,y) 


graph this partial sum (Fig. 10.1.6). Note the Gibbs phenomenon that appears at 
x =0. 


25 terms 
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50 terms 100 terms 


-1 0 1 -1 0 1 
x x 


N 


FIGURE 10.1.6. Graphs with N = 25, N = 50, N = 100 of the partial sum > Cn sin By x of the eigenfunction series in Eq. (1). 


n=l 


You can check your understanding of eigenfunction expansions by reworking 
Example 7, except on the interval 0 < x < L and with the right-endpoint condition in 
(30) replaced with y (L) + k y'(L) 7 0. Select your own values L > 1 and k > 2. Then 
calculate the resulting values of 6, and construct graphs like those in Figs. 10.1.5 
and 10.1.6. In Fig. 10.1.6 we see convergence to f(x) = 1 within the interval 
0 < x < 1, but a typical Gibbs phenomenon at x = 0. 


ED Applications of Eigenfunction Series 


Example 1 


Solution 


This section is devoted to three examples that illustrate the application of the eigen- 
function series of Section 10.1 to boundary value problems. In each, the method of 
separation of variables leads to a Sturm-Liouville problem in which the eigenfunc- 
tions are used as building blocks to construct a solution satisfying the nonhomoge- 
neous boundary condition in the original problem. 


A uniform slab of material with thermal diffusivity k occupies the space region 0 < x < L 
and initially has temperature Uo throughout. Beginning at time t = 0, the face x = 0 is held 
at temperature zero, while at the face x — L, heat exchange takes place with a surrounding 
medium at temperature zero, so hu + ux = 0 there (by Problem 23 of Section 9.5; the constant 
h is an appropriate heat transfer coefficient). We want to find the temperature u(x, t) of the 
slab at position x at time ¢; u(x, t) satisfies the boundary value problem 


ut = kuxx (0<x<L, t>0); (1) 

" u(0,t) = 0, (2) 
hu(L,t) 4- ux(L,t) = 0, (3) 

u(x,0) = Up. (4) 


As in Section 9.5, we begin by substituting u(x,t) = X(x)T (t) in Eq. (1) and thereby obtain 


x" T 
4X aT 
as usual, so 
X" - AX 2 T' c AKT — 0. (5) 


Now Eq. (2) gives X(0) = 0, and Eq. (3) yields AX(L)T (t) + X'(L)T(t) = 0. We naturally 
assume that T(t) is not identically zero (because we are not looking for a trivial solution); it 
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follows that X(x) and A satisfy the Sturm-Liouville problem 


X" 4+AX =0 (0 « x « L); 


i (6) 
X(0) = 0, hX(L) + X'(L) = 0. 


In Example 3 of Section 10.1, we found that the eigenvalues and associated eigenfunctions 
of this problem are 


2 
ine A Xn (x) = sin Pot (7) 
for n = 1, 2, 3, ..., where f, denotes the nth positive root of the equation 
tanx — m) (8) 


AL 


When we substitute à = 62/L? in the right-hand equation in (5), we get the first-order 
equation 


2p 
Ta (t) = exp Gea : (9) 


Consequently, each of the functions 


2 : 
Un(x,t) = Xn(x)Tn(t) = exp ( 2d sin fot 


satisfies the homogeneous conditions in (1)—(3) of the boundary value problem. It remains 
only for us to choose the coefficients so that the formal series 


oo 2 
» u(x,t) = 5 Cn €Xp (- ej sin fot (10) 


n=1 


also satisfies the nonhomogeneous condition 
oo B x 
u(x,0) = 3 sin 7— = Up. (11) 


Now r(x) = 1 in the Sturm-Liouville problem in (6), so by Theorem 3 and Eq. (25) of 
Section 10.1, we can satisfy Eq. (11) by choosing 


L B x 
Uo sin —— d; 
Í o sin p d* 
L 
I sin? fat dx 
0 L 


L 

5 L 
f Gein dx = Do (1 — cos Bn), 
0 L Bn 


and by essentially the same computations as in Example 5 of Section 10.1 we find that 


L 
2 Bax, — 1 2 
Í sin L dx = T (hL + cos fs). 


» Cn = 


But 


Hence 
_ 2UohL(1 — cos? Bn) 


Pn (hL + cos? Bn) ° 


Cn 


F(x, t) | NEUE + Ax, t) 


x 


FIGURE 10.2.1. 
the bar. 


x+Ax 


A small segment of 
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and substitution of this value in (10) yields the formal series solution 


oo 
1 — cos By 2kt\ . Bux 
xv 1) e ALY 7 i 12 
u(x,t) = 2U > jeter? L2 E L (2) 


Remark A numerical investigation of the eigenfunction series in (12) is outlined in the 
computing project for this section. E 


Longitudinal Vibrations of Bars 


Suppose that a uniform elastic bar has length L, cross-sectional area A, and density 
ô (mass per unit volume), and occupies the interval 0 € x € L when it is unstretched. 
We consider longitudinal vibrations of the bar in which each cross section (normal 
to the x-axis) moves only in the x-direction. We can then describe the motion of the 
bar in terms of the displacement u(x, t) at time t of the cross section whose position 
is x when the bar is unstretched (and at rest); we may refer to this particular cross 
section as the cross section x of the bar. Then the position at time ¢ of the cross 
section x is x + u(x,t). It follows (see Problem 13) from Hooke's law and the 
definition of the Young's modulus E of the material of the bar that the force F(x, t) 
exerted on the cross section x by the part of the bar to the left of this section is 


F(x,t) = -AEus(x, t), (13) 


the minus sign signifying that F acts to the left when ux (x, t) > 0. To see why this 
is so, we consider the segment of the bar that lies between cross section x and cross 
section x + Ax (Fig. 10.2.1). At time ¢ the ends of this segment are at x + u(x,t) 
and x + Ax + u(x + Ax, t), respectively, so its length (originally Ax > 0) is now 
(using the mean value theorem) 


Ax + u(x + Ax,t) -u(x,t) = Ax + ux($,t) Ax 


for some € between x and x + Ax. So if u(x,t) > 0 and Ax is sufficiently small, 
then (by continuity) u(x,t) Ax > 0. Hence the segment is indeed stretched to a 
length greater than Ax. And therefore forces F(x,t) and F(x + Ax, t) acting to the 
left and right, respectively (as indicated in Fig. 10.2.1), would be required to sustain 
this stretching. 

We take Eq. (13) as the starting point for our derivation of the partial differen- 
tial equation that the displacement function u(x, t) satisfies when the displacements 
are sufficiently small that Hooke's law may be applied. If we apply Newton's second 
law of motion to the segment of the bar between cross section x and cross section 
X + Ax, we get 


(6A Axut (x, t) zz —F(x + Ax,t) + F(x,t) 
= AE [ux (x + Ax,t) — ux(x,t)], (14) 


where x denotes the midpoint of [x, x + Ax], because this segment has mass óAAx 
and approximate acceleration u;;(x,1). When we divide the expression in (14) by 
6A Ax and then take the limit as Ax — 0, the result is the one-dimensional wave 
equation 


> eg (15) 
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Example 2 


@ 


FIGURE 10.2.2. The bar-and-mass 


system of Example 2. 


Solution 


where 
E 
2—-—. 16 
a F (16) 


Because Eq. (15) is identical to the equation of the vibrating string, it follows from 
our discussion of the d’Alembert solution in Section 9.6 that the (free) longitu- 
dinal vibrations of a bar with fixed ends are represented by waves of the form 
u(x,t) = g(x xat). The velocity a = V EJó with which these waves travel is 
the velocity of sound in the material of the bar. Indeed, the wave equation in (15) 
also describes ordinary one-dimensional sound waves in a gas in a pipe. In this 
case, E in Eq. (16) denotes the bulk modulus (fractional increase in density per unit 
increase in pressure) of the gas and ô is its equilibrium density. 


A bar has length L, density 5, cross-sectional area A, Young's modulus £, and total mass 
M = AL. Its end x = 0 is fixed and a mass m is attached to its free end (Fig. 10.2.2). The 
bar initially is stretched linearly by moving m a distance d = bL to the right (so the cross 
section x of the bar is initially displaced by bx). Then at time ¢ = 0 the system is released 
from rest. To determine the subsequent vibrations of the bar, we must solve the boundary 
value problem 


Utt = a^ uxx (0c x « L, t>0); (17a) 

j u(0,t) = 0, (17b) 
mutt (L, t) = —AEux(L,t), (17c) 

u(x, 0) = bx, uz(x,0) = 0. (17d) 


The endpoint condition at x = L in (17c) comes from equating ma = mu;; for the mass with 
the force F = —A Euy given in (13)—the mass being acted on only by the bar. Substitution 
of u(x,t) = X(x)T(t) in ug; = a2uy, leads, as usual, to the equations 


X" +AX =0, T" +Aa?T =0. (18) 


The boundary condition in (17b) yields u(0, t) = X(0)T (t) = 0, so one endpoint condition is 
X(0) = 0. Because u;; = XT" and uy = X’T, Eq. (17c) yields 


mX(L)T"(t) = -AEX'(L)T(t) 


as the other endpoint condition. Substitution of 
AE 
T” (t) = —ha? T(t) = ua T(t), 


followed by division by —ET(t)/5, gives mAX(L) = AdX’(L). Thus the eigenvalue problem 
for X(x) is 


X" E AX =0; 


X(0) =0, mAX(L)- A6X'(L). (19) 


It is important to note that—because of the presence of A in the right-endpoint condition— 
this is not a Sturm-Liouville problem, so Theorems 1 through 3 of Section 10.1 do not apply. 
Nevertheless, all eigenvalues of (19) are positive (Problem 9). We therefore write 1 = o?, 
and note that X(x) — sinox satisfies X(0) — 0. The right-endpoint condition in (19) then 
yields 


mo? sinaL = AdacosaL, 


and thus 


AS M/m 
tanaL = — = 
ma aL 


(20) 


FIGURE 10.2.3. The positive roots 
Bnd of Eq. (22). 
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because M = AóL. We put B = aL; it follows that the eigenvalues of (19) and associated 
eigenfunctions are 


X 7 X - Dn 
n= T2 n(x) — sin (21) 
forn = 1, 2,3,..., where (Bn. are the positive roots of the equation 
M 
tanx — p ; (22) 
x 
indicated in Fig. 10.2.3. 
Next, we deduce in the usual way from 
" Za? / 
T, + 13 T, =0, T/(0)=0 (23) 


that Ta (t) = cos(fnat/L) to within a multiplicative constant. Thus it remains only to find 
coefficients {cy H so that the series 


: Bnat . Bnx 
» u(x,t) = 2.5 cos L sin L (24) 
satisfies the nonhomogeneous condition 
u(x,0) — 3 in e ed Q5) 
=1 L 


Caution is required because (19) is not a Sturm-Liouville problem. Indeed, we ask you to 
show in Problems 14 and 15 that the eigenfunctions {sin(a x/L) are not orthogonal on 
the interval [0, L] with respect to the putative weight function r(x) = 1, so the coefficient 
formula in Eq. (25), Section 10.1, is not applicable here. 

But in the case of longitudinal vibrations one ordinarily is not so much concerned with 
the displacement function u(x,t) itself. Of greater interest is the question of how the bar's 
natural frequencies of vibration are affected by the mass m on its free end. Whatever the 
coefficients in Eq. (25) may be, we see from Eq. (24) that the nth circular frequency is 


LE 
"WR EV Qo 


where f), is the nth positive solution of Eq. (22), which can be rewritten in the form 


mx 


cotx = 4r. (27) 


Thus the natural frequencies are determined by the ratio of the mass m to the total mass M 
of the bar. a 


Remark The case of no mass on the free end of the bar corresponds to m = 0. Then Eq. (27) 
reduces to the equation cos x = 0, whose nth positive solution is n = (2n — 1)z/2. Then the 


nth circular frequency is given by 
_ Qn—-1l)x [E 
West m Wa v 


In Problem 8 we ask you to derive this result directly, beginning with the boundary value 
problem for a bar with one end fixed and the other end (completely) free. E 
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y, t) 


FIGURE 10.2.4. A bar undergoing 
transverse vibrations. 


Example 3 


Solution 


Transverse Vibrations of Bars 


We now discuss vibrations of a uniform elastic bar in which the motion of each 
point is not longitudinal, but instead is perpendicular to the x-axis (the axis of the 
bar in its equilibrium position). Let y(x,t) denote the transverse displacement of 
the cross section at x at time f£, as indicated in Fig. 10.2.4. We merely want to 
outline a derivation of the partial differential equation that the deflection function 
y (x, t) satisfies. Recall first that in Section 3.8 we introduced the equation E7y(? = 
F for the static deflection of a bar or beam under the influence of a transverse 
external force F (per unit length). According to a general dynamical principle, we 
can transform the static equation EZy? = F into a dynamical equation (with no 
external force) by replacing F with the reversed inertial force F — —py;;, where p 
is the linear density (mass/length) of the bar, and also by replacing y? with yxxxx. 
This gives 


aty 3y 
> EI— = -p —, 
x4 Pap 
which may be written in the form 
0? y 9*y 
» — +qt_~ =0, 29 
$i C Axa Ud 
where 
EI 
os, (30) 
p 


The following example illustrates the solution of this fourth-order partial differential 
equation by the method of separation of variables. 


A uniform bar with linear density p, Young's modulus Æ, and cross-sectional moment of 
inertia 7 is simply supported (or hinged) at its two ends x = 0 and x = L. If the bar is set 
in motion from rest with given initial position f(x), then its displacement function y(x, t) 
satisfies the boundary value problem 


Yer + ag re = 0 (0<x<L, t >0); (31a) 
» y(0,t) = yxx(0,t) = y(L.t) = yxx(L,t) = 0, (31b) 
y(x,0) = f(x). yr(x, 0) = 0. (31c) 


Find y(x. t). The boundary conditions in (31b) are the hinged-end conditions that we accept 
without proof, and those in (31c) are the initial conditions. 

Substitution of y(x,t) = X(x)T(t) in the differential equation yields XT" + 
a^ XT = 0, so 


xo T" 7 
sur NR 2 
X art e3 
To determine the sign of A, we reason that the equation 
T" 4 Aa^T =0 (33) 


must have trigonometric rather than exponential solutions. The reason is that on the basis 
of practical experience—with tuning forks or xylophone bars, for instance—one expects pe- 
riodic vibrations to take place. This could not occur if A were negative and Eq. (33) had 
exponential solutions. Hence A must be positive, and it is convenient to write A = o^ > 0. 
Then X(t) must satisfy the equation 


x 9(x) - at X(x) = 0, (34) 


10.2 Applications of Eigenfunction Series 653 


which has the general solution 
X(x) = Acosax + Bsinax + C coshax + D sinhox, 


with 
X"(r) = a7(—Acosax — B sinax + C coshax + D sinh ax). 
The endpoint conditions in (31) yield 


X(0) = X"(0) = X(L) = X"(L) = 0. (35) 
Hence 
X(0 — A--C 20 and X"(0) =-A+C =O, 


and these two equations imply that 4 — C — 0. Therefore, 
X(L) = BsinaL + DsinhaL = 0 


and 
X"(L) = o?(—B sinaL + D sinhaL) = 0. 


It follows that 
BsinaL —0 and DsinhoL = 0. 


But sinhaL # 0 because a Z 0; consequently, D = 0. Hence B Æ 0 if we are to have a 
nontrivial solution, so sinaL = 0. Thus œ must be an integral multiple of z/L. Therefore, 
the eigenvalues and associated eigenfunctions of the problem determined by Eqs. (34) and 
(35) are 


nom . AMX 
An mag = 7> Xn(x) = sin = (36) 
forn = 1, 2,3,.... 
With à = n*z^/L* in (33) we get the equation 
44,4 
n^z^a 


Because the initial condition y; (x, 0) = 0 yields 7, (0) = 0, we take 


n?z?a?t 
Tn (t) = cos 2 (38) 
Combining the results in (36) and (38), we construct the series 
oo 2.2.2 
n n at , nax 
» y(x,t) = Lo cos — vg — SE, (39) 


that formally satisfies the partial differential equation in (31) and the homogeneous boundary 
conditions. The nonhomogeneous condition is 


oo 
. NTX 
y(x,0) = 2o en dr a = f(x). 
so we choose the Fourier sine coefficients, given by 


2 [L . NTX 
» Cn = if F(x) sin —— dx, (40) 


in order for Eq. (39) to provide a formal series solution. a 
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Note that the circular frequency of the nth term in (39) is 


n?gz?a? 

m= = n?o, (41) 
2,42 2 EI 

EL d (42) 


Because the frequency of each of the higher harmonics is an integral multiple of 
€1, the sound of a vibrating bar with simply supported ends is musical. Because 
the higher frequencies nony are sparser than the higher frequencies noi) of 
a vibrating string, the tone of a vibrating bar is purer than that of a vibrating string. 
This partly accounts for the silkiness of the sound of the vibraphone as played by 
Milt Jackson, former member of the Modern Jazz Quartet. 


ETE] Problems 


Find formal series solutions of the boundary value problems in 
Problems 1 through 6. Express each answer in the form given 
in Problem 1. 


1. us =kuxx (O<x<L, t > 0); ux(0,t) = hu(L,t) + 
ux(L,t) = 0, u(x,0) = f(x) 
Answer: 
oo 
f p2kt Bux 
«07 Ysen(- 12 cos ^r. 


where (f m are the positive roots of the equation tan x — 
hL/x and 


2h L : 
n= ur | f(x) cos Bux dx. 
hL + sinf Bn Jo L 


2. uxx -uyy =O (O<x<L,0< y< L); u(0,y) = 
hu(L,y)+ux(L,y)=0, u(x, L) = 0, u(x,0)= f(x) 

3. uxx tuyy =O (O<x<L, 0< y< L); uy(x,0) = 
hu(x, L) + uy(x, L) = 0, u(L, y) = 0, u (0, y) = g(y) 

4. uxx +uyy =0 (0«x «L, y > 0); u(0,y) = 
hu(L,y)+ ux(L, y) = 0, u(x, y) bounded as y + +00, 
u(x, 0) = f(x) 


5. ut —kuxx (0«x«L, t > 0); hu(0,t)— ux(0,t) = 
u(L,t) = 0, u(x, 0) = f(x) 
6. uy —kuxx (O<x<L, t »0) hu(0,t) —ux(0,1) = 


hu(L,t) + ux(L,t) 20,u(x,0) = f(x) 

7. Let u(x, y) denote the bounded steady-state temperature 
in an infinitely high wall with base y — 0 and faces x — 0 
and x = 1. The face x = 0 is insulated, the base y = 0 is 
kept at temperature 100? C, and heat transfer with h = 1 
takes place at the face x — 1. Derive the solution 


exp (—0 y) sin o cos o x 


oo 
u(x, y) = 200 : 
Gn y) 2 An + SIN Œn COS Ay 


10. 


11. 


where {œn d are the positive roots of the equation cot x — 
x. Given oa, = 0.860, a2 = 3.426, a3 = 6.437, and 
a4 = 9.529, calculate the temperature u(1, 1) accurate to 
0.1?C. 

If the bar in Example 2 has no mass attached to the end 
x = L, then Eq. (17c) is replaced with the free end con- 
dition ux(L,t) = 0. Separate variables in the resulting 
boundary value problem to derive the series solution 


oo 
2n —]1 t 2n — 1)z» 
u(x,t) = So en m: is nis di H HE 


2L 2L 
n=1 
where 
2 fh. . Qn—- zx 8bL(—1)*! 
Cn => bx sin dx = : 
L Jo 2L (2n — 1)2x2 


In particular, the bar's natural frequencies of longitudinal 
vibration are given by Eq. (28). 

(a) Show that A = 0 is not an eigenvalue of the problem in 
(19). (b) Show that this problem has no negative eigen- 
values. (Suggestion: Sketch the graphs y — tanh x and 
y = —k/x with k > 0.) 

Calculate the speed (in miles per hour) of longitudinal 
sound waves in each case. (a) Steel, with 6 = 7.75 g/cm? 
and E = 2 x 1012 in cgs units. (b) Water, with 6 = I 
g/cm? and bulk modulus K = 2.25 x 101? in cgs units. 
Consider a mass m = nmọ of an ideal gas of molecular 
weight mo whose pressure p and volume V satisfy the 
law pV = nRTg, where n is the number of moles of the 
gas, R = 8314 in mks units, and Tx = Tc + 273, where 
Tc is the Celsius temperature. The bulk modulus of the 
gasis K — yp, where the value of the dimensionless con- 
stant y is 1.4 for air having molecular weight mo — 29. 
(a) Show that the velocity of sound in this gas is 


[K | |yRT& 
a= = j 
ô mo 


12. 


13. 


14. 


15. 


16. 


(b) Use this formula to show that the speed of sound 
in air at Celsius temperature Tc is approximately 740 4- 
(1.36)Tc miles per hour. 

Suppose that the free end of the bar of Example 2 is 
attached to a spring (rather than to a mass), as shown 
in Fig. 10.2.5. The endpoint condition then becomes 
ku(L,t) + AEux(L,t) = 0. (Why?) Assume that 
u(x,0) = f(x) and that u;(x, 0) = 0. Derive a solution 
of the form 


Bnx 
L 


at. 
Bn sin 


D 


oo 
u(x,t) = 2 Cn COS 
n=1 


where (f; D are the positive roots of the equation tan x — 
—AEXx/kL. 


| ied 


FIGURE 10.2.5. The bar of Problem 12. 

If a bar has natural length L, cross-sectional area A, and 
Young's modulus E, then (as a consequence of Hooke's 
law) the axial force at each end required to stretch it the 
small amount AL is F — (AE AL)/L. Apply this result 
to a segment of the bar of natural length L = Ax between 
the cross sections at x and x 4- Ax that is stretched by the 
amount AL = u(x + Ax,t) — u(x,t). Then let Ax > 0 to 
derive Eq. (13). 

Show that the eigenfunctions (X; GE of the problem in 
(19) are not orthogonal. (Suggestion: Apply Eq. (22) of 
Section 10.1 to show that if m 4 n, then 


L m 
Í Xn G)XnG) dx = -z Xm(L)Xn(L).) 
0 


Show that the eigenfunctions {sin Bnx/Ly* of the prob- 
lem in (19) are not orthogonal; do so by obtaining the ex- 
plicit value of the integral 


T . Bmx . nx 

sin —— sin dx. 
ő L L 
(Suggestion: Use the fact that {8n HN are the roots of the 
equation x tan x — M/m.) 
According to Problem 19 of Section 9.7, the temperature 
u(r, t) in a uniform solid spherical ball of radius a satisfies 
the partial differential equation (ru); = k(ru),,. Suppose 
that the ball has initial temperature u(r, 0) = f(r) and that 
its surface r = a is insulated, so that u;(a,t) = 0. Substi- 
tute v(r, t) = ru(r,t) to derive the solution 


oo 2kt " 
u(r,t) = co + N E zii Prt sin Bn ; 


n=1 


where {By are the positive roots of the equation tan x = 
x and 


3. [5-35 
a= =f r^ f(r) dr, 
a 0 


2 a , 
Cn = — | Han Pas 
0 a 


a sin? Bn 
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17. 


18. 


19. 


20. 
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(see Problem 14 of Section 10.1). 


A problem concerning the diffusion of gas through a mem- 
brane leads to the boundary value problem 


ut = kuxx (0<x<L, t>0); 
u(0,t) = ur(L,t) + hkux(L,t) = 0, 
u(x,0) = I. 


Derive the solution 


S^ l-cosf, B2kt Bnx 
Ad n g n , 
uei) 2 28,—sin28, PV r2 J' p 


where (B. are the positive roots of the equation 
xtanx — hL. 


Suppose that the simply supported uniform bar of Exam- 
ple 3 has, instead, initial position y(x, 0) = 0 and initial 
velocity y; (x, 0) = g(x). Then derive the solution 


n?z?a?t 


oo 
y(x,t) = > Cn Sin a sin 


n=1 


nx 


p 


where 


2L L nx 
E or x)sin —— dx. 
n?z?a2 [ g(x) p e 


To approximate the effect of an initial momentum impulse 
P applied at the midpoint x — L/2 of a simply supported 
bar, substitute 


P mI L 

— if—-e<x<—+e, 

g(x) = 2pe 2 2 
0 otherwise 


in the result of Problem 18. Then let e — 0 to obtain the 
solution 


oo 
l .nz . n'n a't , nmzx 
y(x,t)=C L z2 sin 2 sin 12 sin L 
where 
C= 2PL 
^ n2J/Elp. 

(a) If g(x) = vo (a constant) in Problem 18, show that 
(x.t) 4voL 1 . n?xz?a?t nax 
Xt) sin . 

y maz : n3 L? L 


This describes the vibrations of a hinged bar lying cross- 
wise in the back of a pickup truck that hits a brick wall 
with speed vo at time ¢ = 0. (b) Now suppose that the 
bar is made of steel (E = 2 x 1012 dyn/cm?, ó = 7.75 
g/cm?), has a square cross section with edge a = 1 in. (so 
that J = ia^. and length L — 19 in. What is its funda- 
mental frequency (in hertz)? 
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LUPA Yelellfefeti Numerical Heat Flow Investigations 


We outline a Mathematica-based numerical investigation of the temperature func- 


tion 
a 1 — cos Bn B2kt\ . Bax 
u(x,t) = 2uohL > BL + cop B »(- 13 ) sin T (1) 

L Bn n=1 
1 2.6537 of the heated slab of Example 1 in this section. Maple and MATLAB versions of this 
2 5.4544 investigation are included in the applications manual that accompanies this text. 
3 8.3913 We suppose that the slab has thickness L = 50 cm, uniform initial temperature 
4 11.4086 uo = 100°, fixed temperature 0° at the slab’s left-hand boundary x = 0, thermal 

` diffusivity k = 0.15 (for iron), and heat transfer coefficient h = 0.1 at the right-hand 
2 122023 boundary x = L. According to Eq. (8) of this section, the eigenvalues (8,)7* in (1) 
6 17.5562 are the positive solutions of the equation tanx = —x/(hL). As in Fig. 10.1.1, we 
7 20.6578 see that if n is large then £, is slightly larger than (2n — 1)z/2. We can therefore 
8 23.7693 approximate the first 20 of these eigenvalues using the commands 
2 BUNTE L = 50; h = 0.1; 
10 30.0102 


roots = Table[ FindRoot[ Tan[x] == -x/(hxL), 
{x, (2*n E 1)*Pi/2 * 0.131, {n,1,20}]; 
beta = x /. roots 


FIGURE 10.2.6. The first 10 positive 
solutions of the eigenvalue equation 


The first ten of these eigenvalues are listed in the table of Fig. 10.2.6. 


ane = aL The following Mathematica function now sums the first 20 nonzero terms of 
with L = 50 and h = 0.1. the series in Eq. (1). 
b = beta; u0 = 100; k = 0.15; 
c = (1 - Cos[b])/(b* (h«L + Cos [b]^2)); (* coeffs x) 
u[x., t] := 2xu0*h*L*Apply[ Plus, 
c*xExp [-b*b*«k*t/LA2]*Sin[b*x/L]] // N 
As a practical matter, this suffices to calculate the value u(x,t) for t 2 10 (sec) with 
two-place accuracy throughout the interval 0 € x < 50. (How might you verify this 
assertion?) The command 
Plot[u[x,900], íx, 0, 50}]; 
100 ; l ; then yields the graph u = u(x,900) for 0 < x < 50 shown in Fig. 10.2.7. We see 


u = u(x, 900) that after 15 minutes the right boundary x = 50 of the slab has cooled below 40°, 
4 whereas interior temperatures near x = 30 remain above 80°. The command 


Plot[{u[50,t], 25}, ít, 0, 3600}]; 


yields the graph u = u(50,t) for 0 < t < 3600 shown in Fig. 10.2.8. Now we see 
that the right boundary temperature of the slab falls to 25? in a bit less than 2000 
seconds. The calculation 


t1 = t /. FindRoot[u[50,t] == 25, (t, 20001] 


O 10 20 230 40 50  sbows that this actually occurs in about 1951 s; that is, about 32 min 31 s. 


Figure 10.2.9 indicates that interior temperatures of the slab at time 1, still 
remain above 50? at some points, with a maximum occurring near x — 30. We can 
find this maximum value of the temperature u(x, tı) by finding the minimum value 
of its negative —u (x, t1). The command 


FIGURE 10.2.7. Temperatures in the 
slab after 15 minutes. 


FindMinimum[-u[x,ti1], íx, 301] 


yields the result that the maximum value is 4 (29.36, t1) ~ 53.80°. 
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u = u(50, t) 


30 

20 

10 - =] 

0 TAPEN MEER (Ve CI MOS 
0 1000 2000 3000 
t 

FIGURE 10.2.8. Right boundary FIGURE 10.2.9. Interior temperatures when the 
temperatures of the slab. right boundary temperature is 25°. 


For your own slab with uniform initial temperature u(x, 0) = 100° to inves- 
tigate in this manner, let h = 0.1, L = 50(10 + p), and k = q/10, where p is the 
largest and q is the smallest nonzero digit of your student ID number. Then carry 
out the investigations outlined here to find 


e When the right boundary temperature of the slab is 25°, and 
e The maximum temperature within the slab at that instant. 


As an alternative to finding roots and maximum values numerically, you can “zoom 
in" graphically on appropriate points in figures like 10.2.8 and 10.2.9. 


EDI Steady Periodic Solutions and Natural Frequencies 


In Section 9.6 we derived the solution 


oo 
t t 
y(x,t) = PE (^ COS =< + Bn sin T ) sin T 


oo 
nzat . NTX 
= p» COS (== -ya) ar (1) 


9? y 02 y T 

J2 a 2 3 ( = z) ; (2) 
y0, t) = y(L,t) — 0, (3) 
y(x,0) = f(x), yi Q0) = g(x). (4) 


The solution in Eq. (1) describes the free vibrations of a string with length L and 
linear density p under tension T; the constant coefficients in Eq. (1) are determined 
by the initial conditions in (4). 

In particular, we see from the terms in Eq. (1) that the natural (circular) fre- 
quencies of vibration (in radians per second) of the string are given by 


On = ——, (5) 
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n = 1, 2, 3, .... These are the only values of w for which Eq. (2) has a steady 
periodic solution of the form 


y(x,t) = X(x) cos(wt — y) (6) 


that satisfies the endpoint conditions in (3). For if we substitute Eq. (6) in (2) and 
cancel the factor cos(wt — y), we find that X(x) must satisfy the equation 


a? X" (x) + o? X(x) = 0, 
whose general solution 
X(x) = Acos 27 4 B sin 2t 
a a 


satisfies the conditions in (3) only if A = 0 and w = nza/L for some positive integer 
n. 


Forced Vibrations and Resonance 


Now suppose that the string is influenced by a periodic external force F(t) — 
Fo cos ot (force per unit mass) that acts uniformly on the string along its length. 
Then, according to Eq. (1) of Section 9.6, the displacement y (x, t) of the string will 
satisfy the nonhomogeneous partial differential equation 

y dy 


a2 ^? gz t Focosowt (7) 


together with boundary conditions such as those in (3) and (4). For instance, if the 
string is initially at rest in equilibrium when the external force begins to act, we 
want to find a solution of Eq. (7) that satisfies the conditions 


y(0,t) = y(L,t) = yx, 0) = yri(x,0) = 0 (8) 
for 0 < x < L. To do this, it suffices first to find a particular solution yp(x. t) 


of Eq. (7) that satisfies the fixed endpoint conditions in (3), and second to find a 
solution y; (x, t) like Eq. (1) of the familiar problem in (2)-(4) with 


f(x) = —yp(x,0) and g(x) = —Diyp(x,0). 


Evidently, 
y(X,t) = ye(x.t) + Yp(x,t) 
will then satisfy Eqs. (7) and (8). 
So our new task is to find yp(x,t). Examination of the individual terms in 
Eq. (7) suggests that we try 
yp(x.t) = X(x) cos at. (9) 


Substitution of this in Eq. (7) and cancellation of the common factor cos wt yields 
the ordinary differential equation 


a?X" +X = -Fo 


x=0 


FIGURE 10.3.1. 
each end. 


xe 


A bar clamped at 
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with general solution 


Fy 
X(x) = Acos + Bsin — 9, (10) 
a a w 


The condition x (0) = 0 requires that A = Fo/o?, and then X(L) = 0 requires that 
F L L 
X(L) = 22 (cos 2-1) + Bsin 2 =o, (11) 
[o a a 


Now suppose that the frequency o of the periodic external force is not equal to any 
one of the natural frequencies w, = nza/L of the string. Then sin(wL/a) 4 0, so 
we can solve Eq. (11) for B and then substitute the result in Eq. (10) to obtain 


E Fo[cos(wL/a) — 1] äi ox 


c? sin(wL/a) a` (ta) 


X(x) = 5 (cos = — 1) 


Then Eq. (9), with this choice of X(x), gives the desired particular solution yp (x, t). 

Note, however, that as the value of w approaches œn = nza/L with n odd, the 
coefficient of sin(wx/a) in Eq. (12) approaches +00; thus resonance occurs. This 
explains the fact that when (only) one of two nearby identical strings is plucked, the 
other will begin to vibrate as well, due to its being acted on (through the medium 
of the air) by an external periodic force at its fundamental frequency. Observe also 
that if œ = œn = nza/L with n even, then we can choose B = 0 in Eq. (11), 
so resonance does not occur in this case. Problem 20 explains why some of the 
resonance possibilities are absent. 

The vibrating string is typical of continuous systems that have an infinite se- 
quence of natural frequencies of vibration. When a periodic external force acts on 
such a system, potentially destructive resonance vibrations may occur if the im- 
posed frequency is close to one of the natural frequencies of the system. Hence 
an important aspect of proper structural design is the avoidance of such resonance 
vibrations. 


Natural Frequencies of Beams 


Figure 10.3.1 shows a uniform beam of length L, linear density p, and Young's 
modulus £, clamped at each end. For 0 < x < L and t > 0, its deflection function 
y (x, t) satisfies the fourth-order equation 


0? 4 EI 
P asi? 24 (“= =*) (13) 


that we discussed in Section 10.2; Z denotes the moment of inertia of the cross 

section of the beam around its horizontal axis of symmetry. Because both the dis- 

placement and the slope are zero at each fixed end, the endpoint conditions are 
y(0,t) = yx(0,t) = 0 (14) 


and 


y(L,t) = yx(L.t) = 0. (15) 
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1 


y= — 
" cosh x 


afl 


y-cosx 


FIGURE 10.3.2. Solutions of 
cosh x cos x = 1. 


Here we want only to find the natural frequencies of vibration of the beam, so we 
will not be concerned with initial conditions. The natural frequencies are the values 
of œw for which Eq. (13) has a nontrivial solution of the form 


y(x, t) = X(x)cos(ot — y) (16) 
that satisfies the conditions in Eqs. (14) and (15). When we substitute y(x, t) from 


(16) into (13) and then cancel the common factor cos(wt — y), we obtain the fourth- 
order ordinary differential equation —e? X + a*X (? = 0; that is, 


2 
x0 - 9 x 9, (17) 
a 


If we write o^ = w?/a*, we can express the general solution of Eq. (17) as 
X(x) = Acoshax + B sinhax + C cosax + Dsinax, 


with 
X'(x) = a(Asinhax + Bcoshax — C sinax + Dcosax). 


The conditions in (14) give 
X(0)=A+C=0 and X’'(0)=a(B+D)=0, 
so C = —A and D = —B. Hence the conditions in (15) give 
X(L) = A(coshaL — cosaL) + B(sinhaL — sinaL) = 0 


and 
1 
— X'(L) = A(sinhaL + sinaL) + B(coshaL — cosaL) = 0. 
a 


In order for these two linear homogeneous equations in A and B to have a nontrivial 
solution, the determinant of coefficients must be zero: 


(cosh aL — cos aL)? — (sinh? «L — sin? aL) = 0; 
(cosh? aL — sinh? aL) + (cos? aL + sin? aL) — 2coshaL cosaL = 0; 
2—2coshaL cosaLl = 0. 


Then £ = aL must be a nonzero root of the equation 

cosh x cos x = 1. (18) 
From Fig. 10.3.2 we see that this equation has an increasing sequence of positive 
roots (£,j*. Now w = a?a? = f?a?/L? and a? = VEI/p, so it follows that the 
natural (circular) frequencies of vibration of the beam with clamped ends are given 


by 


2 
o, = PR — (rad/s) (19) 


for n = 1, 2, 3, .... The roots of Eq. (18) are By ~ 4.73004, Bo ~% 7.85320, Bs ~ 
10.99561, and By ~ (2n + 1)z/2 for n Z 4 (as indicated in Fig. 10.3.2). 


Example 1 


30 cm 


ma 


FIGURE 10.3.3. An idealized I 


beam. 
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For example, suppose that the basic structural element of a bridge is a 120-ft-long steel I 
beam with the cross section indicated in Fig. 10.3.3, having moment of inertia J = 9000 cm^. 
If we substitute the values 


d 
L — (120 ft) (30.48 —) , p= (7.75 és) 40cm?) E-2x10? 37. 
Cc 


m cm 


and the values of 6; and £2 in Eq. (19), we find that the lowest two natural frequencies of the 
beam are 


rad cycles rad cycles 
a, X 12.74 — 122 and 02 2 35.13 — 335 — : 
S min S 


If a company of soldiers marching at about 120 steps per minute approaches this bridge, they 
therefore would be well advised to break cadence before crossing. From time to time bridges 
collapse because of resonance vibrations. Recall the Kansas City hotel disaster of July 17, 
1981, in which a skywalk filled with dancers collapsed. Newspapers quoted investigators 
who speculated that the rhythmic movement of the dancers had set up destructive resonance 
vibrations in the steel I beams that supported the skywalk. E 


Underground Temperature Oscillations 


Let us assume that the underground temperature at a particular location is a function 
u(x,t) of time ¢ and the depth x beneath the surface. Then u satisfies the heat 
equation u; = ku, with k being the thermal diffusivity of the soil. We may regard 
the temperature u(0, t) at the surface x = 0 as being known from weather records. In 
fact, the periodic seasonal variation of monthly average surface temperatures, with 
a maximum in midsummer (July in the northern hemisphere) and a minimum in 
midwinter (January), is very close to a sine or cosine oscillation. We shall therefore 
assume that 


u(0,t) = To + Ao cos ott, (20) 


where we take ¢ = 0 at midsummer. Here Tọ is the average annual temperature, Ao 
the amplitude of seasonal temperature variation, and w is chosen to make the period 
of u(0, t) exactly one year. (In cgs units, for instance, œ would be 27 divided by the 
number of seconds—31,557,341—in a year; thus œ ~ 1.991 x 1077.) 

It is reasonable to assume that the temperature at a fixed depth also varies 
periodically with 1. If we introduce U(x,t) = u(x,t) — To for convenience, then we 
are interested in periodic solutions of the heat equation of the form 


U(x,t) = A(x)cos(ot — y) = V(x)cosot + W(x) sinwt (21) 


of the problem 


ðU ə U 
U(0,t) = Ao cos æt. (23) 


To solve this problem, let us regard U(x,t) in Eq. (21) as the real part of the 
complex-valued function 


U(x,t) = Xi. (24) 
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Example 3 


Then we want U(x, t) to satisfy the conditions 


U: = kU xx, (22’) 
U(0,t) = Age’. (23/) 


If we substitute Eq. (24) in Eq. (22^), we get io X = kX”; that is, 


X" —a?X =0, (25) 


io . w 
sce 2-040 E (26) 


because Vi = +(1 + i)/v/2. Hence the general solution of Eq. (25) is 


where 


X(x) = A exp (-a n i)x vafk) + B exp (+a 73 i)x vafik) . Qn 


In order that U(x, t), and hence X(x), be bounded as x — +o, it is necessary that 
B = 0. Also, we see from Eqs. (23^) and (24) that A = X(0) = Ao. So 


X(x) = Ao exp (-a 4x Vonk) : (28) 
Finally, the solution of our original problem in (22)—(23) is 


U(x,t) = Re U (x,t) = Re X(x)e™™ 


= Re (ac exp (iot) exp (-a +i)x Vo/2k) | 


= Re | Ao exp (^ Vo/2k) exp (ior - xvofik)) | 
hence 
U(x,t) = Ao exp (^ Vonk) cos (ot = x vok) ] (29) 


Thus the amplitude A(x) of the annual temperature is exponentially damped 
as a function of the depth x: 


A(x) = Ao exp (-x vox) (30) 


In addition, there is a phase delay y(x) = x./@/2k at the depth x. 


With k = 0.005 (a typical value for soil in cgs units) and the value of w previously mentioned, 
we find that ,/w/2k ~ 0.004462 cm". For instance, we then see from Eq. (30) that the 
amplitude is one-half the surface amplitude, A(x) — lAo, when (0.004462)x = In 2; that is, 
when x ~ 155.34 cm ~ 5.10 ft. If Ag = 16°C, it follows that at a depth of about 20 ft, the 
amplitude of annual temperature variation is only 1?. E 


Another interesting consequence of Eq. (29) is the “reversal of seasons” that occurs when 
y(x) = (0.004462)x = x; that is, at a depth of x ~ 704.06 cm, about 23.11 ft. Figure 10.3.4 
shows the graph U = U(x,t) for 0 < x < X, 0 <t € T, where X corresponds to 23 feet 
in centimeters and T to 2.5 years in seconds. Can you see by inspection of the right edge of 
the graph that the temperature at depth 23 feet appears to be at a maximum when the surface 
temperature is at a minimum? " 
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Temp U CC) 


t (sx 107) 


FIGURE 10.3.4. The graph of the temperature function U(x, t) in Eq. (29). 


ET EJ Problems 


A uniform bar of length L is made of material with density 6 
and Young's modulus E. In Problems 1 through 6, substitute 
u(x,t) = X(x)cosot in urp = Euxx to find the natural fre- 
quencies of longitudinal vibration of the bar with the two given 
conditions at its ends x = 0 and x = L. 


1. Both ends are fixed. 

2. Both ends are free. 

3. The end at x = 0 is fixed; the end at x = L is free. 
4 


. The end at x = 0 is fixed; the free end at x = L is attached 
to a mass m as in Example 2 of Section 10.2. 


5. Each end is free, but the end at x = L is attached to a 
spring with Hooke's constant k as in Problem 12 of Sec- 
tion 10.2. 


6. The free ends are attached to masses mo and m1. 


7. Suppose that the mass on the free end at x — L in Problem 
4 is attached also to the spring of Problem 5. Show that 
the natural frequencies are given by œn = (fs/L) A E/ó , 
where (f; n are the positive roots of the equation 


(mEx? — kóL?)sinx = MExcosx. 
(Note: The condition at x = L ismu;; = —AEuy — ku.) 


Problems 8 through 14 deal with transverse vibrations of the 
uniform beam of this section, but with various end conditions. 
In each case show that the natural frequencies are given by the 
formula in Eq. (19), with {Bn n being the positive roots of the 
given frequency equation. Recall that y — y' — 0 at a fixed 


end, y = y" = 0 at a hinged end, and y" = y? = 0 at a free 
end (primes denote derivatives with respect to x). 
8. The ends at x — 0 and x — L are both hinged; the fre- 
quency equation is sin x = 0, so that f, = nz. 
9. The end at x = 0 is fixed and the end at x = L is hinged; 
the frequency equation is tanh x — tan x. 


10. The beam is a cantilever with the end at x = 0 fixed 
and the end at x — L free; the frequency equation is 
cosh x cos x = —1. 


11. The end at x = 0 is fixed and the end at x = L is attached 
to a vertically sliding clamp, so y’ = y? = 0 there; the 
frequency equation is tanh x + tan x = 0. 


12. The cantilever of Problem 10 has total mass M — pL and 
has a mass m attached to its free end; the frequency equa- 
tion is 


M(1 + cosh x cos x) = mx(cosh x sin x — sinh x cos x). 


The conditions at x = L are yyx = 0 and my;; = EIyxxx. 


13. The free end at x — L of the cantilever of Problem 10 is 
attached (as in Fig. 10.3.5) to a spring with Hooke's con- 
stant k; the frequency equation is 


EIx3(1 + cosh x cos x) 


= kL? (sinh x cos x — cosh x sin x). 


The conditions at x = L are yxx = 0 and ky = ElIyxxx. 
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14. 


15. 


16. 


17. 


FIGURE 10.3.5. The cantilever of Problem 13. 


Suppose that the mass m on the free end of the cantilever 
of Problem 12 is attached to the spring of Problem 13. The 
conditions at x = L are yyy = 0 and my;; = EIyxxx —ky. 
Derive the frequency equation 


MEIx?(1- coshx COS X) 


= (kML? — mEIx^)(sinh x cos x — cosh x sin x). 


Note that the frequency equations in Problems 12 and 13 
are the special cases k = 0 and m = 0, respectively. 
Suppose that the cantilever of Problem 10 is a diving board 
made of steel with density ó = 7.75 g/cm?. The diving 
board is 4 m long and its cross section is a rectangle of 
width a = 30 cm and thickness b = 2 cm. The moment of 
inertia of this rectangle around its horizontal axis of sym- 
metry is J = pab. Given that the least positive root of 
the equation cosh x cos x = —1 is By ~ 1.8751, determine 
the frequency (in hertz) at which a person should bounce 
up and down at the tip of the diving board for maximal 
(resonant) effect. 

If a uniform bar hinged at each end is subjected to an ax- 
ial force of compression P, then its transverse vibrations 
satisfy the equation 


32y 82y 


P aiff. 
Pam ts oe 


ax4 


Show that its natural frequencies are given by 


non i Pe Y [gi 
a L2 n?n?EI p 
forn = 1,2,3,.... Note that with P = 0, this reduces to 
the result in Example 3 of Section 10.2 and that the effect 
of P > 0 is to decrease each of the bar’s natural frequen- 
cies of vibration. (Does this seem intuitively correct? That 
is, would you expect an axially compressed bar to vibrate 
more slowly than an uncompressed bar?) 
A beam hinged at each end is sufficiently thick that its ki- 


netic energy of rotation must be taken into account. Then 
the differential equation for its transverse vibrations is 


92 y 
Pap? 


I ty 
A üx20t? 


at y 
üx^ 


Show that its natural frequencies are given by 


—1/2 
cu) i EI 


T BAD m 


+ EI = 0. 


forn = 1, 2,3,.... 


18. 


19. 


20. 


21. 
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Suppose that the end x — 0 of a uniform bar with cross- 
sectional area A and Young's modulus E is fixed, while 
the longitudinal force F(t) = Fo sinwt acts on its end 
x = L, so that AEux(L.t) = Fo sin wt. Derive the steady 
periodic solution 


Foa sin(wx/a) sin wt 


we AEo cos(oL/a) 


Repeat Problem 18, except here a transverse force F(t) = 
Fo sin o acts at the free end x = L, so that 


Yxx(L,t) = Elyxxx(L.t) + Fo sinwt = 0. 


Determine the steady periodic transverse oscillations of 
the cantilever in the form y(x,t) = X(x) sin øt. 


A string with fixed ends is acted on by a periodic force 
F (x,t) = F(x) sinwt per unit mass, so 


Vit = a? yxx + F(x) sinot. 


Substitute 
as nax 
y(x, t) = > Cn Sin Bas sin ot 
n=1 
and 
ES nx 
F(x) = » Fn sin zm 
n= 


to derive the steady periodic solution 


co 


Fy sin(nzx/a) sin wt 
y(t) = DO 2_ 2 í 
xci On — w 


where wn = nza/L. Hence resonance does not result if 
w = wn but Fy, = 0. 

Suppose that the string of Problem 20 is also subject to air 
resistance proportional to its velocity, so that 


Yee = a7 yxx — cyr + F(x) sinot. 


Generalize the method of Problem 20 to derive the steady 
periodic solution 


oo 
. ATX . 
y(x,t) = » Pn Fn sin Da sin(wt — an), 
n=1 
where 
1/2 
Pn = [o o?) + o?c?| 
and 
t 1 ec 
Qn = tan 
ag — o2 


Note the similarity to damped forced motion of a mass on 
a spring. 
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22. The telephone equation for the voltage e(x.1) in a long equation 
transmission line at the point x 2 0 at time ¢ is du 0?u du 
=kzz Yr 
3Ze 3Ze de ot ax ax 
9x2 — Loa + (RC + LG) + RGe, Suppose that u(0,t) = Aocosot and that u(x,t) is 


bounded as x — +00. Substitute (x, t) = X(x)e!®! to 


where R, L, G, and C denote resistance, inductance, con- derive the steady periodic solution 


ductance, and capacitance (all per unit length of line), re- 
spectively. The condition e(0, t) = Eo cos ot represents u(x,t) = Age cos(wt — Bx), 
a periodic signal voltage at the origin of transmission at 
x = 0. Assume that e(x,1) is bounded as x — +00. Sub- 


: e ; ; ico where 
stitute @(x,t) = E(x)e'^' to derive the steady periodic 
solution 1 
a= 5E ^ + 16k?) cos ? — A 
e(x,t) = Ege ?* cos(wt — Bx), J 
— l (4 2 2|/4 . $ 
where o and f are the real and imaginary parts, respec- p= 2k (v + l6k^o ) sin 5> and 
tively, of the complex number 
_1 4k 
Ox jae 1/2 $ = tan =. 
[RG - LCo?) +io(RC + L6)| y 
23. The temperature u(x,t) at the point x Z 0 at time t of wa- Show also that when y — 0, this solution reduces to that 
ter moving with velocity y Z 0 in a long pipe satisfies the in Eq. (29). 


LUKE Yelellfefeti Vibrating Beams and Diving Boards 


In this project you are to investigate further the transverse vibrations of an elastic bar 
or beam of length L whose position function y(x, t) satisfies the partial differential 
equation 
32y 3ty 
Pag t HI, =0 (0 « x « L) 
and the initial conditions y(x,0) = f(x), y:(x,0) = 0. 
First separate the variables (as in Example 3 of Section 10.3) to derive the 


Z Bn formal series solution 

1 4.7300 pe 292 

2 7.8532 YE) = Y en (cos Pa) «o2 

3 10.9956 E 

4 14.1372 where a^ = EI/p, the {cn} are the appropriate eigenfunction expansion coefficients 

5 17.2788 of the initial position function f(x), and {Bn} and X,(x) are determined by the 

6 20.4204 end conditions imposed on the bar. In a particular case, we want to find both the 

7 23.5619 frequency equation whose positive roots are the {B,}{° and the eigenfunctions 
` {Xn(x)}. In this section we saw that the frequency equation for the fixed/fixed case 

8 a (with y(0) = y'(0) 2 y(L) = y'(L) = 0) is coshx cosx = 1. This equation can 

3 2348451 be solved using computer system methods like those illustrated in the applications 

10 32.9867 for Sections 10.1 and 10.2; the table in Fig. 10.3.6 lists the first ten positive solu- 

tions (f, E The calculations preceding Eq. (18) in this section imply that the nth 
FIGURE 10.3.6. The first 10 eigenfunction is then given by 


positive solutions of the eigenvalue 
equation cosh x cosx = 1 for the 


Bnx Bnx saa Bax |. Bux 
vibrating beam with fixed ends. Xn(x) = An (cosh 5 — cos * + B, | sinh E — sm x 


where the ratio A,,/B, is determined by the endpoint condition X, (L) = 0. The first 
three of these eigenfunctions are graphed in Fig. 10.3.7, which was plotted with 
each A, = 1 and with L = 3657.6 cm for the 120-ft steel I beam of this section. 
The fact that each (correctly) appears to have slope zero at both endpoints serves to 
corroborate the calculations that generated the figure. 
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nl 
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<0 
IH 
PX 
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2 


FIGURE 10.3.7. The first three 
eigenfunction graphs y = X, (x) for 
the fixed-fixed I beam. 


FIGURE 10.3.8. The most 
spectacular dives are determined by the 
frequency equation of Case 3. 


The following cases describe other vibrating-beam situations that you can in- 
vestigate similarly. 


Case 1: Hinged at each end 


The boundary conditions are 


y(0) = y") = y(L) = y"(L) = 0. 


According to Problem 8, the frequency equation is sinx = 0, so f, = nz and 
Xn(x) = sinnax. Suppose that the bar is made of steel (with density 6 = 7.75 
g/cm? and Young's modulus E = 2 x 10'? dyn/cm?) and is 19 in. long with square 
cross section of edge w = 1 in. (so its moment of inertia is J = pw"). Determine 
its first few natural frequencies of vibration (in Hz). How does this bar sound when 


it vibrates? 


Case 2: Free at each end 


The boundary conditions are 
¥"O = yO = y") = yO) = 0. 


This case models, for example, a weightless bar suspended in space in an orbiting 
spacecraft. Now show that the frequency equation is cosh x cos x = 1 (although the 
eigenfunctions differ from those in the fixed/fixed case). Solve this equation (either 
graphically or numerically, as in the Section 10.2 application) to approximate the 
first several natural frequencies of vibration of the same bar considered in Case 1. 
How does it sound now? 


Case 3: Fixed at x = 0, free atx = L 
Now the boundary conditions are 


y(0) = y'(0) = y" (L) = y® (L) = 0. 


This is a cantilever like the diving board illustrated in Fig. 10.3.8. According to 
Problem 15, the frequency equation is coshx cosx = —1. Approximate the first 
several positive solutions of this equation and show graphically that B, ~ (2n — 
1)z/2 for n large. Thereby determine the first several natural frequencies (in Hz) 
of vibration of the particular diving board described in Problem 15. These are the 
frequencies at which a diver on this board should bounce up and down at the free 
end for maximal resonant effect. 


KLEJ Cylindrical Coordinate Problems 


When the Laplacian V^u = ux + Uyy + uzz of a function u = u(x, y, z) is trans- 
formed by means of the substitution x = r cos 0, y = r sin 0, the result is the Lapla- 
cian in cylindrical coordinates, 


u  10u 10?u u 


» Vu = . 
2 Ge? op 22 32 


(1) 


[See, for instance, Problem 45 in Section 12.7 of Edwards and Penney, Calculus: 
Early Transcendentals, 7th edition (Upper Saddle River, NJ: Prentice Hall, 2008)]. 
For a typical application, consider a very long uniform solid cylinder of radius c 


N 


FIGURE 10.4.1. Long uniform solid 
cylinder of radius r = c. 
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that is centered along the z-axis (Fig. 10.4.1). Suppose that it is heated to a “radially 
symmetric" initial (t = 0) temperature that depends only on the distance r from the 
z-axis (but not on the angular coordinate 0 or the height z of a point). Suppose also 
that beginning at time t = 0 the boundary condition 


(rsen 


is imposed at the lateral surface r — c of the cylinder. Note the following special 
cases for Eq. (2): 


=0 (2) 


r=c 


e [treduces to the condition u = 0 if fı = 1 and f2 = 0. 
e It reduces to the insulation condition u, = 0 if 81 = 0 and f2 = 1. 
e It reduces to the heat transfer condition hu + u, = 0 if B, = h and f2 = 1. 


It is reasonable to expect the temperature u within the cylinder at time ¢ to depend 
only on r, so we write u — u(r,t). Then ugg — uzz — 0, so substitution of (1) in the 
heat equation u; = k V?u yields the boundary value problem 


du 9u  19u 
- =k (5547 x) (r <c, t5 0) (3) 
» Biu(c. t) + Baur (c, t) = 0, (4) 
u(r,0) = f(r) (initial temperature). (5) 


To solve this problem by separation of variables, we substitute 
u(r.t) = R(r)T(t) 
in Eq. (3); thus we obtain 
1 
RT'=k(R'T + Ler). (6) 
F 


Division by kRT yields 
R"+R/r T 


= LA. 7 
R kT 0) 
Hence R(r) must satisfy the equation 
n 1 / 
R TA +AR = 0, (8) 


as well as the equation £1 R(c) + B5 R'(c) = 0 that follows from Eq. (4). Moreover, 
the equation 
T' = —AkT 


implies that T(t) = e-^^' to within a constant multiple. Because the diffusivity 
k is positive, it follows that A must be nonnegative if T(t) is to remain bounded 
as f — +00, as is required by the physical problem that Eqs. (3)-(5) model. We 
therefore write A = o?, so Eq. (8) takes the form 


r? R" 4 rR! +r? R — 0. (8) 
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A Singular Sturm—Liouville Problem 


Equation (8^) is—with x = r and y(x) = R(r)—the parametric Bessel equation 


xy" E xy’ 4 a?x?y =0 (9) 


of order zero that we discussed in Section 8.5. More generally, recall that the para- 
metric Bessel equation 


> x2y" + xy! + (@?x?—n?)y 20 (10) 
has general solution 
» y(x) = AJ (ax) + BY, (ax) (11) 


if o > 0. Upon division by x, the Bessel equation in (10) takes the Sturm-Liouville 
form 


d 2 
> GE) Sy tary <0 (12) 
X 


with p(x) = x, q(x) = n?/x, r(x) = x, and A = o?. We want to determine the 
nonnegative values of A for which there is a solution of Eq. (12) in (0,c) that is 
continuous (along with its derivative dy/dx) on the closed interval [0, c] and satisfies 
the endpoint condition 


Biy(c) + Bzy'(c) = 0, (13) 


where f, and f» are not both zero. 

The Sturm-Liouville problem associated with Eqs. (12) and (13) is singular 
because p(0) = r(0) = 0 and g(x) — +00 as x — 0*, whereas we assumed in Theo- 
rem 1 of Section 10.1 that p(x) and r(x) were positive and that q(x) was continuous 
on the entire interval. This problem also fails to fit the pattern of Section 10.1 in 
that no condition like (13) is imposed at the left endpoint x — 0. Nevertheless, the 
requirement that y (x) be continuous on [0, c] plays the role of such a condition. Be- 
cause Y,(x) — —oo as x — 0, the solution in Eq. (11) for a > 0 can be continuous 
at x = 0 only if B = 0, so 

y(x) = Jn(ax) 


to within a constant multiple. It remains only to impose the condition in Eq. (13) at 
n 

It is convenient to distinguish the cases 6. = 0 and f» Z 0. If 5 = 0, then 
Eq. (13) takes the simple form 


» y(c) = 0. (13a) 


If 85 # 0, we multiply each term in Eq. (13) by c/B2 and then write h = cf/B» to 
obtain the equivalent condition 


» hy(c) + cy'(c) = 0. (13b) 


We assume hereafter that h = 0. 
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CASE 1: à = 0. We first consider the possibility of a zero eigenvalue à = 0. If 
both A = 0 and n = 0, then Eq. (12) reduces to the equation (xy’)’ = 0 with general 
solution 

y(x) = Alnx + B, 


and continuity on [0, c] requires that A = 0. But then Eq. (13a) implies that B = 0 
as well, as does Eq. (13b) unless h = 0, in which case A = 0 is an eigenvalue with 
associated eigenfunction y(x) = 1. 

If A = 0 but n > 0, then Eq. (12) is simply the equation 


xy" q-xy — n’y —0 


k 


with general solution (substituting the trial solution y — x* as in Section 9.7) 


y(x) = Ax" + Bx”, 


and continuity on [0, c] requires that B = 0. But it is easy to check that y(x) = 
Ax" satisfies neither Eq. (13a) nor Eq. (13b) unless A = 0. Thus A = 0 is not an 
eigenvalue if n > 0. We have therefore shown that A = 0 is an eigenvalue of the 
problem in (12)—(13) if and only if n = h = 0 and the endpoint condition at x = c 
is y'(c) = 0, in which case an associated eigenfunction is y(x) = 1. In this case we 
write 

Ào —0 and yo(x) zm]. 


CASE 2: à > 0. If A — 0, then A = o? > 0, and in this case the only solution of 
Eq. (12) that is continuous on [0, c] is, to within a constant multiple, 


y(x) = Jy (ox). 


Then Eq. (13a) implies that J, (vc) = 0; in other words, wc must be a positive root 
of the equation 


» Ja (x) = 0. (14a) 


Recall from Section 8.5 that the graphs of Jo(x) and Jı(x) look as indicated in 
Fig. 10.4.2. The graph of J, (x) for n > 1 resembles that of Jı (x), even in the detail 
that J,(0) = 0. In particular, for each n = 1, 2, 3, ..., Eq. (14a) has an increasing 
infinite sequence e of positive roots such that y44 — --oo as k — +00. 
These roots for n < 8 and k < 20 are given in Table 9.5 of Abramowitz and Stegun’s 
Handbook of Mathematical Functions. 


FIGURE 10.4.2. The graphs of the Bessel 
functions Jo(x) and J; (x). 
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If y(x) = Ja (ax), so that dy/dx = aJ, (ax), then Eq. (13b) implies that 
hJ, (ac) + ocJ, (ac) = 0 
—that is, that wc is a positive root of the equation 
> hJn(x) + xJ; (x) = 0. (14b) 


It is known that this equation also has an increasing infinite sequence (y, ra lt of 
positive roots diverging to +00. If h = 0, then Eq. (14b) reduces to the equation 
J} (x) = 0; the roots of this equation appear in Table 9.5 of Abramowitz and Stegun. 
In the important case n = 0, the first five roots of Eq. (14b) for various values of h 
can be found in Table 9.7 of the same reference. 

If either of the boundary conditions in Eqs. (13a) and (13b) holds, then the kth 
positive eigenvalue is 


» Àk = = 


where we write y; for the kth positive root of the appropriate one of Eqs. (14a) and 
(14b); the associated eigenfunction is 


> yee) = Jn (#5). 


The table in Fig. 10.4.3 summarizes this situation for ready reference. The excep- 
tional case n = h = 0 corresponding to the endpoint condition y'(c) = 0 is listed 
separately. We have discussed only nonnegative eigenvalues, but it can be proved 
that the problem in (12)-(13) has no negative eigenvalues. [For a proof, see the 
section on orthogonal sets of Bessel functions in R. V. Churchill and J. W. Brown, 
Fourier Series and Boundary Value Problems, 8th ed. (New York: McGraw-Hill, 
2011).] 


Associated 
Endpoint Condition Eigenvalues Eigenfunctions 
Casel: y(c)=0 Àk — yele: 
(ykf. the positive roots Yyk(x) = Jn (=) 
of Jn(x) = 0 
Case 2: hy(c) + cy'(c) = 0; Àj — pele 
h and n not both zero {YeI the positive roots yk (X) = Jn (=) 
of hJa (x) + xJ,(x) = 0 
Case 3: y'(c) = 0, do = 0, àk = y /c?; yo(x) = 1, 
n=0 {Yk} the positive roots yg (X) = Jo (= 1) 


of Ji(x) = 0 


FIGURE 10.4.3.  Eigenvalues and eigenfunctions of the singular Sturm-Liouville problem 


d d 2 
asm preme Biy(c) + Bay'(c) =0 on [0,c]. 
dx dx x 
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Fourier-Bessel Series 


Now that we know that the singular Sturm-Liouville problem in (12)-(13) has an 
infinite sequence of eigenvalues and associated eigenfunctions similar to those of 
a regular Sturm-Liouville problem, we can discuss eigenfunction expansions. In 
either case 1 or case 2 of Fig. 10.4.3, we expect a piecewise smooth function f(x) 
on [0, c] to have an eigenfunction series of the form 


> FO) = 3 ano) = a4. (I). (15) 
k=1 k=1 


while in the exceptional case 3, the series will also contain a constant term co corre- 
sponding to Ao = 0, yo(x) = 1. If the conclusion of Theorem 2 of Section 10.1 is to 
hold (despite the fact that its hypotheses are not satisfied), then the eigenfunctions 


7 (5), ped 35 


must be orthogonal on [0, c] with weight function r(x) — x. Indeed, if we substitute 
P(x) = r(x) = x and 


ye (x) = Jn Ca y(x) = R (=) 


in Eq. (22) of Section 10.1, the result is 


(Ai = 13) [se (5) Jn (p dx 


Jeee] 


= yj Jayn (yj) — Yi Ini) Jyp i). (16) 


It is clear that the quantity in Eq. (16) is zero if y; and y; are both roots of Eq. (14a), 
Ja (x) = 0, whereas if both are roots of Eq. (14b) it reduces to 


Jn yi) [—hIn (vj) ] — Ja (yi) [-h Jn (yi)] = 0. 


In either event we thus see that if i Z j, then 


f ^ (=) n (27) dx — 0. (17) 


This orthogonality with weight function r (x) — x is what we need to determine 
the coefficients in the eigenfunction series in Eq. (15). If we multiply each term in 
Eq. (15) by xJ,4 (yx x/c) and then integrate termwise, we get 


junto ea 
= a f xn) 
0 
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by Eq. (17). Hence 


ri dto ud de 


» Ck = (18) 


Í p 


With these coefficients, series of the form in Eq. (15) are often called Fourier- 
Bessel series. It is known that a Fourier-Bessel series for a piecewise smooth func- 
tion f(x) satisfies the convergence conclusion of Theorem 3 of Section 10.1. That 
is, it converges to the average value i [A (Œ+) + f (x—)] at each point of (0, c), and 
hence to the value f(x) at each interior point of continuity. 


The Fourier—Bessel Coefficients 


In spite of their appearance, the denominator integrals in Eq. (18) are not difficult to 
evaluate. Suppose that y(x) = Ja (œx), so that y(x) satisfies the parametric Bessel 


equation of order n, 
d [| dy 2 n? 


By multiplying this equation by 2xy'(x) and integrating by parts (Problem 8), we 
can readily derive the formula 


2o? f ] x [Jn (ax)? dx = ac? [7 (ec) + (ac? — n?) [Jn(ac)] . (20) 
0 


Now suppose that a = y;/c, where y, is a root of the equation J, (x) = 0. We apply 
Eq. (20) as well as the recurrence formula 


xJ Œ) = nJ (x) — xJn+1 (x) 


of Section 8.5, which implies that J} (y) = —Jn+1 (yk). The result is 


I E |^ Qa - Sigo = d Q1) 


The other entries in the table in Fig. 10.4.4 follow similarly from Eq. (20). Fourier— 
Bessel series with n = 0 are the most common (Problem 9). The forms they take in 
our three cases are listed next. 


CASE 1 WITHn=0: If {vies are the positive roots of the equation Jo(x) = 0, 
then 


fee 3 5 (=); 


k=1 


E 2 M ykX 
Ck — crei xf (x)Jo (=) dx. (22) 


Example 1 


Solution 
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c 2 
(x1? the Positive Roots Value of Hi x [Jn ( zxy] diz 
i 0 (E 
of the Equation 
c 2 
Ric ane > Wnt1%)] 


ew, — gn? +h?) 


Case2: hJn(x) + xJ} (œŒ) 20 ds [Jn D? 
Y 
(n and h not both zero) s 
2 
Case3: Jj(x) = 0 > [Jo (v)? 


FIGURE 10.4.4. 


CASE 2 WITH n = 0: If{yk hl. are the positive roots of the equation /Jo(x) + 
xJg(x) = 0 with h > 0, then 


f@)= Sun (=); 


k=1 


= a en ae 
ET RE) vr di xf (C) as. pen 


CASE 3: |f inh are the positive roots of the equation Jj(x) = 0, then (Prob- 
lem 10) 


f(x) = co + ` Ck Jo (=) : (24a) 
k=1 
2 c 
Co — =| xf (x) dx, (24b) 
2 S ykX 
= Sera xf (x)Jo (=) dx. (24c) 


Applications 


Suppose that a long circular cylinder of radius c has initial temperature u(r, 0) = uo, a con- 
stant. Find u(r, t) in each of the following three cases: 


(a) u(c,t) = 0 (zero boundary temperature); 
(b) The boundary of the cylinder is insulated, so that u» (c, t) = 0; 


(c) Heat transfer takes place across the boundary of the cylinder, so that 
Hu(c,t)+ Kur(c,t) 20, where H > 0, K > 0. 
With u(r,t) = R(r)T (t), we saw previously that A = o? > 0 in Eq. (7), so 
r? R" + rR' +r R 20 (25) 
and 


T’ = —d?KT. (26) 
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Equation (25) is Bessel's parametric equation of order zero, and its only continuous nontrivial 
solutions on [0, c] are of the form 


R(r) = AJo(ar). (27) 


But the possible values of o depend on the boundary conditions that are imposed. 


CASE (a): Zero Boundary Temperature. The condition u(c, t) = 0 yields R(c) = AJo(oc) = 
0, so ac must be one of the roots 73MM of the equation Jo(x) = 0. Thus the eigenvalues 
and eigenfunctions are 


ES m Rn (r) = Jo(™) (28) 


yields 


2kt 
T(t) = exp (- n ) 


to within a constant factor. Hence the series 


oo 2 
u(r,t) = b» Cn €Xp (57) Jo (7) (29) 


n=1 


satisfies formally the heat equation and the boundary condition u(c,t) = 0. It remains to 
choose the coefficients so that 


oo 
zu a 
u(r, 0) = 2^ m ) = ug. 
Because Jo(yn) = 0, Eq. (22) yields 
2 [6 
Hf rJo (=) dr 
c? [J1 (Yn)] Jo € 


2ug Lr Ynr 
= ———— —3 xJo(x) do x= — 
wei Je COT pos) 


Cn = 


2uo Yn 2uo 
=; a |. = 
ya [J10)] o — Y¥nJ1 (Yn) 
Here we have used the integral 
n Yn Jy (yn) EST dx = xJi1(x) 9 C. 


2.40483 *0.51915 
5.52008 -0.34026 


Jd 

2 On substitution of the coefficients {cy} in Eq. (29), we finally obtain 
3 8.65373 0.27145 

4 

5 


oo 2 3 
1 —yzkt yn! 
n u(r,t) = 2uo ex L Jo . (30) 
11.79153 -0.23246 (rd È 0d 1 -2 ) C ) 
14.93092  +0.20655 


Because of the presence of exponential factors, only a few terms are ordinarily needed for 
FIGURE 10.4.5. Roots of numerical computations. The data required for the first five terms are listed in Fig. 10.4.5. 
Jo(y) = 0. For instance, suppose that the cylinder has radius c — 10 cm, is made of iron with thermal 
diffusivity k = 0.15, and has initial temperature uo = 100°C throughout. Then, because 
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Jo(0) = 1, we find from Eq. (30) that the temperature at its axis (r = 0) after two minutes 
(t = 120) will be 


u(0, 120) = 200 TOS exp (-0.18;) 


AGO 


& 200 - (0.28283 — 0.00221 + 0.00000 — ---); 


thus u(0, 120) will be approximately 56.12? C. 


CASE (b): Insulated Boundary. In this case no heat ever escapes from the heated cylinder, 
so we certainly should find that its temperature remains constant: u(r,£) = uo. Inasmuch as 
ur(c,t) = 0 implies that R’(c) = 0, we have n = h = 0 in Eq. (14b), and hence case 3 in 
Fig. 10.4.3. Therefore, A9 = 0 is an eigenvalue with associated eigenfunction Ro(r) = 1. A 
corresponding solution of Eq. (26) is To(t) = 1. The positive eigenvalues are again given by 
(28), except that now the numbers {yn MN are the positive roots of Jo (x) = 0. The solution is 
therefore of the form 


u(r,t) =co+ X over (- 2:3 Jo (27). 


=1 


and we want 


u(r,0) = co + + ai (=) = ug. 


n=1 
But now the case 3 coefficient formulas in (24) yield 


2 fe 2uo [1 37° 
co = — rugdr = — | -r = uo; 
0 5l 0 ce E A 0 


2uo T Yat 2uo a 
Cg = —————À rJo dr — xJo(x) dx 
"- eh (Jon)? Jo T ) ys [Jo Yn)? Jo 


2uo | | 2ugJ1(yn) 
ze t. aut. ee 
veo L^ do — Yn Yorn 


because Jj (yn) = -Ji (yn) = 0. Thus we find that u(r, t) = uo, as expected. 


CASE (c): Heat Transfer at the Boundary. Substitution of R(r) = Jo(ar) in the boundary 
condition H R(c) + KR'(c) = 0 gives the equation 


HJo(ac) + KaJg(ac) = 0 
that takes the form 
hJo(oc) + acJ¢(ac) =0 (31) 


with h = cH/K > 0. Comparing Eq. (31) with Eq. (14b), we see that we have case 2 in 
Fig. 10.4.3 with n = 0. Hence the eigenvalues and associated eigenfunctions are given by 


2 
_ Yn y (Yat 
dn = 5. Ra(r) = Jo (= - ) (32) 


where Da are the positive roots of the equation /Jo(x) + xJg(x) = 0. Now T’ = —AkT 
as before; consequently, the solution is of the form 


unt) = Yo ev(- 23 »(). (33) 


n=1 


676 Chapter 10 Eigenvalue Methods and Boundary Value Problems 


Example 2 


Solution 


FIGURE 10.4.6. Cross section of the 
vibrating circular membrane. 


and Eq. (23) yields 


Quoy2 d r 
— on ; f rJo (2) ji 
c? (yi +h?) [Jo(yn)]* Jo € 


2ug 
(yz + h2) [Jo Yn)? 


2uoyn Ji(yn) 
(yg + h2) JoQu 


Yn 
f xJo(x) dx = 
0 


Hence 


2 


= yn J1 (Yn) yat Ynt 
,t)=2 J s 34 
u= 2 2, ca RO USE zi B ) d», Mss 


Suppose that a flexible circular membrane of radius c vibrates under tension T in such a 
way that its (normal) displacement u depends only on time ¢ and the distance r from its 
center. (This is the case of radial vibrations.) Then u = u(r, t) satisfies the partial differential 
equation 


9?u 2-2 2 [3u | 18u 
— V — 
4277 "7" darti Bs 
where a? = T /p, and u(c,t) = 0 if the boundary of the membrane is fixed. Find the natural 
frequencies and normal modes of radial vibration of the membrane. 

We apply the method of Section 10.3: Substitution of the function u(r,t) = R(r)sinot in 
Eq. (35) yields 


: ; 1 ! 
—o? R sinot = a? (r sinot + —R’ sinor) . 
r 


Thus w and R(r) must satisfy the equation 
y 
r? R" + rR!  — r^ R — 0, (36) 
a 


as well as the condition R(c) = 0 that follows from u(c, t) = 0. Equation (36) is the parametric 
Bessel equation of order zero with parameter œ = w/a, and its only nontrivial solution is (to 
within a constant multiple) 

we 

a 


R(r) = Jo (=) ; hence R(c) = Jo ( ) = 0, 


so wc/a must be one of the positive roots fn}? of the equation Jo(x) = 0. Thus the nth 
natural (circular) frequency and a corresponding natural mode of vibration are 


_ Yna 


2001 t 
On = F un(r. t) = Jo (7) sin Yna : 
C c 


€ 


(37) 


On inspection of the table of values of {yn} in Fig. 10.4.5, we see that the higher natural 
frequencies wy are not integral multiples of w; = y1a/c; this is why the sound of a vibrating 
circular drumhead is not perceived as being harmonious. The vibration of the membrane in 
the nth normal mode in (37) is illustrated in Fig. 10.4.6, which shows a vertical cross section 
through the center of the drumhead. In addition to the boundary r — c, there are n — 1 fixed 
circles, called nodal circles, with radii ri = yjc/yn, i = 1, 2, .... n — 1. The annular regions 
of the membrane between consecutive pairs of nodal circles move alternately up and down 
between the surfaces u = +Jo(ynr/c). Figure 10.4.7 shows how the surface u = Jo(ynr/c) 
looks for n — 1, 2, 3, and 4. [| 
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(a)nz1 


(b)n=2 


(c)n=3 
FIGURE 10.4.7. The surface u = Jo(ynr/c) for n = 1, 2, 3, 4. 


EDEI Problems 


1. Suppose that the circular membrane of Example 2 has ini- 
tial position u(r, 0) = f(r) and initial velocity u; (r, 0) = 0. 
Derive by separation of variables the solution 


oo 
r at 
u(r,t) — J cn Jo( 2 ) cos m , 
c c 
n=1 


where {yn h- are the positive roots of Jo(x) = 0 and 


2 c n 
Cn = A nof Í rf(r)Jo (=) dr. 


2. Assume that the circular membrane of Example 2 has ini- 
tial position u(r,0) = 0 and initial velocity u;(r,0) = vo 
(constant). Derive the solution 


ddp cen p» Jo(ynr/c) sin(ynat/c) 
"8 £o XM) C 


where {yn M are the positive roots of Jo(x) = 0. 

3. (a) Find u(r,t) in the case in which the circular mem- 
brane of Example 2 has initial position u(r, 0) = 0 and 
initial velocity 


P : 

- if0<re, 
ur(r,0) = 4 PTE 

0 ife<r <c. 


(b) Use the fact that [J1 (x)]/x > 4 as x — 0 to find the 
limiting value of the result in part (a) as € > 0. You should 
obtain 


oo 


_ aPo S Jo(ynr/c) sin(ynat/c) 
mcT ys Mai QW? 


(d)n24 


where {yn M are the positive roots of Jo(x) = 0. This 
function describes the motion of a drumhead resulting 
from an initial momentum impulse Pp at its center. 

4. (a) A circular plate of radius c has insulated faces and 
heat capacity s calories per degree per square centimeter. 
Find u(r, t) given u(c,t) = 0 and 


405 ifüsrie 
urs 
0 ife «r €c. 


(b) Take the limit as e — O of the result in part (a) to 
obtain 
oo 


a. 0 1 Yakt YnTr 
MO = nt Thome =| e E -) 


n=1 


(where wa? are the positive roots of Jo(x) = 0) for the 
temperature resulting from an injection of qo calories of 
heat at the center of the plate. 


Problems 5 through 7 deal with the steady-state temperature 
u = u(r.z) in a solid cylinder of radius r = c with bottom 
z = 0 and top z = L, given that u satisfies Laplace’s equation 
u  18u u = 
ðr? rðr Oz? ` 
5. If u(r, L) = uo and the rest of the surface of the cylinder 
is held at temperature zero, use separation of variables to 
derive the solution 


co 


u(r, Z) = 2ug x 


n=1 


Jo(ynr/c) . sinh(ynz/c) 
YnJi(yn)  sinh(ynL/c)’ 


where ty? are the positive roots of Jo(x) = 0. 
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6. (a) If u(r, L) = 


.Letc = 1 and L = 


f(r), u(r, 0) = 0, and the cylindrical sur- 
face r — c is insulated, derive a solution of the form 
u(r, 2) = eoz + Yo onto (P ~) si inh ZE, 


=1 


where {ya}? are the positive roots of Jo (x) =0. (b) Sup- 
pose that f(r) = uo (constant). Deduce from the result in 
part (a) that u(r, z) — uoz/L. 

+oo, so that the cylinder is semi- 
infinite. If u(r,0) = uo, hu(l,z) + ur(l,z) = 0 (heat 
transfer on the cylindrical surface), and u(r, z) is bounded 
as z — +00, derive the solution 


oo ^ 
"RE M x c 
n=l (ya + h*)Jo(yn) 


where QT are the positive roots of the equation 
hJo(x) = xJı (x). 
. Begin with the parametric Bessel equation of order n, 


d dy 2 n? 
tpp n-t qe y=0. (38) 
Multiply each term by 2x dy/dx; then write the result as 
412) 4 ») 92) =o, 
——À P w cita — = 
GN de a? x? —n v 


Integrate each term, using integration by parts for the sec- 
ond term, to obtain 


[4 


2 
(> 2) fe etait 
dx ü 


Finally, substitute y(x) = Jo(ox), a solution of Eq. (38), 
to get the formula in Eq. (20) in the text. 

. This problem provides the coefficient integrals for 
Fourier-Bessel series with n = 0. (a) Substitute n = 0 in 
the result of Problem 8 to obtain the integral formula 


[4 
— 20? | xy? dx =0. 
0 


c c? 
[ sto? ax = 5 (Vola)? + neo). 
A 2 
(39) 


(b) Suppose that a = y;/c where yz is a root of the equa- 
tion Jo(x) = 0. Deduce that 


c 2 2 

] Ye um 

Í Xx [o ( i )] dx S 

(c) Suppose that o = y;/c where yz is a root of the equa- 
tion J} (x) = 0. Deduce that 


c Y 2 

: Ye ae 

Í x [o ( E )] dx 7 

(d) Suppose that œ = y;/c where y, is a root of the equa- 
tion hJo(x) + xJ§(x) = 0. Deduce that 


[eae c P) ISP 


ol. 


[Jovo]. 


10. 


11. 


12. 
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Suppose that { mT are the positive roots of the equation 
J§(x) = 0 and that 


f(x) =co + p» cm Jo( 7). (40) 


(a) Multiply each side of Eq. d by x and then integrate 
termwise from x — 0 to x — c to show that 


2 c 
co = af xf (x) dx. 


(b) Multiply each side of Eq. (40) by xJo(ynx/c) and then 
integrate termwise to show that 


"oa h 0n C 


If a circular membrane with fixed boundary is subjected 
to a periodic force Fo sin ct per unit mass uniformly dis- 
tributed over the membrane, then its displacement func- 
tion u(r, t) satisfies the equation 


9?u 2 92u 1 du 
=a + 
012 Ər? rər 


) + Fosinot. 


Substitute u(r,t) = R(r)sinot to find a steady periodic 
solution. 

Consider a vertically hanging cable of length L and weight 
w per unit length, with fixed upper end at x — L and free 
lower end at x — 0, as shown in Fig. 10.4.8. When the ca- 
ble vibrates transversely, its displacement function y(x, t) 
satisfies the equation 


w 0?y ð oy 
= wx 
g ət? Ox ax 
because the tension is T(x) = wx. Substitute the function 
y(x,t) = X(x)sinot, then apply the theorem of Section 
8.6 to solve the ordinary differential equation that results. 


Deduce from the solution that the natural frequencies of 
vibration of the hanging cable are given by 


= m "rs (rad/s), 


where {yn p are the roots of Jo(x) = 0. Historically, this 
problem was the first in which Bessel functions appeared. 


x 


XSL 


x=OF 


FIGURE 10.4.8. The vertical hanging cable 
of Problem 12. 


Problems 13 through 15 deal with a canal of length L off the 
ocean (see Fig. 10.4.9 for a top view). Its vertical cross section 
at x is rectangular with width w(x) and depth h(x); the latter 
is the equilibrium depth of the water at x. Consider a periodic 
canal tide such that the vertical displacement of the water sur- 
face is y(x,t) = X(x) cosot at time t. Then y(x,t) satisfies 
the equation 


w(x) 82y ð 
—— -5 ——|u(x 
g ət? ax 


Let yo = X(L) be the amplitude of the tide at the mouth of the 
canal. 


l 
x=0 FSL x 


FIGURE 10.4.9. The canal of 
Problems 13 through 15. 


13. Suppose that w(x) = wx and h(x) = h (a constant). Show 


that 

Jo (wx/y gh) 
Jo (wL gh) 
(Suggestion: Apply the theorem of Section 8.6.) 


14. Suppose that w(x) = w (a constant) and that h(x) = Ax. 
Show that 


COS wt. 


y(x,t) = yo 


Jo (2w x/gh) 
Jo (2w Ljgh) 


15. Suppose that w(x) = wx and h(x) = hx with w and h both 
constant. Show that 


" i (2w x/gh) ; 
y(x,t) = yoy — " (20 Tih) COS at. 


COS wt. 


y(x,t) = yo 
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16. If 0 <a < b, then the eigenvalue problem 


d 


d 
dx Ka +tâxy=0, le) = yO) =0 


for the parametric Bessel equation of order zero is a reg- 
ular Sturm-Liouville problem. By Problem 1 of Section 
10.1, it therefore has an infinite sequence of nonnegative 
eigenvalues. (a) Prove that zero is not an eigenvalue. 
(b) Show that the nth eigenvalue is An = y2, where (nM. 
are the positive roots of the equation 


Jo(ax)Yo(bx) — Jo(bx)Yo(ax) = 0. (41) 


The first five roots of Eq. (41) for various values of a/b are 
listed in Table 9.7 of Abramowitz and Stegun's Handbook 
of Mathematical Functions. (c) Show that an associated 
eigenfunction is 


Rn(x) = Yo(yna)Jo(gnx) — Jo(yna)Yo(ynx). — (42) 


17. Suppose that an annular membrane with constant density 
p (per unit area) is stretched under constant tension T be- 
tween the circles r = a and r = b > a. Show that its 
nth natural (circular) frequency is oy = Yn VT/p, where 
{Yn nd are the positive roots of Eq. (41). 

18. Suppose that the infinite cylindrical shell a S r < b has 
initial temperature u(r, 0) = f(r), and thereafter u(a, t) = 
u(b, t) — 0. By separation of variables, derive the solution 


oo 
u(r,t) = = Cn exp (7v) Ryg(r), 
n=1 
where R; (r) is the function in Eq. (42) and 


b b 
cn f r [Rn GP? dr =| rf(r)Rn(r)dr. 


19. Consider the semi-infinite cylindrical shell 
OcazZrEzZb, 720. 
If u(a,z) = u(b, z) = 0 and u(r, 0) = f(r), derive by sep- 
aration of variables the steady-state temperature 
oo 
u(r,z) = Y cnexp(—ynz) Rn), 
n=1 


where {cn} and {Ry} are as given in Problems 18 and 16. 


lek Fielies Bessel Functions and Heated Cylinders 


Here we outline a Maple-based numerical investigation of the temperature function 


oo 2 
u(r.t) = Y an exp (E) o(%) (1) 
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Yn 


N 


.4048 
.5201 
.6537 
11.7915 
14.9309 
18.0711 
21.2116 
24.3525 
27.4935 
30.6346 


œ ul 


wont nur WD H 


e 


FIGURE 10.4.10. The first 10 
positive zeros of Jo(x) = 0. 


of the heated cylindrical rod of Example 1 in this section. Mathematica and MAT- 
LAB versions of this investigation are included in the applications manual that ac- 
companies this text. 

We assume that the cylindrical rod has radius c = 10 cm, constant initial 
temperature uo — 100^, and thermal diffusivity k — 0.15 (for iron). The coefficients 
{an} in Eq. (1) depend on the condition imposed at the boundary r = c of the 
cylinder. In the case of the zero boundary condition u(c,t) = 0, Eq. (30) in this 
section implies that an = 2uo/ (ys J1(ya)), where the {yn M are the positive solutions 
of the equation Jo(x) = 0. 

Knowing that y; ~ 2.4 and that successive roots differ approximately by 7r, 
we can approximate the first 20 values of y, by using the Maple commands 


g := array(1..20): # g for gamma 

for n from 1 to 20 do 
g[n] := fsolve(BesselJ(0,x)=0, x = 2.4 + (n-1)xPi): 
od: 


The table in Fig. 10.4.10 lists the first ten values of y,. Then the first 20 coefficients 
in (1) are calculated by the commands 


a := array(1..20): 
c := 10: u0 := 100: k := 0.15: 
for n from 1 to 20 do 
a[n] := 2*u0/(g[n]*BesselJ(1, g[n])): 
od: 


Finally, the following Maple function sums the corresponding terms of the series: 


u := (r, t) —> sum(al[n] xexp(-g[n] A2*k*t/cA2) x 
BesselJ(0, g[n]*r/c), n = 1..20); 


The graph of u(r, 120) in Fig. 10.4.11 shows how the temperature within the rod 
after two minutes varies with the distance r from its center, and we see that the 
centerline temperature has already fallen below 60°. The graph of (0, t) for a five- 
minute period shown in Fig. 10.4.12 indicates that the centerline temperature takes 
a bit more than 200 seconds to fall to 25°. Indeed, the computation 


fsolve(u(0, t) = 25, t = 200..250); 


reveals that this requires about 214 seconds. 

For your own cylindrical rod with constant initial temperature uo = 100° to 
investigate in the manner we illustrate, let c = 2p and k = q/10, where p is the 
largest and q the smallest nonzero digit of your student ID number. 


INVESTIGATION A: Ifthe cylindrical boundary of the rod is held at zero temper- 
ature u(c,f) = 0, plot graphs like Figs. 10.4.11 and 10.4.12, then determine how 
long it will take for the rod’s centerline temperature to fall to 25°. 


INVESTIGATION B: Now suppose that heat transfer occurs at the rod's cylindrical 
boundary, so that the coefficients in the series in (1) are those appearing in Eq. (34) 
of the text. Assume that h = 1, so that the (y; m are now the positive roots of the 
equation 


Jo(x) + xJ) = Jo(x) -xJ (x) 20 (2) 


(because Jj(x) = —J1(x)). Figure 10.4.13 shows the graph of the left-hand side 
in Eq. (2) and indicates that y, ~ 1.25, with successive roots differing (as usual) 
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100 100 


60 - 4 60 
E u = u(r, 120) z E 
40 : 40 -1 
-2 
20 H 20 -3 
-4 
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r t x 
FIGURE 10.4.11. Temperature as a FIGURE 10.4.12. Centerline FIGURE 10.4.13. The graph 
function of distance r from the rod's temperature as a function of time f. y = Jo(x) — xJo(x). 
centerline. 


by approximately z. Determine in this case both how long it takes the centerline 
temperature to fall to 25° and how long it takes the boundary temperature at r = c 
to fall to 25°. 


ERY Higher-Dimensional Phenomena 


In this section we discuss the application of the method of separation of variables 
to heat flow and vibration problems in which two or more space variables are in- 
volved. The section consists largely of illustrative examples, problems, and projects 
grouped according to whether rectangular, cylindrical, or spherical coordinates are 
most appropriate for their solutions. 


Rectangular Coordinate Applications and Two-Dimensional 
Fourier Series 


As indicated in Section 9.7, the Laplacian in two dimensions takes the form 


For instance, consider a thin plate lying in the xy-plane with its two parallel faces 
insulated, so that heat flows within the plate only in the x- and y-directions. If 
u(x, y, t) denotes the temperature at time ¢ at the point (x, y) within the plate, then 
under standard assumptions it follows that u satisfies the two-dimensional heat 
equation 


ðu 2 u u 


Here k denotes the thermal diffusivity of the material comprising the plate. The heat 
equation in (1) governs the change with time of temperatures within the plate. Note 
that if dr/dt = 0, then the heat equation reduces to Laplace's equation V?u = 0, 
which (as in Section 9.7) determines the steady-state distribution of temperature in 
the plate. 

If the plate is rectangular and homogeneous boundary conditions are imposed 
along its four edges, then the method of separation of variables can be applied in a 
straightforward manner. 
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Example 1 


Solution 


Suppose that a thin rectangular plate occupies the plane region 0 < x < a, 0 < y < b, that its 
top and bottom faces are insulated, and that its four edges are held at temperature zero. If the 
plate has the initial temperature function u(x, y, 0) — f(x, y), then its temperature function 
u(x, y, t) satisfies the boundary value problem consisting of the heat equation in (1) and the 
boundary conditions 


u(0, y, t) = u(a, y,t) = u(x,0,t) = u(x, b,t) = 0, (2) 
u(x, y,0) = f(x. y). (3) 
Find u(x, y, t). 
We substitute u(x, y, t) = X(x)Y(y)T (t) in Eq. (1). After division by kX YT, we obtain 
T! y" y" 
kT X Y. 
This relation can hold for all x, y, and t only if each term is a constant, so we write 
Xx" Y" T! 
— =À, 
X Y kT 


— -(A- p). (4) 


Taking into account the boundary conditions in (2), we see that X(x) and Y(y) satisfy the 
separate Sturm-Liouville problems 


X"-AX-0, X(0)= X(a) =0 (5) 
and 
Y" +uY=0, Y(0)= Y(b) — 0. (6) 


The eigenvalues and eigenfunctions of the familiar problem in (5) are 


Am =, Xm(x) = sin (7) 
a 
for m = 1, 2,3,.... Similarly, the eigenvalues and eigenfunctions of the problem in (6) are 
n?n? . NTY 
Ln = Fz Yn(y) = sin T (8) 
forn = 1, 2, 3, .... We use distinct indices m and n in (7) and (8) because the two problems 
in Eqs. (5) and (6) are independent of each other. 
For each pair m, n of positive integers, we must solve the third equation in (4), 
m? p 
I = —(Àm + Hn)kTmn = — (= F p t uoo. (9) 
To within a multiplicative constant, the solution of Eq. (9) is 
Tn (t) = exp (-vinnkt) (10) 
where 
m? m 
Ymn = 1 p dT (11) 


Thus we have found a “doubly infinite" collection of building blocks, and it follows that the 
“doubly infinite" series 


oo oo 
_ mmx , nm 
u(x, y.t) = b» b Cmn €Xp (-vånkt) sin — sin a (12) 


m=1n=1 


formally satisfies the heat equation in (1) and the homogeneous boundary conditions in (2). 


PROBLEM 1 


PROBLEM 2 
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It remains only to determine the coefficients {Cmn} so that the series satisfies also the 
nonhomogeneous condition 


= pas . MEX . = 
u(x, y,0) 2 >> Y ema sin "EL = f(x,y). (13) 


m-in-i 


To do so, we first group the terms in this two-dimensional Fourier series to display the total 
coefficient of sin(nx y/b) and write 


f(x,y) = » (X Cmn sin ” 


n=1 


. NTY 
tt as trt 5o (14) 


For each fixed x, we want the series in (14) to be the Fourier sine series of f(x, y) on 0 < 
y S b. This will be true provided that 


> Cmn sin” 


The right-hand side in pe is, for each n, a function Fp (x); viz., 


-2f f(x, y)sin > dy. (15) 


oo 
Fax) = Y emn sin oa (16) 


This requires that cmn be the mth Fourier sine coefficient of F, (x) on 0 < x < a; that is, that 


2 [? $ 
mnm zf Fa (x) sin I dis (17) 
a Jo a 


Substituting the right-hand side in Eq. (15) for Fa (x) in Eq. (17), we finally get 


inc 5h [A f(x,y) sin ” 


for m,n = 1, 2, 3, .... With these coefficients, the series in us is the double Fourier sine 
series of f(x, y) on the rectangle 0 € x € a, 0 € y < b, and the series in (12) formally 
satisfies the boundary value problem in (1)-(3). E 


a dy dx (18) 


Suppose that f(x, y) = uo, a constant. Compute the coefficients in (18) to obtain 
the solution 


—y2 kt 
u(x, y,t) = au > x me m mmx . nny 


m odd n odd ni a b 
Replace the boundary conditions (2) in Example 1 with 
u(0, y,t) = u(x,0,t) = 0, 
hu(a, y,t) + ux(a, y, t) = hu(x,b,t) + uy(x, b, t) = 0. 


Thus the edges x = 0 and y = 0 are still held at temperature zero, but now heat 
transfer takes place along the edges x = a and y = b. Then derive the solution 


Bny 
= mn kt E 
u(x, y, t) = P» exp (-y75 ) sin = : sin D 
where y2,, = (on/a)? + (Bn/b)*, {am} are the positive roots of ha tan x = —x, {Bn} 
are the positive roots of hb tan x = —x, and 
Dn y 
mn — d , 
C A.B, b ydx 


where Am = (ha + cos? a@m)/h and B, = (hb + cos? Bn)/h. 
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PROJECT A Suppose that the three edges x = 0, y = 0, and y = b of the plate of Example 1 are 


held at temperature zero, but the fourth edge x — a is insulated, with corresponding 
boundary conditions 


u(0, y, t) = u(x,0,t) = u(x,b,t) = ux(a, y,t) = 0. 


If the plate's initial temperature is u(x, y, 0) = f(x, y), show that its temperature 
function is given by 


co oo 


u(x, yt) = M Y Cmn exp (- va, kt) sin 


m=1n=1 


(2m—l)ztx . nay 
si 
2a 


t. (9) 


where 


and 


4 qu y 2m — 1 
Caan 51, f MORS i NEN sin ids dy dx. 
ab 0 0 2a b 


The result of Problem 21 in Section 9.3 may be useful. If f(x, y) = uo (a constant), 
show that Eq. (19) yields 


1649 — exp(-yA,kt) . Qm-—l)nx . nay 
D> Om- Da 9m T sin. 


(20) 


For your personal plate to investigate numerically, take wo = 100, a = 10p, 
b = 10q, and k = r/10, where p and q are the two largest digits and r is the smallest 
nonzero digit in your student ID number. Plot z = u(x, y, t) for typical values of t 
to verify that each such graph is symmetric with respect to the midline y — 5/2, so it 
follows (why?) that the maximum temperature in the plate occurs at a point of this 
midline. Then determine (perhaps using the method of the Section 10.2 project) 


e How long it takes for the maximum temperature on the edge x = a to fall 
to 25°; 
e What is then the maximum interior temperature in the plate. 


Vibrations of Rectangular Membranes 


Now let’s consider a two-dimensional flexible membrane whose equilibrium po- 
sition occupies a region in the horizontal xy-plane. Suppose that this membrane 
vibrates up and down, with u(x, y. 1) denoting the vertical (normal) displacement 
of the point (x, y) of the membrane at time t. If T and p denote the membrane's 
tension and density (per unit area), respectively, then under standard assumptions it 
follows that its displacement function u(x, y, t) satisfies the two-dimensional wave 
equation 


2 2 2 
Fs Lagi e a (Ps. Po) à 


where c? — T/p. 
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PROBLEM 3 Suppose that the rectangular membrane 0 < x a, 0 < y < b is released from 
rest with given initial displacement u(x, y, 0) = f(x, y). If the four edges of the 
membrane are held fixed thereafter with zero displacement, then the displacement 
function u(x, y, t) satisfies the boundary value problem consisting of the wave equa- 
tion in (21) and the boundary conditions 


u(0, y, t) = u(a, y,t) = u(x,0,t) = u(x,b,t) = 0, 
u(x, y,0) = f(x, y) (initial position), (22) 
u;(x, y,0) = 0 (initial velocity). 


Derive the solution 


co oo 


u(x, y,t) = b3 » Cmn COS YmnCt sin 


m=1n=1 


MTX nay 


in ——— 2 
in (23) 


where the numbers {ymn} and the coefficients {Cmn} are given by the formulas in 
(11) and (18), respectively. 

The mnth term in Eq. (23) defines the rectangular membrane's mnth natural 
mode of oscillation, with displacement function 


MTX 


. .ORmy 
Umn(X, y, t) = sin sin 2 COS YmnCt. (24) 


In this mode the membrane travels up and down between the (imaginary) surfaces 


. MTX , nay 
u = +sin sin 


with circular frequency @mn = Ymnc of oscillation. Figure 10.5.1 illustrates how 
these surfaces look for typical small values of m and n. If c = 1 and a = b = x (for 
instance), then the successive frequencies 


042 = 0931 = V5 x 2.24, 022 = V8 zx 2.83, 
013 = 031 = vV 10 z 3.16, 023 = 032 = vV 13 z 3.61, 
033 = Vv 18 z 4.24, 


are not integral multiples of the fundamental frequency voi; = 42 ~ 1.41. This 
correctly suggests that the sound of a vibrating rectangular membrane is not harmo- 
nious, and therefore is usually perceived as noise rather than music. 
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(c) m=3,n=2 (d) m=3,n=3 


FIGURE 10.5.1. Surfaces of the form u = sin mE sin ai . 


PROBLEM 4 Suppose that the membrane in Problem 3 is a square tambourine lying upright and 
crosswise in a pickup truck that hits a brick wall at time ¢ = 0. Then the membrane 
is set in motion with zero initial displacement and constant initial velocity, so the 
initial conditions are 


u(x,y,0) 20, uj;(x,y,0)— vo (aconstant). 


Then derive the solution 


16v9 sin ct . MTX . nx 
u(x, y,t) = —— > >. REST Sin sin zi 
mi a 
AR m odd n odd TYmn 


PROJECTB Suppose that the square membrane 0 < x € x, 0 < y € x is plucked at its center 


" point and set in motion from rest with the initial position function 
: (T, T) 


u(x, y,0) = f(x, y) = min{x, y, x — x, x — y}, (25) 


whose graph over the square 0 < x < 2,0 < y < m resembles a square-based tent 
or pyramid with height 7/2 at its center. Thus the “tent function” f(x,y) is the 
two-dimensional analog of the familiar one-dimensional triangle function. It can be 
defined piecewise as indicated in Fig. 10.5.2. 

Use a computer algebra system such as Maple or Mathematica to show that 
the double integral formula in (18) yields cy, = 0 if m Z n and 


4 
i= Ep”) NH e for n odd, 


FIGURE 10.5.2. Piecewise nwa id 
definition of the tent function. 0 for n even. 
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It therefore follows from (23) that the membrane's resulting displacement function 
is given by 


4 3 sinnx sinny cosnt 4/2 


u(x, y,t) = = (26) 


2 
n odd : 

Is it clear that—because the summand in (26) contains no terms with m # n—the 
function u(x, y, t) is periodic (in t) with period x 4/2? The fact that the tent function 
in (25) thus yields a “musical” vibration of a square membrane was first pointed out 
to us by John Polking. Figure 10.5.3 shows some typical snapshots of this vibration. 


CX 


(c) t=2/8 (d) t= 37/16 
FIGURE 10.5.3. Vibrations of the square membrane with period P = 2/2. 


Polar Coordinate Applications 


In problems involving regions that enjoy circular symmetry around the origin in 
the plane (or the vertical z-axis in space), the use of polar (or cylindrical) coor- 
dinates is advantageous. In Section 9.7 we discussed the expression of the two- 
dimensional Laplacian in terms of the familiar plane polar coordinates (r,0) for 
which x = rcos0 and y = r sin. Recall from Eq. (1) in Section 10.4 that the 
three-dimensional Laplacian for a function u(r, 0,1) expressed in cylindrical coor- 
dinates is given by 


u lou 18u Fu 


Vu = — + -— + —— dec. 
* I2 POR” 7g gg 


Q7) 
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FIGURE 10.5.4. The solid cylinder 
of Example 2. 


PROBLEM 5 


If u is independent of either 0 or z, then the corresponding second derivative is 
absent from the right-hand side in Eq. (27). 


Suppose that the solid cylinder 0 S r € c, 0 Sz < h of Fig. 10.5.4 is made of a uni- 
form material with thermal diffusivity k and has an axially symmetric initial temperature 
u(r,z,0) = f(r,z) that is independent of 0. If the cylinder's boundary—consisting of the 
vertical cylindrical surface r = c and its circular top and bottom—is thereafter held at temper- 
ature zero (perhaps because the cylinder is embedded in ice at time ¢ = 0), then the resulting 
axially symmetric temperature function u(r, z, t) satisfies the boundary value problem 


Ou u ldu u 
=kV7u =k 2 
ðt i (zs T r or j £j ad 
u(c,z,t) —u(r, 0, t) = u(r.h.t) = 0, (29) 
(boundary temperature zero) 
u(r, z, 0) = f(r, z). (30) 
(given initial temperature) E 


The following two problems outline a solution of this heat problem for the case of 
constant initial temperature. 


Show that the substitution 
u(r,z,t) = R(r)Z(z)T(t) 


in Eq. (28) yields the separation of variables 


r? R" +rR' + ær? R = 0, R(c) = 0; (31) 
Z" + BZ =0, Z(0) = Z(h) = 0; (32) 
T' 2 —(o? + BKT. (33) 


Note that the differential equation in (31) is the parametric Bessel equation of order 
zero for R(r), and so (31) has the eigenvalues and eigenfunctions given in case 1 of 
the table in Fig. 10.4.2. Of course, the differential equations in (32) and (33) have 
familiar trigonometric and exponential solutions. Hence derive the formal series 
solution 


u(r,z,t) = p 2 Cmn €Xp (—Àmnkt) Jo(™) sin = (34) 


m=1n=1 


where the {ym ie are the positive solutions of the equation Jo(x) = 0 (as listed in 
the Section 10.4 project), 


ys nmr 


Amn =a 
c? h2 


(35) 


and the coefficients in Eq. (34) are given by the formula 


. AMZ 
cnn T LS THURIS —— | [ rf (rz z) Jo ( ML) sin 7 az dr. (36) 


The derivation of Eq. (36) is similar to that of the double Fourier series coefficient 
formula in (18). 


PROBLEM 6 


PROJECT C 


PROJECT D 


10.5 Higher-Dimensional Phenomena 689 


If the initial temperature function is constant, f(r, z) = uo, deduce from Eqs. (34) 
and (36) that 


exp (—Amnkt) Jo (=) sin = 
Cc h . (37) 


Suo oo 
u(r, Z,t) x b» 


where Am» is defined in Eq. (35). 


ym 1 (Ym) 


For your personal heated cylinder to investigate numerically, take uo = 100, h = 
10p, c = 5g, and k = r/10, where p and q are the two largest digits and r is the 
smallest nonzero digit in your student ID number. Assume zero boundary temper- 
atures as in Problems 5 and 6. Plot the surface z = u(r, z,t) for typical values of t 
to substantiate the physically plausible conjecture that, at any time ¢, the maximum 
temperature within the cylinder occurs at its center point, where r = 0 and z = h/2. 
It may help to also plot graphs of 


1. u as a function of r with z = h/2 and t constant; and 
2. u as a function of z with r = 0 and ¢ constant. 


Then determine how long it takes for the maximum temperature within the cylinder 
to fall to 25°. 

Repeat this investigation with the temperature held at zero on the cylinder's 
bottom and curved surface, but with its top now insulated, so that the boundary 
conditions in (29) are replaced with 


u(c, z,t) = u(r,0,t) = uz(r,h, t) = 0. 


Using (as in Project A) the result of Problem 21 in Section 9.3, you should find that 
(37) is replaced with 


m . Qn— I)zz 
exp (—Amnkt) "ne 7)sinf E He 


_ Suo oO uo c 2h 
u(r,z,t) = = 25.25 (2n — 1)Ym Jı (Ym) a 


where 

y (2n—1)?x? 

c 4h? 

Is it plausible that the cylinder’s maximum temperature now always occurs at the 
center of its top? Substantiate this conjecture with appropriate graphical investiga- 
tions. Also determine how long it takes for this maximum temperature to fall to 
25" 


This project deals with a vibrating uniform circular membrane of radius a. If the 
membrane’s initial displacement and velocity functions depend on both polar coor- 
dinates r and 0, then the wave equation in (19) takes the polar coordinate form 


07 u 


S (39) 


solui c ds (25 1 ðu 1 zs] 


0r? T r or T r2 00? 


If the membrane is released from rest at time t = 0 and thereafter its boundary 
is held fixed (so on the circle r = a we have the displacement u always zero), 


690 Chapter 10 Eigenvalue Methods and Boundary Value Problems 


then the membrane's displacement function u(r, 0, t) satisfies both Eq. (39) and the 
boundary conditions 


u(a,0,t) =0 (fixed boundary), (40) 
u(r,0,0) = f(r,0) (given initial displacement), (41) 
u;(r,0,0) =0 (zero initial velocity). (42) 


Fill in the details in the following outline of a solution. Show first that the 
substitution 
u(r,0,t) = R(t)O(0)T(t) 


in Eq. (39) yields the separation of variables 
R" I R’ 
T" + r ©” 


B "EN 
AT z +35 =7-2 (constant). (43) 


Then 
T” +&° eT =0, T’(0)=0 (44) 
implies that, to within a constant multiple, 
T(t) = cosact. (45) 


Next, the right-hand equality in (43) yields the equation 


2R" R!’ o” 
LL ar? + o 0, (46) 
from which it follows that 
9" 
Ə = —f? (constant). (47) 


In order that a solution G(0) of ©” + 8280 = 0 have the necessary periodicity of 
period 2x, the parameter f must be an integer, so we have the 0-solutions 


cos n0, 
6,(0) — 4. (48) 
sin nO 
forn = 0,1, 2,3,.... 
Substitution of @”/@ = —n? in (46) now yields the parametric Bessel 
equation 
r? R" + rR! + (a?r? - n?)R 20 (49) 
of order n, with bounded solution Jn (or). Because the zero boundary condition in 
056 — 5 i5 (40) yields J„ (œa) = 0, case 1 in the table in Fig. 10.4.2 yields the r-eigenfunctions 
* = Ymnt E T 
FIGURE 10.5.5. The graphs and Rmn(r) = In( a ) Un Ty dense Du cse (90) 


initial zeros of the first several Bessel em . . . 
functions. where ymn denotes the mth positive solution of the equation J, (x) = 0 (Fig. 10.5.5). 


Computer systems such as Mathematica can be used to approximate the numerical 
value of ymn; for example, the command 


N[BesselJZero[3, 111 


(a) m=2,n=1 (b) m=1,n=2 


(c) m=2,n=3 (d) m=3,n=2 


FIGURE 10.5.6. Typical nodal 
circles and radii for a vibrating circular 
membrane. 
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returns the value 6.38016 for the first positive solution y13 of J3(x) = 0. Finally, 
substitution of @mn = (Ymn)/a in (45) yields the t-function 


YmnCt 


(51) 


Tn (t) = cos 


Combining (48), (50), and (51), we see that our boundary value problem for 
the circular membrane released from rest has the formal series solution 


Z z mn mn t 
u(r,0,t) = X. > Jy (=) (amn cos nO + bmn sinn0) cos m. (52) 


m=1n=0 


Thus the vibrating circular membrane’s typical natural mode of oscillation with zero 
initial velocity is of the form 


Ymnl Ymnct 


(53) 


Umn(r,0,t) = Jn ( ) cos n@ cos 


or the analogous form with sinz6 in place of cosn@. In this mode the membrane 
vibrates with m — 1 fixed nodal circles (in addition to its boundary r = a) with radii 


_ Yjna 


mn 


V jn 


It also has 2n fixed nodal radii spaced at angles of z/n starting with 0 = z/(2n). 
Figure 10.5.6 shows some typical configurations of these nodal circles and radii, 
which divide the circle into annular sectors that move alternately up and down as 
the membrane vibrates. 

Formulas for the coefficients in (52) often are not required for practical ap- 
plications involving vibrating circular membranes. We suggest that you explore 
vibrating membrane possibilities by graphing convenient linear combinations of 
eigenfunctions defined as in (53). For instance, Fig. 10.5.7 shows snapshots of 
the oscillation defined by 


u(r,0,t) = Ji(yzir) cos 0 cos y21t + Ja2(yazr) cos 20 cos y32t (54) 


for a circular membrane with c — 1 and radius a — 1. The following Maple com- 
mands animate these snapshots by producing a display, controlled by play button or 
slider, illustrating the motion of the membrane from t = 0 tot = 1: 


g21 := BesselJZeros(1, 2) 

g32 := BesselJZeros(2, 3) 

u := (r, theta, t) -> 
BesselJ(1, g21x*r) «cos (theta) xcos(g21*t) + 
BesselJ(2, g32x*r) «cos (2*theta) *cos (g32*t) 

plots:-animate(plot3d, [[r, theta, u(r, theta, t)], 
r= 0..1, theta = 0..2*Pi, coords = cylindrical], 
t = 0..1) 
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N 


P(p, 6.0) 


y 


FIGURE 10.5.8. Finding the 
spherical coordinates of the point P. 


Example 3 


(a) t= 0.0 (b) t= 0.2 


(c) £20.4 (d) t 2 0.6 
FIGURE 10.5.7. Snapshots of the circular membrane vibration defined by Eq. (54). 


Spherical Coordinate Applications 


In problems involving regions that enjoy spherical symmetry around the origin in 
space, it is appropriate to use the spherical coordinates indicated in Fig. 10.5.8. 
The three-dimensional Laplacian for a function u(p, $, 0) expressed in spherical 
coordinates is given by 


1[9 du 1 9 fou 1 8u 
a i mima 22 ERO EE HN Md 
Fa FG 5.) T Sing d (s sing) tamg sa | vu) 


Note that o = yx? + y? + z? denotes the distance of the point P from the origin 
O, $ is the angle down from the positive z-axis to OP, and 0 is the ordinary polar 
coordinate angle in the x y-plane (although some texts reverse the roles of $ and 0). 
Observe also that if u is independent of either p, $, or 0, then the corresponding 
second derivative term is missing on the right-hand side in Eq. (55). 


Suppose that a given axially symmetric temperature function g($) is imposed on the bound- 
ary sphere p = a of the solid ball 0 < p < a, and we seek the resulting axially symmetric 
steady-state temperature function u(p, $) within the sphere. Because u is independent of 0, 
Laplace's equation V?u = 0 takes (after multiplication by o? in Eq. (55)) the form 


0 ( ðu 1 ə (ðu . E 56) 
"10 DEETIC RUD | i 


and we have the single boundary condition 


u(a,$) = g(¢) (given boundary temperature). (57) 


PROBLEM 7 


PROBLEM 8 


PROBLEM 9 
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The following problems outline a solution of this boundary value problem to find 
the temperature function u(p, $). 


Show that the substitution u(p, 9$) = R(p)®(¢) in Eq. (56) yields the separation of 
variables 

o? R" + 2pR' — AR = 0, (58) 

[(sin 9) &/l + A(sin gd) = 0, (59) 

where 4 is the usual separation constant. We have no homogeneous boundary con- 

ditions to impose, but we do seek continuous functions R(p) for 0 € p < a and (9) 


for 0 < $ < zx. Equation (58) is one for which the trial solution R(p) = pk suggests 
itself, but Eq. (59) appears to be completely unfamiliar. 


Show that the substitution 
x-—cosó, y(x)=@(cos!x)=0¢) (-1Sx1) 
in Eq. (59) yields the Legendre equation 
(1 — x2)y" —2xy +Ay =0 


that we discussed in Section 8.2. This equation has a solution y (x) that is continuous 
for-1 < x < 1 only if A = n(n + 1), where n is a nonnegative integer. In this case 
y(x) is a constant multiple of the nth Legendre polynomial P,(x). Thus we have 
eigenvalues and eigenfunctions of Eq. (59) given by 


An =n(n +1), ®n(b) = Ps (cos) (60) 
for n = 1, 2, 3,.... Recall from Section 8.2 that the first several Legendre polyno- 
mials are 

Po(x) = 1, Pi(x) =x, 
P(x) = 18x? — 1), P3(x) = 1(5x? — 3x), 


P4(x) = £(35x* — 30x? + 3), 
With A = n(n + 1), Eq. (58) takes the form 
p? R" + 2pR' — n(n + 1)R = 0. 


Show that the trial solution R(p) = p* yields the general solution 
B 
R(p) = Ap" + rz 


But continuity at p = 0 implies that B = 0 here, so it follows that the eigenfunction 
of Eq. (58) corresponding to A, = n(n + 1) is (a constant multiple of) R, (p) = p". 
Thus we have found the building-block solutions 


Un(p,) = p" Py, (cos $) (n = 0,1,2,...) 


of Laplace’s equation in (56). In the usual fashion our next step is to write the formal 
series solution 


u(p.) = Y bnp” Pn(cos ¢). (61) 


n=0 
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PROBLEM 10 


PROBLEM 11 


It remains only to discuss the choice of coefficients in Eq. (61) to satisfy the nonho- 
mogeneous condition 


u(a, $) = g($) = Y bna” P, (cos 9). 
n=0 


With x = cos¢, f(x) = g(¢) = g(cos ^! x), and c, = bna”, this equation takes the 
form of the Fourier-Legendre series 


fupe eg. (62) 


expressing the function f(x) on [—1, 1] in terms of Legendre polynomials. Given 
that the Legendre polynomials (P; GO are mutually orthogonal on [—1, 1] with 
weight function r(x) = 1, apply the formal eigenfunction series method of Section 
10.1—multiplying each side in Eq. (62) by P(x) and integrating termwise—to 
derive the Fourier—Legendre coefficient formula 


d f(x) Ph(x) dx 


[f [Pa CO? m 


But then the known integral 


1 
EXP E 
I [P4 (x)]t dx = 5 


n-l 
gives 
n= ETP poyPacd (63) 
Show, finally, that this choice of coefficients yields the formal series solution 
up. = 326 (2) Pa(cos 9) (64) 
n=0 


of the boundary value problem in Eqs. (56) and (57). 


Recall the notation 
k!! = k(k —2)(k —4)---4-2 


for k even and 
kM = k(k —2)(k —4)---3-1 


for k odd. Use the integral 


1 if n = 0, 
l if n — 1, 
| Pa(x) dx = 1o ifn=2,4,6,..., (5 


(yey BA" 


(n 4- DU ifn 23,5, 7,... 


1.0 
0.5 


a 0.0 
-0.5 
-1.0 


FIGURE 10.5.9. The graph of the 
25-term partial sum of the rectangular 
wave series in Eq. (66). 


PROJECT E 


FIGURE 10.5.10. A floating 
spherical buoy with specific gravity 
ô = 0.5. 


FIGURE 10.5.11. The floating buoy 
with ô < 0.5. 
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to derive the Fourier-Legendre series 


s(x) = 3Pi(x) — 2/56) + EP s(x) — A P) + 


es I9 (66) 


= 3 Pi (x) + p (-1)09- 9? Gn + Da DH 


n odd 
nz3 


of the square-wave function 


(x) -] if -l<x<0O, 
s(x) = 
+1 if O<x<l. 
Figure 10.5.9 shows the graph of the partial sum with 25 terms of the series in 
Eq. (66), exhibiting a characteristic Gibbs phenomenon near x = 0. 


Figure 10.5.10 shows a solid spherical buoy of radius a = 1 meter floating in water. 
If the buoy has uniform specific gravity 6 = 0.5 (density half that of water), then it 
sinks to a depth h = 1 meter as shown. Suppose that the temperature of the water is 
10° and that of the air is 20°. Then we want to find the temperature function u(p, $) 
within the buoy subject to the boundary condition 


2 20 if 0$ ez 
«heh f if x/2«$ «m. 


Then 


= -1.,_ [10 if -l<x<0Ol _ 
JOoestos 3) = i ossai $9459 
in terms of the step function s(x) of Problem 11. Hence use Eqs. (64) and (66) to 
show that 


u(p, $) = 15 + $ pP: (cos) 


vi- au o” Palcos). (67) 


(1) @-1)/2 
+ 5° 5-(-1) Qn DOT 


n odd 
nza 


Because the odd-degree Legendre polynomials have only terms of odd degree, it 
follows from Eq. (67) that the buoy has a constant average temperature of 15° on its 
water-level cross section (where ¢ = 7/2). As a first step in using the series in (67) 
to investigate the temperature distribution within the buoy, sum enough terms to plot 
u as a function u(z) of height x (C1 € z € 1) on the vertical axis of symmetry of the 
buoy. Knowing that u(0) — 15, find the numerical values of z for which u — 12.5? 
and u = 17.5. 

The buoy problem is more interesting if the specific gravity of the buoy is 
less than half that of water, 0 < 6 < 0.5, so the buoy lies higher in the water as in 
Fig. 10.5.11. Archimedes' law of buoyancy implies that the buoy floats with the 
fraction ô of its total volume 47/3 submerged. Hence the part of the buoy lying 
beneath the waterline has volume V = 4776/3. But this volume also is given by the 
sphere-segment volume formula 


h 
V= Tor? + n2). 
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iu 220 


FIGURE 10.5.12. The temperature 
u (z) at the point z on the vertical axis 


of the buoy with h = 0 


:5. 


z-axis 


FIGURE 10.5.13. The waterline 


cross section with z = 


X3 ex. xx3 
D um Eggs 


15.0 


—0.5, 


14.5 


314.0 


13:3 


13.0 l 


u = 13.6603 


-1.0 -0.5 0.0 0.5 


FIGURE 10.5.14. The temperature 
u(x) in the waterline cross section of 


the buoy with A = 0.5. 


Equate the two expressions for V to show that the depth A to which the buoy sinks 
in the water is a solution of the cubic equation 


h? — 3h? + 48 = 0. (68) 


With your own choice of 6—perhaps one-tenth the smallest nonzero digit in your 
student ID number—graph this equation to see that it has a single root in the interval 
0 « h « 1. Approximate this root h accurate to at least two decimal places. Then 
the boundary condition (water temperature 10°, air temperature 20°) corresponds to 


10 if -C1«x «h-1, 


ra= n if kn ie Sat. 


so (63) gives the formula 


h—1 1 
Cn = | 10 P, (x) dx + f 20 Pr(x) dx (69) 
-1 h-1 


for the coefficients (c, jo in the series 


u(p.$) = » ; cup" Pn (cos ). (70) 


n=0 


Now the questions—as to the temperature at the waterline level within the 
buoy, and as to where within the buoy the temperature is exactly 12.5°, 15°, and 
17.5°—are more interesting. If h # 0 then numerical integration is necessary to 
evaluate the integrals in (69). For instance, the Mathematica command 


c[n ] = ((2*n + 1) /2)x* 
(10*NIntegrate[LegendreP[n,x], {x, -1, h - 1}] + 
20*NIntegrate[LegendreP[n,x], íx, h - 1, 1}]) 


can be used. Explain why Eq. (70) implies that the temperature u(z) at the point 
(0, 0, z) (on the buoy's vertical axis of symmetry with —1 < z € 1) is then given by 


u(z) = Xo az". (71) 
n=0 


With ô chosen so that h = 0.5, the partial sum consisting of 50 terms in (71) was 
used to plot the graph of u(z) shown in Fig. 10.5.12, where we see the temperature 
increasing nonlinearly from u(—1) = 10 to u(1) = 20. Using the Mathematica 
FindRoot function we find that u(—0.6335) ~ 12.5, u(—0.3473) ~ 15, and u(0) = 
17:5. 

Now the temperature at the center point of the buoy’s cross section at the 
waterline is u(—0.5) ~ 13.6603 (rather than the average temperature of 15° that one 
might naively expect). In Fig. 10.5.13 we see that 


p= vyx? +0.25 and 4 = x — arctan |2x| 


at a point of the waterline cross section at distance x from the buoy’s vertical axis. 
The graph of u (now as a function of x) shown in Fig. 10.5.14 was plotted by 
substituting these expressions for p and $ in a 50-term partial sum of the series 
in (67). Can you see intuitively why, as x increases starting at zero, the temperature 
u(x) first decreases and then rises rapidly to u = 15? at the boundary circle of the 
waterline cross section? 


FIGURE 10.5.15. With m = 3 and 
n -—9. 


FIGURE 10.5.16. With m = 5 and 
n = 13. 
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Spherical Harmonics and Ocean Waves 


Equation (55) gives the three-dimensional Laplacian in spherical coordinates. For 
instance, consider radial vibrations of the surface of an elastic spherical planet of 
radius c. If u($, 0,1) denotes the radial displacement at time t of the point (9, 0) of 
the surface p = c of the planet, then the wave equation u;; = a? V? (with posue 
and up = 0) takes the form 


3u 
7A (72) 
where b = a/c and 
ea (sing) 9. NN zu (73) 
90" = Sind OO Ob) ^ sin? 907 


Alternatively, Eq. (72) models the oscillations of tidal waves on the surface of 
a spherical planet of radius c. In this case, u(¢, 0, t) denotes the radial displacement 
(from equilibrium) of the water surface at the point ($, 0) at time t and b? = gh/c?, 
where h is the average depth of the water and g denotes gravitational acceleration 
at the surface of the planet. 

In the applications manual that accompanies this text, we show that the sepa- 
ration of variables 


u($, 0.1) = Y($.0)T(t) 
in Eq. (72) leads to eigenfunctions of the typical form 


Umn(, 0,t) = Yinn(@, 0) cos ost (74) 


for 0 <m € n = 1, 2, 3, .... The frequency of this oscillation is wn = b./n(n + 1) 
and Ymn denotes the spherical harmonic defined by 


Ymn($, 0) = P?” (cos 9) cos m0 (75) 
in terms of the so-called associated Legendre function 
PEG e (Vea) BG), (76) 


where the mth derivative of the ordinary Legendre polynomial P, (x) appears on the 
right. 

For instance, let us consider water waves with a (quite unrealistic) average 
depth of h = 1.25 sloshing about on the surface of a small spherical planet of radius 
c =5. In Figs. 10.5.15 and 10.5.16 we show a couple of typical water surface shapes 
of the form p = c + hYmn (Q, 0). 
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APPENDIX 


Existence and Uniqueness 
of Solutions 


In Chapter 1 we saw that an initial value problem of the form 


dy 
Ax f» ¥O=s dy 
x 
can fail (on a given interval containing the point x — a) to have a unique solution. 
For instance, the answer to Problem 33 in Section 1.3 says that the initial value 
problem 


d 
x25. 20, y(o-b Q) 
dx 


has no solutions at all unless b = 0, in which case there are infinitely many solutions. 
According to Problem 31 of Section 1.3, the initial value problem 


2 yT, »()-—1 (3) 
has the two distinct solutions y; (x) = 1 and y2(x) = cos x on the interval 0 S x € x. 
In this appendix we investigate conditions on the function f(x, y) that suffice to 
guarantee that the initial value problem in (1) has one and only one solution, and 
then proceed to establish appropriate versions of the existence-uniqueness theorems 
that were stated without proof in Sections 1.3, 3.1, 3.2, and 4.1. 


Existence of Solutions 


The approach we employ is the method of successive approximations, which was 
developed by the French mathematician Emile Picard (1856-1941). This method is 
based on the fact that the function y (x) satisfies the initial value problem in (1) on 
the open interval / containing x — a if and only if it satisfies the integral equation 


jen +f f(t. yO) dt (4) 


for all x in Z. In particular, if y(x) satisfies Eq. (4), then clearly y(a) = b, and 
differentiation of both sides in (4)—using the fundamental theorem of calculus— 
yields the differential equation y'(x) = f(x, y(x)). 
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Example 1 


To attempt to solve Eq. (4), we begin with the initial function 


yo(x) =b (5) 


and then define iteratively a sequence y1, y2, ys. ... of functions that we hope will 
converge to the solution. Specifically, we let 


porsia | f(ü.yo()dt and yz(x)=b+ / f(t.n@)dt. ©) 


In general, y,+1 is obtained by substitution of y, for y in the right-hand side in 
Eq. (4): 


ee ee / - ft. yn(t)) dt. (7) 


Suppose we know that each of these functions {y,(x)}>° is defined on some open 
interval (the same for each n) containing x = a, and that the limit 


v(x) = lim yn(x) (8) 


exists at each point of this interval. Then it will follow that 


»6) = fim, ya) = im [b+ [^ re yntoyat 


= 6+ lim f fü. ys) di 9 
= b+ f r(x, jim, yn) dt (10) 


and hence that " 
obe f feya, 


provided that we can validate the interchange of limit operations involved in passing 
from (9) to (10). It is therefore reasonable to expect that, under favorable conditions, 
the sequence {y,(x)} defined iteratively in Eqs. (5) and (7) will converge to a so- 
lution y(x) of the integral equation in (4), and hence to a solution of the original 
initial value problem in (1). 


To apply the method of successive approximations to the initial value problem 


dy _ 
dx — 


we write Eqs. (5) and (7), thereby obtaining 


y» yO)=1, (11) 


nasi m= f ya(t) dt. (12) 


The iteration formula in (12) yields 


x 
vies) = 1+ f ldt=1+x, 
0 


x 
yal) = 1+ f (l+t)dt=1+x+4x?, 
0 


x 


»o-i«f (L404 in)arm iex e 5x? + ga, 


Example 2 
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and 


x 


na = 1+ f (ie ce ie gr) de 


=l+x+ tx? + tx? + Axt, 


It is clear that we are generating the sequence of partial sums of a power series solution; 
indeed, we immediately recognize the series as that of y(x) = e*. There is no difficulty in 
demonstrating that the exponential function is indeed the solution of the initial value problem 
in (11); moreover, a diligent student can verify (using a proof by induction on n) that yj (x), 
obtained in the aforementioned manner, is indeed the nth partial sum for the Taylor series 
with center zero for y(x) = e*. E 


To apply the method of successive approximations to the initial value problem 


d 
YH 4xy, — y(0)—3, (13) 
dx 


we write Eqs. (5) and (7) as in Example 1. Now we obtain 


yo(X) =3, ynailz)=34 [ Atyn (0) dt. (14) 


The iteration formula in (14) yields 


x 


yx) = 3+ i (4t) (3) dt = 3 + 6x2, 


x 


yo(x) 234 f (40) G + 617) dt = 3 + 6x? + 6x4, 
0 


x 


y3(x) 234 f (4t)(3 + 6t? + 61) dt = 3 + 6x? + 6x^ + 4x6, 
0 
and 
^ 
ya(x) 234 f (40) G + 617 + 61* + 42°) dt 
0 


= 3 + 6x? + 6x^ + Ax + 2x8. 


It is again clear that we are generating partial sums of a power series solution. It is not quite 
so obvious what function has such a power series representation, but the initial value problem 
in (13) is readily solved by separation of variables: 


n! 


oo 2\n 
2 
y(x) = 3exp (2x?) = 3 i) 
n=0 
= 3 + 6x? + 6x4 + 4x6 4+ 2x8 4 Exp... [s] 


In some cases it may be necessary to compute a much large number of terms, 
either in order to identify the solution or to use a partial sum of its series with large 
subscript to approximate the solution accurately for x near its initial value. Fortu- 
nately, computer algebra systems such as Maple and Mathematica can perform the 
symbolic integrations (as opposed to numerical integrations) of the sort in Examples 
] and 2. If necessary, you could generate the first hundred terms in Example 2 in a 
matter of minutes. 

In general, of course, we apply Picard's method because we cannot find a 
solution by elementary methods. Suppose that we have produced a large number of 
terms of what we believe to be the correct power series expansion of the solution. 
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Example 3 


We must have conditions under which the sequence (y; (x)) provided by the method 
of successive approximations is guaranteed in advance to converge to a solution. It 
is just as convenient to discuss the initial value problem 


d 
T =f(x,1), x(a) =b (15) 
for a system of m first-order equations, where 
X1 fi by 
X2 h bo 


x= X3 , f= f and b= bs 


, 


It turns out that with the aid of this vector notation (which we introduced in Sec- 
tion 5.1), most results concerning a single [scalar] equation x’ = f(x,f) can be 
generalized readily to analogous results for a system of m first-order equations, as 
abbreviated in (15). Consequently, the effort of using vector notation is amply jus- 
tified by the generality it provides. 

The method of successive approximations for the system in (15) calls for us 
to compute the sequence (x, (r))5 of vector-valued functions of t, 


Xin (f) 
Xon (f) 
x,() = | Xa() 
nd 
defined iteratively by 
t 
Xola) =b, Xn4ı(t) = b / f(x, (s), s) ds. (16) 


Recall that vector-valued functions are integrated componentwise. 
Consider the m-dimensional initial value problem 


dx 
"rm Ax, x(0)=b (17) 


for a homogeneous linear system with m x m constant coefficient matrix A. The equations in 
(16) take the form 


x 
Xo(f) 2b, Xn41=b +f Ax, (5) ds. (18) 
0 
Thus 


t 
x(t) = b+ f Abds = b + Abt = (I + At)b; 
0 


t 
Xo(t) = b+ | A(b + Abs) ds = b + Abt + A?bi? = (I + At + 1A?12)b 
0 
and 


i 
x3(f) 2 b+ f A(b + Abs + 1A?bs?) ds = (1 + At + 4A71? + 1A?13)b. 
0 


Example 4 


Example 5 
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We have therefore obtained the first several partial sums of the exponential series solution 


oo 
At)” 
x(t) = e^'b = (È An ) (19) 
n! 
n=0 
of (17), which was derived earlier in Section 5.6. E 


The key to establishing convergence in the method of successive approxima- 
tions is an appropriate condition on the rate at which f(x, t) changes when x varies 
but ¢ is held fixed. If R is a region in (m + 1)-dimensional (x, t)-space, then the 
function f(x, 1) is said to be Lipschitz continuous on R if there exists a constant 
k > 0 such that 


If(xi, t) — f(x». t)| = k|xi — X5 (20) 


if (x1. £) and (x2, t) are points of R. Recall that the norm of an m-dimensional point 
or vector x is defined to be 


Ix] = y x2 t x2 c x3 +--+ 2x2. (21) 


Then |x; — X2| is simply the Euclidean distance between the points x; and x2. 


Let f(x.t) = x? exp (—t?) sint and let R be the strip 0 < x < 2 in the xy-plane. If (x1.1) 
and (x2, t) are both points of R, then 


Lf (x1. 1) — f(x2,t)| = | exp (^3) sint|- |x1 + x2]: |x1 — x2| < 4px — xa]. 


because lexp (=°?) sinż| < 1 for all t and |x1 + x2| € 4 if xı and x2 are both in the interval 
[0. 2]. Thus f satisfies the Lipschitz condition in (20) with k — 4 and is therefore Lipschitz 
continuous in the strip R. " 


Let f(x,t) = t /x on the rectangle R consisting of the points (x, £t) in the xt-plane for which 
0x <1landO St < 1. Then, taking xı = x, x2 = 0, and t = 1, we find that 


If@. D — f(0.D| = Vx = Jua. 


Because x~!/2 — +00 as x > 0+, we see that the Lipschitz condition in (20) cannot be 
satisfied by any (finite) constant k > 0. Thus the function f, though obviously continuous on 
R, is not Lipschitz continuous on R. [| 

Suppose, however, that the function f (x,t) has a continuous partial derivative 
fx (x,t) on the closed rectangle R in the xt-plane, and denote by k the maximum 


value of | f (x, t)| on R. Then the mean value theorem of differential calculus yields 


|f Ga. f) = f 2,0) = [fx 65 0) - 61 — x2) 


for some x in (x1, x2), so it follows that 


|f(x1,.0) — f(.1t)| S k|x1 — x2] 


because | f(x, t)| < k. Thus a continuously differentiable function f(x, +t) defined 
on a closed rectangle is Lipschitz continuous there. More generally, the multivari- 
able mean value theorem of advanced calculus can be used similarly to prove that a 
vector-valued function f(x, t) with continuously differentiable component functions 
on a closed rectangular region R in (x, t)-space is Lipschitz continuous on R. 
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FIGURE A.1. An infinite slab in 
(m + 1)-space. 


~ 


The function f(x,t) = x? is Lipschitz continuous on any closed [bounded] region in the 
xt-plane. But consider this function on the infinite strip R consisting of the points (x, t) for 
which 0 < t < 1 and x is arbitrary. Then 


F&D- f(2.£)| = Ix? — x21 = lxi + xal 1x1 — xal. 


Because |x; + x2| can be made arbitrarily large, it follows that f is not Lipschitz continuous 
on the infinite strip R. 

If J is an interval on the t-axis, then the set of all points (x, t) with ¢ in J is an 
infinite strip or slab in (m + 1)-space (as indicated in Fig. A.1). Example 6 shows 
that Lipschitz continuity of f(x, t) on such an infinite slab is a very strong condition. 
Nevertheless, the existence of a solution of the initial value problem 


d 

= =f(x,1), x(a) =b (15) 
under the hypothesis of Lipschitz continuity of f in such a slab is of considerable 
importance. 


THEOREM 1 Global Existence of Solutions 


Let f be a vector-valued function (with m components) of m + 1 real variables, 
and let J be a [bounded or unbounded] open interval containing t = a. If f(x. t) 
is continuous and satisfies the Lipschitz condition in (20) for all ¢ in Z and for 
all x; and x», then the initial value problem in (15) has a solution on the [entire] 
interval 7. 


Proof: We want to show that the sequence {x,(t)}>° of successive approxi- 
mations determined iteratively by 


oi aa [ f(x, (s), s) ds (16) 


converges to a solution x(t) of (15). We see that each of these functions in turn is 
continuous on /, as each is an [indefinite] integral of a continuous function. 

We may assume that a = 0, because the transformation t — f + a converts 
(15) into an equivalent problem with initial point t = 0. Also, we will consider only 
the portion t Z 0 of the interval 7; the details for the case t < 0 are very similar. 

The main part of the proof consists in showing that if [0, 7] is a closed (and 
bounded) interval contained in /, then the sequence (x, (t)} converges uniformly on 
[0, T] to a limit function x(t). This means that, given e > 0, there exists an integer 
N such that 


Ix. (t) — x(t)| < € (22) 


for all n Z N and all t in [0, T]. For ordinary (perhaps nonuniform) convergence 
the integer N, for which (22) holds for all n 2 N, may depend on t, with no single 
value of N working for all t in 7. Once this uniform convergence of the sequence 
{x,(t)} has been established, the following conclusions will follow from standard 
theorems of advanced calculus (see pages 620—622 of A. E. Taylor and W. R. Mann, 
Advanced Calculus, 3rd ed. (New York: John Wiley, 1983)): 


1. The limit function x(t) is continuous on [0, T]. 
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2. If N is so chosen that the inequality in (22) holds for n 2 N, then the Lipschitz 
continuity of f implies that 


Ean (0), t) — fC), 0| S K|xs (t) — x()| < ke 


for all ¢ in [0, T] and n 2 N, so it follows that the sequence (f(x, (t). NS 
converges uniformly to f(x(t), t) on [0, T]. 

3. But a uniformly convergent sequence or series can be integrated termwise, so 
it follows that, on taking limits in the iterative formula in (16), 


t 
x(t) 2 lim x,4,(t) = b+ lim l f(x, (s), s) ds 
n—oo n—oo 0 


t 
=b +f lim f(x, (5), s) ds; 
0 n—oo 
thus 
t 
x(t) =b+ f f(x(s), s) ds. (23) 
0 


4. Because the function x(t) is continuous on [0, T], the integral equation in (23) 
(analogous to the one-dimensional case in (4)) implies that x'(t) = f(x(t), t) 
on [0, T]. But if this is true on every closed subinterval of the open interval 7, 
then it is true on the entire interval / as well. 


It therefore remains only to prove that the sequence {x,(t)}>° converges uni- 
formly on the closed interval [0, T]. Let M be the maximum value of |f(b, ¢)| for t 
in [0, 7]. Then 


Ix1(¢) — Xo(¢)| = f f(xo(s). 5) ds sj f(b, s)| ds S Mt. (24) 
0 0 


Next, 


Ix2(1) — xı (t)| = f [f(x1 (s), s) — f(xo(s), s)] ds =k | [x1 (s) — Xo(s)| ds, 


and hence 
t 
|xo(t) — x, (t)| € kf Ms ds = $kM??. (25) 
0 


We now proceed by induction. Assume that 


LOst.ee =. 
k n! 


(26) 


It then follows that 


esit) xL [fs = fisci 14s 


t 
ud kf [Xn (s) — Xn—1(s)| ds; 
0 


consequently, 
M (ks) 
k n 


e xL x | 
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It follows upon evaluating this integral that 


M (kt)! 
[X541 (0) — Xn(t)| = pu ` (n+ DU 


Thus (26) holds on [0, T] for all n 2 1. 
Hence the terms of the infinite series 


Xo(t) + Y ^ Ix (0) — Xn-1(0)] Q7) 
n=1 


are dominated (in magnitude on the interval [0, T]) by the terms of the convergent 
series 

eM (KT? M, T 
k (n+l)! k 


-= 1), (28) 


n=1 


which is a series of positive constants. It therefore follows (from the Weierstrass 
M-test on pages 618-619 of Taylor and Mann) that the series in (27) converges 
uniformly on [0,7]. But the sequence of partial sums of this series is simply our 
original sequence (x, (f))9. of successive approximations, so the proof of Theorem 
1 is finally complete. A 


An important application of the global existence theorem just given is to the initial 
value problem 


= A(t)x+ g(t), x(a)=b (29) 


for a linear system, where the m x m matrix-valued function A(t) and the vector- 
valued function g(t) are continuous on a [bounded or unbounded] open interval 7 
containing the point t = a. In order to apply Theorem 1 to the linear system in (29), 
we note first that the proof of Theorem 1 requires only that, for each closed and 
bounded subinterval J of 7, there exists a Lipschitz constant k such that 


[f(x1, t) — f(x2,£)| < k|xi — x2| (20) 


for all t in J (and all x; and x2). Thus we do not need a single Lipschitz constant 
for the entire open interval 7. 
In (29) we have f(x, t) = A(t)x + g, so 


f(xi.1) — f(x2.1) = A(r)(xi — X2). (30) 


It therefore suffices to show that, if A(t) is continuous on the closed and bounded 
interval J, then there is a constant k such that 


|A(z)x| < k|x| (31) 
for all t in J. But this follows from the fact (Problem 17) that 


|Ax| < [AI - Ix]. (32) 


Local Existence 


Example 1 
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where the norm ||A || of the matrix A is defined to be 
m 1/2 
|Al-2[| > a . (33) 
ijj-l 


Because A(t) is continuous on the closed and bounded interval J, the norm ||A|| is 
bounded on J, so Eq. (31) follows, as desired. Thus we have the following global 
existence theorem for the linear initial value problem in (29). 


THEOREM 2 Existence for Linear Systems 


Let the m x m matrix-valued function A(t) and the vector-valued function g(t) be 
continuous on the [bounded or unbounded] open interval 7 containing the point 
t — a. Then the initial value problem 


Ax ZAG)x-EE(D. x@=b (29) 


has a solution on the [entire] interval 7. 


As we saw in Section 4.1, the mth-order initial value problem 


x? 4 a4 (x 7D +--+ am_i(t)x’ + am(t)x = p(t), 


34 
x(a) = bo, x(a) =b, .... x Ya) = bm aa 


is readily transformed into an equivalent m x m system of the form in (29). It there- 
fore follows from Theorem 2 that if the functions aı (t), a2(t), ...,am(t) and p(t) in 
(34) are all continuous on the [bounded or unbounded] open interval 7 containing 
t = a, then the initial value problem in (34) has a solution on the [entire] interval 7. 


In the case of a nonlinear initial value problem 


dx 
dt 
the hypothesis in Theorem 1 that f satisfies a Lipschitz condition on a slab (x, t) (t in 


I, all x) is unrealistic and rarely satisfied. This is illustrated by the following simple 
example. 


= f(x,t), x(a) = b, (35) 


Consider the initial value problem 


d 

a x7, x(0)=b>0. (36) 
dx 

As we saw in Example 6, the equation x’ = x? does not satisfy a “strip Lipschitz condition.” 
When we solve (36) by separation of variables, we get 


b 
1—bt 
Because the denominator vanishes for t = 1/b, Eq. (37) provides a solution of the initial 
value problem in (36) only for t < 1/b, despite the fact that the differential equation x’ = x? 
“looks nice” on the entire real line—certainly the function appearing on the right-hand side 
of the equation is continuous everywhere. In particular, if b is large, then we have a solution 
only on a very small interval to the right of t = 0. a 


x(t) = (37) 
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Although Theorem 2 assures us that /inear equations have global solutions, 
Example 7 shows that, in general, even a “nice” nonlinear differential equation 
can be expected to have a solution only on a small interval around the initial point 
t — a, and that the length of this interval of existence can depend on the initial 
value x(a) — b, as well as on the differential equation itself. The reason is this: If 
f(x, t) is continuously differentiable in a neighborhood of the point (b, a) in (m + 1)- 
dimensional space, then—as indicated in the discussion preceding Example 6—we 
can conclude that f(x, t) satisfies a Lipschitz condition on some rectangular region 
R centered at (b, a), of the form 


It-a| «A, lxi —bi| < Bi (38) 


(i = 1,2,..., m). In the proof of Theorem 1, we need to apply the Lipschitz condi- 
tion on the function f in analyzing the iterative formula 


xu) - bs f f(xy (s), 5) ds. (39) 


The potential difficulty is that unless the values of ¢ are suitably restricted, then the 
point (X, (t), t) appearing in the integrand in (39) may not lie in the region R where f 
is known to satisfy a Lipschitz condition. On the other hand, it can be shown that— 
on a sufficiently small open interval J containing the point / = a—the graphs of the 
functions fx, (1); given iteratively by the formula in (39) remain within the region 
R, so the proof of convergence can then be carried out as in the proof of Theorem 
1. A proof of the following local existence theorem can be found in Chapter 6 of 
G. Birkhoff and G.-C. Rota, Ordinary Differential Equations, 2nd ed. (New York: 
John Wiley, 1969). 


THEOREM 3 Local Existence of Solutions 


Let f be a vector-valued function (with m components) of the m 4- 1 real variables 


X1, X2, ..., Xm, and t. If the first-order partial derivatives of f all exist and are 
continuous in some neighborhood of the point x = b, t = a, then the initial value 
problem 

d 

- = f(x,1), x(a) =b, (35) 


has a solution on some open interval containing the point t = a. 


EX] Uniqueness of Solutions 


It is possible to establish the existence of solutions of the initial value problem in 
(35) under the much weaker hypothesis that f(x, ¢) is merely continuous; techniques 
other than those used in this section are required. By contrast, the Lipschitz con- 
dition that we used in proving Theorem 1 is the key to uniqueness of solutions. In 
particular, the solution provided by Theorem 3 is unique near the point t = a. 
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THEOREM 4 Uniqueness of Solutions 


Suppose that on some region R in (m + 1)-space, the function f in (35) is contin- 
uous and satisfies the Lipschitz condition 


If(x1, 0) — f(x2,7)| S k - |x1 — x2]. (20) 


If xı (t) and x2(t) are two solutions of the initial problem in (35) on some open 
interval / containing x = a, such that the solution curves (x; (t), £) and (x2(t), t) 
both lie in R for all ¢ in Z, then x; (t) = x2(t) for all t in 7. 


We will outline the proof of Theorem 4 for the one-dimensional case in which 
x is a real variable. A generalization of this proof to the multivariable case can be 
found in Chapter 6 of Birkhoff and Rota. 

Let us consider the function 


$() = pa() — x20)? (40) 
for which $ (a) = 0, because xı (a) = x5(a) = b. We want to show that $ (t) = 0, so 
that xı (t) = x2(t). We will consider only the case t 2 a; the details are similar for 


the case t < a. 
If we differentiate each side in Eq. (40), we find that 


lo’ | = [21 A) — x2(] - [xt (OD) — x50] | 
= |2pa (t) — x2(0] : [£010.09 — f Ga). 0] 
< 2k|xi(t) — x2(0)|? = 2k (t). 


using the Lipschitz condition on f. Hence 
$'(t) S 2ko (t). (41) 


Now let us temporarily ignore the fact that $ (a) = 0 and compare $(t) with the 
solution of the differential equation 


$'(r) = 2kd(r) (42) 
such that (a) = $(a); clearly 
D(t) = o(a)e?* 9, (43) 
In comparing (41) with (42), it seems inevitable that 
o(t) S P(t) fort Za, (44) 
and this is easily proved (Problem 18). Hence 
0S pa(r) — WP S bala) - x20) Pe. 
On taking square roots, we get 
0 S pa) - xà( S pa (a) = xo (le^ 79. (45) 


But xı (a) — x2(a) = 0, so (45) implies that xı (t) = x2(t). 
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Example 1 The initial value problem 


d 

T = 3x2/3, x(0-0 (46) 
has both the obvious solution x(t) = 0 and the solution x2(t) = 1? that is readily found by 
separation of variables. Hence the function f(x, t) must fail to satisfy a Lipschitz condition 
near (0,0). Indeed, the mean value theorem yields 


| f(x, 0) — f(0,0)| = | fx, 0)| - |x — 0| 


for some x between 0 and x. But f,(x, 0) = 2x—1/3 is unbounded as x > 0, so no Lipschitz 
condition can be satisfied. a 


Well-Posed Problems and Mathematical Models 


In addition to uniqueness, another consequence of the inequality in (45) is the fact 
that solutions of the differential equation 


= f Gt) (47) 


dt 
depend continuously on the initial value x(a); that is, if x1(f) and x2(t) are two 
solutions of (47) on the interval a € t € T such that the initial values x4(a) and 
X» (a) are sufficiently close to one another, then the values of x4 (t) and x? (t) remain 
close to one another. In particular, if |x1(a) — x2(a)| < ô, then (45) implies that 


lx — x»(| < beT — € (48) 


for all t with a < t € T. Obviously, we can make e as small as we wish by choosing 
6 sufficiently close to zero. 

This continuity of solutions of (47) with respect to initial values is important 
in practical applications where we are unlikely to know the initial value x9 = x(a) 
with absolute precision. For example, suppose that the initial value problem 


& = fxn), x(a) = xo (49) 

dt 
models a population for which we know only that the initial population is within 
ô > 0 of the assumed value xo. Then even if the function f (x,t) is accurate, the so- 
lution x (t) of (49) will be only an approximation to the actual population. But (45) 
implies that the actual population at time f will be within de*7—% of the approxi- 
mate population x(t). Thus, on a given closed interval [a, T], x(t) will be a close 
approximation to the actual population provided that ô > 0 is sufficiently small. 

An initial value problem is usually considered well posed as a mathematical 
model for a real-world situation only if the differential equation has unique solutions 
that are continuous with respect to initial values. Otherwise it is unlikely that the 
initial value problem adequately mirrors the real-world situation. 

An even stronger “continuous dependence” of solutions is often desirable. In 
addition to possible inaccuracy in the initial value, the function f(x,t) may not 
model precisely the physical situation. For instance, it may involve physical pa- 
rameters (such as resistance coefficients) whose values cannot be measured with 
absolute precision. Birkhoff and Rota generalize the proof of Theorem 4 to estab- 
lish the following result. 
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THEOREM 5 Continuous Dependence of Solutions 
Let x(t) and y(t) be solutions of the equations 


dx dy 
i f(x,t) and "xd g(y. t) (50) 


on the closed interval [a, T]. Let f and g be continuous for a € t € T and for x 
and y in a common region D of n-space and assume that f satisfies the Lipschitz 
condition in (20) on the region D. If 


f(z, t) - g(z.) S u (51) 


for all t in the interval [a, T] and all z in D, it then follows that 
FO) SO) Oe e pec] (52) 


on the interval [a, T]. 


If u > 0 is small, then (51) implies that the functions f and g appearing in the 
two differential equations, though different, are “close” to each other. If € > 0 is 
given, then it is apparent from (52) that 


Ix(t) - y()| S e (53) 


for all t in [a, T] if both |x(a) — y(a)| and u are sufficiently small. Thus Theorem 
5 says (roughly) that if both the two initial values and the two differential equations 
in (50) are close to each other, then the two solutions remain close to each other for 
astsT. 

For example, suppose that a falling body is subject both to constant gravita- 
tional acceleration g and to resistance proportional to some power of its velocity, 
so (with the positive axis directed downward) its velocity v satisfies the differential 
equation 


— =g-cv?. (54) 


Assume, however, that only an approximation c to the actual resistance c and an 
approximation p to the actual exponent p are known. Then our mathematical model 
is based on the differential equation 


— =g- Tu’ (55) 


instead of the actual equation in (54). Thus if we solve Eq. (55), we obtain only 
an approximation u(t) to the actual velocity v(t). But if the parameters c and p are 
sufficiently close to the actual values c and p, then the right-hand sides in (54) and 
(55) will be close to each other. If so, then Theorem 5 implies that the actual and 
approximate velocity functions v(t) and u(t) are close to each other. In this case the 
approximation in (55) will be a good model of the actual physical situation. 
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Appendix 


IE Problems 


In Problems 1 through 8, apply the successive approximation 
formula to compute yn(x) for n € 4. Then write the expo- 
nential series for which these approximations are partial sums 
(perhaps with the first term or two missing; for example, 


8. 


oF = Te 1x24 1x54 Ax) 


dy dy 

= 0) =3 2, — = —2y, y(0) = 4 

dx y, y(0) p y, y (0) 

d d 

I = 2xy,y(0) 21 4, = 3x2y, y (0) 2 2 
dx dx 

d d 

ZY 2y +2, Ws 6 Z Lay yd 
dx dx 

d 

ZY = 9x(1 + y), y(0) = 0 

dx 

d 

e 4x(y + 2x2), y(0) 20 

dx 


In Problems 9 through 12, compute the successive approxima- 
tions yas (x) for n € 3; then compare them with the appropriate 
partial sums of the Taylor series of the exact solution. 


9. 


11. 
13. 


14. 


d d 

SE gay OVS 4 10. = y+e%, yO) =0 
dx dx 

dy 2 dy | 

— = 0)=1 12. — = 1y3,,(0 =1 
es y^, y(0) ds 5y”, y(0) 


Apply the iterative formula in (16) to compute the first 
three successive approximations to the solution of the ini- 
tial value problem 


X Jy; x H 
X J, y . 


Apply the matrix exponential series in (19) to solve (in 
closed form) the initial value problem 


xo- |, is xo - |1]. 


(Suggestion: Show first that 


DIE 


15. 


16. 


17. 


18. 


for each positive integer n.) 


For the initial value problem dy/dx = 1+ y?, y(1) = 1, 
show that the second Picard approximation is 


ya(x) = 1+ 2(x— 1) +3(x — 1)? 446-1)? +2(x — 1)*. 


Then compute y2(1.1) and y2(1.2). The fourth-order 
Runge-Kutta method with step size h = 0.005 yields 
y(1.1) ~ 1.2391 and y(1.2) ~ 1.6269. 


For the initial value problem dy/dx = x? + y?, y(0) = 0, 
show that the third Picard approximation is 


1 2 1 
3 7 11 15 
Tet t 59535 ` 


1 
330) = 3X + gt + agn" 


Compute y3(1). The fourth-order Runge-Kutta method 
yields y (1) ~ 0.350232, both with step size h = 0.05 and 
with step size h = 0.025. 


Prove as follows the inequality |Ax| < ||A|| - |x|, where A is 
an m x m matrix with row vectors a1,325,..., Am, and x is 
an m-dimensional vector. First note that the components 
of the vector Ax are aj - X, a2 * X,..., am * X, SO 


n 1/2 
|Ax| = pc | 
n=1 


Then use the Cauchy-Schwarz inequality (a-x)? < 
[a|?|x|? for the dot product. 


Suppose that ¢ (t) is a differentiable function with 


P(t) Skpt) — (k»0) 


for t = a. Multiply both sides by e~**, then transpose to 
show that 

d = 

7 [poe] 5o 


for t 2 a. Then apply the mean value theorem to conclude 
that 


$() € 9(aye 9 


for t Za. 


ANSWERS TO 


SELECTED PROBLEMS 


Chapter 1 
Section 1.1 


11. Ify = yı = x7?, then y’ (x) = —2x7? and y” (x) = 6x74, so 
x2y" + 5xy! + Ay = x? (6x74) + 5x(—2x7?) + 4(x 2) = 
6x72 — 10x7? + 4x7? = 0. If y = yo = x7? Inx, then 
y! (x) = x7? — 2x7? In x and y” (x) = —5x74 + 6x74 lnx, 
so x2 y” + 5xy! + 4y = x?(—5x-^ + 6x74 lnx) + 
5x(x7? — 2x73 In x) + 4(x ?Inx) = 0. 


13. r = 3 14. r2 £i 15. r = —2,1 


16. r = 1(-3 + V57) 
17. C=2 


(0.2) 


18. C=3 


(0,3) 


-5 0 5 


= 


19. C=6 
20. C=11 
21. C=7 


10 
5L (0,5) 
> 0 
EI 
10 
-5 0 
x 


715 


716 Answers to Selected Problems 


22.C =1 26. C ——nx 
5 T T 
a 
(0,0) | 
zi i 1 
-20 -10 0 10 20 
x 
23. C 2 —56 27. y, 2x y 28. y! 2 2y/x 
30 29. y' = x/(1 — y) 31. y' = (y —3)/Q + x) 
32. dP/dt -k/ P 33. dv/dt — kv? 
20r 35. dN/dt = k(P — N) 37. y=lory=x 
39. y 2 x? 41. y= le* 
lor 42. y = cosx ory = sin x 
5i 43. (b) The identically zero function x(0) = 0 
f 44. (a) The graphs (figure below) of typical solutions with k = i 
10 suggest that (for each) the value x(t) increases without bound as 
EJ | t increases. 
-20 L J 
30 | 
0 3 
24. C —17 M 
0 1 1 
0 1 2 3 4 
t 
(b) The graphs (figure below) of typical solutions with k = -4 
suggest that now the value x (f) approaches 0 as ¢ increases 
without bound. 
05115225335 445 
x 
25. C = 7/4 
4 R 
24 J 
^0 
2b | 45. P(t) = 100/(50 — t); P = 100 when t = 49, and P = 1000 
when t = 49.9. Thus it appears that P (t) grows without bound 
as f approaches 50. 
-4 46. v(t) = 50/(5 + 2t); v = 1 whent = 22.5, and v = i when 
-2 2 t = 247.5. Thus it appears that v(t) approaches 0 as f increases 


x without bound. 


47. (a) C — 10.1; (b) No such C, but the constant function 
y(x) = 0 satisfies the conditions y’ = y? and y(0) = 0. 


Section 1.2 


1. y(x) 2 x29 x 43 


3. y(x) = lQx? — 16) 


5. y(x) = 24/x -2—5 


7. y(x) = 10tan—! x 


9. y(x) = sin”! x 


11. x(t) = 25t? + 10t + 20 


13. x(t) = 160 + 5t 


15. x(t) = 4(¢ + 3)4 — 37t — 26 
16. x(t) 2 $(¢ + 472-5: - 2 


17. x() = l|G 4 D^! +t- 1] 


. y(x)-— 
. V(X) = 
» V(x) = 
» V(x) = 


. V(x) = 


4(x—2) +1 

—1/x +6 

l[(x? + 9)3/2 — 125] 
4 sin2x +1 


—(x+1)e"* +2 


12. x(t) = —10t2 — 15t +5 


14. x(t) = 4t? + 4t? -7t +4 


5t if0<t <5, 
19. x(t) = 1,2 m s 
10t — 51^ — if5<t<10. 
R 
1,2 or 
5t Postas, 
20. x(t) = 42 xb 


5t—2?3 ifS<1t< 10. 


40 


30t- 


21. 


22. 


23. 


24. 
25. 


26. 
27. 
28. 
29. 


30. 
31. 
32. 
34. 
37. 
39. 
41. 


43. 


44. 
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17? if0<t <5, 
x(t) = 47 1,2 we 
10t—5t°-—25 if5zt x10. 
40 T T T T 
30 4 
BS OQ dk t eR ee ges ead 
(5,12:5) 
10 4 
0 1 f í 1 
0 2 4 6 8 10 
t 
21? if0 <t <3, 
x(t) = ;5t- B if3<t<7, 
4(—5t? + 100f— 290) if7 <1 < 10. 
40 T T 
30 : 4 
(7;27.5) 
8S0 ues acest he eee ed 
10 4 
0 i i 
6 8 10 
v(t) = —(9.8)t + 49, so the ball reaches its maximum height 


(v = 0) after £ = 5 seconds. Its maximum height then is 
y(5) = 122.5 (m). 


v(5) = —160 ft/s 


The car stops when £ œ 2.78 (s), so the distance traveled before 
stopping is approximately x (2.78) ~ 38.58 (m). 


(a y2530m (b)tz 20.4]s (c)t £2 20.61s 
yo ~ 178.57 (m) 
v(4.77) © —192.64 ft/s 


After 10 seconds the car has traveled 200 ft and is traveling at 
70 ft/s. 


a = 22 ft/s?; it skids for 4 seconds. 
vo = 104/30 (m/s), about 197.18 km/h 


60m 33. 204/10 ~ 63.25 (ft/s) 
460.8 ft 36. About 13.6 ft 

25 (mi) 38. 1:10 pm 

6 mph 40. 2.4 mi 

234 ~ 181.33 ft/s 42. 25 mi 

Time: 6.12245 x 10? s ~ 194 years; 


Distance: 1.8367 x 10! m = 19.4 light-years 
About 54 mi/h 
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Section 1.3 


10. 


11. 
12. 
13. 
14. 


15. 


16. 
17. 
18. 
19. 
20. 
21. 


22. 


| 


A unique solution exists in some neighborhood of x = 


A unique solution exists in some neighborhood of x = 1. 


| 
e 


A unique solution exists in some neighborhood of x — 


Existence but not uniqueness is guaranteed in some 
neighborhood of x = 0. 


Neither existence nor uniqueness is guaranteed in any 
neighborhood of x — 2. 


A unique solution exists in some neighborhood of x — 2. 
A unique solution exists in some neighborhood of x = 0. 
Neither existence nor uniqueness is guaranteed. 

A unique solution exists in some neighborhood of x = 0. 
A unique solution exists in some neighborhood of x = 0. 


Your figure should suggest that y (—4) & 3; an exact solution of 
the differential equation gives y(—4) = 3 + e^ ~ 3.0183. 


1 


Á 
| 


| 
nn 

| 

| 
w 

| 
N 

l 
= 
© 
— 
NE 
Ww 
AL 
Un 


y(-4) x —3 


23. 


24. 
25. 


26. 


27. 


28. 


29. 
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Your figure should suggest that y(2) ~ 1; the actual value is 
closer to 1.004. 


T T 
2L arr I Lici 
LLLI / 14414 
braves / Zit 
"RC ISP (2, ?) 
lpr ———-^4x* 
11 ^ —(——— 
14 Zz MN NM —— 
1/247 NONU Nee (0, 0) 
a OF 
1 
1 
i 


—————NN 
mu OA Se RRQ, 


NN EL TT 
~~NNA IT SZ 
~NNA L/S 7 
X 
MN VI MI 
—— WX NOUNNN 
————MMS 


y(2) © 1.5 


Your figure should suggest that the limiting velocity is about 20 
ft/sec (quite survivable) and that the time required to reach 

19 ft/sec is a little less than 2 seconds. An exact solution gives 
v(t) = 19 when t = 2 In20 ~ 1.8723. 


40 = eh E55 
X No 3 V X SY VN M NN Y NX 

C E E NET M E NE e E CE EL 
Ne ON NUN ON NON NOR NONO NAS, 

30r "^CCN IN ONG NWOCON ON OM ON ON OM M oM ON ] 

Ne Se ON. SOS CN CONS ONO SSN NSF 

255 BeOS ON AS ON RRR RRR | 

2 VM MP Eo ee 

7 OP E dE E EE da E SE NE E OD 

10 EF. A 7-4: 4% o Wow Wit i X. ow. 
CL POL LF LF OL dX A 

SES Ts dA oh Z4ho 4 d P | 
£o d Ge Wd OEE d deo wx 
0 L bi ri a bii 

0 1 2 3 4 3 


A figure suggests that there are 40 deer after about 60 months; a 
more accurate value is t ~ 61.61. The limiting population is 75 
deer. 


The initial value problem y^ = 2,/y, y(0) = b has no solution 
if b < 0; a unique solution if b > 0; infinitely many solutions if 
b — 0. 


(0,0) 


x 


The initial value problem xy’ = y, y(a) = b has a unique 
solution if a Æ 0; infinitely many solutions if a = b = 0; no 
solution if a = 0 but b Æ 0. 


The initial value problem y’ = 3y2/3, y(a) = b always has 


infinitely many solutions defined for all x. However, if b # 0 
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30. 


31. 


32. 


33. 


34. 


35. 
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then it has a unique solution near x — a. 


X 


The initial value problem y’ = — y1 — y?, y(a) = b has a 


unique solution if |b| < 1; no solution if |b| > 1, and infinitely 
many solutions (defined for all x) if b = +1. 
The initial value problem y’ = Vi — y2, y(a) = b has a 
unique solution if |b| < 1; no solution if |b| > 1, and infinitely 
many solutions (defined for all x) if b = +1. 
T T 
1 
A 
-1 
—n/2 T/2 


x 


The initial value problem y’ = 4x./y, y(a) = b has infinitely 
many solutions (defined for all x) if b 2 0; no solutions if b < 0. 
However, if b > 0 then it has a unique solution near x = a. 

The initial value problem x? y’ + y? = 0, y(a) = b has a 
unique solution with initial point (a, b) if a € 0, no solution if 
a = 0 but b Æ 0, infinitely many solutions if a = b = 0. 


(a) If y(—1) = —1.2 then y(1) ~ —0.48. If y(—1) = —0.8 
then y(1) ~ 2.48. (b) If y(—3) = —3.01 then 

y (3) ~ —1.0343. 

If y(—3) = —2.99 then y (3) ~ 7.0343. 

(a) If y(—3) = —0.2 then y (2) ~ 2.019. If y(—3) = +0.2 
then y (2) ~ 2.022. In either case, y (2) ~ 2.02. 

(b) If y (—3) ~ —0.5 then y(2) ~ 2.017. If y(—3) ~ 4-0.5 
then y (2) ~ 2.024. In either case, y (2) ~ 2.02. 


Section 1.4 


12. 
13. 
14. 
15. 


16. 
17. 


18. 


19. 
21. 
23. 
25. 
27. 
29. 


30. 


31. 


1. y(x) = C exp(—x2) 

3. y(x) = C exp(—cos x) 

5. 

7. y(x) = (2x4/3 + c)3/2 
9. y(x) = C(1 + x)/( — x) 
10. 
11. 


y(x) = 1/(? + C) 
y(x) 2 C(1 + x)* 


y(x) = sin (C + J/x) y(x) = œ? +C)? 


2 95 RM» 


y(x) = sin! (x? + C) 


»yQ)-2Q-cx/n-ccCa-cr-x]-1 
y(x) = (C — x?) 172 
y2412Ce* 

In(y^ +1) 2 C + 4sinx 

3y + 2y3/2 = 3x + 2x?/2 +C 
1/(3y3) - 2/y = 1/x +In|x|+C 
y(x) = sec 1 (C 1 + x2) 

Ini y|2xc-ix?4€ 


y(x) = tan (c — E -x) 


y(x) = 2exp(e*) 20. 
y221-4Xx2—16 22. 
y(x)- la + e2x—2) 24. 


y(x) = tan(x? + 2/4) 
y(x) = —3exp(x4 — x) 
y(x) = F sinx 

y(x) = 1/(1— x? — x°) 
y(x) = tan! (yx — 1) 


(a) General solution y (x) = —1/(x — C); (b) The singular 
solution y (x) = 0. (c) In the following figure we see that there 
is a unique solution through every point of the x y- plane. 


y(x) 2 xexp(x? — 1) 26. 
y = In(3e?* — 2) 28. 


General solution y(x) = (x — C)?; singular solution y (x) = 0. 
(a) No solution if b < 0; (b) Infinitely many solutions (for all 
x)if b Z 0; (c) Two solutions near (a, b) if b > 0. 


Separation of variables gives the same general solution 

y = (x — C? as in Problem 30, but the restriction that 

y’ = 2./y Z 0 implies that only the right halves of the 
parabolas qualify as solution curves. In the figure below we see 
that through the point (a, b) there passes (a) No solution curve if 
b < 0, (b) a unique solution curve if b > 0, (c) Infinitely many 


32. 


33. 
35. 
37. 
39. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 


51. 


52. 
53. 
54. 
56. 
58. 
59. 


60. 
61. 
62. 
63. 
64. 
65. 


solution curves if b — 0. 


75 
50r 
A 
25 
0 
-15 -10 -5 0 5 10 
x 
General solution y(x) = + sec(x — C); singular solutions 
y(x) = +1. 
(a) No solution if |b| < 1; (b) A unique solution if |b| > 1; 
(c) Infinitely many solutions if b = +1. 
About 51840 persons 34. t ~ 3.87 hr 
About 14735 years 36. Age about 686 years 
$21103.48 38. $44.52 
2585 mg 40. About 35 years 


About 4.86 x 10? years ago 

About 1.25 billion years 

After a total of about 63 min have elapsed 

About 2.41 minutes 

(a) 0.495 m; (b (8.32 x 1077)Io; (c) 3.29 m 
(a) About 9.60 inches; (b) About 18,200 ft 
After about 46 days 
About 6 billion years 
After about 66 min 40 s 
(a) A(t) = 10- 327/15; 
years 

(a) A(t) =15- (3)/5; (b) approximately 7.84 su; (c) After 
about 33.4 months 

About 120 thousand years ago 

About 74 thousand years ago 


(b) About 20.80 pu; (c) About 15.72 


3 hours 55. 972s 

At time t = 2048/1562 ~ 1.31 (in hours) 
1:20 P.M. 

(a) y(t) = (8— 7t)2/3; (b) at 1:08:34 P.M.; 


(r= dm = 0.15 (in.) 

About 6 min 3 sec 

Approximately 14 min 29 s 

The tank is empty about 14 seconds after 2:00 P.M. 
(a) 1:53:34 P.M.; (b) r © 0.04442 ft ~ 0.53 in. 
r= zov 3 ft, about ds in. 

At approximately 10:29 A.M. 


Section 1.5 


. y(x) 2200—e77) 


. y(x) = 5x!/2 + Cx71/2 
. y(x) = x(7+Inx) 10. 
- yx) 20 12. 


EON a 


y(x) = (3x + C)e* 
y(x) = G + C)e* 
y(x) = x? + 32/x? 
y(x) = 3x + Cx-V3 
y(x) 23x? + Cx3/? 
y(x) = ix? — 56x7? 


y(x) = e?*(x? + C) 
y(x) = x + 4x7? 


PAP 


13. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
30. 
29. 
32. 


33. 
34. 
35. 
36. 
37. 
38. 


39. 
41. 
43. 
44. 
45. 


46. 
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y(x) = (e* +e-*)/2 14. 
y(x) = [1 — 5exp(-x?)]/2 
y(x) = 1 + eg nx 

y(x) = (1 + sinx)/(1 + x) 
y(x) = x? (sinx + C) 

y(x) = 4 sinx + Ccscx 

y(x) = —1 + exp (x + 3x7) 
y(x) = x3 sinx 

y(x) = (x3 + 5)e** 

y(x) = x3(2+ Ce ?*) 

y(x) = $[1 + 162 + 4) 37?] 
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y(x) = x? Inx + 10x? 


y(x) = [exp (-3x2)] [862 + 09/2 - 2] 


x(y) = 1/2y? + C/y* 
x(y) =e” (C + y?) 


x)= 4[y + (1+ »2)(tan7! y + C)] 


y(x) = x!/2 [f t? cost dt 


yŒ) = [exp] [C + 1 erf(x)] 


(a) y(x) = sinx — cos x; 
(c) y(x) = 2e * + sin x — cos x 
After about 7 min 41 s 

About 22.2 days 

About 5.5452 years 


(a) x(t) = (60 — t) — (60 — t)? /3600; 


393.75 lb 

(a) x(t) = 50e™t/20; 

(c) 56.25 Ib 

(b) Ymax = 100e—! = 36.79 (gal) 


(b) Approximately $1,308,283 


(b) y(x) = Ce~* + sinx — cos x; 


(b) About 23.09 Ib 


(b) y(t) = 150e-!/49 — 100e 1/20; 


—50.0529, —28.0265, —6.0000, 16.0265, 38.0529 
3.99982, 4.00005, 4.00027, 4.00050, 4.00073 
x(t) = 20(1 — e-!/10); x = 10 after? = 101n2 ~ 6.93 


months. 


x(t) = $9. (101 — 1026/1? + cost + 10 sint); x = 10 


after f — 6.47 months. 


Section 1.6 


x2—2xy—-y22C 2. 
y(x) = x (C + In|x|? 


. In|xy| = C +xy7! 6. 

y? = 3x? (C + In|x|) 8. 
. y(x) 2 x/ (€ —In|x|) 10. 
. y =C? + y?) 


. Ax? + y? = x? (lnx + C? 

. y + Vx? + y? = Cx? 14. 
. x? (2xy +y?) =C 
.x-24/xtyctli-2ln(14 /xctyct1)4-C 
. y(x) = —4x + 2tan(2x + C) 
. y=ln(x+y+1)+C 


. y? 2 x/(2 + Cx?) 20. 
. y? = 1/(Ce?* — 1) 22. 
. y(x) = (x + Cx?) 24. 
. 2x3y? = 371 +x44+C 26. 
. y(x) = (x* + €x)!/? 28. 
. sin? y =4x? + Cx 30. 
. x? +3xy +y? =C 32. 
. x? +2xy? +2y3=C 34. 


. 3x4 + Ay? + 12y lnx = C 36. 
. sinx + xlny +e?” =C 
. x? c 2x tan^! y +In(1 +y?) 2 C 


y? = x?(Inx + C) 


. 2tan-! (y/x) - In(y2/x? + 1) = 2Inx + C 


2ylny =x + Cy 
y = —x ln(C — ln x) 
x? +2y? = Cx® 


x—yx?ty?-C 


y 234 Ce 9? 

y? = 7x/(7Cx7 + 15) 
y? = e?* /(C + Inx) 
y? =e*(x+C) 

y = In(Cx? + x2e2*) 
x?2—2xeY —e2» =C 
2x? — xy +3y? =C 
x? + x2y24 y* =C 
xe +y? =C 
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39. 
40. 
41. 
42. 
43. 
45. 
47. 
49. 
50. 
51. 
53. 
58. 
59. 
60. 
61. 
64. 


65. 
69. 
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5x3y3 +5xy4 +y? =C 

e* siny + xtany = C 
x2y-l4 y2x3 +2y!/2 =C 
xy 2/34 x-32y2€ 

y(x) = Ax? + B 

y(x) = Acos2x + B sin2x 
y(x) = A-In|x + B| 

y(x) = +(A + Be*)!/? 

y(x) = In|sec(x + A)| — lx? +B 

x(y)=-4(y3+ Ay +B) 52. Ay?- (Ax + B = 
y(x) = Atan(Ax + B) 54. Ay2(B—x)=1 

y = exp(x? + C/x?) 

x2—2xy— y?—-2x—6y-C 

(x + 3y F3? = C(y -x—5) 

x = tan(x — y) + sec(x — y) - C 

y(x) =x +e [C + 1 Sr erto] 

y(x) =x+(C-x)! 

Approximately 3.68 mi 


44. x(y) = Ay? + B 
46. y(x) 2 x? + Alnx + B 
48. y(x) =lnx + Ax 2 + B 


Chapter 1 Review Problems 


$890 SAN Uv dc pack) pe 


. Separable and linear 


. Separable and linear 


Linear: y(x) = x3(C + lnx) 

Separable: y(x) = x/(3 — Cx — xInx) 

Homogeneous: y(x) = x/(C —Inx) 

Exact: x2y? + e* —cosy = C 

Separable: y(x) = C exp(x73 — x7?) 

Separable: y(x) = x/(1 + Cx + 2xInx) 

Linear: y(x) = x ^(C + Inx) 

Homogeneous: y(x) = 3Cx/(C — x?) = 3x/(1 + Kx?) 
Bernoulli: y(x) = (x? + Cx7!)? 

Separable: y(x) = tan (C +x + 4x3) 


. Homogeneous: y(x) = x/(C —31nx) 


Exact 3x2y3 + 2xy4 = C 
Separable: y(x) = 1/(C + 2x? — x?) 
Homogeneous: y? = x?/(C + 21nx) 


. Linear: y(x) = (x? + C)e?* 


Substitution: v — y — x; solution: 
y—x—-1=Ce2*(y—x+1) 

Exact e* +e% +e” =C 
Homogeneous: y? = Cx? (x? — y?) 
Separable: y(x) = x?/(x° + Cx? + 1) 


. Linear: y(x) = 2x73/2 + Cx 
. Linear: y(x) = [C + In(x — 1)]/(x + 1) 
. Bernoulli: y(x) = (2x4 + Cx2)? 


Exact xe? + y sinx = C 
Separable: y(x) = x!/2/(6x? + Cx!/2 + 2) 


. Linear: y(x) = (x + 1) 2 (x? + 3x? + 3x + C) 


=x+1+K(x+1)? 
Exact: 3x3/2y4/3 — 5x6/5y3/2 =C 


. Bernoulli: y(x) = x7! (C 4-Inx)- 1/3 


Linear: y(x) = x7! (C + e?*) 


. Linear: y(x) = (x2 + x + C)(2x + 1)7!/2 


Substitution: v = x + y; solution: 

x = 2(x + y)!? — 21n[1 + (œ + y) ?] +C 

32. Separable and Bernoulli 
34. Exact and homogeneous 
36. Separable and Bernoulli 


Exact and homogeneous 


Chapter 2 
Section 2.1 


2 


1. x(t) = ent 


EN 


4. x(t) — 


6. x(t) — 


3(1 — e7!) 
2(1 + e7!) 


p 
A 


=n 


2+ 3e! 


10 


8. 


29. 


31. 
37. 
38. 


39. 
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221 
= e F 
x 17 — 4e?1t 
30 
20 | 
^ 10 | 
0 
—10 fi 
0.01 0.02 
t 
484 10. 20 weeks 
2 
. (b) P(t) = (4t + 10) 
240 
. P(t) 2 30-7 
180 
dic 30-t 
Po 
s PO = ———— 
© 1 + kPot 


. About 27.69 months 17. About 44.22 months 
. About 24.41 months 
. About 42.12 months 


200 


TIU = 153.7 million 
e 


. About 34.66 days 

. (a) lim x(t) = 200 grams (b) iln3 = 1.37 seconds 
LOG 

. About 9.24 days 

. (a) M — 100 and k — 0.0002; (b) In the year 2035 

. 50 Ing =~ 5.89 months 


. (a) 100 In 2 =~ 58.78 months; (b) 1001n2 ~ 69.31 months 
. (a) The alligators eventually die out. (b) Doomsday occurs after 


about 9 years 2 months. 

(a) P(140) ~ 127.008 million; (b) About 210.544 million; 
(c) In 2000 we get P ~ 196.169, whereas the actual 2000 
population was about 281.422 million. 


a ~ 0.3915; 2.15 x 10 cells 
k = 0.0000668717, M ~ 338.027 
k = 0.000146679, M ~ 208.250 


b 
P(t) = Poexp (e T ax sin ant); the colored curve in the 


figure below shows the graph with Po = 100, k = 0.03, and 
b — 0.06. It oscillates about the black curve which represents 
natural growth with Po — 100 and k — 0.03. We see that the 
two agree at the end of each full year. 
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Section 2.2 4. Stable critical point: x — 3; unstable critical point: x — 0; 


" E 3 
1. Unstable critical point: x — 4; x(t) = n 


x(t) = 4 + (xo — 4)e! 


xo + (3 — xo)e t 


mE 


e 
= 
N 
uL 
A 
tA 


2. Stable critical point: x = 3; 5. Stable critical point: x = —2; unstable critical point: x = 2; 
2[xo +2 + (xo — 2)e?!] 


x(t) = 3 + (xo — 3)e i= 
(t) (xo — 3) x(t) xo 42- aT 
6 T T r 
o 
0 1 2 3 4 5 0051152253354455 
t t 
3. Stable critical point: x — 0; unstable critical point: x — 4; 6. Stable critical point: x — 3; unstable critical point: x — —3; 
4xo 6t 
x(t) = "T 3[xo — 3 + (xo + 3)e°'] 
— t)- 
xo + (4 — xo)e i 3 — xo + (xo + 3)e% 
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7. Semi-stable (see Problem 18) critical point: x = 2; 10. Stable critical point: x = 5; unstable critical point: x = 2; 
2t — 1)xo — 4t 2(5— 5(xo — 2)e?! 
x(t) = es x(t) = G = xo) + S(xo — De 
txo —2t—1 5 — xo + (xo — 2)e?! 


0 1 2 3 4 5 
t 
t 
8. Semi-stable critical point: x = 3; 11. Unstable critical point: x = 1; 
3t + 1)xo — 9t 1 1 
x(t) = Gt + 1)xo — 9t - 2t 
txo —3t +1 (x(4)—1? (xo — 1)? 


N 


LLL. 
my 


b 
9. Stable critical point: x — 1; unstable critical point: x — 4; 12. Stable critical point: x — 2; 
ros Maas tae actop acus 

6 ; T 
R 2 

JL LL 
0 1 2 3 4 5 

t 
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17. 


For each of Problems 13 through 18 we show a plot of slope field and 
typical solution curves. The equilibrium solutions of the given 


differential equation are labeled, and the stability or instability of 


each should be clear from the picture. 


13. 


x' = (x + 2)(x-2)2 


14. 


one critical point if 
The bifurcation 


19. There are two critical points if h < 21. 


i 
3. 


diagram is the parabola (c — 5)? = 25 — 10h in the hc-plane. 


h = 21, and no critical points if h > 2 


20. There are two critical points if s < x one critical point if 


15. 


plane. 


The bifurcation diagram 


X. 
16* 


is the parabola (2c — 5)? = 25(1 — 16s) in the sc 


Section 2.3 


and no critical points if s > 


L 
16° 


S 


1. Approximately 31.5 s 
3. 400/(In2) ~ 577 ft 
5. 4001n7 z 778 ft 


7. (a) 100 ft/sec; (b) about 23 sec and 1403 ft to reach 90 ft/sec 
8. (a) 100 ft/sec; (b) about 14.7 sec and 830 ft to reach 90 ft/sec 


9. 50 ft/s 
10. About 5 min 47 s 


11. Time of fall: about 12.5 s 
12. Approximately 648 ft 


; exactly 40 ft/s 


19. Approximately 30.46 ft/s 
20. Approximately 277.26 ft 


about 484.57 s 


22. Approximately 20.67 ft/s; 
23. Approximately 259.304 s 


(b) about 2.91 km 


24. (a) About 0.88 cm; 


100R/19 + 5.26R 


25. (b) About 1.389 km/sec; (C) Fmax 


26. Yes 


28. (b) After about 8l minutes it hits the surface at about 4.116 
km/sec. 


About 51.427 km 


29. 


30. Approximately 11.11 km/sec (as compared with the earth's 


escape velocity of about 11.18 km/sec). 


16. 


Section 2.4 


In Problems 1 through 10 we round off the indicated values to 3 
decimal places. 


. Approximate values 1.125 and 1.181; true value 1.213 
. Approximate values 1.125 and 1.244; true value 1.359 
. Approximate values 2.125 and 2.221; true value 2.297 
Approximate values 0.625 and 0.681; true value 0.713 
Approximate values 0.938 and 0.889; true value 0.851 
Approximate values 1.750 and 1.627; true value 1.558 
Approximate values 2.859 and 2.737; true value 2.647 
. Approximate values 0.445 and 0.420; true value 0.405 

9. Approximate values 1.267 and 1.278; true value 1.287 
10. Approximate values 1.125 and 1.231; true value 1.333 


SAAN AWN 


Problems 11 through 24 call for tables of values that would occupy 
too much space for inclusion here. In Problems 11 through 16 we give 
first the final x-value, next the corresponding approximate y-values 
obtained with step sizes h = 0.01 and h = 0.005, and then the final 
true y-value. (All y-values rounded off accurate to 4 decimal places.) 


11. 1.0, —0.7048, —0.7115, —0.7183 
12. 1.0, 2.9864, 2.9931, 3.0000 
13. 2.0, 4.8890, 4.8940, 4.8990 
14. 2.0, 3.2031, 3.2304, 3.2589 
15. 3.0, 3.4422, 3.4433, 3.4444 
16. 3.0, 8.8440, 8.8445, 8.8451 


In Problems 17 through 24 we give first the final x-value and then the 
corresponding approximate y-values obtained with step sizes 

h = 0.1, h = 0.02, h = 0.004, and h = 0.0008 respectively. (All 
y-values rounded off accurate to 4 decimal places.) 


17. 1.0, 0.2925, 0.3379, 0.3477, 0.3497 

18. 2.0, 1.6680, 1.6771, 1.6790, 1.6794 

19. 2.0, 6.1831, 6.3653, 6.4022, 6.4096 

20. 2.0, —1.3792, —1.2843, —1.2649, —1.2610 

21. 2.0, 2.8508, 2.8681, 2.8716, 2.8723 

22. 2.0, 6.9879, 7.2601, 7.3154, 7.3264 

23. 1.0, 1.2262, 1.2300, 1.2306, 1.2307 

24. 1.0, 0.9585, 0.9918, 0.9984, 0.9997 

25. With both step sizes h = 0.01 and h = 0.005, the approximate 
velocity after 1 second is 16.0 ft/sec (80% of the limiting 
velocity of 20 ft/sec); after 2 seconds it is 19.2 ft/sec (96% of the 
limiting velocity). 

26. With both step sizes h = 1 and h = 0.5, the approximate 
population after 5 years is 49 deer (65% of the limiting 
population of 75 deer); after 10 years it is 66 deer (8896 of the 
limiting population). 

27. With successive step sizes h = 0.1, 0.01,0.001,... the first 
four approximations to y (2) we obtain are 0.7772, 0.9777, 
1.0017, and 1.0042. It therefore seems likely that y (2) ~ 1.00. 

28. With successive step sizes h = 0.1,0.01,0.001,... the first 
four approximations to y (2) we obtain are 1.2900, 1.4435, 
1.4613, and 1.4631. It therefore seems likely that y (2) ~ 1.46. 


29. 
h = 0.15 h = 0.03 h = 0.006 
x M y i 
—1.0 1.0000 1.0000 1.0000 
—0.7 1.0472 1.0512 1.0521 
—0.4 1.1213 1.1358 1.1390 
—0.1 1.2826 1.3612 1.3835 
0.2 0.8900 1.4711 0.8210 
0.5 0.7460 1.2808 0.7192 
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30. 
h=0.1 h = 0.01 
x i, M 
1.8 2.8200 4.3308 
1.9 3.9393 7.9425 
2.0 5.8521 28.3926 
31. 
h = 0.1 h = 0.01 
x Y y 
0.7 4.3460 6.4643 
0.8 5.8670 11.8425 
0.9 8.3349 39.5010 
Section 2.5 
1. 
Improved Actual 
x Euler y y 
0.1 1.8100 1.8097 
0.2 1.6381 1.6375 
0.3 1.4824 1.4816 
0.4 1.3416 1.3406 
0.5 1.2142 1.2131 


Note: In Problems 2 through 10, we give the value of x, the 
corresponding improved Euler value of y, and the true value of y. 


2. 0.5, 1.3514, 1.3191 3. 0.5, 2.2949, 2.2974 
4. 0.5, 0.7142, 0.7131 5. 0.5, 0.8526, 0.8513 
6. 0.5, 1.5575, 1.5576 7. 0.5, 2.6405, 2.6475 
8. 0.5, 0.4053, 0.4055 9. 0.5, 1.2873, 1.2874 


10. 0.5, 1.3309, 1.3333 


In Problems 11 through 16 we give the final value of x, the 
corresponding values of y with h = 0.01 and with h = 0.005, and 
the true value of y. 


11. 1.0, —0.71824, —0.71827, —0.71828 
12. 1.0, 2.99995, 2.99999, 3.00000 
13. 2.0, 4.89901, 4.89899, 4.89898 
14. 2.0, 3.25847, 3.25878, 3.25889 
15. 3.0, 3.44445, 3.44445, 3.44444 
16. 3.0, 8.84511, 8.84509, 8.84509 


In Problems 17 through 24 we give the final value of x and the 
corresponding values of y for h = 0.1, 0.02, 0.004, and 0.0008. 


17. 1.0, 0.35183, 0.35030, 0.35023, 0.35023 
18. 2.0, 1.68043, 1.67949, 1.67946, 1.67946 
19. 2.0, 6.40834, 6.41134, 6.41147, 6.41147 
20. 2.0, —1.26092, —1.26003, —1.25999, —1.25999 
21. 2.0, 2.87204, 2.87245, 2.87247, 2.87247 
22. 2.0, 7.31578, 7.32841, 7.32916, 7.32920 
23. 1.0, 1.22967, 1.23069, 1.23073, 1.23073 
24. 1.0, 1.00006, 1.00000, 1.00000, 1.00000 


25. With both step sizes h = 0.01 and h = 0.005 the approximate 
velocity after 1 second is 15.962 ft/sec (80% of the limiting 
velocity of 20 ft/sec); after 2 seconds it is 19.185 ft/sec (96% of 
the limiting velocity). 
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26. With both step sizes h = 1 and h = 0.5 the approximate 
population after 5 years is 49.391 deer (65% of the limiting 
population of 75 deer); after 10 seconds it is 66.113 deer (88% of 
the limiting population). 

27. With successive step sizes h = 0.1,0.01,0.001,... the first 
three approximations to y (2) we obtain are 1.0109, 1.0045, and 
1.0045. It therefore seems likely that y (2) ~ 1.0045. 

28. With successive step sizes h = 0.1,0.01,0.001,... the first 
four approximations to y (2) we obtain are 1.4662, 1.4634, 
1.4633, and 1.4633. It therefore seems likely that 
y Q) ~ 1.4633. 


29. Impact speed approximately 43.22 m/s 
30. Impact speed approximately 43.48 m/s 


Section 2.6 


1. y(0.25) = 1.55762; y (0.25) = 1.55760. 
y (0.5) © 1.21309; y(0.5) = 1.21306. 
Solution: y = 2e * 


In Problems 2 through 10 we give the approximation to y (0.5), its 
true value, and the solution. 


2. 1.35867, 1.35914; y = 1e?* 

3. 2.29740, 2.29744; y 22e* —1 

4. 0.71309, 0.71306; y 22e -x—1 
5. 0.85130, 0.85128; y 2 —e* +x+2 
6. 1.55759, 1.55760; u = 2exp(—x?) 
7. 2.64745, 2.64749; y = 3exp(—x?) 
8. 0.40547, 0.40547; y = ln(x + 1) 

9. 1.28743, 1.28743; y = tan 1(x + x) 
10. 1.33337, 1.33333; y = (1 — x2)! 
11. Solution: y(x) = 2—e*. 


h = 0.2 h = 0.1 Exact 

x y d y 

0.0 1.00000 1.00000 1.00000 
0.2 0.77860 0.77860 0.77860 
0.4 0.50818 0.50818 0.50818 
0.6 0.17789 0.17788 0.17788 
0.8 —0.22552 —0.22554 —0.22554 
1.0 —0.71825 —0.71828 —0.71828 


In Problems 12 through 16 we give the final value of x, the 
corresponding Runge-Kutta approximations with h = 0.2 and with 
h = 0.1, the exact value of y, and the solution. 


12. 1.0, 2.99996, 3.00000, 3.00000; 
y=14+2/@2-x) 

13. 2.0, 4.89900, 4.89898, 4.89898; 
y=V8+x4 

14. 2.0, 3.25795, 3.25882, 3.25889; 
y = 1/(1—Inx) 

15. 3.0, 3.44445, 3.44444, 3.44444; 
y=x+ 4x ? 

16. 3.0, 8.84515, 8.84509, 8.84509; 
y = (x6—37)1/3 


In Problems 17 through 24 we give the final value of x and the 
corresponding values of y with h = 0.2, 0.1, 0.05, and 0.025. 


17. 1.0, 0.350258, 0.350234, 0.350232, 0.350232 
18. 2.0, 1.679513, 1.679461, 1.679459, 1.679459 
19. 2.0, 6.411464, 6.411474, 6.411474, 6.411474 


20. 
21. 
22. 
23. 


24. 
25. 


26. 


27. 


28. 


29. 
30. 


2.0, —1.259990, —1.259992, —1.259993, 

—1.259993 

2.0, 2.872467, 2.872468, 2.872468, 2.872468 

2.0, 7.326761, 7.328452, 7.328971, 7.329134 

1.0, 1.230735, 1.230731, 1.230731, 1.230731 

1.0, 1.000000, 1.000000, 1.000000, 1.000000 

With both step sizes h = 0.1 and h = 0.05, the approximate 
velocity after 1 second is 15.962 ft/sec (80% of the limiting 
velocity of 20 ft/sec); after 2 seconds it is 19.185 ft/sec (9696 of 
the limiting velocity). 

With both step sizes h = 6 and h = 3, the approximate 
population after 5 years is 49.3915 deer (65% of the limiting 
population of 75 deer); after 10 years it is 66.1136 deer (88% of 
the limiting population). 

With successive step sizes h = 1,0.1,0.01,... the first four 
approximations to y(2) we obtain are 1.05722, 1.00447, 
1.00445and 1.00445. Thus it seems likely that y(2) ~ 1.00445 
accurate to 5 decimal places. 

With successive step sizes h = 1,0.1,0.01,... the first four 
approximations to y(2) we obtain are 1.48990, 1.46332, 
1.46331, and 1.46331. Thus it seems likely that y (2) ~ 1.4633 
accurate to 5 decimal places. 

Time aloft: approximately 9.41 seconds 

Time aloft: approximately 9.41 seconds 


Chapter 3 
Section 3.1 
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33. 
35. 
37. 
38. 
39. 
41. 
42. 
43. 
45. 


CPNDP H 


yx) = 3e 
y(x) = 2e?* — 3e * 
y(x) = 3cos2x + 4sin2x 
y(x) = 10cos 5x — 2sin5x 
y(x) = 2e* — e?* 

y(x) = 4e2* + 3e X 
y(x)26-8e * 

y(x)- l4 —2e3*) 


. y(x) 22e * + xe-* 
. y(x) = 3e?* — 2xe?x 
. y(x) = 5e* sinx 

12. 
. y(x) = 5x — 2x? 

. y(x) = 3x? — 16/x? 

. y(x) = 7x —5xInx 

. y(x) = 2cos(In x) + 3sin(In x) 


y(x) = e™?* (2 cos 2x + 3 sin 2x) 


. Linearly independent 22. Linearly independent 
. Linearly independent 24. Linearly dependent 
. Linearly independent 26. Linearly independent 


. y(x) = 1 — 2cos x —sinx 
. There is no contradiction because if the given differential 


equation is divided by x? to get the form in Eq. (8), then the 


resulting coefficient functions p(x) = —4/x and q(x) = 6/x? 
are not continuous at x — 0. 

y(x) = c1e* + coe?* 34. y(x) = c1e * + coe?* 
y(x) = c1 coe-* 36. y(x) = c1 + coe 072 
y(x) = c1e7*7? + coe* 

y(x) = cye 72 + c2e 3/2 

yŒ) = (c1 + c2x)e™™/? — 40. y(x) = (c1 + e2x)e?*/3 
y(x) = c1e 4/3 + c2e?*/2 

y(x) = c1e 4/7 + c2e3*/5 

y”+10y’ =0 44. y" —100y =0 


y" + 20y’+ 100y 2 0 46. y" — 110y' + 1000y = 0 


47. y" 20 48. y" —2y' -y 20 
49. The high point is (In Z, 48). 
50. (—1n2,—2) 52. y(x) = cıx + co/x 
53. y(x) = c1 x74 + ex? 
54. y(x) = c1x 3/2 + c2x!/2 
55. y(x) = c1 + colnx 56. y(x) = x? (cı + c21nx) 
Section 3.2 
1. 15- (2x) — 16- (3x2) — 6- (5x — 8x?) = 0 
2. (—4)(5) + (5)2 — 3x2) + (1)(10 + 15x?) = 0 
3. 1-0+0-sinx +0-e* = 
4. (6)(17) + (C51) Q sin? x) + (134) (3 cos? x) = 0 
5. 1-17 — 34: cos? x + 17- cos2x = 0 
6. (—1)(e*) + (1)(cosh x) + (1)(sinh x) = 0 
13. y(x) = tex — le 
14. y(x) = l(3e* — 6e?* + 3e3*) 
15. y(x) = Q — 2x + x2)e* 
16. y(x) = —12e* + 13e?* — 10xe?* 
17. y(x) i9 2cos3x — 3sin3x) 
18. y(x) = e*(2— cos x — sin x) 
19. y(x) 2 x + 2x? + 3x? 
20. y(x) 22x — x7? + x7? lnx 
21. y(x) = 2cosx —5sinx + 3x 
22. y(x) = 4e2* — e ?* —3 
23. y(x) = e-* + 4e3* —2 
24. y(x) =e*(3cosx+4sinx)+x+1 
T 
38. yo(x) = m 39. yo(x) = xe*/? 
40. yo(x) = xe* 41. yo(x) 2x -2 
42. yo(x) 21 +x? 
Section 3.3 
1. y(x) 2 c1e?* + eoe ?* 
2. y(x) = c1 + c2e3*/2 
3. y(x) 2 c1e?* + coe * 
4. y(x) = cye*/2 + co e?* 
5. y(x) = c1e ?* + coxe3* 
6. y(x) = e-5x/2 le: exp (4x5) + c2 exp (-4x¥5)| 
yx) = c1e3*/2 + c5 xe5x/2 
8. y(x) = e?*¥ (c1 cos2x + co sin2x) 
9. y(x) = e-** (c1 cos 3x + co sin3x) 
10. y(x) 2 c1 cox + eax? + c4e 9/5 
11. y(x) = c1 9- cax + eae** + cxe 
12. y(x) = cı + eae* + caxe* + cax2e* 
13. y(x) = c1 + c2e 2/3 + c3xe 2/3 
14. y(x) = c1e* + coe * + c3 cos2x + c4 sin2x 
15. y(x) = c1e?* + coxe2* + c3e?* + caxe?* 
16. y(x) = (c1 + c2x) cos 3x + (c3 + c4x) sin 3x 
17. y(x) = c1cos (x/42) + cosin (x//2) + 
C3 COS (2x/43) + c4 sin (2x/43) 
18. y(x) = c1e?* + coe ?* + c3 cos2x + c4 sin2x 
19. y(x) = c1e* --c2e 7 + caxe 
20. y(x) = 
e-x/2 [e + c2x) cos ($xV3) + (c3 + cax)sin (4x43)] 
21. y(x) = 5e* + 2e?* 
22. y(x) = e-*/3 [3 cos (x/V3) + 5/3 sin (x/¥3)| 
23. y(x) = e?* (3 cos 4x — 2 sin 4x) 
24. y(x) = 4(-7 +e?” 4 8e—*/2) 


25. 
26. 


27. 
28. 


29. 


30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
44. 
45. 
46. 


47. 
48. 


49. 
52. 
53. 
54. 
55. 
56. 


ST. 
58. 
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y(x) = l(-13 + 6x + 9e 2/3) 

y(x) = 4(24— 9e75* — 25xe—5*) 

y(x) = cye* +c2e72* + c3xe 7? 

y(x) = c1e?* + c2e™™ + cze 7? 

y(x) = cie ?* + e3x/2 [ez cos (3xv3) + c3 sin (3x3) 
y(x) = cye7* + c2e?™ + c3 cos(x //3) + c4 sin(x 4/3) 

y(x) = cie* + e?" (c2 cos 2x + c3 sin2x) 

y(x) = c1e?* + (co + c3x + cax2)e-* 

y(x) = c1e?* + e~3* (c2 cos 3x + ca sin 3x) 


y(x) = c1e2*/3 + c2 cos2x + c3 sin2x 
y(x) = cye—*/2 + c2e™™/3 + c3 cos2x + c4 sin2x 
y(x) = cie?*7? + e—* (c2 cos x + c3 sin x) 


y(x) = 11 + 5x + 3x? + 7e* 

y(x) = 2e?* — 2cos 10x 

y — 6y” + 12y’— 8y =0 

y 9 — 2y" + Ay! - 8y =0 

y? —l6y=0 

y + 12y + 48y" + 64y = 0 

(a)x =i,—2i (b)x =-—i, 3i 

y(x) = cie! + cze?ixX 

y(x) = c1e3ix + c2e 2i* 

y(x) =c] exp ([1 + i3] x) + co exp(—[1 + i3] x) 
(x) = 

E (e + exp|4 (-1 + i3) x| + exp [i (-1 — i3) x] 

y(x) = 2e?* — 5e—* + 3cosx — 9sinx 

y(x) = cı cos(3 In x) + c2 sin(3 In x) 

y(x) = x7? [c1 cos(41n x) + co sin(41n x)] 

y(x) = c1 + c2 lnx + c3x7? 

y(x) = cı x?(e + c3 lnx) 

y(x) = c1 + c2 lnx + c3(ln x)? 

y(x) =e, +x? (cox-¥3 + esx t3) 


y(x) = x-l[e1 + c2 nx  ca(In x)?] 


Section 3.4 


1. 
2. 
3. 


15. 


Frequency: 2 rad/s (1/2 Hz); period: z s 
Frequency: 8 rad/sec (4/2 Hz); period: 1/4 sec 
Amplitude: 2 m; frequency: 5 rad/s; 

period: 27/5 s 


. (a) x(t) = 1 cos(12t — a) with 


a = 2z — tan-1 (5/12) ~ 5.8884; 
(b) Amplitude: 1 m; period: 7/6 sec 


. About 7.33 mi 

. About 10450 ft 

. 29.59 in. 

. Amplitude: 100 cm; period: about 2.01 sec 

. About 3.8 in. 

. (a) x(t) = 50(e-2!/5 — e—-!/2); (b) 4.096 exactly 
. (a) x(t) = 25e—*/5 cos(3t — a) with 


o = tan 1 (3/4) ~ 0.6435; 
(b) envelope curves x = £25e~‘/5; pseudoperiod 27/3 
x(t) = 4e?! — 2e-^! , overdamped; u(t) = 2cos(24/21) 


2 


-2L 
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16. x(t) = 4e?! — 2e—7", overdamped; 
u(t) © 2,/ 37 cos(/21t — 0.2149) 


17. x(t) = 5e7% (2t + 1), critically damped; 
u(t) ~ 3/5cos(4t — 5.8195) 


-5l 


18. x(t) = 2e?! cos (4t — 3x), underdamped; 
u(t) = $ cos (5t — 3x 


19. x(t) ~ i 313 e—?!/? cos(6t — 0.8254), underdamped; 
u(t) ~ f 4/233 cos (431 — 0.5517) 
4 
t 
1 2 
-4 u 


20. x(t) © 13e-^' cos(2t — 1.1760), underdamped; 
u(t) ~ y 122 cos(2/5t — 0.1770) 
5 


-5. 


21. 


22. 


23. 


x(t) ~ 10e! cos(10t — 0.9273), underdamped; 
u(t) © 24/14 cos(54/5t — 0.6405) 


—6. u 


(b) The time-varying amplitude is 2/3, the frequency is 4./3 
rad/s, and the phase angle is 2/6. 
(a) k ~ 7018 lb/ft; (b) After about 2.47 s 


34. Damping constant: c ~ 11.51 Ib/ft/s; spring constant: 
k ~ 189.68 lb/ft 
Section 3.5 
1. yp(x) = d.e? 2: yp(x) = -l(- 6x) 
3. yp(x) — _ cos 3x — 5sin 3x) 
4. yp(x) — 3 (—4e* + 3xe*) 
5. yp(x) = 4 (13 + 3cos 2x — 2sin 2x) 
6. yp(x) = 34 (4 — 56x + 49x?) 
7. yp(x) — —l(e* -e*)= -1 sinh x 
8. yp(x) = ix sinh 2x 
9. yp(x) — -i + 7k (2x? — x)e* 


Lodi a el en ae en sed 
O 00-10 & Ww SB c 


t2 b2 b2 r2 b2 r2 NWN WY 
oc 1m ntm 


BRR U Q UG U9 UG WwW U9 WwW b2 
> oc0-10 Ui A Ux rt1-c-l2É:c 


. yp(x) = lQx sin 3x — 3x cos 3x) 
. Vp(x) = 4 (3x? — 2x) 
» yp(x) = die? C sinx — 4cos x) 

. Vp(x) = 34 (-3x7e* c x3e*) 15. yp(x) 9 —17 

. yp(x) = di (45 + e3* — 6xe3* + 9x2e3X) 

. yp(x)— lo? sinx — x cos x) 

. Vp(x) = — 1h Q4xe* — 19xe?* + 6x2e?*) 

. Vp(x) = 4 (10x? — Ax? + x^) 

. Vp(x) = -7+ ixe* 

- yp(x) = xe* (Acos x + B sinx) 

» yp(x) = Ax? + Bx* + Cx? + Dxe* 

. Vp(x) = Axcos2x + Bx sin2x + Cx? cos2x + Dx? sin2x 
. Vp(x) = Ax + Bx? + (Cx + Dx2)e ?* 

. yp(x) = Axe^* + Bx?e-* + Cxe~?* + Dx2e7?* 

e Vp(x) = (Ax + Bx2)e?* cos2x + (Cx + Dx2)e?* sin2x 

. Yp(x) = Ax cosx + Bx sinx + Cxcos2x + Dx sin2x 

- ypx) = 


12. yp(x) = 2x + ix sin x 


(Ax + Bx? + Cx?) cos3x + (Dx + Ex? + Fx3)sin3x 


. Vp(x) = Ax3e* + Bx^e* + Cxe?* + Dxe2* 

. yp(x) = (A+ Bx Cx2)cos x + (D + Ex + F x2)sinx 
. y(x) = cos2x + isin2x + ix 

. yx) lü5e-* — 16e 2* + e*) 

. y(x) = cos3x — — sin3x + lsin2x 

. y(x) = cos x —sinx + ix sinx 

. y(x) = e*(2cosx — 3 sinx) T ix +1 

. y(x) = 145 Q34 + 240x — 9e?* — 33e?* — 12x? — 4x4) 
. y(x) = 4—4e* t-3xe* -x— lx2e* + le 

. y(x)- isle" (176 cos x + 197 sin x) — (6 cos 3x +7 sin 3x)] 
. y(x) = —3 +3x— ix? T vx? + 4e—* + xe-* 

. v(x) = l(5e-* + 5e* + 10cos x — 20) 


41. yp(x) = 255 — 450x + 30x? + 20x? + 10x4 — 4x? 

42. y(x) = 10e-* + 35e?* + 210cos x + 390sin x + yp(x) 
where y p (x) is the particular solution of Problem 41. 

43. (b) y(x) = cı cos2x + co sin2x 
+ lcosx — zg COS 3x 

44. y(x) =e —*/2 [er cos ($x/3) + c2 sin (4x3) | + 
+(-3 cos 2x + 2sin2x) + i55 cos 4x + 4sin4x) 

45. y(x) = cı cos 3x + c2 sin 3x + d — b cos 2x — x cos 4x 

46. y(x) = cı cos x + c2 sin x + 7k (3x cos x + 3x? sin x) + 
ps sin 3x — 4x cos 3x) 

47. yp(x) = Zex 

49. yp(x) = x2e?x 

50. yp(x) = (4x cosh 2x — sinh 2x) 


48. yp(x) = —1ib(6x + 101e-* 


51. yp(x) = — (cos 2x cos x — sin 2x sin x) + 
zJ (cos 5x cos2x + sin 5x sin2x) = —1 cos 3x (!) 
52. yp(x) = —tx cos 3x 


53. yp(x) = 2x sin 3x + 2 (cos 3x) In | cos 3x| 

54. yp(x) = —1 — (cos x) In| csc x — cot x| 

55. yp(x) = 401 — x sin2x) 56. yp(x) = —de* (3x + 2) 
58. yp(x) = x?(Inx — 1) 59. yp(x) = ix^ 

60. yp(x) = —2Bx4/3 

61. yp(x) = lnx 

THX 


Sy 
62. yp(x) = —x^ + xIn ie 


1 
+ z0 + x?) In| — x?| 


Section 3.6 


1. x(t) = 2cos2t — 2cos3t 


2n 


2. x(t) — 3 sin 2t — sin 3f 


2T 


k 


3. x(t) = v 138388 cos(10t — a) + 5cos(5t — B) with 
æ = 2x — tan 1 (1/186) ~ 6.2778 and 
B = tan™! (4/3) ~ 0.9273. 


E 


375 


aL 
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4. x(t) = 24/106 cos(5t — a) + 10 cos 4t with 
a = zx — tan™! (9/5) ~ 2.0779 


2n 
ao F y 
t 


5. x(t) = (xo — C) cos wot + C cos wt, where 
C = Fo/(k — mo?) 


7. xg (t) = 19 cos(3t — æ) with æ = x — tan™! (12/5) ~ 1.9656 


8. xy (t) = 35 cos(5t — a) with a = 2x — tan—! (3/4) ~ 5.6397 


z Xp 
Lt 

NNN 

L F 


9. xy (t) = 720991 €05 (101 a) with 


a = x +tan—!(199/20) ~ 4.6122 


Xsp 
0.1 
t 
T 
—0.1L 
Fi 


10. Xsp(t) = +. 61 cos(10t — a) with 
æ = zx + tan`! (171/478) ~ 3.4851 


1 m 
Jd t 


1 


-1 
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11. xs (t) = xe cos(3t — æ) witha = x — tan- (3) ~ 1.8925 16. C(@) = 10/4/25 + 6w? + œt; there is no practical resonance 
Xt) = 2 2e?! cos(t — p) with frequency. 
B = 2z — tan-! (7) ~ 4.8543 C 
Xsp 2 

0.5r 

t 1 
-0.5*- 

1 o 
5 10 


12. x(t) = 3239 cos(3t — o) with 


17. C(o) = 50/4/2025 — 54w? + c^; there is practical resonance 
a = n + tan™! (2/5) ~ 3.5221 (@) / B 


at frequency o — 34/3. 


Xy(t) = ame cos(2t — P) with 
B = tan-1 (5/2) ~ 1.1903 C 
0.5} 


Xsp 
: [o) 
-0. 5t 10 20 
13. xsp(t) = Aes cos(10¢ — œ) with 18. C(w) = 100/4/422500 — 12000? + c^; there is practical 
æ = zx — tan-1 (10/37) © 2.8776 resonance at frequency w = 104/6. 
X(t) = 24 113314 e! cos(5t — B) with C 
B = 2z — tan- 1 (421/12895) ~ 6.2505 0.41 
t 
1 
25 50 
19. œ = 4/384 rad/sec (approximately 3.12 Hz) 
14. x, (t) = J485 cos(t — a) with œ = tan`! (22) ~ 1.5254 2 w SLOT 2 ee 422.75 rpm) 
X(t) = 4/3665 e^! cos(3t — B) with 90 = X (g/L) + ( uL 
B = x + tan™! (52/31) © 4.1748 22. wo = y k/(m + I/a*) 
30 23. (a) Natural frequency: 4/10 rad/s (approximately 0.50 Hz); 
DU [Asp (b) amplitude: approximately 10.625 in. 
Section 3.7 
t 1. I(t) = 4e—>" 
2. I(t) 2 4(3— e^?!) 
3. I(t) = 74 (cos 601 + 12sin60t — e^?!) 
-30 4. I(t) = 5(e 19! — 672%): Imax = I(151n2) = 5/4. 
— 5,-10t ç; 
15. C(@) = 2/4/4 + ^; there is no practical resonance frequency. 5. I(t) = ge 1 sin60t 
6. I(t) = 45(—21c0s60t + 22 sin 60t) = 


C (5/4/37) cos(60t — o), where 
1 a = zx — tan™! (22/21) ~ 2.3329. 
7. (a) Q(t) = EoC(1 — e™/ RC); I(t) = (Eo/R)e™/ RC 
8. (a) O(t) = 10te—*!; I(t) = 10(1— 5t)e-5'; 
(b) Omax = Q(1/5) = 2e71. 
9. (a) Q(t) = (cos 120f + 6sin120t — e~29)/1480 
I(t) = (36 cos 120¢ — 6 sin 120t + e~2%)/74 


= dB ; 28 
(b) Isp = 74 (6cos 120¢ — sin 1201) = VAT cos(120f — a) 
1 


5 10 with y = 2z —tan-! e 


11. 


12. 


13. 


14. 
15. 
16. 


17. 
18. 


19. 
20. 


21. 


22. 


Isp(t) = $5 sinQt — 6) with 
6 —-2z— -t/9 x ~ 6.1180 
Isp(t) = Jr Sin(10t — 6) with 
ó —-2z— ‘an! /4) ~ z~ 6.0382 
Isp(t) = VAS sin(St — 6) with 
ó =2n- vs & 5.6952 
Typ (t) ~ 0.9990 sin(100t — 0.8272) 
Typ (t) ~ 0.1591 sin(602t — 4.8576) 
Isp (t) ~ 1.6125 sin(377t — 1.2282) 
I(t) 2 —25e—*! sin 3t 
I(t) = PR (19e 1 — 18e 20! — e~) 
I(t) = Lap — 10e- 10! — 591210! 
res. d. e 9/2 
I(t) — =z m? (V11 cost 4/ 11/2 + 
27 sint 4/ 11/2) + 19 9 (cos 2t + 6sin2t) 
I 
I} kp 
t 
2n 
I2 Isp fe 
=5 L 
I(t)= —19e-t (12 cos 3t + 47 sin 3t) + 29 9(2 cos 5t +3 sin 5t) 
I 
t 
I= Tgp + Te 
I(t) ~ —e-25! (0.1574 cos 25t./159 + 
0.0262 sin 251 4/159) + (0.1574 cos 60zt + 0.0230 sin 60zt) 
i 
oot ta he the 


—0.2 
Section 3.8 

1. Only positive eigenvalues (n2 x2 /4) and associated 
eigenfunctions (cos(1z:x/2)) for n = 1,3,5,.... 

2. Eigenvalue Ao = 0 with eigenfunction yo(x) = 1, and positive 
eigenvalues (n?) with associated eigenfunctions {cos nx} for 
n = 1,25 352055 

3. Only positive eigenvalues (12/4) for n = 1,2,3,.... The nth 
eigenfunction y; (x) is cos(nx/2) if n is odd, sin(nx/2) if n is 
even. 

4. Eigenvalue Ao = 0 with eigenfunction yo(x) = 1, and positive 


eigenvalues (n2/4) for n = 1,2,3,.... The nth eigenfunction 
yn (x) is sin(nx/2) if n is odd, cos(nx/2) if n is even. 


7-8. 


. Only positive eigenvalues (n?z2/64) for n = 1,2,3,.... 
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The 
nth eigenfunction y; (x) is cos(nz:x/8) + sin(nzx/8) if n is 
odd, cos(nx x/8) — sin(nzt x/8) if n is even. 

In the figure below, points of intersection of the curve y — tanz 
with the lines y = +z are labeled with their z-coordinates. We 
see that o, lies just to the right of the vertical line 

z = (2n — 1)z/2, while n lies just to the left of the line 

z = (2n + 1)z/2. 


N 


-10 
Chapter 4 
Section 4.1 
l. x) — x2, x4 = —7x1 — 3x2 + t? 
2. x! = xo, x) = —4x1 + xj 
3. xj = x2, x5 = —26x, — 2x2 + 82cos4t 
4. x, = x2, x5 = x3, x5 = —x2 + 2x3 + 1 + te! 
5. xj = X2, X) = X3, X3 = Xa, X4 = —X1 — 3x3 + e! sin2t 
6. xi X2, X X3, x5 X4, 
x4 = —x1 + 3x2 — 6x3 + cos 3t 
7. x, = x2, t?x5 = (1 — 2)x1 — tx2 
8. x = X2, x5 = x3, £x. = —5x| — 3tx2 + 21? x3 + Int 
9. x) — x2, X5 = X3, x5 = x2 + cos xı 
10. x) = x2, x4 = 5x1 — 4y1, yi = y2, Y5 = —4x1 + 5y| 
11. x = x2, xs = —kxi| à (x? + y2y 3/5 


x4 = x2, X} = 


£ 
. X] = X2, X2 = 3x1 


yi = y» y% = —kyı G2 + y)??? 
2 pu | 2 
382.94 = Y2 Y5 = —32x2 


. x1 = x2, x5 = —15x1 + 25yi, y| = y2, 
y5 = 50x1 — 50y1 + 50 cos 5t 

. xX) = X2, X = —4x1 + 2y1— 3x2 
yi = y2, y% = 3x1 — y1 — 2y2 + cost 


— yı +2z1, y, = yo, 

y3 = xit y1—A4zi, 2) Z2, Z% = 5x1 — y1 — Z1 
x2, x = xi(1— y1) 

yi = y2, y5 = y1 (1 — xı) 


-5-4 -3 -2 -21 0 12345 
% 
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18. x(t) = Ae’ + Be’, y(t) = Ae! — Be 22. x(t) = Acos4t + Bsin4t, y(t) = 4B cos 4t — 1A sin 4t 


5p ————-—5———-—- 


zm €— «— «— €— c— 


DM LM. € ST UN PES ee Se eee 
-5-4-3-2-10123 45 -5-4-3-2-1 0123 45 
x x 
19. x(t) = Acos2t + B sin2t, y(t) = —B cos2t + Asin2t; 23. x(t) = Ae?! + Be?!, y(t) 2 —3Ae—*! + 2Be?!; 
x(t) = cos2t, y(t) = sin2t x(t) = e”, y(t) = 2e?! 
5c sL | 
AE 4 
3f 3t 
2 2 v 
1 tp A 
a 0 a 0 + 4 
mE -1 e 4 
2f PN 
EL al 
-4r N -4 Y 
-5 [4 iE NR i i i i i -5 
-5-4-3 -2 -21 0 12 34 5 -5-4-3 -2 -1 0 
x x 
20. x(t) = Acos 10£ + B sin10t, y(t) = B cos 10t — Asin 10f; 24. x(t) = Ae?! + Be^?!, y(t) 2 24e?! + 5Be—>!; 
x(t) = 3cos 10f + 4sin 10£, y(t) = 4cos 10t — 3 sin 10t A= vu and B = -H in the particular solution. 
SLWTTA 5 Ecce] st ie Eod TTT. Sd 
4r 4 4 
3} 3 
2r 2 
1 1 
a 0 a OW 
| -1 
=): 1 -2 
E // 4 E 
—4 F 7 4 sA 
-5 ANS 1 y L uul -5 
-5-4-3-2-1 0 12 3 5 i 
x 
21. x(t) = Acos2t+ B sin2t, y(t) = 4B cos2t — AAsin2t 25. x(t) = —e?' sin n3t) 
5 [T T T” UY iN 5 r] 
MP T | M + 1 
3h Vi 3 J 
2T |f Y x4 2 4 
11717 "ARE 1 ^4 
B0B vy a 0 A 
-1M|%4 VI -1 ^| N 
2 AIA AER -2 ^ A 
-3 A ^ RA -3 PS 
EP Vy J -4 R 
-5H |! A. AL hf Y4 us I 
-5-4-3 -2 -1 0 12 345 -5 -4-3 4 5 


x x 


26. x(t) = (A+ Bt)e?!, y(t) = (3A + B+ 3Bt)e* 


YESS eT t €. a7 


33. 2(I{ — 12) + 5011 = 100 sin 60t, 2(I4 — I) + 2515 = 0 


34. Ii = —20(11 — I2), I; = 40(J; — In) 


Section 4.2 


1. x(t) 2 aye! +. a2&?!, y(t) = are?! 


-5-4-3-2-1 012345 
x 


2. x(t) = (c1 eae, y(t) = (c1 — 1e2 + eot)e! 


-5 -4 -3 -2 -1 0 1 2 
x 
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3. x(t) = $(e% — e 7) y(t) = 2(66?! — e?) 


4. x(t) — l(3e?! — 


-5-4-3 -2-1 0 12 3 45 
i 
5. x(t) = e^! (a1 cos2t + a2 sin2t), 


y(t) 2 —te! Kar +a2) o + (a2 741) sin 22] 


54321 0123 4 5 
x 


6. x(t) = e?! (3cos3t + 9sin3t), 
y(t) = e?! (2cos 3t — 4sin3t) 


-5-4-3-2-101234 5 
x 
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7. 


13. 


14. 


15. 
17. 


18. 


19. 


20. 


23. 
24. 
25. 
26. 
27. 
28. 
29. 


31. 


32. 


33. 


37. 


. x(t) = a1 cos 3t + a» sin3t — ite 


Answers to Selected Problems 


x(t) = aye?! + ase?! — it + ik: 
y(t) = —2a,e?! 


= 


a5e?! 2t 
x(t) = cie! + coe?! + e?!, y(t) 2 —ciel + cze?! 
x(t) = 3aje! + aze~ — 1(7cos2t + 4sin2t), 

y(t) = aye’ +aze™ — t (2cos2t + 4sin 22) 

x(t) =e", y(t) = —e! 

oo le^, 

y(t)- E [(a1 — a2) cos3t + (a; + a2) sin3t] + he! 


x(t) = c1e?! + coe?! + c36?! + c4e t, 


y(t) = —e1e?! — ce?!  3e3e?! + 3467! 


x(t) = a, cos2t + a» sin2t + bı cos 3t + b2 sin 3t, 
y(t) = 1(ai cos 2t + a» sin2t) — 2(b; cos 3t + bo sin 3t) 


x(t) = c1 cos2t + c2 sin2t + 4 sint, 
y(t) = c1cos2t + co sin2t + c3 cos2t/2 + 
c4 sin2t 4/2 + A sint 


x(t) = a, cost + a» sint + bı cos2t + bo sin2t, 
y(t) = a2 cost — a, sint + b2 cos 2t — b, sin2t 


x(t) = a, cost + ao sint + bye?! + boe ?!, 
y(t) = 3a2 cost — 3a, sint + b1e?! — bae ?! 


x(t) = l(4cie?! — 3coe 4), y(t) = c1e?! + coe, 
z(t) = 1(-4c1e?! + 3c2e7%) 


x(t) = a, +aze*! +.a3e8", y(t) = 2a, —2a3e*!, 
z(t) = 2a, — 2a2e* + 2aae8! 


x(t) = aje” c aae! + te^, 
y(t) = aie?! + b2e™ — lte7t, 
z(t) = aie?! — (a2 + b2 + 1) e t-— tte 


Infinitely many solutions 
No solution 

Infinitely many solutions 
Two arbitrary constants 
No arbitrary constants 
No solution 


Four arbitrary constants 


h(t) 2 24 e-5t [-2 cos (101//6) cs 4/6 sin (102/V6) |, 
b(t)= (20/46) e^ 5t sin (107/46) 


T(t) = q$r (20e 2?!/5 — 120cos 60t + 1778 sin 602), 
D(t) = 1451 (72408 2?'/5 + 240 cos 60t + 1728 sin 601) 


I(t) = $2 0e 89), bt) = $ü—e 997) 


(a) x(t) = a1 cos 5t + a» sin 5t + by cos 5t 4/3 + 

bo sin5tV/3, y(t) = 2a1cos5t + 2a2 sin 5t — 

2b, cos 5t 4/3 — 2b» sin 5t V3; (b) In the natural mode with 
frequency wı = 5, the masses move in the same direction, 
whereas in the natural mode with frequency w2 = 54/3 they 
move in opposite directions. In each case the amplitude of the 
motion of mv is twice that of m. 


39. 


40. 


41. 


x(t) = a, cost + a2 sint + bı cos2t + bo sin2t, 

y(t) = 2a, cost + 2a2 sint — b; cos 2t — bo sin 2t. 

In the natural mode with frequency w; = 1 the masses move in 
the same direction, with the amplitude of motion of the second 
mass twice that of the first mass. In the natural mode with 
frequency w2 = 2 they move in opposite directions with the 
same amplitude of motion. 


3 , , , 


yı = 2 cos(t) 


ES 1 1 1 
0 T 2n 3x 
t 
3 T : r 
2+} y2 =- cost) | 


-2 } ‘x2 = cos(2t) 1 


x(t) = a, cos 5t + a» sin 5t + bı cos 10f + b» sin 10f, 
y(t) = 2a, cos 5t + 2a» sin 5t — b; cos 10t — b2 sin 10t. 


x(t) = a, cost + a» sint + bı cos 3t + b2 sin3t, 

y(t) = a; cost + a2 sint — b, cos 3t — bo sin 3t. 

In the natural mode with frequency o, = 1 the masses move in 
the same direction, while in the natural mode with frequency 
@2 = 3 they move in opposite directions. In each case the 
amplitudes of motion of the two masses are equal. 


2 T : 
xı = yi =cos(f) 
1 4 
EN 
4 0 
zf k 
—2 1 1 
0 T 2r 


42. 


43. 


44. 


45. 


2 T : 
y2 = — cos(3t) 
1 
T 
=s 0 
-1 
x2 = cos(3r) 
-2 1 1 
0 T 2n 


t 


x(t) = a, cost + a» sint + bı cos2t + bo sin2t, 

y(t) = a; cost + a» sint — Ibi cos 2f — ib, sin 2t. 

x(t) = ay cost + ao sint + by cost/5 + bo sint V5, 

y(t) =a, cost + a2 sint — by cost /5 — bo sint4/5. 

In the natural mode with frequency w; = 1 the masses move in 
the same direction, while in the natural mode with frequency 
@2 = 4/5 they move in opposite directions. In each case the 
amplitudes of motion of the two masses are equal. 


2 T r 
i xı = yi = cos(t) 
A 
x 0 
iE 
-2 L L 
0 T 2n 
t 
2 r r 
y2 = -— cos(t V5) 
1 » 
Fo 
zj J 
x2 = cos(t 45) 
2 i i 
0 T 2n 


t 


x(t) = a1cost4/2 + a» sint V2 + bı cos 2t + b» sin2t, 
y(t)=a, cost/2 + a» sint V2 — by cos 2t — bo sin2t. 

x(t) = ay cost. /2 + ao sint4/2 + bı cost./8 + bo sint/8, 
y(t) = a, cost./2 + a2 sint V2 — 

lbi cost4/8 — lb, sint 4/8. 

In the natural mode with frequency «o, = A/2 the two masses 
move in the same direction with equal amplitudes of oscillation. 
In the natural mode with frequency w2 = /8 = 24/2 the two 
masses move in opposite directions with the amplitude of m2 
being half that of m. 


46. 
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2 T r 
1 4 
a 
E 0 
edu 4 
x1 = yı = cos(t V2 ) 
2 1 1 
0 T 2n 
t 
2 
1 J 
A 
2 
ab J 
x2 = y» = cos(t 8) 
2 
0 Tt 2n 


t 


x(t) = a, cos 2t + a2 sin 2t + bı cos 4t + b2 sin 4t, 
y(t) = aı cos 2t + a» sin 2t — bı cos 4t — b» sin 4t. 


Section 4.3 


The format for the first eight answers is this: (x(t), y(¢)) at t = 0.2 
by the Euler method, by the improved Euler method, by the 
Runge-Kutta method, and finally the actual values. 


1. 


2. 


10. 


11. 


12. 


(0.8800, 2.5000), (0.9600, 2.6000), (1.0027, 2.6401), 
(1.0034, 2.6408) 

(0.8100, —0.8100), (0.8200, —0.8200), (0.8187, —0.8187), 
(0.8187, —0.8187) 


. (2.8100, 2.3100), (3.2200, 2.6200), (3.6481, 2.9407), 


(3.6775, 2.9628) 


. (3.3100, —1.6200), (3.8200, —2.0400), 


(4.2274, —2.4060), (4.2427, —2.4205) 


. (—0.5200, 2.9200), (—0.8400, 2.4400), 


(—0.5712,2.4485), (—0.5793,2.4488) 


. (—1.7600, 4.6800), (—1.9200, 4.5600), (—1.9029, 4.4995), 


(—1.9025, 4.4999) 


. (3.1200, 1.6800), (3.2400, 1.7600), (3.2816, 1.7899), 


(3.2820, 1.7902) 


. (2.1600, —0.6300), (2.5200, —0.4600), (2.5320, —0.3867), 


(2.5270, —0.3889) 


. Att = 1 we obtain (x, y) = (3.99261, 6.21770) (h = 0.1) 


and (3.99234,6.21768) (h = 0.05); the actual value is 
(3.99232, 6.21768). 

Att = 1 we obtain (x, y) = (1.31498, 1.02537) (h = 0.1) 
and (1.31501, 1.02538) (h = 0.05); the actual value is 
(1.31501, 1.02538). 

Att = 1 we obtain (x, y) = (—0.05832, 0.56664) (h = 0.1) 
and (—0.05832, 0.56665) (h = 0.05); the actual value is 
(—0.05832, 0.56665). 

We solved x’ = y, y! = —x + sint, x(0) = y(0) = 0. With 
h = 0.1 and also with h = 0.05 we obtain the actual value 
x(1.0) z 0.15058. 
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13. Runge-Kutta, h = 0.1: about 1050 ft in about 7.7 s 

14. Runge-Kutta, h = 0.1: about 1044 ft in about 7.8 s 

15. Runge-Kutta, h = 1.0: about 83.83 mi in about 168 s 

16. At 40°: 5.0 s, 352.9 ft; at 45°: 5.4 s, 347.2 ft; at 50°: 5.8 s, 
334.2 ft (all values approximate) 

17. At 39.0? the range is about 352.7 ft. At 39.5? itis 352.8; at 
40°, 352.9; at 40.5°, 352.6; at 41.0°, 352.1. 

18. Just under 57.5? 

19. Approximately 253 ft/s 

20. Maximum height: about 1005 ft, attained in about 5.6 s; range: 
about 1880 ft; time aloft: about 11.6 s 

21. Runge-Kutta with A = 0.1 yields these results: 
(a) 21400 ft, 46 s, 518 ft/s; (b) 8970 ft, 17.5 s; (c) 368 ft/s 
(att ~ 23). 


Chapter 5 
Section 5.1 


Loja wi e[: s] 


-9 -11 -10 -37 
ol o o| 14 25] 


—33 -7 
2. (AB)C = A(BC) = E ios 
—18 —4 
A@+0)=aB+ac=[ En =| 
e á 11 -12 14 
3. AB— | 46 EI BA =| —14 0 7 
0 8 -13 
2t+3e 7% 
212 — cost 
4. Ay — | 2 . ]»- —14t 
3t^ —4sint + 5cost 6t —2e^* 
[| 21 2 1 9 21 -—13 
5. (a) 4 44 9 5(b| —5 -8 24]; 
| -27 34 45 —25 -19 26 
[| 0 —6 1 —10 —8 5 
(c) | 10 31 —15 |;(d) 18 12 —10 |; 
|16 58 -—23 11 22 6 
[3-t 2 -1 
(e) 0 4—t 3 
| 5 2 7-t 
7. det(A) = det(B) = 0 8. det(AB) = det(BA) = 144 
, [1-8t- 1822. 1-4 2t — 120? + 321? 
ttu | 3+ 317-483 8t + 3t? + 423 
x 0 —3 0 
n x- [2] mo - [2 72] no-[2] 
x 2 4 3e! 
wsl pos]? dlws] 
[x 0 1 1 0 
15. x=| y ,P()2|1 0 1 .f(2|0 
|z 1 1 0 0 
[x 3 —4 1 t 
17. x=| y ,P()2|1 0 —-3 | ft) =| t? 
lise 0 6 -7 t? 
[x 0 1 0 0 0 
x2 _|0 0 2 0 _|0 
19.x- 5° .PO-|o o o 3 | fO=] 6 
ED 4 00 0 0 
3i; Wie gs A ee, 
i = ee XIE) L 3ce! — cze” 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 


3t —2t 
W(t) = —5e'; x(t) = Fa + 2ce | 


3c1e?t + c27% 
ms 
cie?! + EE 
c, €?! + c5 e?! 
—c1 e?! — 2c5e?t | 
3c1e?! + coe! 
2cye2! + 3c9e 5! | 
2c4e! — 2c2e% + 2c3e?! | 


W(t) = 4; x(t) = | 
W(t) = —e!; x(t) = | 


W(t) = 7e—*"; x(t) = | 


W(t) = 16e% ; x(t) = 2c|e! — 2c3e?! 
cet + coe?! + cze” 
t 
cie?! + c3e7t | 


cje? — (c5 + c3)e ^ 
3t 


W(t) = 3; x(t) = | 


c1 + 2026?! — c3e ^! 
W(t) = —84e7;x(t) = | 6c1 Seae* + 2cae" t | 
—13c, — 2c5e?! + c4e ^! 
3c1e ?! + cre! + cae?! 
W(t) = e”; x(t) = [aie —ce! — a 
2cye~2! + ere! 


cie! + cael 


W(t) = 1; x(t) = 


x 
x 
x 
x 
x 
x= 
x 
x 
x 
x 


cae! 
coe? + 3c4e' 
cie! —2c3e! 
2x1 — X2 
7x1 — 2x2 
15x; — 4x2 
Š (3x; — 2x2) 
X1 + 2x2 + X3 
7x1 + 3X2 + 5x3 
3x; — 3x2 — 5x3 
—2Xx1 + 15x2 — 4x3 
3x1 + 7x2 + x3 — 2x4 
13x] + 41x2 + 3x3 = 12x4 


(a) x2 = fX, so neither is a constant multiple of the other. 

(b) W(x1,x2) = 0, whereas Theorem 2 would imply that 

W + Oif x; and xo were independent solutions of a system of 
the indicated form. 


Section 5.2 
1. xı (t) = c1e™ + coe?!, xo(t) = —c1e™ + coe?! 
NEE: 
E 
x 
2. xi(t) = c1e ^ + 3coe*!, xo(t) = —c1e™ + 2c5e?! 
3. General solution xı (t) = cye~! + 4c2e', 
xo(t) = —cye—! + 3c5e8! 


Particular solution xj (t) = i(-e^! + 8e9!), 
x»(t) = 1(e7! + 6e%). 


4. x1(t) = c1e ?! +. coe?!, xo(t) = —6cie ?! + coe?! 


x 
6. General solution xı (t) = 5c1e?! + coe^!, 
xo(t) = —6c1e?! — coe?! 
Particular solution xı (t) = —5e?'! + 6e^!, 


xo(t) = 6e?! — 6e%. 


7. 


8. 


10. 


11. 


12. 


13. 


14. 


Answers to Selected Problems 739 


xi(t) = cie! + 2026?! , xo(t) = c1e! — 3c2e 7?! 


x 


X1(£) = 5c, cos2t + 5c2 sin2t, 
X2 (t) = (cy — 2c2) cos2t + (2c1 + c2) sin2t 


Fe c E ccc 
F^ c 4— «— «— «— «— 7 


. General solution x; (t) = 5c; cos 4t + 5co sin 4t, 


X2 (t) = cı (2cos4t + 4sin 4t) + c2 (2 sin 4t — 4cos At). 
Particular solution x; (f) = 2 cos 4t — 14 sin 4£, 

x2(t) = 3cos4t + 4 sin 4t 

x1(t) = —2c1 cos 3t — 2c» sin 3t, 

x2(t) = (3c, + 3c2) cos 3t + (3c2 — 3c1) sin 3t 

General solution x1 (t) = e' (c1 cos 2t — c2 sin 2t), 

x2(t) = e! (cy sin2t + c2 cos2t) 

Particular solution x(t) = —4e! sin 2t, x2(t) = 4e! cos 2t 


\ ASS) TD, à 
-5-4 -3 -2-1 0 12 345 
X 


xı (t) = e?! (—5c1 cos 2t — 5c2 sin 2t), 

x2(t) = e% [(c4 +2c2)cos2t + (—2c1 + c2)sin2t] 
xı (t) = 3e% (c1 cos 3t — co sint), 

x2(t) = e?! [(c1 + c2) cos3t + (c1 — c2) sin 3t] 

xı (t) = e?! (cı cos 4t + co sin 4t), 

x2 (t) = e% (c, sin 4t — ca cos 4t) 


740 Answers to Selected Problems 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


x1(t) = 5e?! (cı cos 4t — c2 sin 4t), 28. xi(t) = 15e 9^! , x5(t) = 40(—e-0-4! + e— 9-25), 
xa(t) = e” [(2c1 + 4c2) cos 4t + (4c, — 2c2) sin 4t] The maximum amount ever in tank 2 is about 6.85 lb. 
x1(t) = c1e- 19! + 205671001, 

x2(t) = 2c1e-19! — 50541001 


xı (t) = cie?! + ce + c3, 
xo(t) = c1e?! — 2c5e9!, 

xa(t) = cye™ + cre — c4 

xı (t) = cie?! + 4c3, 

x2(t) = 2cje" + cre! — c3, 
x3(t) = 2c1e?! — c5e9! — c3 
x1(t) = cye®! + cze? + cze”, 


xo(t) = cye®! — 2c5e?!, 

x3(t) = cye® + c5e?! — cze? 

x1(t) = cie?! + c9e% + c3e”, 
xo(t) = c1e?! — 2c2e®!, 

x3(t) = c1e?! + cre — cze? 

x1(t) = 6c, + 3c2e! + 2cae ^, 


x2(t) = 2c1 + coe! + caet, 
x3(t) = 5c1 + 2c2e! + 2c3e t 


x1(t) = cae! + cae?!, 
x2(t) = c1e 7! — cae! — cze”, 
xa(t) = —c1e ^?! + cae?! 
xi(t) = cie?! + cae?!, 
xa(t) = —c, e?! + c3e 7! — c3e7", 
e —2t 3t t 
x3(t) = —c2e + cae 
x1(t) = cye’ + c2(2 cos 2t — sin2t) + c3(cos 2t + 2sin2t) 


x2(t) = —ci1e! — c2 (3 cos 2t + sin2t) + c3(cos 2t — 3 sin 2t) 


x3(t) = c2 (3cos2t + sin 2t) + c3(3 sin 2t — cos2t) 30. x1 (t) = 5c1 + cre~9-©", x0 (t) = 8c1 — coe 9-9!” 
xı (t) = cy +e% [(c2 + €3) cos 3t + (—c2 + c3) sin 3t], 

x2(t) = —c + 2e% (—c2 cos 3t — c3 sin3t), 

xa(t) = 2e?! (c2 cos3t + c3 sin 3t) 15 


xı (t) = 4e?! — e^! (4cost — sint), 

x2(t) = 9e?! — e™ (9 cost + 2sint), 

x3(t) = 17e™ cost 

x1 (t) = 15e-92t. x(t) me 15(e- 92! = e-04t), 10 
The maximum amount ever in tank 2 is x2(51n2) = 3.75 lb. 


31. x1(f) 2 27e, 
xo(t) = 27e^! — 27e ?!, 
0 5 10 15 20 x3(t) = 27e7! — 54e?! + 27e 9t, 
t The maximum amount of salt ever in tank 3 is x3(In3) = 4 


pounds. 


32. x1(t) = 45e ^, 


33. 


34. 


xo(t) = —135e—7! + 135e ?!, 

x3(t) = 135e ^! — 270e 7?! + 135e7. 

The maximum amount of salt ever in tank 3 is x3(In3) — 20 
pounds. 


xilt) = 45e, 

x2(t) = 90e-^! — 90e 6! , 

xa(t) = —270e-^! + 135e- 6! + 135e ?!, 

The maximum amount of salt ever in tank 3 is x3 (4 1n3) = 20 
pounds. 7 


x1(t) = 40e—7, 

x2(t) = 60e?! — 60e% , 

x3(t) = —150e 7?! + 75e ^! + 75e7. 
The maximum amount of salt ever in tank 3 is 
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x3(4 In 5) ~ 21.4663 pounds. 


40 
35 


35. x1 (t) = 10— 5 (55e719! —216e-11!), 
x2(t) = 3 — 4 (165e7!8" — 144e7 11t), 
x3(t) = 20 + 4 (220e718! — 36067111). 
The limiting amounts of salt in tanks 1, 2, and 3 are 10 Ib, 3 Ib, 
and 20 Ib. 


36. x1 (t) = 4 + e? /5[14cos(31/10) — 2 sin(3t/10)], 
x2(t) = 10 — e /5[10cos(3£/10) — 10 sin(31/10)], 
x3(t) = 4 — et /5[4 cos(3t/10) + 8 sin(3t/10)]. 
The limiting amounts of salt in tanks 1, 2, and 3 are 4 Ib, 10 Ib, 
and 4 Ib. 


37. xi(t) = 30 + e?! [25 cos(t V2) + 10/2 sin(t /2)], 


xo(t) = 10 — e?! [10 cos(t /2) — 25/2 sin(t 4/2)], 


x3(t) = 15 — e? [15cos(r4/2) + BV2sin(t 2)]. 
The limiting amounts of salt in tanks 1, 2, and 3 are 30 lb, 10 Ib, 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Answers to Selected Problems 


and 15 Ib. 


35 
30 


x(t) 7 cie, 


x2(t) = —2c1e! + coe?!, 

x3(t) = 3c1e! — 3coe?! + c3e7", 
x4(t) = —4c e! + 6coe?! — 4c3e7! + c4e^! 
xı (t) = 3cie! + ce”, 

x2(t) = —2c1e! + cae?! — c4e 7”, 
x3(t) = 4c1e! + coe, 

x4(t) = ce’ 

x(t) = cie”, 

x2(t) = —3c1e?! + 3c2e ^?! — c4e 7”, 
x3(t) = c3e% , 

x4(t) = —c2e~2! — 3c3e?! 


xı (t) = 2e!% 4 e15! = x4(r), 
x2(t) = —e!9 + 2015! = x3(t) 


r 3 à " 
x(t) 2c1| ^1 | +e2} 1 |e% c3 | —3 | e?! 
L 2 1 1 
r 3 ; f 
x(t) 2c1| —1 |e” +ce2| 1 Je?! +c3| —1 
L 5 1 3 
F3 : : 
x(t) —€] =2 et T c2 1 eet +3 —3 et 
L 2 5 3 
1 
1 
1 
1 


x(t) = 
1 1 2 T 
1 ER 2 1 1 
aj gle ee | aa pes] a, [etea] S le 
—1 1 1 —1 
3 1 
x(t) = ci E: e^! + c : e! +03] , |e + 
1 —1 
3 
—2 
ca] 3 | e*t 
—3 
2 1 2 
x(t) 2 ci i e? +e E: e? 4 c3 i eô + 
—1 1 1 
ii 
—1 
ca] 5 | e?! 
—1 
1 2 
=e E eleten gai 4 
2 —1 


49. 


50. 


3 1 
—1 1 
ds : e^8 4 c4 3 e64t 
2 —3 
1 0 1 
0 3 7 
x(t) 2c1| 3 | e?! +e 0 |+ce3] 1 |e% + 
1 —1 1 
1 1 1 
0 2 
1 0 
c4 | 0 |e +5] 5 |e% 
1 2 
1 1 
0 1 0 
1 0 1 
1 0 0 
x(t) = ci 1 e E ec, 0 LE 1 e + 
0 1 0 
1 1 1 
0 1 0 
0 1 0 
1 0 1 
eae est doge o P E gli 
1 0 —1 
0 1 0 


Section 5.3 


Note that phase portraits for Problems 1—16 are found in the answers 
for Section 5.2. 


- 


= 
= 


21. 


22. 


. Saddle point (real eigenvalues of opposite sign) 
. Saddle point (real eigenvalues of opposite sign) 
. Saddle point (real eigenvalues of opposite sign) 
. Saddle point (real eigenvalues of opposite sign) 


Saddle point (real eigenvalues of opposite sign) 
Improper nodal source (distinct positive real eigenvalues) 
Saddle point (real eigenvalues of opposite sign) 


. Center (pure imaginary eigenvalues) 
. Center (pure imaginary eigenvalues) 
10. 
. Spiral source (complex conjugate eigenvalues with positive real 


Center (pure imaginary eigenvalues) 


part) 


. Spiral source (complex conjugate eigenvalues with positive real 


part) 


. Spiral source (complex conjugate eigenvalues with positive real 


part) 


. Spiral source (complex conjugate eigenvalues with positive real 


part) 


. Spiral source (complex conjugate eigenvalues with positive real 


part) 


. Improper nodal sink (distinct negative real eigenvalues) 
. Center; pure imaginary eigenvalues 
. Improper nodal source; distinct positive real eigenvalues; 


vi=[0 1], v -[-1 1]* 


- Saddle point; real eigenvalues of opposite sign; v; — [0 1 Iud 


ae T 
corresponds to the negative eigenvalue and vo = [—1 1] to 


the positive one. 


. Spiral source; complex conjugate eigenvalues with positive real 


part 

Proper nodal source; repeated positive real eigenvalue with 
linearly independent eigenvectors 

Parallel lines; one zero and one negative real eigenvalue 


23. 


24. 


25. 


26. 
27. 


Spiral sink; complex conjugate eigenvalues with negative real 
part 
Improper nodal sink; distinct negative real eigenvalues; 


vi=[1 1]’.vw=[-1 4]* 
Saddle point; real eigenvalues of opposite sign; vı =[1 1 d 
corresponds to the positive eigenvalue and vo = [4 —1 ia to 


the negative one. 

Center; pure imaginary eigenvalues 

Improper nodal source; distinct positive real eigenvalues; 
vi=[2 3].v-[2 AJ. 


28. Spiral sink; complex conjugate eigenvalues with negative real 
part 
Section 5.4 
1. The natural frequencies are wọ = 0 and wı = 2. In the 


degenerate natural mode with "frequency" wo = 0 the two 
masses move linearly with xı (t) = x2(t) = ao + bot. At 
frequency o, = 2 they oscillate in opposite directions with 
equal amplitudes. 


. The natural frequencies are o, = 1 and w2 = 3. In the natural 


mode with frequency «1, the two masses mı and m2 move in 
the same direction with equal amplitudes of oscillation. At 
frequency w2 they move in opposite directions with equal 
amplitudes. 


. The natural frequencies are o, = 1 and w2 = 2. In the natural 


mode with frequency «1, the two masses mı and m2 move in 
the same direction with equal amplitudes of oscillation. In the 
natural mode with frequency w2 they move in opposite directions 
with the amplitude of oscillation of mı twice that of m2. 


. The natural frequencies are cw, = 1 and v» = A/5. In the natural 


mode with frequency c1, the two masses mı and m2 move in 
the same direction with equal amplitudes of oscillation. At 
frequency w2 they move in opposite directions with equal 
amplitudes. 


. The natural frequencies are o, = A/2 and w2 = 2. In the natural 


mode with frequency c1, the two masses mı and m2 move in 
the same direction with equal amplitudes of oscillation. At 
frequency w2 they move in opposite directions with equal 
amplitudes. 


. The natural frequencies are o1 = A/2 and v» = 4/8. In the 


natural mode with frequency «c, the two masses mı and m» 
move in the same direction with equal amplitudes of oscillation. 
In the natural mode with frequency c» they move in opposite 
directions with the amplitude of oscillation of mı twice that of 
m2. 


. The natural frequencies are o, = 2 and w2 = 4. In the natural 


mode with frequency «1, the two masses mı and m2 move in 
the same direction with equal amplitudes of oscillation. At 
frequency w2 they move in opposite directions with equal 
amplitudes. 


. X1(£) = 2cost + 3cos3t — 5cos5t, 


x2 (t) = 2cost — 3cos3t + cos 5t. 

We have a superposition of three oscillations, in which the two 
masses move (1) in the same direction with frequency o1 = 1 
and equal amplitudes; (2) in opposite directions with frequency 
@2 = 3 and equal amplitudes; (3) in opposite directions with 
frequency w3 = 5 and with the amplitude of motion of mı being 
5 times that of m2. 


. X1(f) = 5cost — 8cos2t + 3cos3ft, 


x2 (t) = 5cost + 4cos2t — 9 cos 3t. 

We have a superposition of three oscillations, in which the two 
masses move (1) in the same direction with frequency o; = 1 

and equal amplitudes; (2) in opposite directions with frequency 


10. 


11. 


12. 


13. 


15. 


20. 
21. 
22. 
23. 
24. 


27. 


28. 


29. 
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@2 = 2 and with the amplitude of motion of mı being twice that 
of m»; (3) in opposite directions with frequency w3 = 3 and 
with the amplitude of motion of m2 being 3 times that of m1 . 


x(t) = —15cos2t + cos 4t + 14 cost, 

x2(t) = —15 cos 2t — cos 4t + 16cost. 

We have a superposition of three oscillations, in which the two 
masses move (1) in the same direction with frequency o, = 1 
and with the amplitude of motion of m» being 8/7 times that of 
m; (2) in the same direction with frequency w2 = 2 and equal 
amplitudes; (3) in opposite directions with frequency o3 = 4 
and equal amplitudes. 


(a) The natural frequencies are w; = 6 and w2 = 8. In mode 1 
the two masses oscillate in the same direction with frequency 

0, = 6 and with the amplitude of motion of mı being twice that 
of m2. In mode 2 the two masses oscillate in opposite directions 
with frequency w2 = 8 and with the amplitude of motion of m2 
being 3 times that of mj. 

(b) x(t) = 2sin 6t + 19cos 7t, y(t) = sin 6t + 3cos 7t 

We have a superposition of (only two) oscillations, in which the 
two masses move (1) in the same direction with frequency 

0, = 6 and with the amplitude of motion of mı being twice that 
of m»; (2) in the same direction with frequency w3 = 7 and with 
the amplitude of motion of mı being 19/3 times that of m2. 


The system's three natural modes of oscillation have (1) natural 
frequency wı = A/2 with amplitude ratios 1:0: —1; (2) natural 


frequency w2 = y2 + 4/2 with amplitude ratios 1: —4/2: 1; 


(3) natural frequency w3 = y2 — 4/2 with amplitude ratios 
1:4/2:1. 

The system's three natural modes of oscillation have (1) natural 
frequency o, = 2 with amplitude ratios 1:0: —1; (2) natural 


frequency wz = y4 + 24/2 with amplitude ratios 1: —4/2: 1; 


(3) natural frequency o3 = y4 — 24/2 with amplitude ratios 1: 
A/2: 1; 

xı (t) = 2 cos 5t —2cos54/3t + + cos 10f, 

xo(t) = $cos5t + 4cos 54/31 + 16 cos 10ż. 


We have a superposition of two oscillations with the natural 
frequencies o; = 5 and o» = 5 A/3 and a forced oscillation 
with frequency œw = 10. In each of the two natural oscillations 
the amplitude of motion of m2 is twice that of mı , while in the 
forced oscillation the amplitude of motion of m2 is four times 


that of mj. 


WIE WIL 


xi (t) = —vo, x5(t) = 0, x) (t) = vo fort > 2/2 

xi (t) = —vo, x4 (t) = 0, x} (t) = 2vo for t > 2/2 
x} (t) = —2v0, x4(t) = vo, x (t) = vo for t > 2/2 
xi (t) = 2vo, x4(¢) = 2vo, x} (t) = 3vo for t > 2/2 


(a) o1 © 1.0293 Hz; o» & 1.7971 Hz. 

(b) vy z 28 mi/h; v» z: 49 mi/h 

0| = 24/10, vı & 40.26 (ft/s (about 27 mi/h), 
w2 = 54/5, v2 & 71.18 ft/s (about 49 mi/h) 
Q1 © 6.1311, vı z 39.03 ft/s (about 27 mi/h) 
@2 © 10.3155, v2 z 65.67 ft/s (about 45 mi/h) 


@ ~ 5.0424, vı ~ 32.10 ft/s (about 22 mi/h), 
@2 ~ 9.9158, v2 ~ 63.13 ft/s (about 43 mi/h) 


Section 5.5 


1. 


Repeated eigenvalue A = —3, eigenvectorv=[1 —1 ie 
x1 (t) = (cy + c2 + e2t)e 7, xo(t) = (761 — c2t)e 7! 
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7. Eigenvalues A = 2, 2, 9 with three linearly independent 
2. Repeated eigenvalue A = 2, single eigenvector v = [ 1 4d l’: eigenvectors; x; (f) = cie?! + coe?! , xo (t) = cie?! + c3e", 
x1(£) = (c1 + c2 + eat)e?!, x5(t) = (c1 + cote?! x3(t) = cae?! 
8. Eigenvalues A = 7, 13, 13 with three linearly independent 

Pees KW TA eigenvectors; x1 (t) = 2c1e7! — c3e!?t, 
Lo «cem x A xo(t) = —3c1e + c3el?!, x3(t) = cje”! + c2e!3t 
A 9. Eigenvalues À = 5, 5, 9 with three linearly independent 

eigenvectors; x1 (t) = cie?! + 7c2e?! +3c3e”, 

x2(t) = 2c1e?!, x3 (t) = 2c2e?! + cae?! 
10. Eigenvalues À = 3, 3, 7 with three linearly independent 
Lee > > 4 eigenvectors; x1 (t) = 5c1e?! — 3c2e* + 2c3e"", 
3532 x2 (t) = 2c1e? + c3e”, x3(t) = coe?! 
T 11. Triple eigenvalue À = —1 of defect 2; 

x1 (t) = (—2c2 + c3 — 2c3t)e™, 

x2(t) = (c1 — c2 + cat — eat + }4c3t?)e™, 

x3 (t) = (co + e3t)e" 
12. Triple eigenvalue A = —1 of defect 2; 
xi(t) = e™ (cy t c3 + cat + 1630?) 
T. x5(t) = e (cy + dot + 4¢3t7), 
: x3(t) = e™ (c2 + eat) 
13. Triple eigenvalue À = —1 of defect 2; 

x1 (t) = (ei + eat  16312)e 7, 

x2 (t) = (2c2 + c3 + 2c3t)e™, 


3. Repeated eigenvalue A = 3, eigenvector v = [-2 2] 
xı (t) = (—2c1 + c2 — 2c2t)e? , x2 (t) = (2c1 + 2e21)e?! 


4. Repeated eigenvalue À = 4, single eigenvector 


v=[-1 1 I5 x1(t) = (7c1 + c2 — cat)e^', x3(t) = (c2 + cote! 
x2(t) = (c1 + cote’ 14. Triple eigenvalue A = —1 of defect 2; 
x(t) = e (5c, + c2 + c3 + 5c2t + c3t + 3cat2), 
5. Repeated eigenvalue A = 5, eigenvector v = [2 —4 Y: x2(t) = e^! (—25c1 — 5c2 — 25c2t — 5c3t — 230412), 
x1(t) = (2c1 + c2 + 2e3t)e?! , x5(t) = (—4c1 — 4cat)e?! x3(t) = e™ (—5c1 + 42 — 5c2t + 4cat — 3cat?) 


15. Triple eigenvalue A = 1 of defect 1; 
7 x1(t) = (361 + c3 — 3cat)e', 
x2(t) = (cci + eat)e!, x3(t) = (c2 + eat)e! 
16. Triple eigenvalue A = 1 of defect 1; 
xı (t) = e! ci + 3c2 + c3) 
x2(t) = e' (-2c1 — 2cat), 
x3(t) = e! (—2c2 + 2c3t) 
17. Triple eigenvalue A = 1 of defect 1; 
x1(t) = (2c) + c3)e!, x2(t) = (—3c2 + c3 + 6cat)e!, 
x3(t) = —9(c1 + cat)e' 
18. Triple eigenvalue A = 1 of defect 1; 
x1(t) = e! (-c1 — 2c2 + c3), 
x2(t) = e! (c2 + est), 
x3(t) = e! (cy — 2c3t) 
19. Double eigenvalues A = —1 and A = 1, each with defect 1; 
x(t) = cie + cael, 
T x2(t) = cse, 
v=[-4 4] ixi(t) 2 (—4c1 * e2 — 4cat)e?!, x3(t) = coe! + 3cael, 
x(t) = (4c1 + 4cat)e?! xa(t) = c1e™ — 2c3e! 


6. Repeated eigenvalue A = 5, single eigenvector 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Eigenvalue A = 2 with multiplicity 4 and defect 3; 

x1 (t) = (c1 +03 + eot + cat + legt? + deat )e", 
xa(t) = (co + eat + Lcat?)e?!, 

x3(t) = (c3 + cat)e?!, xa(t) = cae?! 

Eigenvalue A = 1 with multiplicity 4 and defect 2; 

x1 (t) = (—2c2 + c3 — 2cat)e!, x2(t) = (c2 + cat)e!, 
x3(t) = (c2 + c4 + cat)e!, x4(t) = (c1 + eot + $c3t?)e! 
Eigenvalue A = 1 with multiplicity 4 and defect 2; 

xı (t) = (c1 + 3c2 + c4 + eot + 3est + $cst?)e', 

x2(t) = —(2c2 — c3 + 2est)e", x3(t) = (c2 + c3t)e', 
x4(t) = —(2c1 + 6c2 + 2cot + 6cat + cat2)e! 

x(t) = c1v1e ^ + (cove + cava)e?! with 

vi-[1 -1 2]’,w=[4 0 9], 

va-[0 2 1] 

x(t) = civie ^ + (cove + cava)e?! with 

vàu-[5 3 -3]’,vw=[4 0 AJ, 

v3=[2 -1 o]* 

x(t) = [civi + co(vit + v2) + c3 (vic? + vot + v3)] e” 
with v1 — [71 0 —1 J, v = [7-4 -1 0 |’, and 
va-[1 0 o]* 

x(t) = [civi + e (vit + v2) + c3 (ii + vot + v3)] e?' 
withv; =[0 2 2]’,v3=[2 1 -3]'.and 


v3=[1 0 o]^ 

x(t) = [c1v1 + c2(vit + v2) + esva]e?! with 
vi=[-5 3 8]’.w=[1 0 off, 
va-[1 1 o]^ 


x(t) = [civi + co(vit + v2) + c3 (vi? + vot + v3) |e?! 
with y; =[119 —289 0]’,vo=[-17 34 17], 
and v3 = [ 1i 0 90 ]* 

x(t) = [civi +. ea(vit + vo) Je + [cava + ca(vat + va)]e?' 
withy; =[1 -3 -1 -2]’,vx=[0 1 o oj^ 
v3=[0 -1 1 o]^,«-[o 0 2 1] 

x(t) = [civi + e (vit + vo)Je~ + [c3v3 + ca(vat + v4)]e?', 
withy; =[0 1 -1 -3]’,v.=[0 o 1 2] 
v3=[-1 0 0 0]’,v4=[0 0 3 57 


x(t) = [civi + c2(vit + va) 
+ ¢3(5vit? + vot + va) + cava] e! with 


vi=[42 7 -21 -42]', 
vo =[34 22 -10 -27]’,v3=[-1 0 0 oJ, 
va-[0 1 3 0] 


x(t) = (c1v1 + c2v2)e?! + (cava + cava + esvs)e?! with 


E 


> 


v=[8 0 -3 1 o]",v-[1 0 o o aj, 
v4-[3 -2 -1 0 oJ, 
va-[2 -2 0 -3 oj, 
vs-[1 -1 0 0 3]* 
xi(t)=[cos4t sinat 0 0 |! e*, 
xo(t) 2 [—sin4t cos4t 0 0 ]" e*, 
X3(f) 2 [tcos4t tsin4t cos4t sin4t ]" e3, 
x4(t)=[—tsin4t tcos4t  —sin4t cos 4t |” e*t 
sin 3t 
“iS ie ae au 
sin 3t 


35. 


36. 
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= cos 3t 
3 sin 3t + 3 cos 3t 21 
e^, 
0 
— cos 3t 
3 cos 3t + t sin 3t 
(3t — 10) cos 3t — (3t + 9) sin 3t P. 
sin 3f 
t sin 3t 
—t cos 3t + 3 sin 3t 
(3t + 9) cos 3t + (3t — 10) sin 3t E 
— cos 3f 
—t cos 3t 


xı (t) = x2(t) = vo(1— e); 
lim xı(t)= lim x2(t) = vo 

f—oo t—oo 

x1(t) = vo(2— 2e! — tet), 

x2(t) = v9(2—2e ! — te™ — te); 
lim x,(t) = lim x2(t) = 2vo 

1—oo 1—oo 


x2(t) = 
x3(t) = 


, 


x4(t) = 


Section 5.6 
1. 60) = I. e Jo = [x 25s] 
2. B= [5 ogee b= 2 [oue] 
3. P= ET m Phe cnr | 


gad —5sin4f 
XM = 1| 4cos4t —2sin4t 


o=; Teose F] 


—2 sin 3t 
3cos3t + 3sin3t |’ 


2 cos 3t 
BOR ssi ian 
gat 3 cos 3t — sin 3t 
XM) = 3 | —3c0s3t + 6 sin 3t 
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. „st | cos4t—2sin4t 2cos4t+2sin4t 
a) =e | 2 cos 4t 2 sin 4t d 
— 457] cos4t + sin4t 
x(t) = 2e | sin 4£ 
6 3e! 2e 
$()-|2 e e |], 
5 2e! 2e 
—12 + 12e! + 2e™ 
x(t) = —4 + Ae! t et 
—10 + 8e! + 2e 7% 
0 e! e? e! 
S(t) =| e?!  —e! —e9 | x(t) =} —e ce?! 
—e-2t 0 e —e-2t 
e^t = 2e?! — e! —2e% 2e! 
dd e — et —e3t + 2et 
n —2 + 3e?” 3— 3e” 
En = 2t 2t 
—2 + 2e 3— 2e 
At 3e?! — 2e?! — —3e3t + 3e?! 
e = 3t 2t 3t 2t 
2e^* —2e —2e?' + 3e 
gat | 736. ae det de 
~ | —3e! + 3e?! 4e! — 3e?! 
at [4€ —3e —4e? + de! 
~ | 3e?! —3e! | —3e?! + 4e! 
pibus —8e! 9e?! 6e! — 6e?! 
~ | 212e! + 12e?! 9e! — 8e?! 
pat | 5€ - 4e! -108?! + 10e! 
T | 2e?! — 2e! —4e?! + 5el 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


33. 


36. 


37. 


—9e! + 10e?! 


15e! — 15e?! 


e^ = à 
—6e! + 6e?! 10e! — 9e?! 


2 
FON ett 4 e2t gat 

2 ett — e?! ett + 
àt 1 e2t + eet 
C= 2t 6t 2t 6t 

2| -e**-e e^ +e 
e E 4e10* +e! 

—~ 5 2e10t — 2e?t 
AS e?t + 4el^t 
eu ues 5t 15t 
—2e™ + 2e 


= e2t 
e2t 


2e10t —2e5t 
elt 4 4e% | 


—265t + 2e15t | 
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t 


Poo 


1 
5 
1+t -t 
At — 
eS | t 1 24] 
Ar [1+6t 4t 
* —| —9t  1—e6t 
14: -t t-t’ 
e^ = t 1-1: t-t? 
0 0 1 
1+3 0 —3t 
e^t = | 5t+18t? 1 7t—18£? 
3t 0 1—3t 
2t 2t 
e 5te 4 
ev =[ a ET ]xo-«"|2] 
7t 
e 0 5 
diim | lite” e" | x(t) = e*t | —10 | 
e! 2te! (3t 4 212)e! 
e"M—|0 e 2te! , x(t) = eA! 
0 0 e! 
e?! 0 0 
eM = 107e5?! e^t 0 |, 
(20: 4-15012)e5! 30te% e't 
40 
x(t) = eA” | 50 
60 
1 2t 3t+6t? 4¢4+ 6224423 
eat | 1 6t 3t + 6t2 
0 0 1 2t 
0 0 0 1 
1 
1 
x(t) = e^! 1 
1 
1 
6t 1 
At 3t 
S b 9t + 1822 6t 
12t + 5412 + 36t? 9t 18:12 6t 
1 
x(t) = e^ : 
1 
(t) = cı cosht + co sinh t 
eo cı sinht + c2 cosh t 
3t 3t 
e Ate 
35. e^! = | " ET | 
1 2t 3t+4? 
eM —el l0 1 4t 
0 0 1 
e?! 3e?! —3e! 13e?! — (13 + 9t)e! 
eM =] 0 e! 3te! 
0 0 el 


4 
5 
6 


Á^ooo 


e?!  4el0! — 465! 16e! — (16 + 501)e5! 
38. e^! =| 0 glor 4e10! — 4e5t 
0 0 et 
39. e^! = 
e! 3te’ 12e” — (12--9t)e! (514 18t)e! — (51 — 361)e?! 
0 e! 3e?! — 3e! — (6 — 9t)e?! 
0 0 e?! 4e?! — 4g?! 
Lo 0 0 e?! 
40. e^t = 
fe?! A4te?! (4t +38t?)e?! 100e% — (100 + 96t + 3212)e?! 
0 e 4te?! 20e?! — (20 + 16t)e” 
0 0 e?! 4e?! — 4e?! 
Lo 0 0 e? 
Section 5.7 
L x(t) = 3,90 =-3 
2. x(t) = de + 121), y(t) 2 - 1(5- 4t) 
3. x(t) = 4g (864e7! + 4e9! — 868 + 840t — 5041?), 
y(t) = Lee 864e—! + 3e9! + 861 — 8821 + 37812) 
4. x(t) = d; (99e?! — 8e 2! — Tel), 
y(t) = d; (99e?! + 48e?! — 63e!) 
5. x(t) = 4(-12 —e'—Tte"), yt) = l(-6 —7te !) 
6. x(t) 2 —41c (91 + lore’, y(t) = 4525 + 16t)e! 
7. x(t) = 415 (369e! + 166e—% — 125 cost — 105sint), 
y(t) = 415 (369e" — 249e—" — 120 cost — 150sint) 
8. x(t) = 4(17 cost + 2sint), y(t) = 4(3cost + 5sint) 
9. x(t) = l(sin2t + 2t cos2t + tsin2t), y(t) = tt sin 2t 
10. x(t) = yee! (4 cost — 6sint), y(t) = ie G cost + 2sint) 
11. x(t) = 10 — 4t + e*), y(t) 2 1(-5 + 4t + e*!) 
12. x(t) = £2, y(t) = —t2 
13. x(t) = 41 50e, y(t) = —3 te! 
14. x(t) = 1(—2 + 4t — e*! + 2te*!), y(t) = 4t(—2 + e?!) 
15. (a) x1 (t) = 200(1 — e-/10), 
x2(t) = 400(1 + e7!/10 — 2e-1/20) 
(b) xj (t) — 200 and x2(t) — 400 as t > +00 
(c) Tank 1: about 6 min 56 s; tank 2: about 24 min 34 s 
16. (a) xı (£) = 600(1— e-t/20), 
x2(t) = 300(1 + e7!/10 — 2e-1/20) 
(b) xı (t) — 600 and x2(t) — 300 as t > oo 
(c) Tank 1: about 8 min 7 sec; tank 2: about 17 min 13 sec 
17. x(t) = 102 — 95e~! — 7e?! , x5 (t) = 96 — 95e—! — e^t 
18. x1(t) = 68 — 110t — 75e! + 7e?!, 
X2(t) = 74 — 80t — 75e^ + e?! 
19. x1(t) = —70 — 60t + 16e?! + 54e”, 
xo(t) = 5— 60t — 32e?! + 27e?! 
20. xi1(t) = 3e?! + 60te?! — 3e, 
xo(t) = —6e?! + 30te?! + 6e?! 
21. x1(t) = —e^! — 14e?! + 15e?!, 
x2(t) = —5e™* — 10e?! + 15e?! 
22. xı (t) = —10e™ — 7te™ + 10e?! — 5te”, 
x2(t) = —15e^! — 35te™ + 15e?! — 5te?t 
23. x4(t) = 3 + 11t 4-802, xo (t) = 5 + 17t + 24t? 
1 
24. x1(t) 22-- t - Int, xo(t) =54+3t- 7 +31nź 
25. xı (t) = —1 + 8t + cost — 8sint, 
x2(t) = —2 + 4t + 2cost — 3 sint 
26. xı (t) = 3cost — 32 sint + 17t cost + 4t sint, 
x2(t) = 5cost — 13 sint + 6t cost + 5t sint 
27. x1 (t) = 8t? + 6t^, xo (t) = 3t? — 2t? + 3t4 
28. xı (t) = —7 + 14t — 6t? + At? Int, 


x2(t) = —7 + 9t — 3t? + Int — 2t lnt + 2t? Int 


29. x1(t) = t cost — (Incos£)(sint), 
x2 (t) = t sint + (Incost)(cosf) 


30. x1(t) = 1g cos 2t, x5 (t) = 1? sin 2t 
31. x1(t) = (9t? + 4t3)e! , x2 (t) = 6t2e!, x3(t) = ete! 


32. x1(t) = (44+ 18t)e! + (—44 + 26t)e?!, 
xo(t) = 6e! + (—6 + 6t)e?!, x3(t) = 2te?! 


33. x1 (t) = 151? + 601? + 951^ + 1215, 
xo(t) = 15t? + 55t? + 15t^, x3(t) = 15t? + 2023, 
x4(t) = 15t? 


34. x1 (t) = 4t? + (44 16t + 8t7)e2!, 
xo(t) = 3t? + (24 4t)e?!, 
x3(t) = (2 + 4t + 212)e?! , x4(t) = (1 + te?! 


Chapter 6 

Section 6.1 

1. 6.1.14 2. 6.1.16 3. 6.1.19 4. 6.1.13 
5. 6.1.12 6. 6.1.18 7. 6.1.15 8. 6.1.17 


9. Equilibrium solutions x (f) = 0, +2. The critical point (0, 0) in 
the phase plane looks like a center, whereas the points (+2, 0) 
look like saddle points. 


10. Equilibrium solution x(t) = 0. The critical point (0, 0) in the 
phase plane looks like a spiral sink. 


-3 


11. Equilibrium solutions x(t) = ...,—27,—7,0,7,27,.... The 
phase portrait shown in the solutions manual suggests that the 
critical point (n7, 0) in the phase plane is a spiral sink if n is 
even, but is a saddle point if n is odd. 
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12. Equilibrium solution x(t) = 0. The critical point (0, 0) in the 
phase plane looks like a spiral source, with the solution curves 
emanating from this source spiraling outward toward a closed 
curve trajectory. 


M 


=2t 


13. Solution x(t) = xoe~?’, y(t) = yoe 7. The origin is a stable 
proper node similar to the one illustrated in Fig. 6.1.4. 


14. Solution x(t) = xoe?', y(t) = yoe-?'. The origin is an 
unstable saddle point. 


15. Solution x(t) = xoe 7”, y(t) = yoe™. The origin is a stable 
node. 
STS NN UE WY ET 
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16. Solution x(t) = xoe’, y(t) = yoe?'. The origin is an unstable unstable saddle point. 


improper node. 


17. Solution x(t) = Acost + B sint, y(t) = B cost — A sint. 
The origin is a stable center. 


7 
| 25. The origin and the ellipses x? + 4y? = C > 0; the origin is a 
stable center. 


5- 


77 
^ 
^ 


sL >>> 34 


> > >> > 
p — > >> > J N 
4 Y 


& < eje egye a 
18. Solution x(t) = Acos2t + B sin2t, Oe, eee page 
y(t) = —2B cos2t + 2Asin2t. The origin is a stable center. Ee CC E c4 
19. Solution x(t) = Acos2t + B sin2t, -5 0 5 
x 


y(t) = B cos2t — Asin2t. The origin is a stable center. 


20. Solution x(t) = e~?!(A cost + B sint), 
y(t) = e7” [(—2A + B) cost — (A + 2B) sint]. The origin is 


a stable spiral point. 
26. The origin and the ovals of the form x^ + y4 = C > 0; the 


origin is a stable center. 


5 


q-€-€—&—€&—] 


————-—»P—-—- 


u^ € «c«c 


23. The origin and the circles x? + y? = C > 0; the origin isa 
stable center. 


24. The origin and the hyperbolas y? — x? = C; the origin is an 
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Section 6.2 


7. Unstable spiral point 


1. Asymptotically stable node 


8. Asymptotically stable spiral point 
2. Unstable improper node 


9. Stable, but not asymptotically stable, center 
3. Unstable saddle point 


5 N > 2 4 
> > 
LANS 4 
£41 NS] 
E 4 
> 0 T 
"A 
oN ee 
f eo 
5f £c 
v, A » 
-5 0 5 
x 
10. Stable, but not asymptotically stable, center 
4. Unstable saddle point 


11. Asymptotically stable node: (2, 1) 
5. Asymptotically stable node 


6. Unstable node 12. Unstable improper node: (2, —3) 
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13. Unstable saddle point: (2, 2) 


14. Unstable saddle point: (3, 4) 


15. Asymptotically stable spiral point: (1, 1) 


16. Unstable spiral point: (3, 2) 


17. Stable center: (3, — 1) 


18. Stable, but not asymptotically stable, center: (—2, —1) 


19. (0,0) is a stable node. Also, there is a saddle point at 


(0.67, 0.40). 


20. (0,0) is an unstable node. Also, there is a saddle point at 
(—1, —1) and a spiral sink at (—2.30, —1.70). 


21. (0,0) is an unstable saddle point. Also, there is a spiral sink at 
(—0.51, —2.12). 


22. (0,0) is an unstable saddle point. Also, there are nodal sinks at 
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(40.82, +5.06) and nodal sources at (+3.65, F0.59). 


23. (0,0) is a spiral sink. Also, there is a saddle point at 
(—1.08, —0.68). 


26. Theorem 2 implies only that (0, 0) is an unstable source. The 
phase portrait for —3 < x, y < 3 shows also saddle points at 
(0.20, 0.25) and (—0.23, —1.50), as well as a nodal sink at 


(2.36, 0.58). 
PN 
0 x 
x 
25. Theorem 2 implies only that (0, 0) is a stable sink—either a node 27. Theorem 2 implies only that (0, 0) is a center or a spiral point, 
or a spiral point. The phase portrait for —5 < x, y < 5 shows but does not establish its stability. The phase portrait for 
also a saddle point at (0.74, —3.28) and spiral sink at —2 < x,y € 2 shows also saddle points at (—0.25, —0.51) and 
(2.47, —0.46). The origin looks like nodal sink in a second (—1.56, 1.64), plus a nodal sink at (—1.07, —1.20). The origin 
phase portrait for —0.2 < x, y x 0.2, which also reveals a looks like a likely center in a second phase portrait for 


second saddle point at (0.12, 0.07). —0.6 < x, y < 0.6. 
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indeterminate, but looks like a center in the phase portrait. 


at (—1,—1). 


7, 
x Y 


28. Theorem 2 implies only that (0, 0) is a center or a spiral point, 
but does not establish its stability (though in the phase portrait it 
looks like a likely center). The phase portrait for 
—0.25 < x € 0.25, —1 < y < 1 also shows saddle points at 
(0.13,0.63) and (—0.12, —0.47). 


29. There is a saddle point at (0, 0). The other critical point (1, 1) is 37. Note that the differential equation is homogeneous. 
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Section 6.3 Phase plane portrait for the nonlinear system in Problems 4—7: 


1. Linearization at (0, 0): x’ = 200x, y’ = —150y; phase plane 
portrait: 


(15,0) 


9. The characteristic equation is A? + 58A — 120 = 0. 


10. The characteristic equation is (A + 36)(A + 18) — 576 = 0. 
Phase plane portrait: 
3. Linearization at (75, 50): u’ = —300v, v’ = 100u; phase 
plane portrait: 


5. The characteristic equation is A? + 45A + 126 = 0. 


7. The characteristic equation is (C24 — A)? — 2- (18)? = 0. 
Phase plane portrait: 


12. The characteristic equation is A? + 2A — 15 = 0. 


u 13. The characteristic equation is A? + 2A + 6 = 0. Phase plane 
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portrait: portrait: 


24. The characteristic equation is A? + 5A — 14 = 0. 


icti ETE = 
15. The characteristic equation is A“ + 2A — 24 = 0. 25. The characteristic equation is A? + 5A + 10 = 0. Phase plane 


portrait: 
17. The characteristic equation is A? — 4A + 6 = 0. Phase plane 


portrait: 
> 
u 
26. Naturally growing populations in competition 
Critical points: nodal source (0, 0) and saddle point (3, 2) 
Nonzero coexisting populations x(t) = 3, y(t) = 2 
19. The characteristic equation is A? + 10 = 0. Phase plane portrait: 27. Naturally declining populations in cooperation 


Critical points: nodal sink (0, 0) and saddle point (3, 2) 
Nonzero coexisting populations x(t) = 3, y(t) = 2 


y 


s x è PES = = 
21. The CUGEABIEHSERHRQUBRU TS A esce fue 28. Naturally declining predator, naturally growing prey population 


Critical points: saddle point (0, 0) and apparent stable center 
22. The characteristic equation is A? — 5A + 10 = 0. Phase plane (4,8) 


Nonzero coexisting populations x(t) = 4, y(t) = 8 


29. Logistic and naturally growing populations in competition 


30. 


31. 


32. 


33. 


Critical points: nodal source (0, 0), nodal sink (3, 0), and saddle 
point (2, 2) 
Nonzero coexisting populations x(t) = 2, y(t) = 2 


5 


Logistic and naturally declining populations in cooperation 
Critical points: saddle point (0, 0), nodal sink (3, 0), and saddle 
point (5, 4) 

Nonzero coexisting populations x(t) = 5, y(t) = 4 

Logistic prey, naturally declining predator population 

Critical points: saddle points (0, 0) and (3, 0), spiral sink (2, 4) 
Nonzero coexisting populations x(t) = 2, y(t) = 4 


Logistic populations in cooperation 

Critical points: nodal source (0, 0), saddle points (10, 0) and 
(0, 20), nodal sink (30, 60) 

Nonzero coexisting populations x(t) = 30, y(t) = 60 
Logistic prey and predator populations 

Critical points: nodal source (0, 0), saddle points (30, 0) and 
(0, 20), nodal sink (4, 22) 
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Nonzero coexisting populations x(t) = 4, y(t) = 22 


4 


34. Logistic prey and predator populations 
Critical points: nodal source (0, 0), saddle points (15, 0) and 
(0, 5), spiral sink (10, 10) 
Nonzero coexisting populations x(t) = 10, y(t) = 10 


Section 6.4 


1. Eigenvalues: —2, —3; stable node 


y 


2. Eigenvalues: 1, 3; unstable node 


3. Eigenvalues: —3, 5; unstable saddle point 


756 


4. Eigenvalues: —1 d 


5. Critical points: (0,2) where n is an integer; an unstable saddle 


6. Critical points: (7, 0) where n is an integer; an unstable saddle 


7. 
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- 2i; stable spiral point 


point if n is even, a stable spiral point if n is odd 


point if n is even, a stable spiral point if n is odd 


Critical points: (nz, nz) where n is an integer; an unstable 
saddle point if n is even, a stable spiral point if n is odd 


-3n -27 -n 


0 m 2n 3n 


. Critical points: (nz, 0) where n is an integer; an unstable node if 


n is even, an unstable saddle point if n is odd 


(0,0) 
at (0,0) 


(0, 0) 


. If 7 is odd then (nz, 0) is an unstable saddle point. 
. If is odd then (nz, 0) is a stable node. 

. (nz, 0) is a stable spiral point. 

. Unstable saddle points at (2, 0) and (—2, 0), a stable center at 


. Unstable saddle points at (2, 0) and (—2, 0), a stable spiral point 


. Stable centers at (2, 0) and (—2, 0), an unstable saddle point at 


15. 
16. 


17. 


19. 


20. 


A stable center at (0, 0) and an unstable saddle point at (4, 0) 
Stable centers at (2, 0), (0, 0), and (—2, 0), unstable saddle 
points at (1, 0) and (—1, 0) 

(0, 0) is a spiral sink. 


0 
x 
(0, 0) is a spiral sink. 
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(nz, 0) is a spiral sink if n is even, a saddle point if n is odd. 


Chapter 7 
Section 7.1 


S*ueuwc- 


2. 2/s3, s>0 
4. s/(s? +1), s>0 


1/32, s>0 
e/(s—3),s>3 
1/(s?—1), s>1 

4[1/s —s/(s? + 4)], s>0 
(1—e 5)/s, s>0 


(e~5 —e-23)/s, 5 - 0 9. (1—e75 —se75)/s?, s>0 


. (s—1-4e-73)/s2, s>0 


11. 
12. 
13. 
14. 
15. 
17. 
18. 
19. 
20. 
22. 
24. 


26. 
28. 


30. 
32. 
37. 


38. 


39. 


l/ns /?43s52,5-0 

(45x — 1925?/2)/(8s7/2), $ — 0 

5s 2—2(s—3) 71, 5-3 

8 /x/(4s5/2) + 1/(s + 10), s >0 
s-l4s(s2—25)-!,s>5 16. (s+2)/(s? +4), 5-0 
cos? 2t = ia + cos 4t); 4 [s7! +s/(s? + 16)], s>0 
3/(s? +36), s>0 

5-1 7-357? + 6573 + 6s—4, 5-0 


1/(s—1)?, s>1 21. (s? —4)/(s2 + 4)?, s>0 
1 [s/(s? — 36) — s] 23. ip 

2t/v 25. 1 — 813/72, 1/2 

et 27. 3e4 

3cos2t + i sin 2f 29. 3 sin 3t — 3cos3t 

— cosh 21 — 2 sinh 2f 31. E sinh 51 — 10 cosh 5f 
2u(t — 3) 


f (t) = 1— u(t — a). Your figure should indicate that the graph 
of f contains the point (a, 0), but not the point (a, 1). 

f (t) = u(t — a) — u(t — b). Your figure should indicate that 
the graph of f contains the points (a, 1) and (5, 0), but not the 
points (a, 0) and (5, 1). 

Figure 7.2.8 shows the graph of the unit staircase function. 


Section 7.2 


14. 
15. 


16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 


1. x(t) = 5cos2t 

3. x(t) = 2(e?! —e*) 

5. 

7. x(t) = 409 cost — cos 3t) 
9. x(t) = 12 —3e7! + e!) 
10. 


11. 
12. 


13. 


2. x(t) = 3cos3t+ $ sin 3t 

4. x(t) = (Te? — 3e) 
6. x(t) = 4 (cost — cos 2t) 
8. x(t) = ia — cos 3t) 


x(t) = io sint — sin2t) 


x(t) = 1Qt —3 + 12e7! —9e-?") 

x(t) = 1, y(t) = -2 

x(t) = Z (e? —e t —3te ),y(t) = 4 (e?! —e +6te™) 
x(t) = - (2/3) sinh (1/4/3). 

y(t) = cosh (t/V3) + (1/45) sinh (t/V3) 

x(t) = lQt — 3sin2t), y(t) = -iQt + 3sin2t) 

x(t) = 1 (2 + e?'/? [cos(rt/2) + r sin(rt/2)]). 

y(t) = X (28 — 9e! + 2e ?'/? [cos(rt/2) + 4r sin(rt/2)]) 
where r = 4/3 

x(t) = cost + sint, y(t) = e! —cost, z(t) = —2 sint 

f(t) = $(e?' — 1) 

fO = 20-e%) 

f(t)- ia —cos2t) = 4 sin? t 

f(t)- 1 (6sin3t — cos3t + 1) 

f(t) 2t—sint 

f(t)- ici + cosh 3t) 

f(t) = —t + sinht 

f(t) = $( 7?! — 2e™ +1) 


Section 7.3 


11. 
13. 


en mw = 


. 24/(s — x)? 2. im (s + 4) 72 

. 3z/[(s + 2? + 927] 4. J/2 (2s + 5)/(4s? + 4s + 17) 
3e?! 6. (t —12)e7! 
te 2t 8. e^?! cost 

. €?! (3cos4t + Z sin4f) 10. 4e” (8 cos St — 5sin i1) 
4 sinh2t 12. 2+ 3e?! 


3e?! — 5g —5! 14. 2+ e?! — 3e7t 


15. 


17. 
19. 
20. 
21. 
22. 
27. 
28. 
30. 
31. 


33. 
34. 


36. 
37. 


38. 
39. 
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d; (e?! — 1— 51) 16. ylle? (5t — 2) + e? (st + 
2)] 
At 


xk (sinh2r—sin2r) 18. e*' (1 + 12t + 241? + 3273) 
IQcos2t + 2sin2t — 2cost — sint) 

ale Qt — 1) +e (2t + 1)] 

le^! (5sint — 3t cost — 2t sint) 

de"? [4t + 8)cost + (4 — 3t) sint] 

le(s cos 4t + 9 sin 4t) 

lü — 2e” +e) 29. l(—6t + 3 sinh 2t) 

i5De^ — e 2! (2cos2t + sin2t)] 

ise?! —5—e?) 32. l(cosht + cost) 

x(t) = r(coshrt sinrt — sinh rt cosrt) where r = 1/4/2 
4 sin2t + E sin 3f 35. (sin 2t — 2t cos 2t) 
d5[2e?! + (10t — 2) cost — (St + 14) sint] 

Alt — De + e^?! (cos3t + 32sin31)] 

ste >! (489 cos 3t + 307 sin3t) + 745 (7 cos2t + 6sin2t) 


20} 


Section 7.4 


. (s2 + 1) X/(s) + 4sX(s) = 0; x(t) = C(sint 
. x(t) = Ce?! (sin 3t — 3t cos 3t), C #0 


4t? 2. (e% — at — 1)/a? 
4 (sint — t cost) 4. 2(t — sint) 
te! 6. (e** — e^')/(a — b) 
4 (e3! — 1) 8. ia — cos 2t) 
d; (sin 3t — 3t cos 3t) 10. (kt —sinkt)/k? 
i l(sin2t + 2t cos2t) 12. i[ — e !(cost + 
2sint)] 
[ i Ge? — 3cost + sint) 14. t (cost — cos 2t) 
. 6s/(s2 +9)?,5>0 16. (25? — 24s)/(s2 + 4)3, 


$0 


. (s2 — 4s — 5)/(s? — 4s + 132, 5 > 0 


2(3s? + 6s +7) 


(s + DG24 2s 4527’ 
; An — arctan s = arctan(1/s), s > 0 
: 4 In(s? +4)—lns,s > 0 21. Ins —In(s — 3), s > 3 
. In(s--1)—1n(s—1), s>1 
. —(2sinh2t)/t 24. 2(cos2t — cost)/t 
. e 2t + e?! — 2cost)/t 26. (e?! sin3t)/t 
. 2(1— cos£)/t 28. ic sint — t2 cost) 
. (s + 1)X’' (s) -AX(s) = 0; x(t) = Ce, C Z0 


. X(s) = A/(s -35;x( = CÜPe?,Ccz0 
. (s-2)X'(s) -3X(s) = 0; x(t) = CO e?!', C Z0 
. (s2 + 25) X'(s) + (4s + 4)X(s) = 0; 


x(t) = C(1—t—e^?! —te?!),, C #0 


tcost), C Z0 
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Section 7.5 
1. fü)-ut-3) (3) 
KO 


2. f(t) 2 (t  Du(t — 1) — (t 2 3u(t — 3) 
JO 


3. f(t) 2u(t — 1) e 2€-D 
KD 


4. f(t) = e'-lu(t — 1) — e2e!-?u(t — 2) 


fit) 


5. f(t) = u(t — x) - sin(t — x) = —u(t — 2) sint 


KD 
1L 


6. 


10. 


11. 
12. 
13. 
14. 
15. 
16. 


f(t) = u(t — 1) -cos x(t — 1) = —u(t — 1)coszt 
KD 
1L 


Eje 


. f(t) = sint — u(t — 27) sin(t — 277) = [1 — u(t — 27 )] sin t 


fO 


lr 
t 
k 7n 
a 


. f(t) = coszt — u(t — 2) cos xz (t — 2) = [1 — u(t — 2)] cos zt 


= 
z 
2 


-lL 


. f(t) = coszt + u(t — 3) cos z(t — 3) = [1— u(t — 3)] cos zt 


1 
[4 
iit ] | 


f(t) = 2u(t — n) cos 2(t — x) — 2u (t — 27) cos 2(t — 27) 
= 2[u(t — x) — u(t — 2r )| cos 2t 


-2l 


f(t) = 2[1 —u3(t)]; F (s) = 20 —e7?5)/s 
F(s) = (e * —e*5)/s 

F(s) = (1—e7?75)/(s? + 1) 

F(s) 2s(1—e-25)/(s? + x2) 

F(s) = (1 +e ?75)/(s? + 1) 

F(s) = 2(e 77s — e278) /(s2 + 4) 
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17. F(s) = n(e25 + e-35)/(s2 + 2) u(t —2)[1 — t + Gt — 5)e-2€-2]) 
18. F(s) = 21(e ?* £e 55)/ (45? + x?) x(t 

19. F(s) = e75(s71 + 572) 

20. F(s) = (1 — e75)/s2 

21. F(s) = (1—2e^73 + e-25)/s2 

28. F(s) = (1—e-45 — ase-45)/[s2(1 — e-245)] 
31. x(t) = 4 [1 — u(t — x)] sin? t ; > 


1 


t 
T 36. i(t) = e-19! — u(t — 1)e-190—D 


37. i(t) = [1 — u(t — 27 )] sin 1007 
lk 38. i(t) = i8[1 — (u — x)](cos 10t — cos 1007) 
39. it) = $ [0 — e750)? — u(t — 1)(1 + 98e 500—7D 
— 992-1000—1)] 
40. i(t) = 
t d [a —e-50t _ 50fe-50t) = u(t = Da —g-500—1) 
+ 24501e 590—0)] 
41. x(t) = 2|sint|sint 


32. x(t) = g(t) — u(t — 2)g (t — 2) where 
g(t) = i5 (3 — 4e7! +e7*). x(t) 


2L 


x(t) 


0.2} 


0.1} 
2L 


2 4 oo 


42. x(t) 2 g(t) -2 bXC 1)"u(t — nz)g(t — nz) where 
n=1 
33. x(t) = i [1 — u(t — 2z)] (sint — i sin 37) g(t)21- le-t(3 cos 3t + sin 3f) 
x(t) x(t) 
2L 


pn Mh 
* W 


34. x(t) = g(t) —u(t — 1)[g(t — 1) + h(t — 1)] where 


g(t) =t —sint and A(t) = 1 — cost. Section 7.6 
x(t) 1. x(t) = 4 sin2t 
0.5 + 


" " 
t 
T T TU 


35. x(t) = 11-14 t (t + De?! + 
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2. x(t) = 41 + u(t — x)]sin2t 


3. x(t) = i - e?! -2te ?!] + ult — 2)(t 2e 2072 


0.25} 


4. x(t) = —2 +t +2e™ +3te™ 


x 
15r 


0.5 - 


I 2 3 


5. x(t) = 2u(t — z)e CU 7? sin(t — x) 


x 


0.54 


T 2T 3n 


6. x(t) — ic — 2u(t — 3z))sin3t 


7. 


8. 


21. 


x(t) = [2— e?" u(t — n) + e**u(t — 2x)] e7” sint 


x 


0.3 


T 2n 3n 


x(t) = (2 + 5t)e™ — u(t — 2)(t —2)e- 0 


x 
3r 


2 4 6 


t 
i xe f 4(sin2t) f(t — 1) dt 
10) 
t 
i x= | te 3° f(t — 1) dc 
0 
t 
: x)= | (e ?* sinht) f(t — z) dt 
0 


To P [e dnas hres 


. (a) mxe(t) = p[t? — ue(t)(t — e? 1/Qe): 


(b) Ift > e, then mxe(t) = p(2et — e2)/ (2e), and hence 
mxe(t) > pt as € > 0; 
(c) mv = (mx) = (pt) = 0. 


. The transform of each of the two given initial value problems is 


(ms? + k)X(s) = mvo = po. 


. (b) i) = e-1000—D,, (t) — e 1000-2) yy (t). 


If t > 2, then i(t) = —(e!99 — 1)e100(1—D < 0. 


. i(t) = [1 — u(t — x)]sin 10t 


oo 


. i(t) — 3 u(t — nz/10) sin 10t 


n=0 


. it) = X 1)" u(t — nz/5)sin10t 


n=0 
oo 
i(t) — D u(t — n2/10)e?"7 e—3 sint 
n=0 


i(t) 


oo 


22. x(t) = A u(t — 2nz)sint 
n=0 
x(t) 
5. 
-5. 
Chapter 8 


Section 8.1 


x x3 
1. v9 [rex S 4 ennt too 
( 3 


6x)?  QGo*. Gxt 
: »9»- 00 (1 2 + op? ~ 33 ^ ape) = 
coe 3*/2; p = +00 
x2 x4 x? 
4 via) = «i aT oe or JJ ~X; p= 
3 xê x? 4 
5. y(x) 2 co| 1 s c su t = co exp (4x?); 
p= +00 
2 x3 x^ 2co 
6 yon meo | Id ECCE TO ode )- 2% 
p=2 
7. y(x) = co(1 + 2x + 4x2 4- 8x3 +---) = p=} 
— 2x 2 
x x? x3 5x4 
8. yaya oo(14 2-24 - me cov1+x; 
p=1 
9. y(x) = co(14-2x + 3x? + Ax? +.) = EQ ; p 
(1 — x)? 
3x 3x2 x? 3x4 
10. = 1 ex ee 
y(x) «( CuG X4 Ed ) 


cod =x)? 2; p= 1 


x2 x* xô 
u 96) =00(14 g Lace J+ 


x3 x? x? 
ducc REC RE 


= co cosh x + c, sinh x; p = +00 


2 4 6 
12. y(x) = co ( + Cx) + 2) + 2 4 =) ES 


"S ay 4 0»! e) = 


2 (es )+ 2 2i 


co cosh 2x + E sinh 2x; p — oo 


13. 


14. 


15. 
16. 
17. 


18. 
19. 


20. 


21. 


22. 
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2 4 6 
y(x) = co ( DUE QU. CDI ZO 


2! 4! 6! 
e (> Gx)? | Gx) _ Gx)’ e) 


3 3! 5! 7! 


= co cos 3x + lc sin 3x; o = +00 
x2 4 6 
y(x) =x+eo(1-—+—-—+::: 
X 
3| 5 7 


= x + cocos x + (cı — 1) sin x; p = oo 
(n + 1)cn = 0 for all n Z 0, so cy = 0 forall n Z 0. 


2ncyn = Cy for all n Z 0, so cy = 0 forall n 2 0. 

co = c1 = 0 and Cn41 = —ncj; for n 2 1, thus cy = 0 for all 
nao. 

Cn = 0 foralln 2 0 


(n+ 1)(n + 2)en42 = —4cn; y(x) = 


3 (2x)? (2x)> Qx) 003. 

|e» 31 * 5 qeu 
(n+ 1)(n + 2)en4+2 = = 4c¢n; 

2 4 6 
y(x) =2 Í F ex) ge T Gx) + -| = 2 cosh 2x 
4! 6! 
n(n + 1)c541 = 2n65 — Cn- 1; 
x? x4 x? 

ya) c qa haa p esie 
n(n + Venti = —nen t 2e5—1i y = ex 


23. As co = c1 = 0 and (n? — n + 1)cn + (n — 1)cn—1 = 0 for 
n ÈZ 2, cn = 0 foralln 20 
Section 8.2 
l. €n42 = Cn; 
— zZ co + cix 
= 2n 2n+1 _ COT CIN u 
y(x) =co Do x +c) x e pd 
n=0 n=0 
2. Cn42= ien p =2; 
= 2n co (-1)?x2"41 
y(x) = €0 3 1 X LA —- 
n=0 n=0 
3. (n + 2)en+2 = —Ch,; 
oo 
E (CDM. eile 1)"x 2n41 B 
y(x) = co L nian al Qn4 DU >; p = +o 
n=0 n= 
4. (n+ 2)en42 = —(n + 4)cn; p = 1; 
y(x) = 
co ye 1)” (n + 1)x2” +1 le » (—1)! Qn + 3)x21 1 
n=0 n=0 


. 3(n+ 2)€cn42 = = 2o p= J3; 


2n+1 
yx) =co+e1 p Qn + D3" 


(n+ 1) + Boss = (n —3)(n — 4)en; p = oo 
y(x) = co(1 + 6x? + x4) + cı (x + x?) 


3(n + 1)(n + 2)Cn+2 =-(n- 4)7¢n; 


i) 1 8x2 ES 8x4 + 
AA 3 "a 
x? x5 c9 (—1)” [Qn — 5)MPx 2n+1 
t.e uj 
a ( 2 *120* P» Qn + 1)!3n 


762 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
21. 
22. 
23. 


24. 
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2(n + 1)(n + 2)en42 = (n — 4)(n + 4)en; 
y(x) = co(1— Ax? + 2x4) + 


5x3 7x? SS (Qn — 5)MQn + 3)!!x2”+! 
et (s- 4 TUA. 2. Qn + 112" 


n= 


(n + 1)( + 2)cn+2 = (n+ 3)(n + 4)cn; p = 1; y(x) = 


co X (n+ 1)(2n + Dx?" + ES 3. @ +n +3)x2"41 
n=0 


3(n + 1)(n + 2)cn+2 = —(n — 4)en; 
2x2 x^ 
yG) =co| 1+- + + 


n=O 


27 


x3 x? 2 (—1)” Qn — 5)x?n t1 
a mme Qn + 1)!3n 


5(n + 1)(n + 2)e542 = 2(n —5)en; 
4x3 4x5 
y@)=ce1{x--~ a+ 7-2] + 


15 375 
1 2 x^ x$ i5 e (2n — 7)!12^ x2" 
c —x — + — ——————— 
9 *10*750* 2 (2n)!5n 
c2 — 0; (n+ 2)en+3 = Cn; 
oo 3n oo 3n+1 
Xx x 
x)=co{1 — c —— 
yl) T + eite) AM n!3n 


c2 = 0; (n + 3)cn +3 — —€n; 
oo ceo 
(—1)! xr (—1)" x11 
yx) =co >}, n!3n uc 1-4---(3n +1) 


n=0 n=0 


c2 = 0; (n + 2)(n + 3)en43 = —en: 


oo (—1)! x3^ 
y(x) = Co ( + 2. tou] + 
n= 


(-1)"x3"4+1 


oo 
[4 
12s grada Gn I) 


c2 = c3 = 0; (n + 3)(n + ANen+4 = —en; 


oo (—1)!x^^ 
y(x) = co (1+ 2. cus] 


n=l 


(—1)” x4n+1 


oo 
[4 
LÈ gah s-9-- n D 


y(x) ex 
y(x) = 1+ x? 


oo 
—1)" =i 2n 
y(x) =2 = Gi o ) ; converges for all x 
n! 
n=0 


oo 
y(x) = I X (2n + 3)(x — 1)?” *! : converges if 0 < x <2 
n=O 


y(x) = 2 — 6(x — 3)?; converges for all x 
y(x) = 1 + 4(x + 2)7; converges for all x 


y(x) =2x+6 
2c2 + co = 0; (n + 1)(n + 2)en4+2 + Cn + Cn—-1 = 0 for 
x2 x3 
nzl xX)—-1—-———c-5 
2 1; yi(x) " "RS 
(x) aie 
x)=x-—-— +e 
* é i 
aie a eee 
71 3 5 ' 45 
x3 x^ x? 


yo(x) =x + eae 


25. c2 = c3 = 0, (n + 3)(n + 4)en-p4 + (n + 1)cn+1 + en = 0 


4 T 
X x 
forn 2 0; x)= 1-4 +4.--; 
2 0; yi (x) P + 156 + 
(x) ae 
x)= x — — — — 
si 12 20 
26. y(x) = 
co |1 HEEL +e, |x E BO 
" 30 72 ! 42 90 
27. y(x) 2 
x2 x? x* x5? 29x6 13x7 143x8 
1—x + + on 
2 3 24 30 720 630 40320 
y(0.5) © 0.4156 
28. y(x) = 


x2 x3 x3 x4 
bet qooque ere dee 


29. yi(x) = 1= 1x24 Bf older 


2 Teu 
y2(x) lx e gg den 


30. y(x) = 


x2 x3 x2 x^ 
dp | Lees epe per] qat pope se ipee 


33. The following figure shows the interlaced zeros of the 4th and 
5th Hermite polynomials. 


100 


-3 Hy 3 
—-100 Hs 


34. The figure below results when we use n — 40 terms in each 
summation. But with n = 50 we get the same picture as 
Fig. 8.2.3 in the text. 


y 


Section 8.3 
1. Ordinary point 2. Ordinary point 
3. Irregular singular point 4. Irregular singular point 
5. Regular singular point; rı = 0, r2 = —1 
6. Regular singular point; rı = 1, r2 = —2 
7. Regular singular point; r — —3, —3 
8. Regular singular point; r — i, —3 
9. Regular singular point x — 1 


10. Regular singular point x — 1 
11. Regular singular points x — 1, —1 


12. Irregular singular point x — 2 


, 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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; ; 1 
Regular singular points x — 2, —2 27. y1(x) = Z cos 3x, y2(x) = — sin 3x 
x 
Irregular singular points x — 3, —3 
Regular singular point x — 2 
Irregular singular point x — 0, regular singular point x — 1 
yi(x) = cos x, y2 (x) = sin yx x 
oo n 
x 
»6)- De nlQn + DI 
n=0 
1/2 V x" 28. | cosh | sinh 
2x12 = cosh 2 = sinh 2 
yi) ox Y yi(x) = c cosh2x, ya(x) = — sinh2x 
n=O 
yi(x) = x2 (143 > | 
ín! Qn + 3)!! 
oo x” 
Aa) T$ 2 oa 
n=2 
_ 1/3 (—1)” 2” x" 
yı(x)=x p n47 Gay 
Be i L.X 
(—1)"!2" x" 1 2 
yo) = DY n1-2-5---(3n — 1) x dicc e 
n=0 29. y1(x) = — cos C, yo(x) = — sin 
2 x 2 
2n 
x y 
= 1 ! 
yi(x) = x( + X RUE “ara: 
2n 1L iy 
x yı 
y2(x) = x-172 E + »: scum] 
tA nr 1:5: (4n-3) m 
5 
(-1 )'x 2n x 
= 1+ 4 
yi(x) = x? 2s D 9-13---(4n +5) T 
1,2 Se 
(— 1) 5 n 
yo(x) =x |1- 
a: 2 n!:3-7---(4n— 1) 30. y1(x) = cos x?, yo (x) = sin x? 
y 
(x) elis 1+ b x2n 
IMS 2^ .n1- 19-31--- (12n +7) 
x2n 
= 1 
ya(x) = x" qax 2^ .nl-5-17--- (12n — 7) 


(—1)! x2" 
yi) =x! an 


(—1) x?” 
=1 
y2(x) UY excu a 
CE 31. y1(x) = x!/2 cosh x, yo(x) = x!/2 sinh x 
(-1)"x" 21 n E y 
yi(x) = = x!/2 3 e —xl/2e x/2 
ut 
(—1)!x" lk Yı 
x)=1 — ————— 
y2(x) + a Qn Di 
oc 2n »» 
x 
yŒ) =x! y zb s x!/2 exp(4x?) 
n=0 
oo 
2n x2n 
x)=1 ———————— x 
y2(x) E ao a 1 


n=1 
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Xe x 3x2 x3 x4 
32. x)=x+—, " =x? ine 
yi (x) - . 12. yx1(x) 2 x ( E 0 ek , 
5x 15x 5x7 
may mcn E i.) or WE MET 
2 8 48 y2) = vi)" (7313 t zox + 700 t 
4x? 
33. yi(x) = x7 t (1+ 10x +53? QE e) 13. y (x) = x? (1-25 +25" De) 
1 2 4x 
11x lix? | 671x? (x) = c» (2mx- 4-24 34...) 
ET 1/2 Em eae ¥2 yı 2 
Mors (« 20 224 * 24192 ) a oa 
2 2x |Xx^- 2x3 x4 
x2 x4 M. xiG)—x |1—-' s + ToT fos t3367 dP 
4. 1 Ux 
34. yi (x) x( a 9556 ) vitis 
1 1 1 13 
IT 4 . eee * 
pata) =i- DE Td e) n6) ( axi * 1533 | Yoox? 1750x + J 
24 ' 3200 y2 (x) contains no genns term. 
2n 
Section 8.4 = (“)"x 
" 16. yi(x) = x° ose e , 
tx x 
L yi) = ——, 20) 2142», — 3/2 (par 
2)! = x73/2 14 
aca +2) ya(x) = x 2 25 .nl-(-1)- 1-3--- (2n — 3) 
1 2 x3 m 
2. y1(x) = x2 (ien oa + 3! Section 8.5 
co n 
x 2 
y2(x) = 1 +24 P» (n4 4)! 
1 9x2 9x? x 
3. yi(x) = s(- som) 
oo 
(—1)” 3” n 
=1+24 LI 
ib 7 2. (n + 4)! 4. 


Jap) 


1 3x 9x2 9x?  27x* 
4. yi(x) = (:- + - + ; 


(—1)" 3n xn 
x 1 120 —————— 
y2(x)=1+ » (n5). 5^ 
a= J_3)2(X) 
3x 2 x? 


5, =1 1 š 
yı(x) + 4 T 4 + 24’ 5. Ja(x) = zz (x? — 24) Jo(x) + 3 (6— x24) 
n 
yo(x) =x i + 120 3 i DAC ) 12. The following figure corroborates the calculated value y(0) = 3. 
ka 
y 
= Qn + 5)x" 
6. y1() = x* EH > mien) 
2 (—1)"—13" x" . 
Mi E gen a » (n + 2)! 
2 x4 
8. yi) = 3+ 2x +2", ya) = «7 | " 
2 4 6 J B 
9. yi(x) 2 1 - + = 2 T - ste, 13. x^ J, (x) + xJı (x) [ socax+c 
2 24.4 x*+4--6 à 3 
x?  sx* 28x5 14. (x? — 4x)J1 (x) + 2x?Jo(x) + C 
y2(x) = yı (x); | Inx 4 * 128 3456 15. (x4 9x5) 6) + Gx? - 934969 +9 f JG dx C 
x? xt x? 
10. yi(x) =x Less oa BU eomm : 16. -x n) + f Jo604x «€ 
() = y0): [ma + + 357, 2207 c NE d 
MSIE iod 128 3456 18. 3x7 Jı (x) + Gx —x°)Jo(x)—3 | Joe) dx C 


2 3 3 2_ y4 
1L. gies? ( dad 3x 2x Rd 19. (4x 16x)J1(x) + (8x x^)Jo(x) - C 


2 3 20. -2n6)* f 14x +C 
u l 11x? 49x 4 
y2(x) = yı (x); nx + 3x + + Tee 21. Jo(x) = Jie) € 


18 


Section 8.6 
1. y(x) = x [c1Jo(x) + c2Yo(x)] 
2. yO) = L [eii 6)  e2Y 99] 
3. y(x) = x [e1J1/2 x2) + c2IJ-1/2(3x7)] 
4. y(x) 2 x? [e1J2Qx 172) + c2Y2(2x!/7)] 
5. yœ) = x713 [e1 Jia (3309/7) + c23-173 (5«*7?)] 
6. y(x) =x -I/4 [e1J0Qx?72) + c2Yo(2x3/7)] 
7. y(x) = x7! [c1 Jo(x) + c2Yo(x)] 
8. y(x) 2x? GEM (4x!/2) + c5 Yi (4x!/2)] 
9. y(x) 2 x!/? [ey Jo (2x7/7) + c2J_12(2x7/7)] 


= 
= 


y(x) = x V^ [c1 J372 ($x?/2) + c2 J-372 ($x?/2)] 


11. y(x) = x!/? [c1 J176 (4x3) + c2J—1/6 (1x3)] 

12. y(x) = xi? GENE ($x5/2) + €2J—1/5 (1x5/2)] 
Chapter 9 
Section 9.1 

1. an 

iL 
t 

2. 1 

3. in 

4. 6 
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5. m 
5 
| ^ ^ | : 
3n I z 3n 5n 
2 2 2 2 2 
-5 
6. 4 


RS 


7. Not periodic 


1000F 
t 
-3 3 
8. Not periodic 
300r 
t 
-2 2 
-300. 
9. x 
t 
=T T 2n 3n 
10. ix 
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s T 4 1 1 
11. ao = 2; an = bn =O fornZ2 1 17. 2-2 (cose + — cos 3t + — cos 5t ++- 
2 i 9 25. 
T 
i i i t t 
-27 | 2n Am -T7 T 3n 5n 
12. Es ES 3 d 5 18 = + x (esc l ossia I cos 5t + ) 
a Bi SHE qo cosi Ps t+. -z = 9 25 
es — T 
1 1 1 Lf 
-T T 3T 5T 
- = t 
-7 T 3T 5x 
1 Qt I Y. 1-(-1)”. Tu 
13. 5+ E (sine + 5 sinar+ Zsinse + s) 19. ao = Ž; an = Cv forn 2 1; bn — —— forn 2 1. 
2 m 3 5 4 n?z n 
T 
it 
T. ee $r on án 
1 10 1 1 1,2 1 1 
14. = — — [sint + 2 sin3t + = sin 5t +++ 20. 5 * = (cose — 5 00834 + $ cos St — 
2 m ( T 3 as " ) 2 m 3 5 


-2 —— —— L —— L Í 


-T T 2n 3n 4n 


1 1 1 
21. En? — 4 (cose - — cos 2t + gos3r- 
3 4 9 


10 
55! 
t 
2n 4n 6T 

16. x—2 dard sinare nape 8 2 4. An 
7 2 3 22. ag = —z^;iag = — forn Z 1; b, = —— forn Z 1. 

3 n n 

2T 
40 
L L 3 3 t j 
EE d on i -T T 3n 5n 


1 2-(—1)" 
23. ao = 57°; an = c forn 21; 
=1 n..1 =] n 
€ ii X ) forn21 
zn n 
10 
— MÀ t 
2n 4n 


24. b, = 0 forn Z 1; ay, = 0 ifn is odd; 
4 
forn 20,2,4,.... 


amc ~ z(n2—1) 


1 


1 
25. dg = 1,a4 = 5° and all other coefficients are zero. 


t 
-T T 3n 


1 1 
26. 5 Sint + = 


a : 2b z 4t + : 6t + 
= 73° 3.5 08 5.9 COS 
t 
-T T 3T 5n 
Section 9.2 
1 8 LUE Snt a. J UP a 
sin 3 sin 3 sin 3 
2 —— MELLE 
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a bu TELAM LL UN LS 
b sin 5 3 sin 5 z sin 5 
—— — L if 
-5 5 10 15 20 25 
3 1 (sin + -sin = + : sin a + ) 
“2 2 5 2 


WILLE, 
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1 43 Qnt 1  4nt 
8. cos cos 
3 T 2 3 
1 8zt 1 10zt 
+— cos cos 
4 3 5 3 
1 — EON =S 
E = sf 
| 3 6 9 
1 4 1 1 
lc (cos zt — 1 cos2zt + $ cos3zt — ++) 


4 4.(—1)'*! . 
1l. ao = qian = unc Tj s = 0 forall n Z 1. 
1 fi t 
-1 1 2 3 5 
1 4 4 
12. L g;40 mT” xani) forn Z 1; 


bn = 0 forall n Z 1. 


13. ao = 


5a, = 0; an = 


b; = $; bn = 0 ifn Z 2. 


14. : 
2 


15. 


16. 


17. 


18. 


19. 


20. 


-2n 


4n 


2 4 6 
p 
2 
+ + + 
on No 
I 
2 
+ + i 


oļa 


~ 


2n 4n 6T 


an 5 


Section 9.3 
1. Cosine series: f(t) = 1 


Sine series: 
4/. Te d. 1. 

f(t) = — [sint + = sin3t + = sin 5t + = sin7t +++- 
T 3 5 7 


2. Cosine series: f(t) = 


4 4 ( pe cos3zft | cos5zft , cos7zt + 
— + — [coss Ue 
2'g2 32 52 72 
1 
t 
- |] 1 3 5 

Sine series: 

2f. sin 27t sin 3zt sin 4zrt 
f(t) = —[|sinzt + Tee 

T 2 3 4 


Answers to Selected Problems 769 


KOO 


3. Cosine series: f(t) = 
8 ( zt 1 3zt 1 Srt 1 Txt ) 
cos l eee 


Sine series: 


4 /sin AR sin 27t sin 37t sin 4zrt 
f= 
m 6 
4. Cosine series: f(t) = 
16 f cos zt cos 3zrt cos 57t cos 77t 
1-2 z t 2 2 z Te 
u^ 2 64 10 14 
t 
-2 2 4 6 8 
Sine series: f(t) = 
8 ( . nt 3xt 1 . Sat 1 Txt | 
=) sin 2 2 T 52 sin 2 72 sın 2 T 


1 273 (1 2nt 1 4nt 
5. Cosine series: f(t) = 57 e cos : — — cos : + 
1 8zt 1 10zt ) 
8 cos cos Te 
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Sine series: 


Aa . at Sg Oe ig a Be RL 
= sin 3 z Sin 3 5 sin 3 7 sin 3 
2 ny 1 gu EURO y. ) 

9 3 11 3 


6. Cosine series: f(t) = 
zx? 1 
7-4 (cost - 55 cos 2t + 24 3 008 3t + 35 L cos4t +: «) 


Sine series: 
: A I: Ih. & 
f(t) - 2x GN Pu M M. c E — 


8 1 
= CE + = z sin 3t + 33 3 sin St Tt 3 sin TES «) 


7. Cosine series: 
p cos 2f cos 4t cos 6f cos 8f 
(lS 4 peg g 


-7 T 3T 5n 


Sine series: 


fO= Z (sin: + 


sin 3t sin 5t 


i sin 7t 
qot gs ge t 


8. Cosine series: f(t) = 
1 4 (S cos 4ztt cos 67t cos 87 t + ) 


22 42 62 82 


10. 


11. 


12. 


13. 


14. 


15. 


17. 


Sine series: 
8 ; sin3zf , sin5zft , sin7zf 

f) = Å (sina + 33 53 73 =) 

The graphs of these two series look precisely the same as those in 

Problem 7, except with a scale of —1 to 5 (rather than — to 57r) 

on the £-axis, and with arches of height 1/4 (rather than n2/4). 


. Cosine series: 


f(t) 2 4 (cos2t + cos 4t 4 cos 6t 4 cos 8t 4 
x ne 3 15 35 63 
Sine series: f(t) = sint 
The graphs of these two series look essentially the same as those 
in Problem 7, except with sine arches rather than quadratic 


arches. 


Cosine series: 


10 1 4 1 ti 3st, 2 LORI 
UN i3 459 135 
Loos p L oos Zt 4 2 cos 8 4 
21 2 45 °° 2° 60° 23 


-2n 10 


Sine series: 
F(t) € t (in: Elus l "LES 
2 m \3 2 5 


l . 7f L . “OF 
oa) 


4 sinnt 

x(t) = 2. 2) — 

n odd n(2 =n ) 
4f. sin 3t sin5f X sin7t 
— {| sint — — — = 

21 115 329 

4 (sint sin 3f sin 5t sin 7t 
x(t) + swe 

T 5 39 145 371 


x= » (—1)" sinnzt 


n(n?z? — 1) 


oo . 
16 (—1)" sin(nzt/2) 
xim» PS 
m n(n?z? — 8) 
T 4 cosnt 
x)= 7t 2. 2(n2 = 
4 mA (n2 — 2) 
ae , 4. 9083t SOSSE q COSTE e ) 
cos ee 
4 m 63 575 2303 
Suggestion: Substitute u = —t in the left-hand integral. 


Section 9.4 
12 sinnt 
l. xp(t)= — DO == 
m noi 1G — n ) 
12 /sint sin3t  sin5f  sin7t 
m 4 12 100 308 ` 


48 (-1)0-072 nnt 
2. Xsp(t) = b» 3-34 COS 
m ea, n(40—x n?) 2 
10. 
11. 
à 12. 
13. 


CO ( 1yr—l, 
3. xs) 24 y | ANS - 


n=l 


4 
. The Fourier series F(t) = — 2c 


9. The Fourier series F (f) = 


14. 


15. 
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4 , cos2t  cos4f  cos6t ) 
om 6 210 1190 ` 
4 
T 
1 | kof 
l T 2x 3T 
sinnt 


contains a sin 3f term, 


n odd 
so resonance does occur. 


8. No resonance occurs. 


4 sinnt . ] 
— ` — —— contains no sin 2t 
T n 


n odd 
term, so no resonance occurs. 


Resonance does occur. 


The Fourier series F (t) = 2 


4 cos nt . 
X 2 contains no 
Tr n odd " 
cos 4t term, so no resonance occurs. 
Resonance does occur. 
Xsp(£) ~ (1.2725) sin(t — 0.0333) + (0.2542) sin(3t — 
3.0817) + (0.0364) sin(5t — 3.1178) + +- 
Xsp(t) & 
(0.2500) sin(t — 0.0063) — (0.2000) sin(2t — 0.0200) + 
(4.444) sin(3t — 1.5708) — (0.0714) sin(4t — 3.1130) + ++: 


Xsp(t) ~ (0.08150) sin(zt — 1.44692) + 


" (= " sin2f — sin3t à sin 4t =) (0.00004) sin(3ztf — 3.10176) + --- 
2 2 18 52 16. xg (I) © 
0.5000 + 1.0577 cos(zt/2 — 0.0103) — 0.0099 cos(3z1/2 — 
4 3.1390) — 0.0011 cos(52t/2 — 3.1402)--- 
17. (a) Xsp(t) z (0.5687) sin(ztt — 0.0562) + (0.4721) sin(3zt t — 
0.3891) + (0.01396) sin(5z t — 2.7899) + 
, (0.0318) sin(7zt — 2.9874) +- 
18. xsp(t) © 0.0531 sin(t — 0.0004) — 0.0088 sin(3t — 0.0019) + 
1.0186 sin(S5t — 1.5708) — 0.0011 sin(7t — 3.1387) + --- 
=4 Section 9.5 
E 1 64 Y cos nzt/2. 1. u(x,t) = 4e-?! sin2x 
“SP 75 gaz? beet z2n?(16 — n2n2)' 2. u(x,t) 87 
3. u(x,y)=5 exp(—2z?t) sin ax — i exp(—18z?t) sin3zx 
4. u(x,t) = 2e ^! sin2x + 2e 99! sin6x 
5. u(x,t) = 


NI 


6. 
fi fi fi t 
| 4 8 12 7 
8 sinnzt 
5. xy (t) 2 — Do a — 8. 
m? An (10 — n2z2) 
2 9. 
10. 
t 
11 
-2 
4 4 cosnt 
i aoe 12. 
6 Xsp zx n = (n2 — 1)(n? — 2) 


n even 


8z?t (=) 3207t (=) 
4 exp | — cos | —— | — 2exp| — cos | —— 
9 3 9 3 


u(x,t) = exp(—-2z?t) sin2zx + 4 exp(—8z?1) sin 4z x 


11 16z?t 
exp| — cos 4zt x 
2.0 2 3 


. u(x,t) =- + 


u(x,t) =5 exp(—4z?t) cos2z x +5 exp(—16z?t) cos Az: x 


100 1 n?n?t | | nax 
u(x,t) = = A 1 en (- En E 5 


n odd 
oo 
80 (—1)1*! n?nz?t| . nzx 
u(x,t) = exp | — sin —— 
(6,0 m 2 n P 500 10 
160 1 n?z?t nux 
. u(x,t) = 20— z exp|— cos 
z2 n? 500 10 
n odd 
80000 1 n?n?t\ . nax 
u(x,t) = exp | — sin 
st) m? 2. n3 T zu) 100 
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400 1 n?gz?kt nax 
13. t)= i E 
(a) u(x,t) = 2 : exp ( 1600 ) sin ; 


(b) with k = 1.15, u(20, 300) ~ 15.16°C; 
(c) about 19 h 16 min 
14. (b) u(10, 60) ~ 25.15?C; (c) 6 min 54.3 s 
16. (b) 15h 


Section 9.6 


e y(x t) 15 cos 4t sin2x 


"M ; 1 ; 
- YGx, f) = 15 cos ztt sin z x — zg COs 37t sin3zt x 


1 


1 
2. 
1 t t 
3. y(x,t) = 10 c ^ + 2sin =) sinx 
4. y(x, y) = qo COs mt sin 27x 

5 


1 1 
. y(x,t)= EE sinzx + — sin 10ztsin2zx 
ud 


8 
6. y(x,t) = D — cos 10nt sinnx 
zn? 
ees 
_yyn+l 
7. y(x,t)= » C us PE sin 10nzt sinnzx 


n=l 


: 4 sin 2nt sinnx 
8. y(x,t) =cos2tsinx + a j 
n 


n odd 
= 
9, y(x,t) — 4 2 $5 
n odd 
(5n cos 5nt + sin5nt) 
10. t= 
y(x,t) => Wd n3) 
n odd 


11. Fundamental frequency: 256 Hz; velocity: 1024 ft/s 
Section 9.7 


und 
—— wh 
p where 


oo 
1. u(x,y)— X Cn sinh Milia 


n=l 


b 
. NTY 
g(y)sin —— dy 


Sue bsinh(nza/b) f b 


oo 
2. u(x,y) = pP Cn sinh Buts x) sin EIER where 


n=1 


nz 
)sin 2 dy 


b 
m= bsinh(nza/b) [ go b 


. ATY 
sinh —— where 
a 


oo 
nux 
3. u(x,y) — bM Cn Sin 


n=l 


2 e _ nT 
Cn = zo. f(x) sin 


* dx 


ny 


oo 
4. u(x, y) = boy + X bn cos Mea sinh where 


n=1 
bo = ao/2b, by = aj /(sinhnzb/a) and {an }G° are the 
Fourier cosine coefficients of f(x) on the interval 0 € x Sa. 


sinh(nz [a — x]/b) ny 


oo 
— B07, 
S. uls qu = 2a G 2. dn sinh(nza/b) MEE 


n=1 


2 b 
where dy = =f g(y) cos m dy 


oo 
6. u(x,y) = Ao + X An cos iiia: 
n=1 
Ao = 40/2, An = 4n/(coshnab/a) and {ay }5° are the 
Fourier cosine coefficients of f(x) on the interval 0 € x Sa. 


ny 
cosh —— where 
a 


7. u(x, y) = 3 bn exp(- 7) sin“ 


n=l 


where bn = JN SF (x) sin ERES 
a Jo 


dx 


oo 
ao E " nax 
8. u(x, y) = — + ane "7/4 cos 
(x,y) 2 2 n 
the Fourier cosine coefficients of f(x) on the interval 
0zx-za. 


9. u(0,5) © 41.53; u(5,5) = 50; u(10,5) ~ 58.47 


_ ., nz(a — x) ATy 
11. u(x,y)— S dis sinh 25 cos 5h where 


nodd 
2 nay 
J —d 
n=  sinh(nma/(2b)) Í g (y) cos an D 
13. Cn = — TN Hando 
m 
14. cn = [ f@)cusno dà 
za” 0 
2 7 . nO 
I5. n= 1, F(6) sin 7- dé 
Chapter 10 
Section 10.1 
— cos Bn . Bn 
7. 1 2 2hL ] i 
> mE + cos2 Bn) sin L : <x< 
oo 
n Bnx 
$. 1= 
2 2Bn + sin2By COs L^ 0-x-L 
2 1 " 
9. x = 2h(14- h) > sin By sin By x -— 


i Balh + cos? Bn)’ 


» 4(Bn sin Bn + cos Bj, — 1) 


10. x= ; 
i Bn (2B, + sin2Bn) 


cos Byx,0<x <1 
n=1 


Section 10.2 


2. u(x,y) = » Cj Sin Bux nh Pe L ») , where (£531? are 
n=1 
the positive roots of the equation as = —x/hL, and 
E 4Bn i nx 
^^ = Tinh fs) QE, = sin2Bn) Jo 7029 


oo 
3. u(x,y)— X Cy sinh Pa» cos Pry 


n=1 
the positive roots of the equation tan x = x/ hL, and 


2h Pn. Yq 
~ (sinh By )(AL + sin? Bn) Jo k ALe 


> Bux Buy 
4. u(x,y) — 2 Cn sin E exp (- T ) where A are 


the positive roots of the equation tanx = —x/hL, and 


4Bn bus 
L(2Bn — sin2By) "A f (x) cos 


oo B2k t 
5. u(x,t) = > Cn e (- 5 5 TAN where 


n=l 
Pu Bux 
L 


, where (8531? are 


Cn = 


X5 (x) = Bn cos + AL sin —— 


, {Bn} FS are the positive 


š [ sin Bmx sin Bux dx = 
0 L L 
. (b) €] ~ 


roots of the equation tan x = —x/ AL, and 


FA L 
Cn = (/ F(x) Xn (x) ax] "i Xn (x)? dx. 


L? 


e B2kt 
« u(x,t)- PN Cn exp | — Xj (x), where 
n 


n=l 


nx Bnx 


Xn (x) = By cos +hALsin » {Bn 3T? are the positive 


roots of the ion tanx = 2hLx/(x? — h? L?), and 


L L 
En = (/ F(x) Xn (x) ax) /f Xn (x)? dx. 


. u(1,1) z 


30.8755 + 0.4737 + 0.0074 + 0.0002 + 0.0000 +». 
= 31.4? 


. (a) a ~ 5.08 x 10° cm/sec ~ 11364 mph. 


(b) a ~ 1.50 x 10? cm/sec ~ 3355 mph. 
7 LM cos Êm cos By 


#0 
mBmBn 
1578 rad/sec z 251 cycles/sec. Thus we hear middle 
C (approximately). 


Section 10.3 


In Problems 1—6, cy; denotes the nth natural frequency of vibration. 


15. 


hoa E ELLO Ed 
H L 8 u . H — L 8 
MOR (2n — 1)x E 
LE 2L ô 
On = fr " 3 where f, is the nth positive root of the equation 
/m 
tanx — : 
Xx 
- Bn JE : zii " 
. On = — "E where f, is the nth positive root of the equation 


AE tan B = kL. 


JE 
. On = P. "E where f is the nth positive root of the equation 
(momi1z? — M2)sinz = M(mo + mi)z cosz. 
1.03 Hz 


Section 10.4 


3. 


where 


oo 
_ YnFN . Ynat 
(a) u(r,t) — > cn Jo ( m ) sin =E 


n=l 
2a Po . Ji(yne/c) 
yne/c ` 


z cpa? yn Jı (Yn)? 


Cn = 
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(b) How do you know that Jı (x)/x — 1/2 as x > 0? 


Yat Ynt 
4. (a) utr, d= È ap- rigt) ap (n) where 
= 240 now" 
sachJu) — yaele ` 
11. u(r,t) = p Fo E (=) 1 (2) sinos, 
Jo(wb/a) a 
where b is ihe radius of the circular membrane. 
Appendix 
1. yo = 3, y1 = 3 + 3x, y2 = 3 + 3x + 3x?, 
ya =at iet OE UM , 
y4 = 34 3x 3x? + 4x3 +4 1x4; y(x) = 3e* 
3. yo = 1, yı = 1—x7, y2 = 1—x? + $ x4, 
y3 =1—x2 + 4x4 — 1x6, 
ya-21-x24 lx^— lxs + dx? y(x) = exp (—x?) 
5. yo = 0, y1 = 2x, y2 = 2x + 2x?, 
ys = 2x +2x? + 4x 2 
y4 = 2x + 2x? + 4x3 +3 £x ;y(Qx)me?-1 
7. yo = 0, y1 = x7, y2 = x? + 5x4, ya = x? + 5x44 1x5, 
ya = x? + 4x44 1x9 + 1x8; y(x) = exp(x?) - 1 
9. yo = 1, yi = (1 +x) 3x2, y2 = (1 + x + x?) + $x°, 
ys = (1 +x +x? 4+ 4x3) + txt; 
y(x)22e*-1-x214x-4x?4 ii)... 
11. yo = 1, yı 2 14x, y2 = (1 +x x2) + 133, 
ys = (Qt x x? +x?) + 3x44 lx? 4 dxs + dx 
yx) = LL edat a ea baee 
12. yo = 1, y1 =1+ 5x, y2 = 1+ $x + 3x3 + ix? 4+ Hot, 
peirat o aA ied 
yO) = 0 73) 2 
s [p] [ah] t] 
x2] [ 1432+ i£? 
5:5 35e del 
x3] [| 143: i2 4 16 
Ee 5 SA 
14. x(t) = i 2* | 16. y3(1) © 0.350185 
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Boldface page numbers indicate where terms are defined. 


A 
Abel's formula, 147, 160 
Acceleration, 11 
constant, 12 
gravitational, 13 
Addition (of matrices), 265 
Adriatic Sea, 395 
Air resistance, 93 
proportional to square of velocity, 
96 
proportional to velocity, 20, 94 
Airy equation, 515, 558 
Airy function, 515 
Alligator population, 82, 83 
Almost linear system, 385, 388 
stability, 388 
Ampere (unit of current), 209 
Amplification factor, 200 
Amplitude, 175 
Analog computers, 210 
Analytic function, 496 
Archimedes' law of buoyancy, 695 
Argument (of complex number), 169 
Arnold, David, 28 
Artin, Emil, 550 
Associated homogeneous equation, 


137, 150, 158, 184, 187, 272, 300 


Asymptotic approximations, 556 
Asymptotic stability, 377, 391, 388 
Augmented coefficient matrix, 276 
Automobile: 

two-axle, 332 

vibrations, 207 
Autonomous differential equation, 87 

critical point, 87 

equilibrium solution, 87 

stable critical point, 88 

unstable critical point, 88 
Autonomous system, 372 

linearized, 385 
Auxiliary equation, see Characteristic 

equation 

Average error, 80 


774 


B 
Batted baseball, 254, 259 
Beam (loaded uniform), 644 
natural frequency, 659 
Beats, 199 
Bernoulli, Daniel (1700-1782), 547, 
611 
Bernoulli equation, 61 


Bessel, Friedrich W. (1784—1846), 547 


Bessel’s equation, 160, 470, 494, 526, 
543, 547, 556 
modified, 562 
parametric, 554 
Bessel function: 
asymptotic approximations, 556 
identities, 552 
modified, 562 
order 1, first kind, 530, 
order 1, second kind, 544 
order 1, 530 
order 3, 545 
order n, second kind, 561 
order p, first kind, 550 
order zero, first kind, 527 
order zero, second kind, 543 
use in solving other equations, 557 
Bifurcation, 90, 392, 431 
diagram, 91 
Hopf, 393 
point, 91 
Big bang, 42 
Binomial series, 495, 506, 531 
Birth rate, 75 
Black hole, 101 
Boundary value problem, 216, 599 
Brachistochrone problem, 43 
Brine tanks, 229, 286, 291, 293 
Broughton Bridge, 201 
Brown, J. W., 601, 670 
Buckled rod, 225 
Buckling of vertical column, 558 
Buoy, 182, 695 
Bus orbit (Moon-Earth), 257 


C 
Cable (hanging), 678 
Canal tides, 679 
Cantilever, 223, 645, 663, 666 
Capacitor, 209 
Carbon-14, 36 
Carrying capacity, 21, 78 
Cart with flywheel, 197 
Cascade, 52, 54 
Catenary, 44 
Cauchy-Schwarz inequality, 714 
Cello, 214 
Center, 377 
of power series, 496 
stable, 377 
Chain (of eigenvectors), 340, 342 
Chaos, 426 
and period-doubling, 431 
Characteristic equation, 145, 162 
of matrix, 283 
complex roots, 168 
distinct real roots, 145, 163 
repeated roots, 146, 166, 169 
Characteristic value, see Eigenvalue 


Churchill, Ruel V., 445, 472, 474, 601, 


670 
Circular frequency, 175, 179 
Clairaut equation, 70 
Clarinet reed, 420 
Clarke, Arthur, 17 
Clepsydra, 42 
Closed trajectory, 378 
Coefficient matrix, 271 
Column vector, 266 
Compartmental analysis, 286 
Competing species, 398 
Competition and cooperation, 403 
Competition, measure of, 399 
Competition system, 398 
Complementary function, 158, 278 
Complex conjugate eigenvalues and 
eigenvectors, 308 


Complex eigenvalue, 289 
with negative real part, 312 
with positive real part, 313 
Complex-valued function, 167 
Complex-valued solution, 289 
Compound interest, 35 
Conservation of mechanical energy, 
174, 201 
Constant acceleration, 12 
Constant thrust, 103 
Constant-coefficient homogeneous 
equations, 162 
Continuous dependence of solutions, 
713 
Convergence: 
of Fourier series, 576 
of power series, 495 
Convolution (of functions), 467 
Cooperation and competition, 403 
Coulomb, 209 
Criterion for exactness, 65 
Critical buckling force, 226 
Critical damping, 178 
Critical point (of autonomous 
equation), 87 
Critical point (of system), 372 
asymptotic stability, 377 
behavior, 375 
center, 377 
classification, 389 
isolated, 383, 386 
node, 375 
of predator-prey system, 396 
saddle point, 376 
spiral point, 378 
spiral sink, 378 
spiral source, 378 
stability, 376 
Critical speed (of whirling string), 222 
Crossbow, 93, 95, 97, 123, 132, 258 
Cumulative error, 109 
Cycloid, 246 


D 

d' Alembert, Jean Le Rond 
(1717-1783), 611 

d' Alembert solution, 617, 618, 623, 
650 

Damped forced oscillations, 595 

Damped motion, 186 

nonlinear, 411 

Damped pendulum oscillations, 417 

Damping constant, 173 

Death rate, 75 

Decay constant, 36 

Defect (of eigenvalue), 337 


Defective eigenvalue, 337 
of multiplicity two, 339 
Degenerate system, 243 
de Laplace, Pierre Simon 
(1749-1827), 445 
Delta function, 486 
inputs, 487 
and step functions, 488 
Density of force, 222 
Deflection of beam, 222 
deflection curve, 222 
Dependence on parameters, 90 
Dependent variable missing, 67 
Derivative: 
of complex-valued function, 167 
of matrix function, 270 
Determinant, 269 
Differential equation, 1 
autonomous, 87 
Bernoulli, 61 
Clairaut, 70 
dependent variable missing, 67 
differential form, 64 
exact, 64 
first-order, 7, 46 
general solution, 10, 34, 141, 150 
homogeneous, 59, 137 
implicit solution, 33 
independent variable missing, 68 
linear, 46, 136 
logistic, 21, 44, 76, 125, 426 
normal form, 7 
order, 6 
order n, 6, 149 
ordinary, 7 
partial, 7 
particular solution, 10 
reducible second-order, 67 
Riccati, 70 
separable, 31 
singular solution, 34 
solution, 2, 6 
Differential equations and 
determinism, 184 
Differential form, 64 
Differential operator, 164, 241 
Dirac, P. A. M. (1902-1984), 486 
Dirac delta function, 486 
Direction field, 18, 232, 374 
Direction of flow, 311 
Dirichlet problem, 626 
for circular disk, 630 
Displacement vector, 323 
Distinct real eigenvalues, 284, 297 
Distinct real roots, 163 
Diving board, 664, 666 
Doomsday situation, 82 
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Doomsday versus extinction, 81 
Downward motion, 97 

Drag coefficient, 95 

Drug elimination, 36 

Duffing equation, 431 

Duhamel’s principle, 491 
Duplication, 189 

Dynamic damper, 332 

Dynamic phase plane graphics, 319 


E 
Earth-Moon satellite orbits, 256 
Earthquake-induced vibrations, 206, 
333 
Eigenfunction, 218 
Eigenfunction expansions, 641, 646 
Eigenfunction series, 641 
convergence, 642 
Eigenvalue, 217 
complete, 335 
complex, 289, 308 
defective, 337 
distinct real, 284, 297 
for matrix, 283 
geometric significance of, 310 
multiplicity k, 335 
repeated, 297 
Sturm-Liouville, 638 
zero, 307 
Eigenvalue method, 283, 284 
Eigenvalue problem, 217 
Eigenvector, 283 
complex conjugate, 308 
rank r generalized, 340 
Electrical resonance, 214 
Elementary row operations, 276 
Elimination, method of, 240 
Elimination constant, 36 
Elliptic integral, 417 
Endpoint conditions, 599 
Endpoint problem, 216, 223 
Engineering functions, 484 
Equidimensional equation, 521 
Equilibrium position, 173 
Equilibrium solution, 20, 21, 87 
of system, 373 
Error function, 53 
Error: 
in the Euler method, 116 
in the improved Euler method, 119 
in the Runge-Kutta method, 128 
Escape velocity, 99 
Euler, Leonhard (1707-1783), 105, 
547, 611 
Euler buckling force, 226 
Euler equation, 148, 172 
Euler's formula, 167 
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Euler's method, 106 
cumulative error, 109, 116 
improved, 118 
local error, 109 
roundoff error, 110 
for systems, 249 
Even function, 580 
Even period 2L extension, 582 
Exact equation, 64 
Exactness, criterion for, 65 
Existence, uniqueness of solutions, 21, 
22, 49, 139, 151, 701, 710, 711 
for linear systems, 709 
of solutions of systems, 235 
Exponential growth, see Natural 
growth 
Exponential matrix, 353 
computation of, 358 
Exponential order, 443 
Exponential series, 496 
Exponents (of a differential equation), 
522 
External force, 173 
vector, 329 


F 
Famous numbers, 115, 124, 135 
Farad (unit of capacitance), 209 
Feigenbaum, Mitchell, 431 
Feigenbaum constant, 431 
Fibonacci number, 506 
First-order equation, 7 
First-order system, 230, 271 
FitzHugh-Nagumo equations, 424 
Flagpole, 559 
Flight trajectories, 62 
Flywheel on cart, 197 
Folia of Descartes, 393 
Forced Duffing equation, 431 
Forced motion, 173 
Forced oscillations: 
damped, 203 
and resonance, 329 
undamped, 198 
Forced vibrations, 137 
and resonance, 658 
Formal multiplication of series, 496 
Fourier, Joseph, (1768—1830), 547, 566 
Fourier coefficients, 568, 574 
Fourier series: 
convergence, 576 
cosine series, 583 
double, 683 
of period 2L function, 574 
of period 27 function, 568 
sine series, 583 


and solution of differential 
equations, 586 
termwise differentiation, 585 
termwise integration, 588 
two-dimensional, 683 
Fourier-Bessel coefficients, 672 
Fourier-Bessel series, 671 
Fourier-Legendre series, 695 
Free motion, 173 
damped, 177 
undamped, 175 
Free oscillations, 245, 326 
Free space, 104 
Free vibrations, 137 
Frequency, 176 
resonance, 214 
Frequency equation, 663, 665 
Frobenius, Georg (1848-1919), 521 
Frobenius, method of, 521 
Frobenius series, 521 
Frobenius series solutions, 524 
From the Earth to the Moon, 99, 102 
Fundamental frequency, 617 
Fundamental matrix, 349 
Fundamental matrix solutions, 350 
Fundamental theorem of algebra, 162, 
283 
Funnel, 88 


G 


g (gravitational acceleration), 13 
G (gravitational constant), 98 
Gallery of phase plane portraits, 
315-316 
Galvani, Luigi (1737-1798), 423 
Gamma function, 439, 549 
Gauss’s hypergeometric equation, 531 
Geometric significance of eigenvector, 
310 
General population equation, 76 
General solution, 10, 34, 141, 143 
of homogeneous equation, 143, 157 
of homogeneous system, 274 
of nonhomogeneous equation, 158 
of nonhomogeneous system, 278 
Generalized eigenvector, 340 
Generalized functions, 492 
Geometric series, 495, 531 
Gibbs’ phenomenon, 569, 695 
Gleick, James, 436 
Global existence of solutions, 706 
Graphical solutions, 17 
Guitar string example, 619 


H 


Hailstone, 54 


Half-life, 38 
Half-period of function, 572 
Halley’s comet, 262 
Hanging cable, 678 
Hard spring, 409 
oscillation, 409 
Harmonic, 617 
Harvesting a logistic population, 89, 
125 
Heat content, 598 
Heat equation: 
one-dimensional, 598 
two-dimensional, 625, 681 
Heat flux, 598 
Heated rod, 598 
with insulated ends, 607 
with zero endpoint temperatures, 
604 
Heaviside, Oliver (1850-1925), 445 
Heaviside function, 591 
Henry (unit of inductance), 209 
Hermite equation, 515 
Hermite polynomial, 515 
Hodgkin, A. L. (1914-1988), 423 
Hodgkin-Huxley model, 423 
Hole-through-Earth problem, 182 
Homicide victim, 43 
Homogeneous boundary conditions, 
600 
Homogeneous equation, 59, 137, 150 
Hooke’s law, 173, 408 
Hopf bifurcation, 393 
Huxley, A. F. (1917-2012), 423 
Hypergeometric equation, series, 531 
Hypocycloid, 247 


Identity principle, 499 
Imaginary eigenvalues, 309 
Imaginary part, 167 
Impedance, 211 
Implicit solution, 33 
Improper integral, 438 
Improper node, 299, 305 
Improved Euler method, 118 
error in, 119 
for systems, 250 
Impulse, 485 
Ince, E. L., 243, 563 
Independent variable missing, 68 
Indicial equation, 522 
Inductor, 209 
Inhibition, measure of, 399 
Initial condition, 3, 7 
Initial position, 12 
function, 612 


Initial velocity, 12 
function, 612 
Initial value problem, 7, 139, 701 
and elementary row operations, 275 
for linear systems, 275 
order n, 151 
Integrating factor, 46 
Integration of transforms, 471 
Inverse Laplace transform, 441 
Inverse matrix, 268 
Irregular singular point, 519 
Isolated critical point, 383, 386 


J 

Jackson, Milt, 654 
Jacobian matrix, 385 
Jump, 442 


K 

Kansas City (skywalk collapse), 201 

Kepler, Johannes (1571—1630), 237 
laws of planetary motion, 237, 261 

Kinetic energy, 201 

Kirchhoff's laws, 209, 229 

Kutta, Wilhelm (1867-1944), 126 


L 


Lakes Erie, Huron, and Ontario, 52 
Language families, 42 
Laplace equation, 626 
in polar coordinates, 630 
in spherical coordinates, 692 
Laplace transform, 438 
and convolution, 467, 468 
of derivative, 448 
derivatives of transforms, 469 
differentiation, 469 
existence, 443 
for s large, 444 
general properties, 443 
of higher derivatives, 449 
and initial value problems, 446 
of integral, 454 
integrals of transforms, 471 
inverse, 441 
inverse transform of series, 474 
linearity of, 440 
and linear systems, 451 
notation, 441 
of periodic function, 478 
products of transforms, 468 
translation on the s-axis, 459 
translation on the t-axis, 474 
uniqueness of inverse, 445 
Laplacian, 626 
in cylindrical coordinates, 666, 687 


in spherical coordinates, 692 
in two dimensions, 681 
Legendre function, associated, 697 
Legendre polynomial, 513, 693 
Legendre's equation, 494, 512, 518, 
693 
Leibniz's series, 578 
Limit cycle, 393 
Limiting population, 21, 78 
Limiting solution, 90 
Limiting velocity, 20 
Linear dependence, independence, 
141, 153 
of vector-valued functions, 273 
Linear differential equation, 46, 136 
Linear (polynomial) differential 
operator, 241 
Linear system, 234 
associated homogeneous equation, 
272 
eigenvalue method, 283 
first-order, 271 
general solution, 274 
homogeneous, 234 
nonhomogeneous, 234, 278, 363 
solution, 235, 271, 278 
upper triangular form, 276 
Linearity of Laplace transform, 440 
Linearization, 385 
near a critical point, 384 
Linearized system, 385 
Liouville, Joseph (1809-1882), 637 
Lipschitz continuous, 705 
Local error, 109 
Local existence of solutions, 710 
Logarithmic decrement, 183 
Logistic difference equation, 427 
Logistic equation, 21, 44, 76, 125, 426 
competition situation, 80 
with harvesting, 89, 125 
joint proportion situation, 80 
limited environment situation, 85 
Logistic modeling, 85 
Logistic populations, interaction of, 
403 
Longitudinal vibrations of bars, 649 
Lorenz, E. N., 435 
Lorenz strange attractor, system, 435 
Lunar lander, 12, 98, 252 


M 


Maclaurin series, 496 

Manchester (England) bridge collapse, 
201 

Mass matrix, 323 

Mass-spring-dashpot system, 137 

Mathematical model, 4 
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Mathematical modeling, 4 
Matrix, 264 

addition, 265 

augmented, 276 

coefficient, 271 

columns, 264 

determinant, 269 

elements, 264 

elementary row operations, 276 

equality, 265 

exotic, 349 

exponential, 353 

fundamental, 349 

identity, 268, 275 

inverse, 268 

multiplication, 266 

nilpotent, 355 

nonsingular, 268 

order, 268 

principal diagonal, 268 

rows, 264 

singular, 268 

subtraction, 265 

transpose, 265 

zero, 265 
Matrix differential equation, 349 
Matrix exponential solutions, 356 
Matrix exponentials, general, 355 
Matrix-valued function, 270 
continuous, 270 
differentiable, 270 
Mechanical-electrical analogy, 210 
Mechanical vibrations, 244 
Membrane vibrations, 676, 684, 689 
Method of elimination, 240 
Method of Frobenius, 521 

logarithmic case, 538 

nonlogarithmic case, 533 

the exceptional cases, 541 
Method of successive approximations, 
701 
Method of undetermined coefficients, 

184 
for nonhomogeneous systems, 363 
Mexico City earthquake, 201 
Mixture problems, 51 
Modern Jazz Quartet, 654 
Modulus (of complex number), 169 
Multiplicity of eigenvalue, 335 
Multistory building, 333 


N 
Natural frequency, 198, 245, 326 
of beam, 659 
Natural growth and decay, 35 
Natural growth equation, 37 
Natural mode of oscillation, 245, 326 
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Near resonance, 594 
Neuron, 423 
Newton, Sir Isaac (1642-1727), 94, 
237 
Newton's law of cooling, 2, 38, 56, 87, 
636 
Newton's law of gravitation, 98, 237, 
256 
Newton's method, 162, 220 
Newton's second law of motion, 11, 
13, 93, 102, 173, 197, 201, 221, 
228, 256, 323, 612 
Nilpotent matrix, 355 
Nodal sink, 306 
Nodal source, 300, 305 
Node, 375 

improper, 375 

proper, 299, 304, 375 
onelementary function, 104 
onhomogeneous boundary condition, 

600 

Nonhomogeneous equation, 137, 157 
Nonhomogeneous system, 234, 278 
Nonlinear pendulum, 413 
period of oscillation, 417, 419 
Nonlinear spring, 408, 409 
Nonsingular matrix, 268 
Noonburg, Anne, 563 
Norm, 705 


N 
N 


o 
Octave, 617 
Odd function, 580 
Odd half-multiple cosine series, 590 
Odd half-multiple sine series, 589 
Odd period 2L extension, 582 
Ohm (unit of resistance), 209 
One-parameter family, 5 
Operational determinant, 242 
Operator, polynomial (linear) 
differential, 164, 241 

Order of differential equation, 6 
Ordinary differential equation, 7 
Ordinary point, 507 
Orthogonal functions, 582 

with respect to weight function, 640 
Orthogonality of eigenfunctions, 640 
Oscillating populations, 397 
Overdamping, 178 
Overtone, 617 


P 

Painlevé transcendant, 563 

Parachute, 26, 95, 100, 113, 130, 132, 
135 

Parameter, 5 


Parameters, variation of, 192, 194 
Parametric Bessel equation, 554, 636, 
668, 672, 678, 690 
Partial differential equation, 7, 597 
boundary conditions, 599 
Partial fraction decomposition, 459 
Particular solution, 10 
Peaceful coexistence of two species, 
401 
Pendulum, 174, 181, 206, 561 
nonlinear, 413 
variable length, 561 
Period, 176, 565 
Period of undamped oscillation, 416 
Period doubling, 429 
in mechanical systems, 436 
Periodic function, 478, 565 
Periodic harvesting and restocking, 
125 
Phase angle, 175 
Phase diagram, 87 
Phase plane picture, 374 
position-velocity, 408 
Phase plane portrait, 232, 373, 374 
Physical units, 13 
Picard, Emile (1856-1941), 701 
Pickup truck, 619, 655, 686 
Piecewise continuous function, 441 
jump, 442 
Piecewise smooth function, 448, 576 
Pit and the Pendulum, The, 561 
Pitchfork diagram, 430 
Plucked string, 616 
Poe, Edgar Allan (1809-1849), 561 
Polar coordinate applications, 687 
Polking, John, 28, 382, 394 
Polynomial differential operator, 164, 
241 
Population equation, 76 
Population explosion, 76, 82 
Population growth, 35 
and period doubling, 426 
Position function, 11 
Position-velocity phase plane, 408 
Potential energy, 201 
Potential equation, 626 
Power series, 494 
Power series method, 497 
Power series representation, 495 
Practical resonance, 204 
Predation, 403 
Predator, 395 
Predator-prey situation, 395 
Predator-prey system, 396 
Predictor-corrector methods, 118 
Prey, 395 


Principle of superposition, 138, 150 
for nonhomogeneous equations, 190 
for partial differential equations, 

601 
for systems, 272 

Principia Mathematica, 94, 237 

Product of matrices, 266 

Proper node, 304, 306 

Pseudofrequency, 179 

Pseudoperiod, 179 

Pure resonance, 200, 594 


Radio frequencies, 214 
Radioactive decay, 36 
Radius of convergence, 501 
Railway cars, 326, 332, 343 
Rank r generalized eigenvector, 340 
Rayleigh, Lord (John William Strutt, 
1842-1919), 420 
Rayleigh's equation, 420 
Reactance, 212 
Real part, 167 
Rectangular membrane vibrations, 684 
Recurrence relation, 511 
many-term, 511 
two-term, 511 
Reducible second-order equation, 73 
Reduction of order, 160, 537 
formula, 538 
Regular singular point, 519 
Repeated quadratic factors, 463 
Repeated roots, 165, 169 
Repeated eigenvalue, 297 
negative, 306 
positive, 303 
zero, 307 
Resistance: 
proportional to velocity, 94 
proportional to square of velocity, 
96 
Resistance matrix, 344 
Resistor, 209 
Resonance, 200, 330 
electrical, 214 
near, 594 
practical, 204 
pure, 200, 594 
and repeated quadratic factors, 463 
Riccati equation, 70, 561 
RLC circuit, 209, 477, 489 
initial value problems, 212 
integrodifferential equation, 477 
Rocket propulsion, 102 
Rodrigues’ formula, 514 
Róssler band, 436 
Roundoff error, 110 


Row vector, 266 
Runge, Carl (1856-1927), 126 
Runge-Kutta method, 127 

error in, 128 

for systems, 251, 253 

variable step size methods, 255 


S 
Saddle point, 298, 376 
Saltzman, Barry, 435 
Sawtooth function, 457, 484, 586 
Schwartz, Laurent, 492 
Second law of motion, 11, 13, 93, 173, 
197, 201, 221, 228, 323, 612 
Second-order system, 324, 325 
Separable equation, 31 
Separation of variables: 
in ordinary differential equations, 30 
in partial differential equations, 601, 
613 
Separatrix, 401, 410 
Series: 
binomial, 495, 506, 531 
convergent, 495 
exponential, 496 
formal multiplication, 496 
Fourier, see Fourier series 
Fourier-Bessel, 671 
Fourier-Legendre, 695 
geometric, 495, 53] 
hypergeometric, 531 
identity principle, 499 
Leibniz's, 578 
Maclaurin, 496 
power, 494 
radius of convergence, 501 
shift of index, 499 
Taylor, 496 
termwise addition, 496 
termwise differentiation, 498 
trigonometric, 504 
Shift of index of summation, 499 
Simple harmonic motion, 175 
Simple pendulum, 174 
Sine integral function, 50 
Singular matrix, 268 
Singular point, 507 
irregular, 519 
regular, 519 
Singular solution, 34 
Sink, 299, 306, 375 
Skydiver, 130, 132, 135 
Skywalk, 201, 661 
Slope field, 18, 374 
Snells law, 43 
Snowplow problem, 43 
Sodium pentobarbital, 41 


Soft spring, 410 
oscillation, 410 
Soft touchdown, 12, 17 
Solution curve, 18, 232 
Solution: 
of differential equation, 2, 6 
on an interval, 6 
linear first-order, 47, 49 
existence, uniqueness, 21, 22, 49, 
139, 151, 701 
general, 10, 34 
implicit, 33 
of system, 228 
one-parameter family, 5 
particular, 10 
singular, 34 
transient, 203, 331 
Sound waves, 616 
fundamental frequency, 617 
harmonic, 617 
overtone, 617 
Source, 299, 300, 304, 305, 313, 375 
Spacecraft landing, 259 
Specific heat, 598 
Spherical coordinate applications, 692 
Spherical harmonic, 697 
Spiral point, 378 
Spiral sink, 313, 378 
Spiral source, 313, 378 
Spout, 88 
Spring constant, 173 
Square wave function, 446, 457, 479, 
484, 569, 592 
Stability, 376 
asymptotic, 377 
of almost linear systems, 388 
of linear systems, 387 
Stable center, 377 
Stable critical point, 88, 376 
Star, see Proper node 
Static displacement, 200 
Static equilibrium position, 173 
Steady periodic current, 211 
Steady periodic solution, 331, 592 
Steady state temperature, 608 
Step size, 105, 118, 254 
Stiffness matrix, 323 
Stirling’s approximation, 54 
Stokes’ drag law, 184 
Stonehenge, 38 
Strange attractor, 435 
Sturm, Charles (1803-1855), 637 
Sturm-Liouville eigenvalues, 638 
Sturm-Liouville problem, 637 
regular, 638 
singular, 638, 668 
Substitution methods, 58 


Index 779 


Successive approximations, method of, 
701 
Superposition principle, 138, 150 
for nonhomogeneous equations, 190 
for partial differential equations, 
601 
for systems, 272 
Survival of a single species, 399 
Swimmer’s problem, 14 
Systems analysis, 490 
Systems of dimension two, 296 


T 


Tambourine, 686 
Taylor series, 496 
Telephone equation, 665 
Temperature oscillations: 
indoor, 55 
underground, 661 
Terminal speed, 95 
Termwise differentiation of series, 498, 
585 
Termwise integration of Fourier series, 
588 
Termwise inverse Laplace 
transformation, 474 
Thermal conductivity, 598 
Thermal diffusivity, 7, 599 
Threshold population, 81 
Threshold solution, 90 
Tidal wave, 697 
Timbre, 617 
Time lag, 176, 212 
Time reversal in linear systems, 300 
Time-varying amplitude, 179 
Tolstov, G. P., 592 
Torricelli's law, 2, 39 
Trace-determinant plane, 393 
Trajectory, 232, 372 
closed, 378 
Transfer function, 490 
Transient current, 211 
Transient solution, 203, 331 
Translated series solutions, 510 
Transient temperature, 609 
Transverse vibrations of bars, 652 
Trapezoidal wave function, 580, 591, 
624 
Triangular wave function, 457, 479, 
580, 586, 592, 624 
Trigonometric series, 504 
Two independent eigenvectors, 303 
Two-dimensional systems, 232 
Two-story building, 206 


U 


Undamped forced oscillations, 198 
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Undamped motion, 173 
Underdamping, 178 

Underground temperature oscillations, 
661 

Undetermined coefficients, 184, 187, 
190, 363 

Unicycle model of car, 202 

niform convergence, 706 

niqueness of solutions, see Existence 
nit impulse response, 491 

nit on-off function, 457 

nit square wave function, 446, 457 
nit staircase function, 446, 456 

nit step function, 442, 474 

nit step response, 491 

nstable critical point, 88, 376 
nstable spiral point, 378 

pward motion, 96 

. S. population, 78, 84, 85 
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V 

V-2 rocket, 103 

van der Pol, Balthasar (1889-1959), 
421 

van der Pol’s equation, 421 

Vandermonde determinant, 160 

Variable gravitational acceleration, 98 


Variation of parameters, 192, 194 
for nonhomogeneous systems, 365 
Variable step size, 254 
Vector, 266 
scalar product, 266 
Velocity, 11 
of sound, 654 
limiting, 20 
Verhulst, Pierre-Frangois (1804-1849), 
78, 84 
Verne, Jules (1828—1905), 99, 102 
Vertical motion with gravitational 
acceleration, 13 
with air resistance, 93 
Vibrations, earthquake-induced, 333 
Vibrations of bars: 
longitudinal, 649 
transverse, 653 
Vibrations of membranes, 676, 684, 
689 
Viscosity, 184 
Voltage drop, 209 
Volterra, Vito (1860-1940), 395 


W 

Water clock, 42 

Watson, G. N. (1886-1965), 547 
Wave equation: 


d' Alembert solution, 617 
one-dimensional, 612 
two-dimensional, 626, 684 
Weight, 13 
Weight function, 490, 640 
Well-posed problems and 
mathematical models, 712 
Whirling string, 220 
Without two independent eigenvectors, 
303 
World population, 37, 86 
Wronski, J. M. H. (1778-1853), 154 
Wronskian, 142, 154, 156 
of vector-valued functions, 2732 


X 
Xylophone, 652 


Y 

Yorke, James, 430 

Young's modulus, 222, 225, 558, 652, 
655, 663 


Z 

t2), 571 
t(3), 579 

t (4), 579, 589 
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This table summarizes the general properties of Laplace transforms and the Laplace transforms of particular functions 
derived in Chapter 7. 
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ELEMENTARY FORMS 
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